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ABSTRACT 

Curves made up of circular arcs and straight lines which approximate 
troposkiens of interest in the design of crosswind-axis wind turbines have 
been calculated for a variety of constraints. These curves were fitted to 
the troposkiens by numerical iteration by using both a least-squares and a 
least-maximum fit. Curves produced with the least-maximum spacing criteria 
approximate the troposkiens more closely than curves developed with the 
least-squares goodness-of-fit criteria. 
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LIST OF SYMBOLS 

a - Half the distance between the points of attachment of a troposkien on the 

axis of rotation;normalizing constant 

aRfbR - Constants in the equation for the straight-line portion of the fitted 

curve 

an,bn 
- Constants in the equation for the straight line normal to a troposkien 

b - Maximum deflection of the troposkien from the axis of rotation 

d - Distance between the normalized troposkien and the normalized fitted 

curve measured normal to the troposkien 

F($,k) - Elliptic integral of the first kind with argument @ and parameter k 

k - Parameter in the elliptic integral (see Eq. (A.34)) 

m - Slope of the normalized troposkien in the first quadrant t 

r,z - Normalized coordinates used to describe the troposkien (see Figure 2) 

r ,z - r and z coordinates of the circular-arc portion of the fitted 
C C 

curve 

rRfzR - r and z coordinates of the straight-line portion of the fitted curve 

r z - r and z coordinates of a line normal to the troposkien 
n' n 

rtfzt - r and z coordinates of the troposkien 

R - r coordinate of the center of the circular-arc portion of the fitted 

curve 

R.,Zi - r and z coordinates of the point at which a line normal to the troposkien 
1 

intersects the fitted curve 

R.,Z - r and z coordinates of the point at which the circular-arc and straight- 
I j 

line segments of the fitted curve meet 

R - r coordinate of the point at which the fitted curve meets the r axis 
m 



R Z - r and z coordinates of the point a t  which the troposkien normal 
t' t 

in te r sec t s  the troposkien 

Zm - z coordinate of the point a t  which the f i t t e d  curve in te r sec t s  the 

z axis  



PRACTICAL APPROXIMATIONS TO A TROPOSKIEN 
BY STRAIGHT-LINE AND CIRCULAR-ARC SEGMENTS 

Introduction 

A troposkien,lrL the shape assumed by a perfectly flexible uniform cable when 

attached at two points on a vertical axis and then spun about this axis in the absence 

of aerodynamic and gravitational forces, has practical application in the design of 

the Darrieus type314 of crosswind-axis wind turbine. The blades, if fabricated with 

a troposkien profile, will theoretically be free of bending stress caused by centrifu- 

gal loads. Any appreciable deviation from the troposkien shape will induce bending 

stresses, and practical experience has shown that these bending stresses can be large 

enough to cause blade yield. An artist's conception of the Darrieus wind turbine is 

shown in Figure 1. 

Figure 1. Artist's conception of a Darrieus-type 
vertical-axis wind turbine 

Mathematically, the troposkien shape can be expressed in terms of elliptic 

integrals.' However, fabrication of the troposkien shape may not be economically 

practical because the use of numerically controlled machining techniques would 



probably be required. Therefore, it may be advantageous to approximate the troposkien 

shape with a shape or combination of shapes which are simpler to fabricate. One 

approximation is the parabola proposed by ~ e m ~ l i n ~  for an analytic study of the aero- 

dynamic performance of the Darrieus wind turbine. However, the problems connected 

with the manufacturing of a parabolic wind turbine blade are no simpler than those 

associated with a troposkien blade. As an alternative it has been suggested4 that the 

troposkien be approximated by two straight lines joined to a circular arc, two shapes 

which are reasonably simple to manufacture. This type of approximation is shown in 

Figure 2, where all lengths have been normalized by a, half the distance between the 

attachment points on the axis of rotation. 

- - Fitted Curve 

Figure 2. Coordinate system used to describe the 
troposkien and the fitted curve 

The purpose of this report is to explore mathematically several straight-line/ 

circular-arc approximations to troposkiens As was shown in Reference 2, these 

troposkiens lie in the range of B's between 0.8 and 1.2, where 6 is the ratio of the 

maximum blade displacement from the axis of rotation to one-half the spacing between 

the attachment points on the axis of rotation. The troposkien of maximum swept 



area* for a given blade length between the points of attachment on the axis of 

rotationL occurs at 6 = 0.99458568. This maximum swept area troposkien is used as 

the reference troposkien in the present study; however, troposkiens with B's of 0.8, 

0.9, 1.0, 1.1, and 1.2 are also examined. 

Fitting Procedure 

Figure 2 presents a schematic of a troposkien and its straight-line/circular- 

arc approximation. The axis of rotation is the z-axis and, because the troposkien 

is symmetric about the r axis, the center of the circular portion of the fitted curve 

lies on the r axis. In this figure, the troposkien is shown as a solid line and the 

fitted curve as a broken line. Also, in order to keep the present analysis somewhat 

general, all lengths used in the following discussion have been normalized by a, the 

distance between the origin in the r,z coordinate system and the point at which the 

troposkien intersects the z axis. If the maximum displacement of the troposkien from 

the z axis, which occurs at z=o, is labeled b, it is possible to characterize any 

particular troposkien by means of the ratio 
2 

With regard to the fitted curve, the center of the circular arc lies on the 

r axis at a distance R from the origin of the r,z coordinate system, and the inter- 

sections of the fitted curve with the r and z axes occur at distances of R and Z 
m m 

along the respective.axes. In addition, it is assumed that the slope of the fitted 

curve is continuous at the point where the circular arc and the straight line meet. 

Several criteria can be used as tests for "goodness-of-fit" between the tropo- 

skien and the fitted curve. Two of the more common, the ones considered here, are 

(1) the least-maximum difference between the two curves (the so-called minimax) and 

(2) the least root-mean-square of the spacings between the two curves, where the 

spacings are calculated at selected points along the troposkien. The word "difference" 

* 
The swept area is the area common to the volume swept out by a rotating 

flexible cable (which gives rise to the troposkien shape) and a plane containing 
the axis of rotation. This area is 4 times the area between the r and z axes and 
the troposkien in Figure 2. 



as used here is not clearly defined and could in fact refer to the differences in 

either the z coordinates or the r coordinates of the two curves or to some combination 

of them. The one difference which appears to best describe the closeness of the two 

curves is the magnitude of the separation between them measured normal to the tropo- 

skien; this difference is used in this study. In terms of the notation in Figure 2, 

this last difference, d, is 

where the subscripts t and i refer to the troposkien and to the fitted curve, respec- 

tively. The point (Z ,R.) is the point of intersection of the fitted curve and the 
i 1 

line normal to the troposkien which passes through the point (Zt,Rt) on the troposkien. 

The fitted curve intersects the z axis at (Zm,O) and the r axis at (0,R ) .  m 

Because the center of the circular-arc segment of the fitted curve lies on the 

r-axis, the two parameters R and R uniquely determine the circle which produces the 
m 

circular portion of the fitted curve. Also, the point (Z,,O) and one additional point 

are sufficient for determining the straight-line portion of the fitted curve. The 

relationship obtained by applying the condition that the slope must be continuous at 

the circular-arc/straight-line junction permits this second point (specifically, the 

point of juncture between the circular arc and the straight line) to be expressed in 

terms of R, Z and R . Consequently, the three parameters R, Zm, and R uniquely 
m' m m 

determine a line made up of a circular arc and a straight line whose slopes are equal 

at their junction. 

In these equations, 6 is assumed to be given; in the various computer runs, 'm 
and R are either to be determined by the numerical calculations or are to be con- 

m 
strained so that the fitted curve intersects the troposkien at the point where the 

troposkien crosses the z and r axes, respectively. In all cases the numerical values 

of Zj, Rj, and R are to be determined by the calculations. 

The equations used in the computer program for determining the best fit (derived 

in Appendix A) are listed below for convenience. 

I Troposkien equations: 



Fitted curve: 

Circular-arc segment: 

Straight-line segment: 

Troposkien normal-fitted curve intercepts: 

When the troposkien normal intercepts the circular arc segment: 



When the troposkien normal intercepts the straight line segment: 

Troposkien-fitted curve spacings: 

The details of the logic used to calculate the various quantities are given in 

Appendix B. 

Results and Comments 

Values of R, Zm, and R that satisfy the least-squares and/or least-maximum- m 
spacing goodness-of-fit criteria have been determined for several 6's between 0.8 and 

1.2 and for a variety of constraints on Z and R The calculations were performed m m- 
on a CDC-6600 computer by means of the code MAXDIF. 

The numerical results of these calculations are listed in Tables I through 111. 

Table I gives the coordinates for the normalized troposkien of maximum swept area for 

a fixed blade length at 100 points along the curve. For this case B = 0.99458568. 

Table I1 presents the geometrical characteristics of the straight-line/circular-arc 

combination whi,ch approximates the normalized troposkien of 6 = 0.99458568. These 

data were calculated at either 100 or 1000 points along the curve by using a least- 

maximum separation or a least-squares goodness-of-fit criterion and various constraints 

on Zm and Rm. Parameters calculated for circular-arc/straight-line approximations to 

troposkiens with 6's between 0.8 and 1.2, using a minimax goodness-of-fit criterion, 

are listed in Table 111. 



TABLE I 

Coordinates of the Normalized Troposkien of Maximum Swept Area 
for a Given Arc Length Between the Points of Attachment 



TABLE 11" 

Tabulation of the Calculated Results for a Normalized Troposkien 
of Maximum Swept Area for a Given Arc Length Between the Points of Attachment 

WIJY YUHHER 1 2 3 4 5 b 7 

NUMRFk OF 100 
SAYPLJNG P O I N T S  

EOLJAL S4MPLING W 
INCdEHLNTS BASED ON 

1 oeo 100 

CENTRAL CEPJTHAL CENIWAL 
ANGLE AN5LE AMGLF: 

G300VkSS OF FIT n I Y I ~ ~ H  MINIMUM LEAS? LEAST MIHIYUW n l r r ~ r u ~  LFAST 
C ~ I  r r r ( 1 0 ~  >PACI!.(G SPACING SOGAL E ; SOUAWES SPkC 11JG W A C  I N 5  $ ~ J , J A ~ L ~  

F I X F 3  POINTS ~=1.00n0000 ~=1.0000000 7=1~~009000 ~+1.0000000 ~=1.0000000 ~=1.0000000 7=1.00OC000 
ON F l T l E l l  CUWJE ~ ~ O ~ O O O O O ~ O  ~ ~ 0 ~ 0 0 0 0 0 0 0  U=0.00J(1000 H=0.0000000 R~O.0000'JOO R~9.OOOUO00 P~U.OOOO9OO 

ZPc 1.0000300 1.OOCOOOO 1.00CO000 1.0000000 1.0000000 1.ooooooo I .oof~ooao 

VALUE OF GOOOYLSS 0.018151b 0.0181536 6.01PL161 0.0129371 0.0181473 0.0181536 0.OlHO371 
3 F  F I T  CRITERION 

COOUOINATES OF POINTS L10.7473023 
ON T ' K  TQOPOSK!EN E l  4=0.4177260 
HLXI'4UM SFPAHAT I D N  

z=n.3951606 
Ht0.8354520 

WAXI'4UH SEPARATION 0.0181518 

C05QDlYATES OF THE L=1.0~100000 i=1.0000~00 7=1.0000000 2=1.0000000 2-1.0000000 t-1.0000000 2=1.0000000 
I V T r a L E C T I O N  OF THE *=0.0000000 R=0.0006030 R=3~p030000 H=O.0000000 R=0.0000000 P=0.0006000 R=O.0006000 
T Q O ~ ~ ~ & I E Y  &YO t n t  
F I T T E V  CURVE L=O.S5SQ803 2=0.5559885 7=0.4.9t3R65 Z=0.5943486 2=0.5540~92 L=0.5S-r9H9? Za0.5713fI39 

H'O.675V037 R=O.b758YbY !2=O.l2+686Y H'0.6297479 R=0.675754'? H'O.bf58972 2*0.6577313 

* 
Machine computer printout; symbols used in the table are those available on the printer. 



TABLE I1 (continued) 

LOUAL SAMPLING CENTRAL CENTRAL CiNTR.tL CENTRAL CENTRAL CENTRAL CEF(TR4L 
INCQEMENlS BASED ON ANGLE ANGLE ANGLE ANGLE ANGLE ANGLE ANGLE 

GOODVESS OF F I T  LEAST MINIMUM MiF(If4 ;M MINIMUM MINIMUM MINIMUM ' MINIMUM 
CRITFdION SQIJARES SPACING SPAC I t lG  SPACING SPACING SPACING SPACING 

FlXEO POINTS d=1.0000000 ~sl.OOOOOOO 2=1.0~100000 2 ~ 0 ~ 0 0 0 0 0 0 0  2 ~ 0 ~ 0 0 0 0 0 0 0  (NONE) (NONE) 
ON F I I T E D  CURVE H=0.0000000 R=0.0000000 ~ ~ 0 ~ 0 7 0 0 0 0 0  R=0.9945857 R.0.9945857 

YALkJF OF GOODFIESS 
OF F l i  CUIrERION 

C006J9IhAl tS Of POINTS 
ON THC TCOPOSUIFN AT 
'4AXlWUM SEPARATION 

UAtf*UY SEPARATION 

COOP~INATES OF T M t  
IYTCOSCCT ION OI' It:€ 
TUOPOSKIEN AN0 THE 
F I T V t O  CURVE 



TABLE I11 

Tabulation of the Parameters R, %, Zm, Maximum d, Rj 
and Zj for Curves Fitted to Normalized Troposkiens With 6's 

of 0.8, 0.9, 1.0, 1.1, 1.2, and 0.99458568 by Use of 
100 Points, the Least-Maximum-Spacing Criterion, and 

Equal Central Angle Increments 

Least-Maximum 
R =m Rm Z R -- Spacing 

0.0475462109 1.0124650764 0.7904565415 0.0095434596 0.5676283964 0.5268308475 

Locations of the points on the troposkien at which the separation d was calcu- 

lated were selected in two ways. In the first the sampling points were equally spaced 

along the r axis. In the second the points were distributed along the troposkien in 

such a way that all angles between lines drawn from any two adjacent sampling points 

to the (r,Z) origin were equal. 

Figures 3 through 8 have been plotted from the data of Table I and from circular- 

arc/straight-line approximation curves computed with constants listed in Runs No. 1, 

3, 7, 9, 11, and 13 in Table I1 for 100 points along the troposkien arc. The corre- 

sponding runs, Nos. 2, 4, 8, 10, 12, and 14, respectively, which used 1000 calculated 

points along the troposkien arc, produced plots which could not be distinguished from 

the plots made from 100 points and are therefore not presented. Also, the plots for 

Runs No. 5 and 6 could not be distinguished from the plot of Run No. 1; consequently, 

these two runs are not plotted. 

Figure 9 is a plot of the troposkiens and fitted curves for 6's of 0.8, 0.9, 1.0, 

1.1, and 1.2 with the end points of the fitted curves not constrained. Figure 10 is 

a plot of the parameters listed in Table I11 as a function of B .  



r 

z 

Figure 3. Comparison of troposkien and fitted curve: 
f3 = 0.99458568, Zm = 1, % = 8, equal r 
increments, minimax spacing 

Figure 4. Comparison of troposkien and fitted curve: 
f3 = 0.99458568, Zm = 1, R, = 8 ,  equal r 
increments, least-square spacing 



Figure 5. Comparison of troposkien and fitted curve: 
B = 0.99458568, Zm = 1, R, = B, equal-angle 
increments, least-square spacing 

Figure 6. Comparison of troposkien and fitted curve: 
6 = 0.99458568, Zm = 1, R, unconstrained, 
equal-angle increments, minimax spacing 



Figure 7. Comparison of troposkien and fitted curve: 
B = 0.99458568, Zm unconstrained, Rm = 8 ,  
equal-angle increments, minimax spacing 

Figure 8. Comparison of troposkien and fitted curve: 
B = 0.99458568, Zm unconstrained, R, uncon- 
strained, equal-angle increments, minimax- 
spacing 



Figure 9. Comparison of troposkien and fitted curve: 
B = 0.8 - 1.2, Zm unconstrained, R, uncon- 
strained, equal-angle increments, minimax 
spacing 

In the calculations whose results are reported here, all input data have been 

entered to no less than eight significant figures, and the convergence criterion in 

the MAXDIF code was set so that the differences in the final two iterated values of 

each of the quantities R, F$,, and Zm, when not fixed by the constraints of the particu- 
-10 

lar case under consideration, were less than 10 . This was done in order to ensure 

that the results reported here are reliable to the listed seven decimal places. The 

maximum difference between the final two iterated values of the quantity used as a 
-10 test for convergence was always 5 3 x 10 . The variable used to test for convergence 

was either the maximum separation between the troposkien and the fitted curve or the 

least sum of the squares of the calculated distances between the troposkien and the 

fitted curve. 

The results of the present investigation indicate that, when the least-maximum 

difference is used as the goodness-of-fit criterion, the troposkien of maximum area 

for a given arc length between the points of attachment ( B  = 0.99458568) can be ap 

approximated by means of a curve made up of a circular arc and a straight line so that 

the separation between the curves is less than 1.3 percent of half the distance between 

the troposkien attachment points if the end points of the fitted curve are not con- 

strained. If the fitted curve is constrained to be coincident with the troposkien only 

at the r-axis intercept, the separation can be held to less than 1.55 percent; if 



constrained to be coincident only at the z-axis intercept, this separation can be held 

to less than 1.48 percent. If the ends of the fitted curve are constrained to be co- 

incident with the troposkien at both the r and the z axis intercepts, this separation 

can be held to less than 1.82 percent. 

If the least-squares fit is used as the criterion for goodness-of-fit, these 

spacings increase by less than 0.5 percent for the four cases investigated. 

After examining the calculated results for the cases in which 6 = 0.99458568, 

it was felt that 100 equal-angle sampling points were adequate and that the least- 

maximum spacing criterion was the better of the two goodness-of-fit criteria 

considered. 

Figure 10 shows the dependence of the various parameters on 8 in the vicinity 

of 8 = 1.0 when using 100 sampling points with equal central angle spacings, when 

using the minimax goodness-of-fit criterion and when neither % nor Zm is constrained. 
These data indicate that Zm, Rm, R R, and the least-maximum spacing increase with 

j' 
increasing 8 and that Z decreases with increasing 8 .  

j 

Figure 10. Plot of the calculated values of Zm, 
I$,,, Zj, Rj, R, and the minimax spacing 
between the normalized troposkiens and 
the fitted curves as a function of 
f3 for 0.8 5 6 5 1.2 



From this investigation, it appears that troposkien shapes of interest in the 

design of crosswind-axis wind turbines can be approximated closely with a line made 

up of a circular arc and a straight line. However, before any decision is made as to 

which approximation should be used to define the shape of the blades in a Darrieus- 

type of wind turbine, the magnitude of the bending stresses introduced by the various 

approximations should be determined. 



APPENDIX A 

DERIVATION OF THE EQUATIONS 

In the following analysis the coordinate system and notation shown in Figure 2 

are used. Where normalized quantities are used, the normalizing constant is a. 

Let the subscript t refer to the troposkien, c to the circular-arc portion of 

the fitted curve, R to the straight-line portion of the fitted curve, n to the line 

normal to the troposkien, and j to the junction between the circular arc and the 

straight line. Also, let R be the normalized distance along the r-axis between the 

center of the circular-arc segment of the fitted curve and the origin of the (r,z) 

coordinate system, Z the normalized value of z at the point where the fitted curve m 
meets the z-axis, and R, the normalized value of r at the point where the fitted 
curve meets the r-axis. The normalized coordinates of the junction between the fitted 

curve's circular-arc and straight-line segments are designated Z and R . 
j j 

From this notation and the coordinate system of Figure 2, the equation for the 

fitted-curve circular arc can be written as 

which has the slope 

The minus sign in front of the right-hand side of Eq. (A.2) is necessary because 

the slope of the troposkien, the curve to be approximated, is negative in the first 

quadrant. 

The equation for the straight-line section of the fitted curve is 



whose slope is 

At the point where the straight-line section intersects the z-axis, rR = 0 and 

zR = Zm. Substituting Zm for those values in Eq. (A.3) gives 

The term aR in Eq. (A.3) can be eliminated by use of Eq. (A.5); substitution yields 

In that the coordinates of the circular arc and the straight line are equal at 

the point (Z R ) where they meet, 
j' j 

and 

Substituting Eqs. (A.7) and (A.8) into Eqs. (A.l) and (~.6) gives 

and 

(A. 10) 

The slope bR in Eq. (A.10) can be eliminated by applying the condition that the 

slope at the junction is continuous. Equating the slopes as given by Eqs. (A.2) and 

(A.4) and substituting from (A. 7) and (A.8) gives 

~liminating the term b in Eq. (A.lO) by use of Eq. (~.11) ~ields 
R 



(A. 12) 

Equations (A.9) and (A.12) give two independent equations in Z and R whose solution 
j jr 

can be found as follows. Subtract R from both sides of Eq. (A.12) and multiply the 

result by (R - R) to get 
j 

Substitute for (R - R) from Eq. (A.9) into Eq. (A.13). This yields 
j 

By squaring both sides of this equation and substituting from Eq. (A.9) for the 

resulting term (R - RI2, a quadratic equation for Z can be obtained: 
j j 

The two solutions to the above equation are 

(A. 13) 

(A. 14) 

(A. 15) 

(A. 16) 

The sign to be used in front of the radical in Eq. (A.16) can be determined to be 

positive by incorporating known numbers into Eq. (A.16) . It is known2 that, when 

Zm = 1.0 and R = 0.99458568 and if R = 0.3, there will be two points at which the m 
straight line will be tangent to the circular part of the fitted curve, one in the 

first and another in the fourth quadrant. When the above values of Zm, Rm, and R are 

substituted into Eqs. (A.14) and (A.161, the plus sign yields 

Z = 0.5916, R = 0.6639 , 
j 

(A. 17) 
j 



whereas the minus sign yields 

Z = 0.2936, R = -  0.3295 . (A. 18) 
j j 

Therefore, because the present analysis is restricted to the first quadrant, both Z 
j 

and R. must be positive; consequently, the plus sign must be used in Eq. (A.16). 
3 

Before the separation d between the troposkien and the fitted curve as given 

by Eq. (2) in the body of the paper can be calculated, it is necessary to determine 

Z. and R These are the coordinates of the point of intersection of the fitted 
1 i' 
curve and the normal to the troposkien that passes through the point (Z R ) on the 

tr t 
troposkien. The point (Z ,R.) depends not only upon Z t, Rt, R, Zm, and R but also 

i 1 m 
upon whether the troposkien normal intersects the circular-arc or straight-line 

portion of the fitted curve. First, consider the case where the troposkien normal 

intersects the straight-line segment of the fitted curve. In this case the equation 

for the troposkien normal can be written as 

(A. 19) 

where the constants a and b depend upon the location of the point of interest 
n n 

(Z ,R ) along the troposkien. The slope of this line is the negative reciprocal of 
t t 

the slope of the troposkien at the point (2 R ) where the normal intersects the 
t' t 

troposkien. Consequently, 

Elimination of the term b in Eq. (A.19) by use of Eq. (A.20) yields 
n 

(A. 21) 

At the point where the normal meets the troposkien, their coordinates must be equal, 

which requires that if (Z R ) is the point on the troposkien under consideration, tr t 

z = Zt and r = Rt . 
n n 

(A. 22) 



Substituting these values into Eq. (A.21) gives 

Eliminating a between Eqs . (A. 21) and (A. 23) , 
n 

(A. 24) 

An equation for the linear portion of the fitted curve can be obtained by substituting 

for b from Eq. (A.11) into Eq. (A.61, so that R 

Equations (A.24) and (A.25) may both be evaluated at the point (Zi,Ri) to yield 

and 

Equating these last two equations produces an equation for Z ir 

(A. 25) 

(A. 26) 

(A. 27) 

(A. 28) 

Once Z is known, R. can be determined from either Eq. (A.26) or (A.27). 
i 1 

Consider now the case in which the troposkien normal intersects the circular- 

arc portion of the fitted curve. The equation describing the circular-arc segment is 

Eq. (A.l) , which when evaluated at the point (Z ,Ri) is i 

(A. 29) 



Equation (A.26) is valid at all points on the troposkien and when combined with 

Eq. (A.29) can be used to determine Zi for the circular segment as follows: 

Subtract R from both sides of Eq. (A.26) and square the result to get 

Equating the right-hand side of Eqs. (A.29) and (A.30) yields the 

following equation: 

This is a quadratic equation in Z whose two solutions are 
i 

(A. 30) 

(A. 31) 

By using the same procedure as was used in connection with the sign in Eq. (A.161, 

it can be shown that the plus sign is applicable in Eq. (A.32). Once Z is known, Ri 
i 

can be calculated from Eq. (A.26). 

In these derivations, the slope m of the troposkien as given by Eq. (A.20) is t 
assumed to be known. An expression for m derived in Reference 2, is 

t' 

1/2 -=-A[$-jfq-l)] dzt l - k  2 , (A. 33) 

where 8 is the ratio of the maximum blade deflection of the troposkien to one-half the 

spacing between the attachment points on the axis of rotation. The two parameters 8 



and k are not independent but, rather, are connected by the equation 

(A. 34) 

where F(s/2;k) is the complete elliptic integral of the first kind with parameter k. 



APPENDIX B 

SEQUENCE OF CALCULATIONS USED 
IN THE COMPUTER CODE MAXDIF 

The actual fitting procedure was started by assuming a value for B and then 

computing values of Z and m corresponding to a series of values of R by means of 
t t t 

Eqs. (3) - (5). Two methods were used to select the values of Rt. In the first 

method, the various R 's were assumed to be equally spaced along the r-axis between 
t 

the origin and the point at which the troposkien intercepts the r-axis. In the 

second method, the R 's were distributed along the r-axis in such a way that angles 
t 

formed by lines drawn from the origin to points on the troposkien defined by any two 

adjacent values of R were equal. t 

Values of R, R and Zm were then assumed, and values of Z and R, were calcu- 
m' j J 

lated by means of Eqs. (6) and (7) . 

Equations (10) and (12) were then used to compute Z and R. for each value of i 3. 

Rt. For cases in which R > R d was calculated from Eq. (14) for each value of Ri 
i j' 

greater than R Z. and R given by Eqs. (10) and (ll), were used in these calcula- 
j' 1 i' 

tions. For cases in which R < R d was calculated from Eq. (14) for each value of 
i j' 

R, less than Rj; Zi and R. given by Eqs. (12) and (13) were used in these calculations. 
1 1 

It should be noted that Eq. (14) gives the magnitude of the separation between the 

troposkien and the fitted curve. 

At this point, a choice of the goodness-of-fit criterion was made. When the 

least-maximum-difference criterion was used, the maximum value of d was stored as the 

maximum error; when the root-mean-square was used, the sum of the squares of the d's 

computed at each R was stored as the maximum error. 
t 

The process was continued by assuming a second value for R, with Rm and Zm 

fixed, and by repeating the above sequence of calculations to obtain a second value 

of the maximum error. These two values of the error were compared, and from them an 

estimate of a new value of R which gives the minimum maximum error was calculated and 

used to calculate a third estimate of R. This process was continued until the differ- 
-10 

ence between two succeeding values of the maxim& error was less than 10 . 



After  convergence was obtained f o r  R ,  then Rm and Zm ( i f  not f ixed by 

cons t ra in ts )  were varied i n  t he  same manner. This operat ion produced the  values of 

R, Rm, and Zm l i s t e d  i n  t h e  da t a  presented here. 
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