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1.0 INTRODUCTION

PGS Onshore, Inc., (PGS) has been contracted by ENI Petroleum (ENI) to conduct an exploratory three-
dimensional (3D) marine seismic survey in the Beaufort Sea of Alaska, utilizing an ocean bottom cable/
transition zone technique.

This Addendum was created to provide additional information as requested by the National Marine
Fisheries Service as part of the review of the Incidental Harassment Authorization (IHA) application
submitted to NMFS by PGS on May 9, 2008.

2.0 SAFETY RADII AND MODELING

2.1 Sources Used for Data Acquisition

PGS will use two source vessels, marine vessel (M/V) Wiley Gunner and M/V Little Joe, which will both
be equipped with identical airgun arrays with a total air discharge volume of 0.014 cubic meters (cu m)
(880 cubic inches [cu in]). Each array will be made up of four 0.00164 cu m (100 cu in) airguns and six
0.00131 (80 cu in) airguns, configured as shown in Figure 1. The airguns comprising the arrays are
smaller than most arrays used in seismic programs in either the Beaufort Sea or Chukchi Sea, and are
expected to operate at a depth of between 0.91 meters (m) and 2.29 m (3 feet [ft] and 7.5 ft).

2.2 Modeling Technique

The airgun array was modeled using Nucleus Marine Source Modeling software, which is a software
program typical of that used though out the seismic industry. The modeling software includes source
interaction effects, directivity considerations, and attenuation with distance. The method used for the
model is detailed in the attached technical paper The QCD Modeling Scheme.

The software is set up to calculate the resulting wavelet for any distance or direction from an arrayed
source. The Farfield signature thus obtained is normalized to a distance of one meter. The wavelet is
injected into an earth model composed of a group of cells. The air layer, water layer, and sediment layer
are explicitly defined. Each cell is assigned velocities and densities and the wave equation is evaluated at
the appropriate number of cells to simulate propagation of the wave through the model. This software
includes transmission, reflection, refraction, absorption, waveform interaction, and spectral decay
evaluation.

Conventional decibel (dB) scales used to compare marine seismic source arrays are in units of dB relative
to 1 micro Pascal at 1 meter per Hertz (dB re 1 uPa-m /Hz). The “per Hertz” notation indicates however
that this measurement should be taken in the frequency domain, not in the time domain. Time domain
measurements are typically noted in bar-meters.

The PGS source has a peak to peak amplitude equal to 31.4 bar-meters (bar-m)using the time domain
Farfield signature (Figure 2). The direct conversion to dB would give a source output of 249.94 dB:

20 log10(bar-m*10') = dB

20 log10(31.4*10") = 249.94 dB

However this source strength is not conventionally used in the industry when comparing relative strengths
of marine seismic source arrays, as it has been generated using amplitude in the time domain, and not the
frequency domain.
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To resolve this and get an accurate measurement of absolute dB for the air gun source, the time signature
is processed using a Fourier Transform to obtain the amplitude and phase spectra of the signature. The
resulting amplitude spectra is then converted to dB utilizing the formula above, resulting in the
Frequency Domain Measurement (Figure 3) which details absolute dB through the graphed frequency
ranges. In the case of the 880 cu in the source proposed by PGS, the maximum absolute dB is slightly
less than 200 dB at a frequency between 40 and 50 Hz.

2.3 Sound Source Results

Model results indicate that the maximum amplitude is 197 dB dB re 1 pPa-m (peak) at 42 Hz. Therefore
the modeled sound level at source is 192.7 dB re 1 uPa-m root mean square (rms) at frequencies between
about 10 Hz and 100 Hz. The absolute dB decreases at frequencies higher than 100 Hz as shown on
Figure 3.

2.4  Sound Propagation

The proposed PGS array is specifically designed to direct sound pressure downwards as shown in Figures
4 and 5. Figure 4 shows an inline (bow to stern) cross section maximum amplitude in dB; Figure 5 shows
a crossline (port to starboard) crossline cross section maximum amplitude in dB. Sound propagation is
quickly attenuated through interference patterns between the individual guns on the array. Based upon
the model, the radii distance to the 190-dB isopleth is only a couple of meters (6 to 9 ft), while the
distance to the 180-dB isopleth is only about 10 m (30 ft). As shown on Figure 5, inline maximum
amplitude reduces to 160 dB in less than 40 m (130 ft). Crossline maximum amplitude reduces to 160 dB
in approximately 35 m (115 ft) (Figure 7).

Monitoring a 10-m (30-ft) safety radii is impractical. Therefore, PGS is proposing to establish a more
conservative 50-m (160-ft) safety radii centered over the array. Establishing a shutdown safety radius of
50 m (160 ft) for all marine mammals, the most conservative estimate for the 180-dB isopleth, should
ensure injurious “takes” are avoided. Finally, acoustical field measurements of actual sound propagation
from the operating array will be taken at the onset of the survey season. Should these measurements
prove that associated sound energy is traveling farther than estimated, the safety zone will be adjusted
accordingly and take estimates will be recalculated.

3.0 GRAY WHALES

Although the PGS IHA considers gray whales to be an extralimital species, at the request of the National
Marine Fisheries Service (NMFS), the following evaluation has been completed for incorporation into the
IHA application dated May 2008.

3.1 A Description of the Status, Distribution, and Seasonal
Distribution (When Applicable) of the Affected Species or
Stocks of Marine Mammals Likely to be Affected by Such
Activities

The eastern Pacific or California gray whale population, like all large whale populations, was once hunted

to near extinction, but has since recovered significantly from commercial whaling, and now numbers

about 19,000 (revised Angliss and Outlaw 2005). The Pacific gray whale ranges from the Bering,

Chukchi, and Beaufort Seas (in summer) to the Gulf of California (in winter) (Rice 1998); however, gray
whales have also been documented foraging in waters off of Southeast Alaska, British Columbia,
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Washington, Oregon, and California (Rice and Wolman 1971; Berzin 1984; Darling 1984; Quan 2000;
Calambokidis et al. 2002). Most of the eastern north Pacific population makes a round-trip annual
migration of more than 8,000 km (4,320 nm) from Alaska waters to Baja California in Mexico. From late
May to early October, the majority of the population concentrates in the northern and western Bering Sea
and the Chukchi Sea.

Typically, gray whales are found in shallow water, and usually remain closer to shore than any other large
cetacean. Gray whales are considered common summer residents in the nearshore waters of the eastern
Chukchi Sea, and occasionally are seen in the Beaufort Sea east of Point Barrow in late summer, as far
east as Smith Bay (Green et al. 2007). On wintering grounds, mainly along the west coast of Baja
California, gray whales habitat shallow, nearly land-locked lagoons and bays (Rice et al. 1981). From
late February to June, the population migrates back to arctic and subarctic seas (Rice and Wolman 1971).
Angliss and Outlaw (2005) recently estimated the Pacific gray whale population at about 19,000 based on
surveys conducted in central California in 2000/2001 and 2001/2002, and suggested that the population
may have declined from earlier estimates possibly due to the populations reaching carrying capacity. The
eastern Pacific stock was removed from the Endangered Species List in 1994 and is not considered by
NMPFS to be a strategic stock.

3.2 Anticipated Impact of the Activity on the Species or Stock

Gray whales in the immediate area of seismic activity will likely show some behavioral changes. The
changes in behavior, however, depend upon distance from the seismic source and are expected to be
minimal. In a study including gray whales, behavioral responses were observed when the whales were
subjected to seismic sounds between 160 and 170 dB re 1puPa. Studies in the Bering Sea by Malme et al
(1986, 1988) showed the responses of gray whales to seismic sound pulses from a 100 cu in airgun array.
Fifty percent of feeding whales stopped feeding when exposed to sound levels of 173 dB re 1pPa on
average, and 10 percent stopped feeding at a received sound level of 163 dB re 1puPa. One whale study
found indications of behavioral changes such as increased swim speed and shorter blow periods for
seismic activities at a distance of up to 30 km (Wadrsig et al. 1999). However, when conducting shore-
based counts Johnson (2007) did not mention any change in behavior and found no significance between
abundance and seismic activity.

Data on short-term reactions (or lack of reactions) of cetaceans to impulsive noises do not necessarily
provide information about long-term effects. It is not known whether impulsive noises affect reproductive
rate or distribution and habitat use in subsequent days or years. Gray whales continued to migrate
annually along the west coast of North America despite intermittent seismic exploration (and much ship
traffic) in that area for decades (Malme et al. 1984; Richardson et al. 1995; Angliss and Outlaw 2005).

3.3 By Age, Sex, and Reproductive Condition (if Possible) the
Number of Marine Mammals (by Species) that May be Taken by
Each Type of Taking ldentified in Paragraph (a)(5) of this
Section, and the Number of Times Such Takings by Each Type
of Taking Are Likely to Occur

PGS does not expect to encounter gray whales in the seismic survey area. There are currently no reliable
abundance or density estimates for gray whales in the Beaufort Sea, but the number of individual whales
is acknowledged to be very low and very few sightings have ever been recorded as far east as the Project
Area. Although there are essentially no recent records of gray whales occurring in the project vicinity,
recent reports (e.g., Green et al. 2007) suggest gray whales may be penetrating deeper into the Beaufort
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Sea, thus, a slight chance does exist for sightings of gray whales. For this reason a take estimate for 2
(individual or as mother/calf pair) gray whales is requested.
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1 INTRODUCTION

The purpose of this document is to describe the modeling schemes implemented in the QCD
code. How to start the QCD modeling schemes and technical issues are discussed in the user
guide, manual.ps .

The QCD code is implemented to handle several modeling problems at an optimum
speed of calculation. The simplest case is 2D acoustic modeling with constant density. More
advanced modes are 3D visco-elastic modeling with variable density and elastic plane layer
(cylinder symmetric) modeling with absorption and anisotropy.

Coarse-grid methods like pseudo-spectral methods (Fornberg, 1975; Kosloff and Baysal,
1982) or high order finite-difference methods (Holberg, 1987) are ideally suited for imple-
menting fast and memory efficient 2-D or 3-D elastic modeling schemes (Edwards et al.,
1985; Mittet et al., 1988; Reshef et al., 1988).

The errors related to these schemes can be separated into four classes:

* Errors due to approximations of temporal and spatial derivatives.
* Undesired reflections from the edges of the model.

* Representation of internal surfaces and free surfaces.

* Source and receiver positions for coarse grids.

The errors due to approximations of temporal and spatial derivatives can be neglected if
the pseudo-spectral method is used in conjunction with the Rapid Expansion Method (Tal-
Ezer, 1986, Tal-Ezer et al., 1987 ). However, if a finer sampling of the model is desirable (more
than 3 nodes per shortest wavelength), then the finite-difference method becomes appealing
since it is numerically more efficient than the pseudo-spectral method. The errors due to
spatial differentiations can be made arbitrary small by using optimized operators (Holberg,
1987). The operator length can be chosen depending on the required number of nodes per
shortest wavelength.

The undesired reflections from the edges of the model can be reduced either by transpar-
ent boundary conditions (Clayton and Enquist, 1977) or by absorbing boundary conditions
(Cerjan et al., 1985) or by combining these two types of boundary conditions. The problem
is still not completely solved. Waves impinging on the edges of the model generate some
backscattered noise for all practical implementations of these methods. Using the Rapid
Expansion Method for time integration seems to increase these difficulties.

Representation of internal interfaces is still a problem. As pointed out by Fornberg
(1988), the roughness in the discretization of a smooth interface not aligned with the grid
acts as a source of noise. Fornberg (1988) proposed to solve the problem of implementing
an arbitrary interface by a mapping method. Some properties of these types of errors were
discussed in Mittet and Buland (1994). Mittet and Renlie (1996) showed how direct averaging
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of medium properties corresponded to introducing a false layer. A method for averaging
medium properties given by Chang and Randall (1988), Randall et al. (1991), remove this
unwanted false layer. In this report a simple implementation of the elastic free surface for
staggered grid modeling schemes is given. This problem was treated by Levander (1988)
using an image method. Tessmer et al. (1994) gave a solution to the problem by a boundary
method based on characteristics. Several implementations of the elastic free surface were
studied in Robertsson et al. (1995). The scheme presented here do neither require additional
nodes above the free surface nor the isolation of characteristic modes near the free surface.
An accurate free surface boundary condition is obtained at the nodes on the edges of the
model by a modification of density and Lamé parameters on these nodes and by boundary
conditions on the time variant fields. Thus, the same numerical algorithm us used internally
and on the edges of the model.

2 CONTINUOUS FORMULATION

Viscoelastic wave propagation is governed by the equations of motion and the constitutive
relations.

Let a;(x,t) denote a component of the particle acceleration vector, and o;;(x,t) a com-
ponent of the stress tensor. The particle acceleration components a;(x,t) are related to the
stress components through the equations of motion,

ag(®,t) = p H (@) [0p0sz(®,t) + Oy0uy(@,t) + 0,04 (2, t) + ful@,1)],
ay(x,t) = p H&)[0p0uy(@,t) + Oyoyy(z,t) + 0,0y (2, 1) + fy(z,1)],
ay(x,t) = p N @) [0p0z(,t) + Oyoyz(x,t) + 0,0,,(x, t) + f.(,t)],

(1)
where p(z) is the density and f;(x,t) is a force density which represent the source term. The
spatial properties of f;(x,t) determine if the source behaves as an airgun or a seismic vibrator
or any other source type. In the frequency domain, attenuation is modeled by replacing the
real Hooke’s tensor with a complex Hooke’s tensor. In the time domain, however, attenuation
turns the constitutive relation into a convolutional integral which is not suitable for finite-
difference modeling schemes. To overcome this problem, the absorption is modeled by a set
of viscoelastic relaxation mechanisms ( Emmerich and Korn 1987; Carcione et al., 1988).
The complications with the convolutional integral are then reduced to solving an additional
set of first-order differential equations for a set of stress-memory functions. With this type
of Generalized Maxwell body, causality is always secured and any type of linear absorption
mechanism can be represented by adding relaxation mechanisms. The elastic constitutive
relations including attenuation are given in Mittet and Renlie, (1996) as,

oij(x,t) = /t cijri(@,t — 7)eg(x, T)dT, (2)

—00
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in the convolutional form. Here c;jxi(,t) is a component of the time dependent Hooke’s ten-
sor and eg;(x, 7) is a component of the strain tensor. With a derivation similar to Emmerich
and Korn, 1987, equation (2) can be transformed to,

oij(x,t) = gkl x)eg (x,t) Z’y” x,t), (3)

where the stress-memory functions ;;(z, t) satisfy,

Oyij(@, 1) + (@) (2, ) = w* (@) Acfy (€)eri(, 1). (4)

Here, M is the number of relaxation mechanisms, the w®(x)’s are relaxation angular frequen-
cies. These are resonance frequencies, such that the attenuation will have peaks at these
frequencies. The relaxed or low frequency limit of the Hooke’s tensor is cf}kl(m) and the

unrelaxed or high frequency limit is cg () and,

Acip () = () — o). (5)

In the present implementation we use one attenuation mechanism for the P-waves and one
attenuation mechanism for the S-waves. The resonance frequency is assumed to be identical
for both mechanisms and independent of spatial location. With a proper choice of w® = wy,
the attenuation is very close to constant () in the seismic band, but still causal.

The constitutive relation for isotropic 3-D wave propagation including attenuation is,

Olope(x,t) = AV(x)[0pas(x,t) + Oyay(x,t) + 0,a,(x,t)]

QMU(QU) [aﬂﬂaz(wa t)] - nfw(ma t) TIEE:U(“U, t)a
A (z) [0pay (2, t) + Oyay(z,t) + O az(a: t)]
)

+

afayy(:n, t)

2 (@) (B0, (. )] — ol (@, 1) — 1S (@),
0t (x,t) = AV(x)[Opaz(z,t) + Oyay(x,t) + O,a,(z, t)]

+ 2uY (@) [B:a:(, 1)) — n7 (@, 0) — 02 (2, 1),
Ofouy(@,t) = uV(2) [Bray(@, 1) + Oyas(@,1)] — gy (@, 1) — 15 (, 1),
0fous(@,t) = U(w) [Osaz (@) + ;a4 (2, )] — 05, (2, 1) — 03, (, 1),
Foya(x,t) = n¥(@)[9ya:(@,1) + Bray(@,t)] — 1y, (2,t) — 1y, (2, 1),

where \U(z) and pY(z) are the unrelaxed Lamé parameters. Using,

at 7zg($7t) = nfj(mat)a (7)
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and assuming that we have either a P-wave attenuation mechanism s = P or and S-wave
attenuation mechanism s = S the additional equations to solve can be expressed as

omby(x,t) + wonby(e,t) = woANT () [Opas(x,t) + Oyay(z,t) + O.a,(z, 1)],
Oy (@,1)  +  woryy (@, 1) = wo AN () [Oraz(, 1) + Oyay(x, 1) + O.a.(x, 1)),
6,57753(113,15) + wonf;(m,t) = woAX (z) [Opay (2, 1) + O yay(z,t) + 0a,(x, 1)),
Oy (m,t) = 0,
Oigs (2, ) = 0,
oz, t) = 0, (8)
and
oy (x,t) + wonhy(x,t) = —2wolAp® () [Byay(z,t) + d.a,(x,1)],
Bmgy(:c,t) + wongy(w,t) = —2woAp® (@) [Opas(x, t) + Dra,(x,1)],
oms (e, t) + wonl,(x,t) = —2woAp® () [Opaq(x,t) + O yay(x,1)],
Ay (®,t) +  wonyy(e,t) = wolp® (@) [Bzay (2, t) + Oyaz (e, 1)],
Oz, (1) + wonp, (@) = woAp® (¢) [Opa, (w0, 1) + B,04(w, 1)],
Bmgz(w,t) + wongz(w,t) = woApS () [0ya,(x,t) + O ay(x,1)] . (9)

The relations between the QF () and Q°(x) models and the Lamé parameters can be found
by the frequency domain relations given at the resonance frequency w = wy,

AN ()

Apf ()
AN ()

Apf ()

205 ()
(QF(z) — 1)’
0,

—4p(x)
(Q5(z) — 1)’
2u(z)
(Q%(z) - 1

;- (10)

The relaxed Lamé parameters are given by the low frequency limits of the P-wave and

the S-wave velocities

pla) [vh(@) — 203(2)] ,
(

2(x). (11)
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3 TI MEDIUM

The constitutive relation for a TT or hexagonal symmetric medium is,

022(Z,t) = Cozwa(T)eaa(®st) + Coayy(T)eyy (2, 1) + Crazz(T) ez (2, 2),

oyy(@,t) = Cyyoa(T)eaa(®,1) + cyyyy(®)eyy (T, 1) + cyyez(@)ezz (2, 1),

O22(yt) = Coppu(T)ege(,t) + szyy(a’)eyy(wa 1) + Cozzz()esz (T, 1),

Oay(@,t) = Coyoy(T)eay(®,1),

022(T,t) = Cozuz(®)ews (T, 1),

Oya(T,1) = Cyayz(T)ey.(z,1) (12)

Alx) = cppaa(T) = cyyyy(@),
B(x) = cCpayy(®) = cyyaa(x),
Clx) = croal®),
F(x) = Cpa0a(®) = Cyysa(T) = Cooza(®) = Cozyy ()
2N(z) = coyay(@),
2L(x) = Cpoza(®) = Cyoyz (). (13)

with A(z) = B(x) + 2N (x), which give 5 independent parameters for TT media. In the
isotropic limit we have

B(x) = A=),
Clz) = M=)+ 2u(z),
Flz) = M),
N(z) = p(=),
L(z) = p(z). (14)
Using Thompson parameters e(x), §(x) and y(x), we can also write,
L(x) = m(z)=po§(x),
Cl@) = (@) +2m(z) = pvp(x),
N(z) = po(x) = m()(1+2y(2)),
B(x) = Xa(z) = M(2)(1 + 2¢(z)) + 4p1 () (e() — (),
Fl@) = hule) = Oule) a1+ 250 2B ) g

6



where vp(x) and vg(x) are the vertical P-wave and S-wave velocities respectively.

The constitutive relations can be expressed,

Goral@,t) = (Ma(®) + 2ua(2))Bria(e,1) + Ma(@)dy4 (e,

Ofoyy(x,t) = Ao(x)0paz(x,t) + (Ae(x) + 2pa(x))0yay(x, t) + A3(z)0,a,(x,
oa(@t) = N0y (@) + Ng(@)Byay(@,2) + (1 () + 2001 ()0 (2,
81:2‘7$y($at) = pe(x) [Ozay(x,t) + Oyas ()],

Bfogs(x,t) = () [0ras(@,t) + Dsau(,t)],

Otoy,(z,t) = pi(x)[0ya.(x,t) + O.ay(x,t)].

t) + As(x)0za.(z,

(16)

Absorption is included using equations (3), (4) and (5). Having only one P-wave and one

S-wave Q-factor available, we use,

@) = Gy
2@ = grey
2@ = gy
Apf(=) = 0,

Apd (=) = 0,

M@ = G,
M@ = Gral,
@) = il
@) = Qe
@) = el

Thus, both horizontal and vertical waves have the same Q-factors.

4 CYLINDER SYMMETRIC MODELING

For cylinder symmetric modeling, only source elements with spherical symmetry are included.
These are notional source signatures and forces in the z direction. However, the lateral



translational invariance of the model is used to treat realistic source arrays. The methodology
is different from the 2D and 3D schemes. The exciting sources are bandlimited Dirac delta
distributions in both space and time. The resulting Green’s tensors are spherically symmetric,
but they are synthesized to give the response of an arbitrary source array. The resulting
response function (pressure or particle velocities) need not be spherically symmetric.

The equation of motion for a cylinder symmetric medium with spherically symmetric
source elements are,

wlrt) = p7@) [ r ) + B (e ) 1 )]
CI,Q(I',Z, t) = 07
a,(r,z,t) = p_l(z) [Brarz(r,z,t) + M + 0,0,,(r,2,t) + fz(r,z,t)] ,
(18)
and the constitutive relations are,
t
R0 (r,z,t) = (Ma(2) + 2u2(2))dpar(v,z, 1) + 2o(2) 282 300 (1),
2 Qr (I‘,Z,t)
at Uﬂe(raza t) = )‘Z(z)aTa'T(r’Z’ t) + (/\Q(Z) + 2/‘2(2))7 + Ag(Z)az(J,Z(I',Z, t)’

820,,(r,2,t) = Ag(z)arar(r,z,t)—I—Ag(Z)M—}—()\1(2)+2u1(z))8zaz(r,z,t),
) = 0,
0ory(r,2,1) = p1(2) [0ra,(r,2,t) + 0,0, (1,2, )],
) = 0. (19)

with the equations for absorption following a similar scheme.

(
afarg(r,z, t
(

2
0709, (1,2,1

5 DISCRETE FORMULATION

For simplicity I discuss the discrete formulation for a 2D scheme, the 3D and cylinder symmet-
ric formulations are straight forward generalizations. The algorithm used here is an optimized
high-order staggered-grid scheme, thus the terms forward and backward derivative operators
are used. The optimized operator coeflicients o; are identical for both operators, but the
output location differs. Let ¢(i) be a discrete representation of the continuous field ¢(xy),
where z; = (i — 1)Axy. Here Axy is the step length in the k-direction and xj represents one
of the spatial coordinates x, y or z. The forward and backward derivative operators in the
k-direction, 8,:' and 0, , (Holberg,1987) with operator halflength L, are given as,

L
O[4() = Budi+)) = 5 D culpli+D) — i~ (- D).
=1

8



L
O dli) = Odli—3) = Zaz[¢2+ (I =1)) =@z = D]
=1

(20)

The operator coefficients o; are optimized, based on an error criterion for the group velocity.
These operators are special cases of the more general operators discussed in appendix A. The
operator halflength L can be varied in the QCD scheme. For L. = 1 we have a typical low
order scheme, where the required number of gridpoints per shortest wavelength G is of order
25 to 30, however, for L = 8 we have G = 2.5 which is close to the pseudo-spectral limit of
G = 2. This give a very flexible scheme, where a low order algorithm can be used for fine
sampling of the medium and a high order algorithm can be used for coarse sampling of the
medium.

When implementing the wave equation in the QCD scheme, the source terms are moved
from the equation of motion to the equation for the constitutive relations. This is a formal
procedure which makes it easier to include notional source signatures in the calculation and
the scheme is also easier to adapt to prestack elastic reverse time migration. The source
tensor is in the following denoted T;;(x, t)

Let opn (@, t) = opn(z, 2,t) = omn((G — 1) Az, (j — 1)Az,t) = omn (4, j, t) and likewise for
the spatial discretization of all other quantities. The steplengths in z- and z-directions are
Az and Az respectively.

Equation (1) implemented on a staggered grid can then be expressed,

az(i+4,5,t) = p (i +4,9) [0F 00a(i,,8) + 8, 0wa(i +1,5 +4,1)]
a,(i,5 +1,t) = p (4,5 +1) [0 0..(5,5,t) + 05 00 (i +1,5 +1,2)].
(21)
The equations for the stress tensor is,
0lous(i,4,t) = A(4,7) [0 ax(i+1,5,t) + 0] az( 0,7 +1,1)]
+ 200, ) [0y asli +4,:8)] — ngg iy 4, ) — 03y (i, 4,) + Tua(is 5, 1),
0forn(isjit) = A0,5) [0y agli +1,5,) + 0, azm +1,1)]
+ 2u(i,5) [0 a2(i,§ +3,1)] — 0k (i, 5,t) — 15, (i, 5,8) + T (i, 4, 1),
0fou:(i+5,5 +5,1) = (i +3,5+3) [07 az(i,5 +3,1) + 07 as(i +1, 4, 1)]
Moo (05,5 +3,8) = 05, (6 +3,5 +3,8) + Toa (i +1,5 +1,1).
(22)

The additional equations to solve are spatially discretized in the same way as above,
O (i,5,8)  + wollge (i, ,) = wo AN (4,9) [0 au(i +3,5,1) + 8; @z (4, § +4,1)],
Oz (i,5,8) + worz (6,5,1) = wo AN (0, 5) [0 ao(i +4,4,1) + 07 ax(i,5 +3,1)]



and

Omae (i 5,t) +  wonly(iy 4, t) = —2woAp® (i, §)0; a. (i, j +1,1),
Oms, (6, 5,t) + woﬁfz(z Jrt) = —2woAp® (i, )07 ax (i +1, 4, 1),
Omp (i +5,5 +35,1) + wonp, (i +4,5 +5,t) = wodp® (i +3,7 +1)
[Bgaz(z,j +1.1) —i-a:'az(i +1,5,1)]. (24)

In this scheme 0.y, 042, Nzx, Nz can be said to be located on the reference grid, a, is
staggered half a node distance in the x-direction relative to the reference grid, a, is staggered
half a node distance in the z-direction relative to the reference grid and o, and 7, is
staggered half a node distance in both the x-direction and the z-direction relative to the
reference grid. The source tensor is also staggered in the same way.

The physical parameters are precalculated and given at the nodes where they are needed.
This implies that two representations of the same inverse density model must be given, one
shifted half a gridpoint in the z-direction relative to the reference grid, and one shifted half
a gridpoint in the z-direction relative to the reference grid. That is,

p i +L,5) = — 2 . =~
? p(i, ) + p(i 4+ 1,4)
. 2
p 6,5 +L) =

pli,5) + p(i,j + 1)
(25)

The Lamé parameters A and u are needed on the reference grid but u are also needed on the
shifted grid. The scheme given by Chang and Randall (1988) is used. Thus with,

Bli+3,7+3) = 4p(,)p@+1L,7)p6 5 + Dui+ 1,5+ 1),

T(i+3,7+3) = wp)p@+17)p6Es+1)

+ pli e+ 1LpE+1,5+1)

+ p(,)p@, )+ Dpli+1,5+1)

+ pi+ Lpl g+ Duli+ 1,5 + 1),
(26)

the Lamé parameter y on the o,, grid is,
s E(i+3,7 +3)
14+l 941 = 2L,
S (N

(27)

The difference between the unrelaxed and relaxed Lamé parameter p, Ap®(i +1,5 +1) is
calculated in the same manner.

10



The time integration can be performed to a given order as described by Dablain, (1986),
or by spectral methods (Tal-Ezer, 1986, Tal-Ezer et al., 1987 ). Here we give the equations
for a second order time integration scheme. Let ¢ = nAt, where At is the temporal sampling
interval. The following modeling scheme is based on finding the stress tensor at time t+ At =
(n + 1)At given that the stress tensor is known at times ¢ = nAt and t — At = (n — 1)At.

The first step is to calculate the particle accelerations,

ag(i +1,9,m) = pt(i+1,7) [0 02ali,j,n) + 05 042(i +1,5 +1,0)],
ay(i,j +4,n) = p 1(i,5 +1) [0] 0.5(4,5,n) + 0y 0 (i +1, 5 +1,0)] .
(28)

The next step is to get the stress memory functions n;; with the correct temporal staggering.
Before the first timestep the following quantities are calculated,

2 — woAt
= 29
T WAL (29)
and
2w AtANP (i, 5
flig) = ZONANILD),
2 + woAt
I/S(’i ,7) _ _4w0AtAuS(iaj)
LA 2+(/J()At ’
2woAtARS (i +1,5 +1)
S/ 14 1 _ 0 1% 510 2
vy (i +31,7+1) 5 T Wit .
(30)
Equation (23) is written,
Meg(iy gsn +3) = Mpy(iydon —3) + 04 (i,4) [05 az(i +3,4,n) + 07 a. (6,5 +5,n)]
Moo(isim +3) = (i, d,m +3),
O, (i 45,5 +5,m) = 0, (31)
and equation (24) is written,
S /. . 1 _ S (i ia 1 S Vo~ 1
N (4, 5,1 +1) Moz (8, Js —3) + 7 (4,5)9; a. (4,5 +3,n),
Mol gsn +3) = 02,64, —1) + 04 (6, §)0; ax(i +3,4,n),
Mo (i+4,j +4,n+1) = np,(i+4,5 +3,n—1)

+ vy (i 41,5 +1) [0Fa, (6,5 +1,n) + 0Faz(i +1,5,m)]. (32)



The stress components can now be updated. The term At#? arising from the second order
time derivative is included in the Lamé parameters,

Uzc;c(iajan+ 1) = 20’:5:6('4' Js ) - Uzz(i Jn — 1)
+ [3 Qg Z+2’]’ )+az_az(iaj+%an)]
+ (z 7) (07 az(i +1,4,7n)]

- [ w(za )+77:c:c(2 ]7n+ )]
- %hmmxn—a+nmmxn+a}
+ Tww(iajan)a

Uzz(z.,jan + 1) = 2Uzz(iaja ’I’L) - Uzz(iajan - 1)

+ X, 9) [07 ag(i +3,4,n) + 85 a,(i,5 +1,n)]
+ 2u(i,7) [07 ax(i +3,5,n)]
— 3 [nhGgn =) + b (g +3)]
— 3 [n5G g, m = 1) + 05 G +))
+ Tzz(iajan)a

Oaz(i +5,J +5.n+1) = 200,(i 45,5 +5,n) — 0zz(i +5,5 +3,n = 1)
+ H(’L'-F%,j-l-%) [a;az('ia] +§> )+a:_a$(7’+5’j>n)]
— 3 [nEG 455 +hm —8) +nbG+35 +3n +)
— 3 [0+ =) 05 )
+ Tpo(i+5,5 +3,n).

6 FREE SURFACE

The free surface is assumed to be horizontal and at depth z = 0. The dynamic boundary
conditions for the elastic free surface requires that the normal component of the traction is
zero, that is,

0'1;2(117, O, t) — O,
0,2(2,0,t) = 0.

12
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Combining equation (6) with equation (34) the last stress component on the free surface is
given by,

4p(,0) (M, 0) + p(=,0)]

2 —
Orowe(®:0:1) = = T 902, 0)

Oraz(z,0,1).
(35)

In the present implementation the elastic free surface is located on the first node in depth
(that is for all ¢ with j=1). The stress and particle acceleration components in the staggered
grid scheme, given at these nodes, are 0., 0,, and a;. All field components and medium
parameters are assumed to be zero above the free surface. The o,, component is zero on the
free surface. The partial differential equations to be solved for the fields on the free surface
are,

a’l‘(z +%1ja t) = p_l(i +%7.7) [ag—o’l‘l‘(i’jat) + 82_01‘2(Z +%a.7 +%’t)] ’
(36)
and
, Ap(i, 1) (A6, 1) + p(i, )] =
2 _ 2k M i
(‘)tom(z,l,t) - )\(Z, 1)"‘2/1/(’5,1) 81; az(’L +271,t).
(37)

The medium parameters, p, A and p, in these equations must be modified on the free surface
to give a correct description of both the wave propagation on the elastic free surface and
likewise of the reflections from the elastic free surface. It is assumed that the density on the
free surface is given by an averaging of the vacuum value and the internal value. Thus,

4

P +1,1,1) = — , o 35 t) + 0, i +1,7+1.t)].
ag(i +3 ) p(i,1) + p(i + 1,1) [0 0226, 4,) + 07 025 (i +3,5 +3,1)]
(38)
Assuming that also the Lamé parameters A and s behave as the density gives,
. , 1) [AG, 1) + (i, 1)] o
020 4p(i, 1,1 :N(Z’ ’ L2 Opag (1 +1,7,1).
S R 1 RO R
(39)

Testing and comparison with solutions calculated with frequency wavenumber modeling re-
vealed that this is still not sufficient to obtain a proper elastic free surface boundary condition
for the staggered finite difference scheme. However, if in addition the Lamé parameter A is
set to zero on the first node in depth, that is,

A(i, 1) = 0,

13
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then a good discrete approximation to the free surface is obtained. The last assumption is
not justified theoretically, but can be justified by comparison with analytical methods or by
comparison with the frequency wavenumber modeling scheme. Equation (39) takes the form,

0}022(i,1,1) = p(i,1)0paz (i +1,5,1).
(40)

which is equation (22) with A(4,1) — 0 and (i, 1) — 1u(i,1).

The implementation of the proposed boundary condition is very simple. The equations
(22) and (21) are solved for all nodes of the finite difference grid, including ;7 = 1. The
medium parameters on the free surface are, however, given special treatment,

4
—1/-
+4,1) — . . )
R R ES (RS
A(z,1) — 0,
. r .
/1'(7’1 1) - E#‘(Za 1)

(41)

In addition, for each timestep it is ensured that o,,(i,1,¢) = 0.

7 SOURCES AND RECEIVERS

It is assumed that the source tensor T;;(x,t) can be separated into a spatial and a temporal
term, that is,

Tij(,t) = Di(z)g;(t), (42)
or
T;j(z,t) = Dij(x)g(t)- (43)

The spatial term is assumed to be a combination of monopole and dipole contributions. As
an example of a directional force in the x-direction, f;(x,t) = §(x — xs)g.(t) we have, except
for a scaling with the density at location x,

Tpz(x,t) = 030(z — z5)0(2 — 25)94(1),

Tp.(z,t) = 0.0,

Typ(®,t) = 6(z —25)0,0(2 — 25)9 (1),

Ty (x,t) = 0.0. (44)

14



A notional source signature is as,

Tizx(x,t) = 6z —x5)0(z — 25)9(2),

Tpo(z,t) = 0.0,

Tyo(z,t) = 0.0,

T..(xz,t) = 0(z—x5)0(z — 2z5)g(1)- (45)

The problem which has to be solved is to find high-order bandlimited Dirac delta function
operators which also can handle the situations when x; do not coincide with a grid node.
This is of special importance for coarse grid schemes with steplengths of order 10 m.

The development of such operators is discussed in appendix A and appendix B. The
operator table containing the derivative operator is oz? and the operator table containing the
shift operator is 3. The 2D Dirac delta function §(z — ,)d(z — z, will be distributed over

several nodes using the combined operator a;’m a?"‘ The value of (le"“D a;"" for the case where

the source coincide with a node position is ﬁ—z at the source node and zero otherwise. If
the source do not coincide with a node the source timefunction is typically be distributed
over 4-16 nodes in both the x- and z-direction.

The recording operator for a general recording position x, is identical to the bandlimited

Dirac delta function operator described in appendix B. Let
(2r,20) = (i — 1) Az + 3 A, (j — 1) Az + 0;Az), (46)

as can be seen from equation (B-3), if the operator table ;' is known, then an arbitrary
receiver position in the model can be reached by the expression

az(Tr, zr,n) Z z 511 aa: i+1i,j +1,mn). (47)

li=—Lilj=—L;

using the x-component of the particle acceleration as an example here.

8 SOLVED AND UNSOLVED PROBLEMS

The described scheme has the following advantages. It will be very fast on both super-scalar
and vector computers, when properly implemented for the given architecture. The scheme is
very flexible and can be operated as a classical low- order scheme with dense sampling. It is
however much more efficient to use coarser sampling and the scheme, using long derivative
operators, can also operate close to the Nyquist limit. Thus, the scheme has nearly the
same properties as a pseudo-spectral scheme in this limit. Scaling on multitasking computers
is generally very good. The numerical dispersion is low and well controlled when proper
derivative operators are chosen. The free surface is well described and behaves properly

15



when number of nodes per shortest wavelength (propagating waves) is above 5-6. For coarser
sampling some dispersion may occur. The reason for this is that the Rayleigh wave actually
varies faster in space than homogeneous waves for the same source maximum frequency and
a finer grid is then required to avoid dispersion. With the introduction of the generalized
source and receiver operators, sources and receivers can be placed with a precision of one
hundredth of the node distance. This is an important improvement, especially for coarse grids.
The internal interfaces including water/solid interfaces are properly described. Calibration
tests using analytical solutions and fk-algorithms reveals that interfaces are located midway
between node locations. Continuous fields like pressure and normal component of particle
velocity can be recorded at arbitrary positions near the water/solid interface.

There are still some remaining problems with the present implementation of the scheme.
Recording of the parallel component of particle velocity close to a water/solid interface
(vg(x,t) for a horizontal interface) can be performed only on node position. The reason
is that this field component is discontinuous over the water/solid interface. A more com-
plicated operator than the one described in Appendix B is required in order to use general
receiver coordinates in this case.

Diffractions from dipping interfaces may result using coarse grids This is the well known
staircase effect. It is most prominent in low velocity zones. A free surface with topography
have the same problems. Both effects may be remedied with a mapping method as originally
described by Fornberg (1988).

Very low velocity zones, as the low S-wave velocities usually encountered directly below
the seafloor, requires very fine sampling and hence large CPU times. The present method
requires the same sampling intervals for the whole model. This problem may also be solved
with a mapping method somewhat different from the one proposed by Fornberg (1988).

Absorbing boundary conditions using the method of Cerjan et al. (1985) works well
for medium and coarse grids. There are problems with this method for fine grids. The
absorbing zones must cover many node positions. The method could probably be combined
with a transparent boundary condition, giving reduced edge effects for all grid types. This is
presently not implemented.

At present the scheme is second order in time. For most cases this seems to be sufficient
as found by comparison with fk-results. There may, however, be cases where increased
numerical precision from the time integration is required. This may be obtained by going to
higher order schemes as described by Dablain (1986) or using Runge-Kutta methods. The
second order scheme also makes it simpler to convert the present scheme to an elastic reverse
time integration scheme.
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Appendix A: Dipole and derivative operator.

The dipole operator needed in the source term of the wave equation or in the implemen-
tation of the boundary condition is the derivative of the Dirac delta function,

0r0(z — x5). (A-1)

The derivative of the Dirac delta function also defines the convolutional derivative operator,

Opp(z + dz) = / O:o da' {~8.8(a" — 62)}(z + ')

= df;” * ¢(z). (A-2)

Assume that this operator can be bandlimited and is to be used on a regularly sampled
function with sampling interval Az. Let x = 1Az with ¢ integer. Let dxz = nAx with 1 a real
number such that —0.5 < n < 0.5. The two special cases n = —0.5 and = 0.5 will be the
forward and backward derivative operators given by Holberg, (1987). The discretized version
of d% is denoted D and the bandlimited Dirac delta function is denoted 4,

Opp(jAT +nAz) = Di¢(jAx)

L
= z Az[-8,0(IAz — nAz)|p(jAz + IAT)
I=—L
L
= ) oAb (A-3)
l=—L
The Fourier response of D is,
1 ¢ ik(1—n)A
Ny — — 1 gik(l—n)Az B}
D" (k) s l:z_:Lale : (A-4)

Let the response D"(k) be represented by,
D"(k) = ik(1 + £"(k)) (A-5)

where £"(k) is the relative error in frequency response of the operator D!. The derivative of
the frequency response of D" (k) is

O D"(k) = i(1 + €"(k) + kOke" (k)). (A-6)
If it is required that D7(k) should be as close to ik as possible then,

min(D"(k) — ik) = min(e"(k)). (A-7)
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If it is required that the derivative of D"(k) with respect to k should be as close to ¢ as
possible then,

min(%&k(D”(k) — 1) = min(e"(k) + kdpe" (k)), (A-8)

which will make the operator response D"(k) close to ik and close to equiripple simulta-
neously. This error criterion is identical to the group-velocity criterion introduced by Hol-
berg,(1987),

e (k) = e"(k) + ke (k). (A-9)

ar

The chosen procedure is to minimize the error functional £},

Km, L
& =1 G E) - 1" +u( 3 o)l (A-10)
=0 I=—L
where
1 L .
0, D"(k) = S a)(i - p)ett-mae, (A-11)
I=—L

The term proportional to the weight w in equation (A-10) ensures that the sum of all deriva-
tive operator coefficients is zero. This constraint must be implemented to give operators,
which when applied to constant functions give a derivative of zero as result, independently of
the phase shift. The best w value was found to be typically 5 x 10™* and the best value of n
was found to be 4. An additional constraint is that the relative group velocity error €7, (k) is
less than the tolerance E,, for all wavenumbers up to the maximum wavenumber K,,. The
coefficients o] are the variables in this standard least square problem. A solution is accepted
when K,, can not be increased further with the given E,,. The value of E,, is of order 10~2

- 1073,
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Appendix B: Monopole and shift operator.

The monopole operator needed in the source term of the wave equation or in the imple-
mentation of the boundary condition is the Dirac delta function,

oz — xz5). (B-1)

The Dirac delta function also defines the convolutional shift operator sgz ,

¢(z +6x) = /o:o dz'{6(z' — éz)}p(x + 2)

= 9% % ¢(x). (B-2)

Assume that this operator can be bandlimited and is to be used on a regularly sampled
function with sampling interval Az. Let x = iAz with ¢ integer. Let dx = nAxz with 7 real
number such that —0.5 < 7 < 0.5. The discretized version of sg“ is denoted S7,

¢(jAz +nAz) = Slé(jAz)

L
= > Az[§(iAz — nAz)]p(jAT + 1Az)

I=—L
L
= Y Bl (B-3)
I=—L
The Fourier response of S7 is,
L .
(k)= 3 fletki-mas, (B-4)
I=—L

Let the response of S7(k) be represented by,
ST(k) =14 "(k) (B-5)

where €"(k) is the relative error in frequency response of the operator S7. The derivative of
the frequency response of S7(k) is,

BkS"(k) = ake’;‘"(k). (B—G)

The group velocity criterion can be used for the shift operator as for the derivative operator
discussed in Appendix A. If it is required that S”(k) is as close as possible to 1 and that the
derivative of S7(k) with respect to k is as close to 0 as possible then,

min(S"(k) — 1+ k0 S"(k)) = min(e" (k) + kOke" (k)) = min(e], (k)), (B-7)
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which will make the operator response S7(k) close to equiripple.
The error functional £ is then,

m L
El = kKO dk(S"(k) — 1+ kOpS"(k))" +w( > B —1)]? (B-8)
= I=—L
where,
SM(k) — 1+ kO S"(k) = XL: (B + ik(l — n)Azletk-mAey 1, (B-9)
|=—L

The term proportional to w in equation (B-8) ensures that the sum of all shift operator
coefficients is equal to 1. This constraint must be implemented to give operators, which
when applied to a constant function give the constant function as result independently of
phase shift. The optimized coefficients ﬁl" are found with the same least square procedure as
the optimized o] coefficients discussed in Appendix A.
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