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Chiral Symmetry & Large Nc limit
QCD fundamental theory of the strong interactions

Chiral Symmetry: SUL(3)× SUR(3) for mu = md = ms = 0

Spontaneous Chiral Symmetry breaking: Goldstone bosons (π, K , η).

Scale separation: mass of Goldstone bosons ≪ vector mesons ∼ 1 GeV.

Effective Field Theory: Chiral Perturbation Theory.

Successful description of hadron properties in the low-energy region.

Large Nc limit: SU(Nc), Nc → ∞, λ = g2Nc =const

t’Hooft: planar diagrams O(Nc), non-planar diagrams suppressed 1/Nc.

Mesons are light, m = O(N0
c ), and stable, Γ = O(1/Nc).

Witten: baryons color singlets with Nc valence quarks.

Baryons are heavy particle M = O(Nc) with size independent of Nc .

Meson-baryon coupling gA
Fπ

∂iπ
aGia = O(

√
Nc).

Ordering of all QCD effects in powers of 1/Nc .
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An observation on the baryon mass puzzle
Baryon masses from lattice QCD
USQCD Collaboration, A. Walker-Loud et al., PRD79, 054502 (2009)

PACS-CS Collaboration, S. Aoki et al., PRD79, 034503 (2009)
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Quark mass dependence in HBχPT:

Octet: mB = m0 + δm(1)
B + δm(3/2)

B + δm(2)
B + · · ·

Decuplet: mT = m0 +∆0 + δm(1)
T + δm(3/2)

T + δm(2)
T + · · ·

m0: baryon mass in the chiral limit.
∆0: decuplet-octet (delta-nucleon) mass splitting in the chiral limit.
δm(n)

B,T : corrections to the baryon mass scaling as mn
q ∼ m2n

π
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Role of the ∆:

∆ = M∆−MN → 0 , Nc → ∞

16π2 i I = · · · + 4(∆2
− M2

π )
3/2J(∆, Mπ) + · · ·

≈
Mπ≫∆

· · · +
16

3
∆

3
− 3πMπ∆

2
− 4M2

π∆ + 2πm3
+ · · ·

J(∆, Mπ) =























π
2 − tanh−1

(

∆
√

∆2−M2
π

)

m < ∆ ,

π
2 − tan−1

(

∆
√

M2
π−∆2

)

m > ∆ .
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Chiral Perturbation Theory & 1/Nc Expansion
Meson sector (do not have spin-flavor symmetry)

Unitary matrix of pion fields (Fπ = 92.4)

U(x) = exp
(

i
πa(x)τa

Fπ

)

The O(p2) chiral Lagrangian reads (〈A〉 ≡ Tr(A)),

L(2)
π

=
F 2
π

4
〈DµUDµU† + χ†U + χU†〉

with standard definitions:

U = u2 , ∇µU ≡ ∂µU − irµU + iUℓµ

rµ = vµ + aµ , ℓµ = vµ + aµ , χ = 2B(s + ip)

External fields: vector (vµ), axial (aµ), pseudoscalar (p) and scalar (s).
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Chiral Perturbation Theory & 1/Nc Expansion
Baryon sector (SU(4) spin-flavor symmetry)

Consistence conditions imply SU(2Nf ) algebra:
{

Si ,T a,Gia}

Si spin, T a isospin and Gia axial currents at zero momentum
Gervais-Sakita’ 84 & Dashen-Jenkins-Manohar’ 93

Ground state baryons: spin-flavor symmetric multiplet B of SU(2Nf ) with S=I.

B =








N
∆3/2

...
∆Nc/2








→ B =

(
N
∆

)

For Nc > 3, ground state baryons with S = I = 5/2, . . . appear (”ghost states”).

Matrix elements of generators acting on the multiplet

〈S′,S′
3, I

′
3 | Gia | S,S3, I3〉 = # 〈SS3, 1i | S′S′

3〉〈SI3, 1a | S′I′3〉 ∼ O(Nc)

〈S′,S′
3, I

′
3 | Si | S,S3, I3〉 = # 〈SS3, 1i | S′S′

3〉δSS′δI3I′3
∼ O(N0

c )

〈S′,S′
3, I

′
3 | T a | S,S3, I3〉 = # 〈SI3, 1a | S′I′3〉δSS′δS3S′

3
∼ O(N0

c )

Key scalings with Nc : Fπ = O(
√

Nc), gA = O(N0
c ), mB = O(Nc), Mπ = O(N0

c ).
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Chiral Perturbation Theory & 1/Nc Expansion
HB chiral lagrangians

O(p) chiral lagrangian

L(1)
πB = i B†D0B + gA B†ua

i GiaB + B†δmSB ,

DµB = ∂µ B − i Γa
µ T aB ,

Γµ =
1
2

[

u (∂µ − irµ)u† + u† (∂µ − iℓµ) u
]

,

uµ = i
[

u† (∂µ − irµ)u − u (∂µ − iℓµ) u†
]

.

and Γa
µ ≡ 1

2 〈τ a Γµ〉, ua
µ ≡ 1

2 〈τ a uµ〉, δmS = CH F
Nc

~S2,

All terms have same chiral order, they do have different 1/Nc orders.
The Weinberg-Tomozawa ∼ 1/F 2

π and overall O(p/Nc)
The πB coupling ∼ 1/Fπ and overall O(p

√
Nc)

Higher order lagrangians (under construction):
General form B† Oχ ⊗ G B & EOM
Oχ = tensor {uµ ,Dµ , χ±}, and G = tensor

{
1,Si ,T a ,Gia

}
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Chiral Perturbation Theory & 1/Nc Expansion
πN scattering [ACC, Goity, Long, Schat (in preparation)]

πN Feynman diagrams up to one-loop. Crossed diagrams are not shown.

O(p) O(p2) O(p3)

O(N2
c )

O(Nc)

O(N0
c )

O(1/Nc)
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Chiral Perturbation Theory & 1/Nc Expansion
Combined power counting

M = i
g2

A

F 2
π

k i
1k j

2

∑

n

Gjb
PnGia 1

p0 + k0
1 − δmn

+
(

a → b , i → j , p0
→ p′0 , k0

1 → −k0
1

)

The HB propagator can only be expanded when p0, p
′0, δmn ≪ k0

1 , k0
2 .

1 Strict large-Nc limit, defined by the condition,

1

Nc
∼ δmn ≪ k0

∼ p , i.e. ,
1

Nc
∼ O(p2)

where we can make an expansion of the HB propagator, and,
2 Soft limit defined by the condition,

1

Nc
∼ δmn ∼ k0

∼ p , i.e. ,
1

Nc
∼ O(p)

in which case we cannot expand the HB propagator.
Real life we have that Mπ . m∆ − mN
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Baryon self energy

∆n = δmn − p0 ,

p0 = δmin + p
0 ,

δm =
CHF

Nc

~S2 .

δΣ(1) = i
g2

A

F 2
π

1
d − 1

∑

n

GiaPnGia I(1)(n, p
0,Mπ) ,

I(1)(n, p
0,Mπ) =

∫
dd k
(2π)d

~k2

k2 − M2
π + iǫ

1
k0 −∆n + iǫ

,

= − i
16π2

{

∆n(2∆2
n − 3M2

π)

(
1
ǫ
− γ + log (4π)− log

(
M2

π

µ2

))

− 4(∆2
n − M2

π)
3/2 tanh−1

(

∆n
√

∆2
n − M2

π

)

−2π(M2
π −∆2

n)
3/2 −∆n(5M2

π − 4∆2
n)
}

,

δm(1) = δΣ(1)

∣
∣
p0→0

, δZ(1) =
∂δΣ(1)

∂p0

∣
∣
∣
∣
p0→0
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Baryon self energy
Finite + UV pieces:

δm(1) = δmFinite
(1) + δmUV

(1) , δZ(1) = δZ Finite
(1) + δZ UV

(1) .

CT lagrangian to renormalize the self energy:

LΣCT = − g2
A

F 2
π

1
48π2

λǫ

{

B†

[

−3
CHF

Nc
M2

π

(

−3
8

Nc(Nc + 4) +
5
2
~S2
)

+ 2
C3

HF

N3
c

(

−3
2

Nc(Nc + 4) + (12 − 5
2

Nc(Nc + 4))~S2 + 14~S4
)]

B

+ B†iD̃0

[

3 M2
π

(
3

16
Nc(Nc + 4)− 1

2
~S2
)

− 2
C2

HF

N2
c

(
9
4

Nc(Nc + 4) +
3
4
(Nc + 6)(Nc − 2)~S2 − 6~S4

)]

B
}

Baryon mass formula O(p3):

MB(S) = m0 +
CHF

Nc
S(S + 1)

︸ ︷︷ ︸

L(1)

+ c1 M2
π + h1

CHF

Nc
S(S + 1) M2

π

︸ ︷︷ ︸

L(2)

+δmFinite
(1) (S)
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Baryon masses fitted to PACS-CS lattice data
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gA m0 [MeV] CHF [MeV] c1 [GeV−1] h1[GeV−2] MN [MeV] M∆ [MeV] χ2/DOF
Fit I 0.5(2) 896(22) 276(31) 0.7(3) 4(3) 953(36) 1287(34) 0.66
Fit II 0.54(8) 902(19) 276(13) 0.7(1) 4(1) 952(27) 1295(25) 0.51

mphys
N = 940(2)MeV , mphys

∆ = 1232(2)MeV
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Baryon masses, expansion in 1/Nc

Expansion of δmFinite
(1) in 1/Nc and scale gA → 1, Fπ →

√
Nc

δmN
(1) = −M3

πNc

128π
+ 3

CHF M2
π

128π2

(

γ − 1 + log M2
π − log 4π

)

+
9C2

HF Mπ

128πNc
︸ ︷︷ ︸

∼0.02Mπ

− 9C3
HF

64π2N2
c

(

γ + log M2
π − log 4π

)

+ · · ·

δm∆
(1) = −M3

πNc

128π
+ 3

CHF M2
π

128π2

(

γ − 1 + log M2
π − log 4π

)

+
21C2

HF Mπ

128πNc
︸ ︷︷ ︸

∼0.04Mπ

− 29C3
HF

64π2N2
c

(

γ + log M2
π − log 4π

)

+ · · ·
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Vertex correction

∼ O(p3N3/2
c )

∼ O(p3N1/2
c )

δΓ(1) = −i
{

(1) +
1
2
((2) + (3))no−pole + (4)

}

(1) = i
(

gA

Fπ

)3 q i

d − 1

∑

n,n′

GjbPn′G
iaPnGjb

(
I(1)(n, p0,Mπ)− I(1)(n′, p′0,Mπ)

)

p0 − p′0 − δmn + δmn′
,

(2) + (3) = − gA

Fπ
q i
{

GiaδZ(1) + δZ(1)G
ia + · · ·

}

+ pole − terms ,

(4) = i
gA

3F 3
π

qi ∆(Mπ)G
ia
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Vertex correction
Cancellations in the large Nc limit

(1) +
1

2
((2) + (3))no−pole

∣
∣
∣
∣
Nc→∞

=
i

2

(
gA

Fπ

)3 qi

d − 1
[[Gjb,Gia],Gjb ]
︸ ︷︷ ︸

1/N2
c

∂

∂p0
I(1)(p

0,Mπ)

∼ O(p3N1/2
c )

Structure of counterterms

(1)UV =
λǫ

16π2

(
gA

Fπ

)3 qi

d − 1

×

{

3M2
πGjbGiaGjb

− 2(p02
+ p

′02
+ p

0
p
′0)GjbGiaGjb + · · ·

}

((2) + (3))UV = −
λǫ

16π2

(
gA

Fπ

)3 qi

d − 1

×

{

3M2
π

{

Gia,G2
}

− 2(p02
GiaG2 + p

′02
G2Gia) + · · ·+ pole-terms

}

Pole terms cancel with diagrams of the type
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Summary

Chiral Symmetry and Large Nc are fundamental features of QCD

Although chiral and large Nc limits do not commute, one can developed
a combined power counting implementing them simultaneously.

In the large Nc limit, the N and ∆ are degenerated. A consistent way of
formulating ∆− χEFT is by imposing large Nc constraints in the chiral
lagrangians.

We have analyzed baryon masses in 1/Nc-ChPT and preliminary results
have been given for the chiral extrapolations of lattice data.

A global fit including the axial current is still needed. A systematic
analysis of finite size and volume effect is also worth to consider.
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