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A SUBROUTINE PACKAGE FOR BESSEL FUNCTIONS OF A COMPLEX 
ARGUMENT AND NONNEGATIVE ORDER 

Donald E. Amos 
Numerical Mathematics Division 1642 

The machine implementation of a Bessel function package, which was 

outlined in mathematical form in two previous documents, is described 
for Bessel functions HS1)(z), HL2)(z), Iv(z), Jv(z), K v ( z ) ,  Yv(z) and 
Airy Functions Ai(z), Ai'(z), Bi(z), Bi'(z) with v L 0 and -n < arg z S 

71. The less obvious aspects of the implementation are the main topics 
of interest. These topics include estimation of function magnitudes for 
underflow and overflow tests, scaling near underflow and overflow 
limits, the use of recurrence in connection with scaling, the use of 
machine constant routines and an error package for portability. 
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1 .  I n t r o d u c t i o n  

I n  c21 and C31, t h e  a n a l y t i c  basis f o r  t h e  c o n s t r u c t i o n  of a Bessel 

f u n c t i o n  package  f o r  n o n - n e g a t i v e  o r d e r s  and  complex  a r g u m e n t s  was 

o u t l i n e d .  The implementat ion of  t h e g e  schemes  i n  a p o r t a b l e  f a s h i o n  

p o s e s  some machine  o r i e n t e d  problems. T h i s  document e x p l a i n s  t h e  l e s s  

obvious problems and t h e i r  s o l u t i o n s .  These i n c l u d e  ( 1  e s t i m a t i o n  o f  

f u n c t i o n  magnitudes f o r  the  d e t e r m i n a t i o n  of underflow and over f low,  ( 2 )  

s c a l i n g  near  underflow and overf low limits, ( 3 )  t h e  use  of r e c u r r e n c e  i n  

c o n n e c t i o n  w i t h  s c a l i n g ,  ( 4 )  t h e  i n f l u e n c e  of small exponent r anges  on 

t h e  package, ( 5 )  t h e  use  of machine c o n s t a n t  r o u t i n e s ,  and  ( 6 )  t h e  u s e  

of an e r r o r  package f o r  p r i n t i n g  e r r o r  messages.  

More p r e c i s e l y ,  t h e  o u t l i n e  

m a t h e m a t i c a l  b a s i s  f o r  e v a l u a t i n g  

I ( z ) ,  J ( z ) ,  K v ( z ) ,  Y v ( z )  and A i r y  

B i ' ( z )  f o r  v 2 0 and -IT < a r g  z 5 IT. 

and K ( 2 )  i n  t h e  r i g h t  h a l f  p l a n e  

V V 

V 

i n  C21 a n d  C31 s e t s  f o r t h  t h e  

B e s s e l  f u n c t i o n s  H ( '  ( z )  , H b 2 )  ( z )  , 
f u n c t i o n s  A i ( z ) ,  A i ' ( z ) ,  B i ( z ) ,  

The b a s i c  idea is t o  compute I v ( z )  

and  r e l a t e  a l l  o t h e r  f u n c t i o n s ,  

V 

i n c l u d i n g  t h e i r  a n a l y t i c  c o n t i n u a t i o n s ,  t o  these two f u n c t i o n s .  F igu res  

1 and 2 show t h e  r e g i o n s  where  d i f f e r e n t  f o r m u l a e  a r e  a p p l i e d .  The  

c a l l a b l e  r o u t i n e s  i n  t h e  package a r e  l i s t e d  below. 

Funct ion S i n g l e  P r e c i s i o n  Double P r e c i s i o n  Q u i c k  Check 
Name Name D r i v e r s  

H ( ' ) ( z ) ,  H ( 2 ) ( 2 )  CBESH 

I ( 2 )  CBESI 

J v ( Z )  CBESJ 

K ( z )  CBESK 

Y ( z )  CBESY 

A i  ( z )  , A i  ' ( z )  C A I R Y  

V V 

V 

V 

V 

B i  ( z )  , B i  ' ( z )  C B I  RY 

I n  r ( x ) ,  x > 0 GAM LN 

ZBESH 

ZBESI 

ZBESJ 

ZBESK 

ZBESY 

Z A I  RY 

CQCBH,  ZQCBH 

C Q C B I ,  ZQCBI 

C Q C B J ,  ZQCBJ 

CQCBK, ZQCBK 

CQCBY, ZQCBY 

C Q C A I ,  ZQCAI  
Z B I R Y  

DGAMLN 

The quick check d r i v e r s  are e x e c u t a b l e  p rograms  which  e v a l u a t e  a 

v a r i e t y  of r e l a t i o n s .  These r e s u l t s  a r e  checked a g a i n s t  known va lues  or 
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v a l u e s  computed from t h e  package.  These d r i v e r s  a r e  p r o v i d e d  t o  g i v e  

f i r s t - t i m e  u s e r s  c o n f i d e n c e  t h a t  t h e  package h a s  been i n s t a l l e d  prop- 

e r l y .  A l l  r o u t i n e s ,  e x c e p t  t h e  A i r y  f u n c t i o n  r o u t i n e s  a n d  t h e  q u i c k  

check d r i v e r s ,  can r e t u r n  N member sequences  f o r  o r d e r s  v , v + l , .  ..,v+N-1. 

The package a l s o  a l l o w s  f o r  e x p o n e n t i a l  s c a l i n g  t o  i n c r e a s e  t h e  argument 

r a n g e  o f  e a c h  f u n c t i o n .  A l ist  o f  lower l e v e l  r o u t i n e s  and t h e i r  pur-  

pose  is shown i n  S e c t i o n  8. 

S i n c e  t h e r e  is no s t a n d a r d  t y p e  DOUBLE PRECISION COMPLEX, t h e  

d o u b l e  p r e c i s i o n  r o u t i n e s  c a r r y  complex  n u m b e r s  a s  o r d e r e d  p a i r s .  

S e c t i o n  8 a l s o  l i s t s  t h e  common m a t h e m a t i c a l  f u n c t i o n s  n e e d e d  t o  

manipu la te  doub le  p r e c i s i o n  o r d e r e d  p a i r s  i n  c a l l i n g  programs. 

The p a c k a g e  was w r i t t e n  a c c o r d i n g  t o  FORTRAN 66 s t a n d a r d s  and  

passed t h e  PFORT a n a l y z e r .  Except p o s s i b l y  f o r  h o l l e r i t h  t y p e s ,  which  

o c c u r  o n l y  i n  e r r o r  m e s s a g e s  f r o m  c a l l s  t o  SUBROUTINE X E R R O R ,  t h e  

package shou ld  compi le  on many FORTRAN 77 c o m p i l e r s .  

T h e  s e c t i o n s  t o  f o l l o w  d e t a i l  s o m e  o f  t h e  m o r e  i m p o r t a n t  

c o n s i d e r a t i o n s  f o r  implementa t ion o f  b a s i c  fo rmulae .  

-- 2 O l ?  vL(c) v 

F i g u r e  1 .  Computation Diagram f o r  K ( z ) ,  R e ( z )  2 0 ,  z # 0 v 



ler I I 

F i g u r e  2 .  Computation Diagram f o r  I V ( z ) ,  ~ e ( z )  2 0 

2 .  E s t i m a t i o n  of  Magnitudes of I v ( z )  and K. . (z) ,  R e ( z )  2 0 
v 

The magnitudes of  t h e  I and K f u n c t i o n s  a r e  needed f o r  over f low and 

u n d e r f l o w  t e s t s .  These  t e s t s  a r e  made i n  l o g a r i t h m i c  form s o  t h a t  t h e  

computat ions  themselves  w i l l  remain  on s c a l e .  That  i s ,  

( l n  I ( z > l  S ELIM o r  I l n  K ~ ( Z ) ~  5 ELIM 
v 

must  b e  s a t i s f i e d  i n  o r d e r  t o  p r o c e e d ,  w h e r e  ELIM i s  t h e  ------- p a c k a g e  

e x p o n e n t i a l  overf low o r  underf low l i m i t ,  

= I l a r g e s t  ( p o s i t i v e )  package number e  - s m a l l e s t  ( p o s i t i v e )  package number. 

ELIM is computed i n  t e rms  of  machine c o n s t a n t s  and is d e s c r i b e d  i n  

S e c t i o n  6 .  

I t  was d e t e r m i n e d  e x p e r i m e n t a l l y  t h a t  t h e  c o r r e c t  o r d e r  o f  

m a g n i t u d e  f o r  b o t h  t h e  I a n d  K f u n c t i o n s  c o u l d  b e  o b t a i n e d  from t h e  

l e a d i n g  terms of  t h e  uniform expans ions  f o r  v + f o r  o r d e r s  v  1 1 w i t h  

s u r p r i s i n g  a c c u r a c y ,  e v e n  f o r  o r d e r s  a s  low a s  v  = 1 .  R e c a l l  13,  pp. 



A 22-231 t h a t  d i f f e r e n t  formulae are a p p l i e d  i n  t h e  r a n g e s  0 6 a r g  z I 7 
- < l a r g  zl I 7 : 3 
A IT 

and 

- 
+i T /  2 Jv(ze-  1 +i AV/  2 I ( z >  = e 

V 

A 71 - < l a r g  z I  5 5 3 

where 

( 2 . 2 )  
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Here 11, 12, S and S are  sums i n  r e c i p r o c a l  powers of v. A t  t h i s  

p o i n t ,  we are  i n t e r e s t e d  i n  o n l y  t h e  l e a d i n g  terms a n d  we s i m p l i f y  t o  

o b t a i n  

1 2 

( 2 . 3 )  

u s  i ng 

T h e  c o m p o n e n t  p a r t s  o f  ( 2 . 1 )  a n d  ( 2 . 2 )  a r e  p r o g r a m m e d  i n  

s u b r o u t i n e s  C U N I K  and C U N H J  and t h e  m a g n i t u d e s  a c c o r d i n g  t o  ( 2 . 3 )  a r e  

programmed i n  C U O I K .  The pa rame te r  IKFLG chooses  t h e  I o r  K f u n c t i o n  i n  

C U N I K  wh i l e  IPMTR i n  t h e  c a l l  t o  C U N I K  or C U N H J  s e l e c t s  t h e  q u a n t i t i e s  

needed f o r  ( 2 . 3 )  o r  t h e  q u a n t i t i e s  needed f o r  ( 2 . 1 )  and ( 2 . 2 ) .  

I n  routines fo r  small IzI where power s e r i e s  a r e  u s e d ,  d i f f e r e n t  

2 v + 1 ,  t h e  2 t e s t s  are made. 

e x p o n e n t i a l  i n  

For t h e  I f u n c t i o n  i n  CSERI where (1z1 /2 )  

is t e s t e d  f o r  underf low.  For K V ( z ) ,  - 112 S v < 112,  t h e  e x p o n e n t i a l  i n  

6 



remains on scale .  However, when sequences  o f  K f u n c t i o n s  a r e  n e e d e d ,  

t h e  r e c u r r e n c e  is s t a r t ed  w i t h  K and K , -1/2 S v < 1 / 2 ,  and 
V v+ 1 

T h u s ,  K V + l  c a n  o v e r f l o w  when I z I  i s  small  s i n c e  v + 1 can be  as 

much as 3/2.  T h i s  t e s t  is made on ( v  + 1 ) l l n ( 2 / z )  I i n  C B E S H  a n d  C B E S K  

when a p p r o p r i a t e .  I n  r anges  where IzI is l a r g e  ( 1 . 1  > m a x ( R L ( E ) , F ) ) ,  

t he  expans ion  f o r  z i. (0 is a p p l i e d  f o r  I ( 2 ) .  F o r  K ( z >  i n  I z I  > 2 

and - - I v < - t h e  l e a d i n g  terms of  t h e  Miller a l g o r i t h m  is asymptot i -  

c a l l y  c o r r e c t  ( F i g u r e s  1 and 2 )  and one has 

2 
V 

V V 1 1 
2 2 '  

o r  

When N member s e q u e n c e s  are invo lved ,  under f low tests are made on 

t h e  l a s t  member of t h e  I s e q u e n c e  a n d  t h e  f i r s t  member of  t h e  K 

s e q u e n c e ;  w h i l e  t h e  r e v e r s e  is t r u e  f o r  over f low t e s t s .  I n  t h e  e v e n t  

t h a t  t h e  l a s t  member of a K sequence  under f lows ,  t h e n  t h e  whole sequence 

has  u n d e r f l o w e d  and N Z  i s  s e t  t o  N .  However i f  t he  f irst  member has 

underf lowed and t h e  l a s t  member is on scale ,  t h e n  r e c u r r e n c e  i s  c a r r i e d  

f o r w a r d  s ca l ed  by e u n t i l  two members come on scale. Then r e c u r r e n c e  

is con t inued  i n  a no rma l  f a s h i o n .  (Here ??norma l  f a s h i o n ? ?  means  t h e  

p r o c e d u r e  d e s c r i b e d  i n  S e c t i o n  3 . )  N Z  i s  s e t  t o  t h e  number of t h e  

underf lowed members whose v a l u e s  a r e  s e t  t o  z e r o  b e f o r e  l e a v i n g  t h e  

s u b r o u t i n e .  Sca led  r e c u r r e n c e  i s  c a r r i e d  o u t  i n  s u b r o u t i n e  CKSCL.  

S i m i l a r l y  for I sequences .  Recurrence is carr ied i n  a backward f a s h i o n  
f rom t h e  l a s t  member. If a member u n d e r f l o w s ,  i t  is se t  t o  z e r o  and 

succeed ing  members a r e  t r i e d  u n t i l  two members come on  s c a l e .  Then 

backward r e c u r r e n c e  i s  u s e d  t o  f i n i s h  t h e  s e q u e n c e  (as d e s c r i b e d  i n  

S e c t i o n  3 . )  N Z  is s e t  t o  t h e  number o f  z e r o  e n t r i e s  i n  t h e  sequence.  

X 
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3. S c a l i n g  Near Underflow and Overflow L i m i t s  

The I ( 2 )  f u n c t i o n  under f lows  when v is  l a rge  compared  w i t h  121. 

T h i s  may o c c u r  i n  s u b r o u t i n e s  C S E R I ,  C U N I l ,  and CUNI2 where t h e  power 

series and the  two u n i f o r m  e x p a n s i o p s  ( 2 . 1 )  and  ( 2 . 2 )  f o r  v -* m a r e  

u s e d .  The K ( 2 )  f u n c t i o n  under f lows  ( e x p o n e n t i a l l y )  when 121 is l a r g e  

compared t o  v. T h i s  may occur  i n  C B K N U ,  C U N K 1  o r  C U N K 2 .  The p r o b l e m  

w i t h  c o m p u t a t i o n  n e a r  underf low and over f low limits can be i l l u s t r a t e d  

by examples .  An e x p a n s i o n  t y p i c a l l y  has  t h e  fo rm c ( l  + E )  where c 

d i s p l a y s  t h e  dominant behavior .  Cons ider  

V 

V 

on a C D C  machine where underf low is 10 -294 and u n i t  round o f f  is 

Here 10 -295 is an underf low and t h e  r e s u l t  is i n  e r r o r  i n  t h e  5 t h  d i g i t .  

No t i ce ,  however, t h a t  s c a l i n g  by the  r e c i p r o c a l  of u n i t  round o f f  (10 

can keep the  m u l t i p l i c a t i o n  on scale and y i e l d  correct r e s u l t s :  

1 4  

-1 4 -276 + 1.00001 x 10 -276i) = 10 (.99999 x 10 

-290i 
+ 1.00001 x 10 -290 

= .99999 x 10 

Thus, could  be r e p l a c e d  by any th ing  smaller a n d  s t i l l  o b t a i n  

answers  a c c u r a t e  t o  w i t h i n  u n i t  round o f f .  

T h i s  example shows t h e  case where t h e  r e a l  and  i m a g i n a r y  p a r t s  

remain on scale .  However, c o n s i d e r  t h e  f i n a l  s c a l i n g  o p e r a t i o n  

I n  t h i s  example  t h e  i m a g i n a r y  p a r t  u n d e r f l o w s  l e a v i n g  bo th  t he  

magnitude and phase i n  e r r o r  i n  t h e  5 t h  d i g i t s .  The o n l y  r e a s o n a b l e  

r e c o u r s e  is t o  declare t h i s  an underf low and r e t u r n  a v a l u e  o f  z e r o  w i t h  

an  e r r o r  f l a g  i n d i c a t o r .  T h u s ,  i n  o r d e r  t o  b e  s u c c e s s f u l  a t  s c a l i n g  

w i t h  a p o t e n t i a l  u n d e r f l o w  i n  o n e  o f  t h e  components we must have t h e  
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l a r g e r  component a t  l eas t  one p r e c i s i o n  = l / T O L  l a r g e r  t han  t h e  smaller  

component .  T h i s  w i l l  g i v e  a m a g n i t u d e  w i t h  r e l a t i v e  accuracy  and a 

phase a n g l e  wi th  a b s o l u t e  accuracy .  These r e q u i r e m e n t s  a r e  c o n s i s t e n t  

w i t h  what is o b t a i n a b l e  w i t h  complex a r i t h m e t i c  i n  g e n e r a l .  That is, 

r e l a t i v e  accuracy  i n  t h e  phase  a n g l e  is  n o t  a lways  p o s s i b l e  when one  

component  d o m i n a t e s  b e c a u s e  o f  s u b t r a c t i o n s  i n  a complex  m u l t i p l y .  

These underflow tes ts  on components a r e  made i n  CUCHK b e f o r e  t h e  f i n a l  

s c a l i n g  by  T O L  i s  done .  C U C H K  r e t u r n s  a n o n - z e r o  e r r o r  f l a g  on an 

underflow which is processed  by t h e  c a l l i n g  r o u t i n e  t o  r e t u r n  a z e r o  

va lue  f o r  t h e  f u n c t i o n .  

For over f low,  t h e s e  problems are m i t i g a t e d  somewhat because  of  t h e  

i n e q u a l i t i e s  

z = x + i y  

That is ,  a magnitude which does no t  over f low e n s u r e s  t h a t  t h e  r e a l  

a n d  i m a g i n a r y  p a r t s  do not  over f low.  This  does no t  mean t h a t  a r e s u l t  

which is on s c a l e  can be computed; i n t e r m e d i a t e  results could  over f low.  

To c o p e  w i t h  t h r e e  k i n d s  of  problems,  a s c a l i n g  f a c t o r  which can 
t a k e  on t h r e e  d i f f e r e n t  v a l u e s  is i n t r o d u c e d .  The f i r s t ,  1 / T O L  = 

r e c i p r o c a l  of u n i t  round o f f ,  is a p p l i e d  when t h e  magnitude of t h e  I o r  

K f u n c t i o n  is w i t h i n  1 / T O L  of t h e  unde r f low l i m i t .  T h e  s e c o n d  v a l u e ,  

e q u a l  t o  1 ,  is a p p l i e d  i n  t h e  i n t e r m e d i a t e  r ange  of v a l u e s ,  while t h e  

t h i r d  v a l u e ,  TOL = u n i t  r o u n d  o f f ,  is a p p l i e d  when t h e  m a g n i t u d e  is  

w i t h i n  TOL o f  t h e  o v e r f l o w  l i m i t .  S c a l e d  v a l u e s  a r e  c a r r i e d  du r ing  

r e c u r r e n c e  w i t h  m u l t i p l i c a t i o n  by  t h e  r e c i p r o c a l  o f  t h e  s c a l e  f a c t o r  

b e i n g  t h e  l a s t  s t e p  (we know from S e c t i o n  2 t h a t  t h e  magnitude w i l l  be 

on s c a l e  and s u b r o u t i n e  CUCHK gua ran tees  t h a t  t he  phase can b e  computed 

a c c u r a t e l y  nea r  underflow l i m i t s . )  

9 



4 .  A n a l y t i c  C o n t i n u a t i o n  o f  K ( z ) ,  Re (z )  > 0 
V 

The a n a l y t i c  c o n t i n u a t i o n  o f  K ( z )  from t h e  r i g h t  t o  t he  l e f t  ha l f  
V 

p l ane  is carr ied o u t  by t h e  formula 

- - 
, ( 4 . 1  1 K ( ze -  + i a  = e +i rv  K ( z )  + i a I  ( z )  Re ( z )  2 0 

V V V 

i n  s u b r o u t i n e  CACON e x c e p t  when v > FNUL where t h e  uniform expans ions  is 

u s e d .  The package a l l o w s  e x p o n e n t i a l  s c a l i n g  f o r  most o f  the  f u n c t i o n s  

and ( 4 . 1 )  a p p l i e s  f o r  K O D E  = 1 .  The scaled v e r s i o n  f o r  K O D E  = 2 is 

- 
-Z +i a + i a v  e-2z z - - i y  -x { e  K V ( z ) }  + i r e  { e  I ( z ) )  e K ( ze -  ) = e 

V V 
( 4 . 2 )  

I n  ( 4 . 1 )  t h e  I and K f u n c t i o n s  are o f  d i f f e r e n t  o r d e r s  o f  magnitude 

and  no  p r o b l e m  is encoun te red  wi th  a d d i t i o n .  I n  p a r t i c u l a r ,  underf low 

cannot  occur .  On t h e  o t h e r  hand, t h e  terms on t h e  r i g h t  of  ( 4 . 2 )  can be  

o f  s i m i l a r  m a g n i t u d e  and  a r e  g e n e r a l l y  smaller  t h a n  t h o s e  i n  t h e  

unsca led  v e r s i o n  ( 4 . 1 ) .  P r o v i s i o n  i s  made f o r  o n e  o r  b o t h  terms t o  

u n d e r f l o w .  To a v o i d  t h e  problems o u t l i n e d  i n  S e c t i o n  3 ,  each term must 

be  l a r g e r  ( i n  magnitude)  t h a n  t h e  u n d e r f l o w  l i m i t  s c a l e d  by 1 / T O L  i n  

o r d e r  t o  be added t o g e t h e r .  This  t e s t  is done i n  CSlS2. 

One can see from ( 4 . 1 )  t h a t  n e i t h e r  forward  nor  backward r e c u r r e n c e  

i s  a p p r o p r i a t e  f o r  t h e  l e f t  h a l f  p l a n e .  For l a r g e  z ,  I ( z )  dominates 

and one would use  backward r e c u r r e n c e  f o r  s t a b i l i t y .  On t h e  o t h e r  hand,  

f o r  l a r g e  v ,  K d o m i n a t e s  and  o n e  would  u s e  f o r w a r d  r e c u r r e n c e  f o r  

s t a b i l i t y .  Consequent ly ,  t h e  sequences  f o r  t h e  r i g h t  s ide of  ( 4 . 1 )  a r e  

g e n e r a t e d  f o r  Re(z )  2 0  and ( 4 . 1 )  o r  ( 4 . 2 )  is a p p l i e d  t o  each member o f  
t h e  sequence.  

V 

V 

5. Avoiding Recurs ive  Calls 

The a n a l y t i c  c o n t i n u a t i o n  o f  I ( z )  from t h e  r i g h t  t o  t h e  l e f t  h a l f  
V 

z p l ane  is carr ied o u t  by t h e  formula 
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Re ( z )  2 0 (5.1 1 

i n  s u b r o u t i n e  C B E S I .  However I ( z )  f o r  Re (z )  L 0 is computed i n  C B I N U .  

N o w ,  C B I N U  c a l l s  r o u t i n e s  C B U N I ,  C U N I 1 ,  a n d  CUNI2 which  i n  t u r n  c a l l  

C A I R Y  for t h e  Airy f u n c t i o n s  A i  and A i 1  when t h e  o r d e r  is l a r g e .  Now A i  

and A i '  are computed from K and K i n  CBKNU when a r g u m e n t s  a r e  i n  

t h e  r i g h t  h a l f  p l a n e  and p o s s b i l y  by ( 4 . 1 )  o r  ( 4 . 2 )  when t h e  arguments  

are  i n  t he  l e f t  ha l f  p l ane .  Recall t h a t  CACON e v a l u a t e s  ( 4 . 1  ) o r  ( 4 . 2 )  

which n e e d s  I v ( z )  f o r  Re(z)  L 0 .  Thus,  t he  c o n s t r u c t i o n  es tabl ishes  a 

p a t h  which e x p r e s s e s  I i n  t h e  r i g h t  ha l f  p l a n e  i n  terms o f  I i n  t h e  

r i g h t  h a l f  p l a n e ,  a s i t u a t i o n  which would n a t u r a l l y  r e s u l t  i n  a 

r e c u r s i v e  c a l l  t o  CBINU.  

V 

113 21 3 

V V 

A n o t h e r  p o t e n t i a l  f o r  a r e c u r s i v e  c a l l  e x i s t s  i n  t h e  a n a l y t i c  

c o n t i n u a t i o n  of  t h e  K f u n c t i o n  by  ( 4 . 1 )  i n  C A C O N .  F o r  l a r g e  o r d e r s ,  

C A C O N  c a l l s  C B I N U  which ,  f a r t h e r  down t h e  l i n e ,  can  c a l l  C U N I 2 .  Now, 

CUNI2 computes by (2 .2 )  which c a l l s  the  Airy F u n c t i o n s  A i  and  A i 1  f r o m  

C A I R Y .  These i n  t u r n  r e q u i r e  K f u n c t i o n s  o f  o r d e r s  l / 3  and 213 and 

t h e i r  a n a l y t i c  c o n t i n u a t i o n s ,  which would n a t u r a l l y  be computed by c a l l s  

t o  CACON. Hence a r e c u r s i v e  c a l l  is p o s s i b l e .  

No t i ce  t ha t  t he  problem i n  bo th  s i t u a t i o n s  o c c u r s  because  o f  c a l l s  

t o  t h e  A i r y  r o u t i n e .  Both problems are s o l v e d  i f  t h e  A i r y  r o u t i n e  has  

i t s  own c o n t i n u a t i o n  s u b r o u t i n e .  T h u s ,  we c o n s t r u c t  a c o n t i n u a t i o n  

s u b r o u t i n e  CACAI  from CACON by r e t a i n i n g  on ly  t h o s e  p a r t s  which app ly  t o  

o r d e r s  v S 1 and d e l e t i n g  a l l  o t h e r  p a r t s  (see F i g u r e s  1 and  2 f o r  t h e  

f o r m u l a e  when v 5 1 . ) T h i s  leads CACAI  t o  c a l l  CSERI, C M L R I ,  and CASYI 

and I i n  t h e  r i g h t  ha l f  z p l a n e  so tha t  ( 4 . 1 )  and ( 4 . 2 )  c a n  f o r  I 

be  a p p l i e d .  
113 21 3 

6 .  Machine Related Parameters and t h e  Error Package 

I n c l u d e d  i n  t h e  package  are f u n c t i o n  s u b r o u t i n e s  which d e f i n e  t h e  

machine environment  i n  which t h e  package is t o  o p e r a t e  [ 5 ] .  T h i s  h e l p s  

make the  package p o r t a b l e  by r e l e g a t i n g  a l l  machine dependent  parameters 

t o  these f u n c t i o n  s u b r o u t i n e s .  These r o u t i n e s  [ 5 ]  a r e  c a l l e d  I l M A C H ,  

R l M A C H  and D l M A C H .  

I l M A C H  d e f i n e s  i n t e g e r  c o n s t a n t s  a s s o c i a t e d  w i t h  t h e  e n v i r o n m e n t .  

F o r  e x a m p l e ,  s t a n d a r d  i n p u t ,  o u t p u t ,  punch and e r r o r  message u n i t s  are  
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def ined  by I l M A C H ( I 1 ,  I = 1 ,  4 .  The number o f  b i t s  p e r  s t o r a g e  u n i t  

( w o r d )  and number o f  a l p h a - n u m e r i c  c h a r a c t e r s  i n  a s t o r a g e  u n i t  are 

d e f i n e d  i n  IlMACH(5) and  IlMACH(6).  The c o n s t a n t s  a s s o c i a t e d  w i t h  

i n t e g e r ,  s i n g l e  p r e c i s i o n  and double  p r e c i s i o n  ar i thmetic  are d e f i n e d  i n  

IlMACH(7) through IlMACH(16). These I n c l u d e  the  base o f  t h e  a r i t h m e t i c  

B ,  maximum and minimum exponents  and t h e  number o f  base B d i g i t s .  

R I M A C H ( I ) ,  I = 1 ,  5 r e t u r n s  t h e  smallest  a n d  l a r g e s t  ( p o s i t i v e )  

f l o a t i n g  ( s i n g l e  p r e c i s i o n )  numbers,  t h e  smallest r e l a t i v e  s p a c i n g ,  t h e  

l a r g e s t  r e l a t i v e  spac ing  ( u n i t  round o f f )  and l o g  base 10 o f  t h e  s i n g l e  

p r e c i s i o n  arithmetic base. S i m i l a r l y  f o r  D l M A C H ( I ) ,  I = 1,5 f o r  double  

p r e c i s i o n  ari thmetic.  

To make  t h e  u s a g e  eas ie r ,  these q u a n t i t i e s  are d e f i n e d  on comment 

cards f o r  a wide v a r i e t y  of  sys tems.  To d e f i n e  o n e  o f  t hese  s y s t e m s ,  

o n e  has  o n l y  t o  r e p l a c e  C I S  i n  column 1 by spaces  t o  make a p a r t i c u l a r  

se t  of FORTRAN s t a t e m e n t s  a c t i v e .  

I n  t h e  m a i n  r o u t i n e s ,  w h i c h  a r e  c a l l e d  by  t h e  u s e r ,  p a c k a g e  

parameters  TOL, ELIM, and ALIM are computed from m a c h i n e  c o n s t a n t s  a n d  

p a s s e d  t o  lower l e v e l  r o u t i n e s .  These package pa rame te r s  are s l i g h t l y  

d i f f e r e n t  f rom t h o s e  w h i c h  c o u l d  b e  computed  d i r e c t l y  f r o m  I I M A C H ,  

R I M A C H  and D l M A C H  because  we wish t o  impose f u r t h e r  l i m i t a t i o n s .  Thus,  

TOL = AMAX1 (RlMACH(41, 1 . O E - 1 8 )  

d e f i n e s  t h e  p a c k a g e  u n i t  r o u n d  o f f  l i m i t e d  t o  18 d i g i t s  b e c a u s e  

c o n s t a n t s  are s t o r e d  t o  o n l y  18 d i g i t s  ( U N I V A C  d o u b l e  p r e c i s i o n . )  The 

s t a t e m e n t s  

K = MINO(IABS(IlMACH(12)), I A B S ( I l M A C H ( 1 3 ) )  

ELIM = 2.303E0 * (FLOAT(K)  * R l M A C H ( 5 )  - 3.OEO) 

AA = 2.303E0 * R l M A C H ( 5 )  * F L O A T ( I 1 M A C H ( 1 1 ) - 1 )  

A L I M  = ELIM + A M A X l ( - A A ,  -41.45EO) 

d e f i n e  t h e  p a c k a g e  e x p o n e n t i a l  o v e r f l o w  o r  u n d e r f l o w  l i m i t  E L I M  

c u s h i o n e d  by  l o 3  t o  a l l o w  f o r  some imprec i seness  i n  tests u s i n g  f irst  

term approximat ions .  Also ,  o n e  is n o t  a lways  s u r e  t h a t  t h e  A L O G  ( o r  
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DLOG) f u n c t i o n  would  p e r f o r m  c o r r e c t l y  on t h e  l a r g e s t  o r  smal les t  

machine numbers. Thus, 

ELIM = AMINl(-ALOG(RlMACH(l)), ALOG(RlMACH(2))) 

may be des i rab le ,  b u t  no t  p ruden t .  ALIM is  a n e a r - u n d e r f l o w  o r  n e a r -  

o v e r f l o w  q u a n t i t y  which t r i g g e r s  a non-uni t  s c a l i n g  o p t i o n  descr ibed i n  

S e c t i o n  3 .  More p r e c i s e l y ,  these computa t ions  e x p r e s s  t he  r e l a t i o n s  

-ALIM -ELIM,TOL 
9 e = e  -ELIM -K 3 e = B  - 1 0  

where IlMACH(12) and IlMACH( 13) are the  minimum and maximum exponents  
IlMACH(12)-1, where p o s s i b l e  f o r  a f l o a t i n g  number, i .e .  RIMACH(1) = B 

B = IIMACH(10) = f l o a t i n g  p o i n t  base, e t c .  No t i ce  t h a t  t h e  computat ion 

of  ELIM is accomplished wi thou t  compl ica ted  f u n c t i o n  e v a l u a t i o n s .  Fo r  

double  p r e c i s i o n  ari thmetic,  i n d i c i e s  11, 12, and 1 3  are  r e p l a c e d  by 14, 

15 and 16 r e s p e c t i v e l y ,  and RlMACHO is  r e p l a c e d  by DlMACHO. 

ELIM and ALIM a r e  car r ied  t h i s  way because a l l  t e s t s  f o r  over f low 

o r  underf low are made on t h e  m a g n i t u d e  o f  t h e  l o g a r i t h m  o f  a Bessel  

f u n c t i o n .  kALIM are exponent  boundar ies  above o r  below which s c a l i n g  i s  

a p p l i e d  as d e s c r i b e d  i n  S e c t i o n  3 .  

P o r t a b i l i t y  i s  a l s o  e n h a n c e d  by  t h e  u s e  o f  work a r r a y s  i n  c a l l  

l ists. S ince  a complete r e s t o r a t i o n  o f  a l l  v a r i a b l e s  t o  t h e i r  f o r m e r  

v a l u e s  is no t  always a s su red  i n  s u c c e s s i v e  c a l l s ,  work a r r a y s  w i l l  p a s s  

t h o s e  t o  be  saved t o  t he  c a l l i n g  r o u t i n e  a n d  r e s t o r e  them on t h e  n e x t  

c a l l .  T h i s  is used i n  s u b r o u t i n e  CUNIK where t h e  c o e f f i c i e n t s  of  (2.1) 

i n  ll and l2 are  computed f o r  e i t he r  I o r  K and saved  ( t h e  terms d i f f e r  

on ly  i n  s i g n )  f o r  a subsequent  c a l l  t o  compute t h e  a n a l y t i c  c o n t i n u a t i o n  

by formula  (4.1). 
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TABLE I 

IFLAG v a l u e  ( d e f i n e d  by ca l l s  t o  XSETFO o r  by 
l i b r a r i a n  as  d e f a u l t )  

LEVEL 0 f1 f 2  

2 = FATAL PA P ( T )  A P ( T ) A  
1 = RECOVERABLE R P ( T ) R  P ( T ) A  
0 = W A R N I N G  R P ( T ) R  P ( T ) R  

-1 = ONCE R P-once(T)R P-once(T)R 

Note :  P = p r i n t  e r r o r  message; P-once = p r i n t  first occur rence  o f  e r r o r  
message; R = RETURN from X E R R O R O ;  A = a b o r t ;  ( T )  = trace-back i f  IFLAG 
is p o s i t i v e  and s u b r o u t i n e  FDUMPO is coded f o r  a trace-back. 

The SLATEC e r r o r  p a c k a g e  [ 7 ]  i s  u s e d  t o  p r i n t  messages. T h i s  

p a c k a g e  i s  a n  e n h a n c e d  v e r s i o n  o f  t h a t  i n  C61 w h i c h  h a s  many 

capabi l i t i es  f o r  p r i n t i n g  m e s s a g e s ,  p r i n t i n g  v a r i a b l e s ,  t u r n i n g  o f f  

f a t a l  d i a g n o s t i c s ,  e t c .  The t y p i c a l  c a l l  t o  p r o c e s s  messages wi thou t  

numeric o u t p u t  is 

CALL XERROR(THMESSAGE, 7 ,  N E R ,  LEVEL) 

where the  message and t h e  number o f  characters i n  t h e  message are f irst .  

N E R  i s  a n  e r r o r  number a s s i g n e d  by t h e  a u t h o r .  L E V E L  i s  u s e d  t o  

i n d i c a t e  t h e  s e r i o u s n e s s  o f  t h e  message. I n  c a l l s  t o  X E R R O R O  , we u s e  

N E R  = 2 and  LEVEL = 1 s i n c e  t h e  message g i v e s  t h e  p e r t i n e n t  i n fo rma t ion  

and  is n o r m a l l y  f a t a l  ( A ) ,  t h o u g h  t h e  u s e r  c a n  r e se t  I F L A G  a n d  d o  

something e lse .  
The v a r i a b l e  IFLAG i n  a c a l l  t o  s u b r o u t i n e  XSETF(1FLAG) d e c i d e s  

how t h e  message  w i l l  b e  p r i n t e d  when t h e  d e f a u l t  o p t i o n  ( IFLAG = 2 )  is 
no t  used.  The c u r r e n t  v a l u e  c a n  be  o b t a i n e d  by a c a l l  t o  s u b r o u t i n e  

XGETF(IFLAG1. Table  I C71 g i v e s  the e s s e n t i a l  i n fo rma t ion .  
The s i g n  of  IFLAG de te rmines  t h e  form o f  t h e  p r i n t ,  i f  i t  o c c u r s .  

A p o s i t i v e  s i g n  leads t o  c a l l s  t o  FDUMPO, which i n  t h i s  v e r s i o n  s imply  

r e t u r n s ,  bu t  can b e  programmed t o  g i v e  t r ace -back  i n f o r m a t i o n .  T h e  

a b o r t  r o u t i n e  X E R A B T O  s imply  s t o p s  t h e  e x e c u t i o n  w i t h  a STOP s t a t e m e n t .  

The d e f a u l t ,  IFLAG = 2 ,  w i l l  p r i n t ,  a b o r t ,  a n d  g i v e  a n  e r r o r  message 
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summary. (The d e f a u l t  p a r a m e t e r  IPARAM(2) = 2 is con ta ined  i n  a D A T A  

s t a t e m e n t  i n  f u n c t i o n  J I I S A V E O . )  

S i m i l a r  u s a g e  a p p l i e s  t o  s u b r o u t i n e s  X G E T U N ( L U N )  and XSETUN(LUN) 

where LUN is t h e  u n i t  number on which e r r o r  messages are t o  appea r .  The 

d e f a u l t  is L U N  = I l M A C H ( 4 1 ,  t h e  s t a n d a r d  e r r o r  message u n i t  d e f i n e d  by 

t h e  machine i n t e g e r  f u n c t i o n  I l M A C H O  descr ibed  above. X G E T U A ( I U N I T ,  N )  

a n d  XSETUA(IUNIT,N) s e r v e  t h e  same purpose when e r r o r  messages are t o  

appea r  on m u l t i p l e  u n i t s  I U N I T ( l ) ,  ..., I U N I T ( N ) ,  N 2 5. 

I n  a n  i n s t i t u t i o n a l  s e t t i n g  t h e  p a c k a g e  c a n  be  t a i l o r e d  t o  t h e  

s y s t e m  by the l i b r a r i a n  t o  p rov ide  trace back in fo rma t ion  o r  a p p r o p r i a t e  

d i a g n o s t i c  i n fo rma t ion  f o r  the  u s e r  from FDUMPO o r  X E R A B T O .  

7 .  Performance With High Accuracy on Low Exponent Machines 

The main  c o n s i d e r a t i o n  i n  a l l  r o u t i n e s  is t o  ach ieve  t h e  accuracy  

s p e c i f i e d  by TOL ( u n i t  round o f f . )  T h i s  is n o t  a lways p o s s i b l e  b e c a u s e  

of a r g u m e n t  r e d u c t i o n  i n  e lementary  f u n c t i o n s  when v a r i a b l e s  are  l a r g e .  

However, we can program t o  ensu re  t h a t  unnecessary  l o s s e s  d o  n o t  o c c u r  

and maximum use  is made of  the  f u l l  exponent  r ange  of the  machine. 

A s y m p t o t i c  e x p a n s i o n s  r e q u i r e  a v a r i a b l e  t o  b e  l a r g e .  

S p e c i f i c a l l y ,  v must be l a r g e  t o  app ly  the  uniform expans ions  ( 2 . 1 )  and 

( 2 . 2 ) .  T h i s  makes I ( z )  small when I z I  is on ly  modera te ly  smal le r  t h a n  
-1 6 v .  I n  t h e  case of t h e  V A X ,  where u n i t  round o f f  is approximate ly  10 

i n  double  p r e c i s i o n  ari thmetic and t h e  arithmetic r a n g e  i s  o n l y  10 -  , 
t h e  lower bound on v f o r  ( 2 . 1 )  and ( 2 . 2 ) ,  called FNUL, is approximate ly  

88. T h i s  

h a p p e n s  i n  C B U N I  on  a c a l l  f rom C B I N U .  C B I N U  s e t s  a l l  members of a 

sequence  t o  z e r o  whose o r d e r s  exceed FNUL and  r e t u r n s  t h e  l a s t  i n d e x ,  

N L A S T ,  whose v a l u e  was n o t  s e t .  A t  t h i s  p o i n t  C U O I K  g e t s  a chance t o  

examine t h e  cor responding  o r d e r ,  vo + N L A S T - 1 ,  t o  s ee  whe the r  o r  n o t  

( z )  is on scale .  If n o t ,  t h e n  C U O I K  sets more v a l u e s  t o  zero 

u n t i l  e i ther  t h e  sequence is exhaus ted  o r  a member comes on scale. If a 

member is deemed t o  be on s c a l e  by  C U O I K ,  t h e n  other r o u t i n e s  g e t  t o  

compute i t .  I n  t h e  case v 5 FNUL, C U O I K  a l s o  g e t s  a chance t o  s e t  

underf low v a l u e s  be fo re  any computat ion is a t t empted .  The p o i n t  here is 

V 

+38 

I n  t h i s  c a s e ,  I v ( z )  c a n  u n d e r f l o w  e a s i l y  f o r  v > FNUL.  

l V O + ~ ~ ~ ~ ~ - i  
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t h a t  t h e  small exponent r ange  f o r c e s  t h e  u n d e r f l o w  b o u n d a r y  f o r  I ( z )  

(overf low boundary f o r  K ( z ) )  t o  be  superimposed over  formula  boundar i e s  

t o  exc lude  t h e  u s e  o f  t h e  u n i f o r m  e x p a n s i o n s  i n  some r a n g e  of z .  A 

s i m i l a r  s i t u a t i o n  c a n  o c c u r  i f  a sequence  f o r  I ( z ) ,  k + N - 1 ,  ..., 0 

c r o s s e s  t h e  boundary (121/2) The l a s t  N Z  members a r e  s e t  t o  

z e r o  i n  C S E R I ,  t h e  i n d e x  i s  m o d i f i e d  t o  N - N Z  and  t h e  new ( s u b )  

sequence is examined f o r  underf low by c a l l s  t o  CUOIK o r  C B U N I .  

V 

V 

v+k 2 2 v + 1. 

T h i s  i l l u s t r a t e s  t h a t  underf low on a VAX may be  ve ry  l i k e l y  because  

t h e  o r d e r s  v do no t  have t o  be  v e r y  l a r g e  f o r  t h i s  t o  h a p p e n .  I t  i s  

e s p e c i a l l y  impor t an t  t h a t  t h e  s c a l i n g  descr ibed  i n  S e c t i o n  3 b e  used t o  

keep as much of the exponent  r ange  as  p o s s i b l e ;  o t h e r w i s e ,  the  underf low 

and  o v e r f l o w  l imits ( i n  d o u b l e  p r e c i s i o n  ar i thmetic)  would have t o  be  

modif ied by making the  e f f e c t i v e  exponent  r a n g e  (where a c c u r a t e  

r e s u l t s  can be o b t a i n e d )  o n l y  10- +22. 

8. Subrou t ine  Names and Purpose 

The main  ca l lab le  r o u t i n e s  o f  t he  package are l i s t e d  i n  S e c t i o n  1 .  

T h i s  s e c t i o n  l i s t s  l o w e r  l e v e l  r o u t i n e s ,  t h e i r  p u r p o s e  a n d  t h e  

p o s s i b i l i t y  o f  a c a l l  i f  o n e  wishes t o  by-pass argument checking  and 

over f low or  underf low checking .  Unless  one has complete  i n f o r m a t i o n  on 

t h e  r a n g e  o f  v a r i a b l e s ,  c a l l s  t o  l o w e r  l e v e l  r o u t i n e s  a r e  n o t  

recommended. 

The names o f  d o u b l e  p r e c i s i o n  v e r s i o n s  a r e  p r e c e e d e d  by a Z i n  

p l a c e  of a C .  S ince  a t y p e  DOUBLE P R E C I S I O N  COMPLEX is n o t  a v a i l a b l e  as 

a s t a n d a r d  F O R T R A N  t y p e ,  complex numbers a re  carried as o rde red  pa i r s .  

T h i s  n e c e s s i t a t e s  FORTRAN s u b r o u t i n e s  o r  f u n c t i o n s  f o r  a v a r i e t y  o f  t h e  

common mathematical f u n c t i o n s .  These are l i s t e d  a t  the  bottom of  Tab le  

11. 
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TABLE I1 

SUBROUTINE COMPUTATION CALLABLE 

YES 

YES 

YES 

YES 

YES 

NO 

GAMLN 

C B I N U  

CBKNU 

CRATI  

CSHCH 

CSERI 

I v ( z ) ,  Re (z )  2 0 

K ( z ) ,  Re (z )  2 0 
V 

( z ) / I  ( z ) ,  Re (z )  2 0 f o r  C M L R I ,  CWRSK I"+l V 

s i n h  z ,  c o s h  z f o r  CBKNU 

I ( z )  by power ser ies  ( 1 z 1 / 2 )  
R8(z)  L 0 

2 2 v + l ,  

I ( z )  by Miller a l g o r i t h m  norma l i zed  by a 
d r i e s ,  Re(z)  2 0 

CMLRI NO 

I ( z )  by a s y m p t o t i c  expans ion  f o r  z +. 0 0 ,  

Rg(z)  2 0 
CASY I NO 

I ( z >  by Miller a l g o r i t h m  norma l i zed  by 
WFonskian, Re(z)  2 0 

CWRSK NO 

Driver f o r  C U N I 1  and CUNI2 CBUNI 

C U N I  1 

C U N I  2 

C BUNK 

C U N K I  

CUNK2 

CACON 

NO 

NO 

NO 

NO 

NO 

NO 

NO 

I v ( z )  by ( 2 . 1 )  

I v ( z )  by ( 2 . 2 )  

Driver fo r  CUNK1 and CUNK2 

Kv(z)  by (2 .11 ,  ( 4 . 1 1 ,  ( 4 . 2 )  

KV(z) by (2 .21 ,  ( 4 . 1 1 ,  ( 4 . 2 )  

A n a l y t i c  con t inua t ion  of K ( z )  t o  l e f t  
h a l f  p l a n e  V 

A n a l y t i c  c o n t i n u a t i o n  of  A i ,  A i '  t o  
l e f t  h a l f  p l a n e  

NO C A C A I  

C U N I K  Parameters f o r  (2 .1  ) f o r  u s e  i n  C U N I l  , 
CUNKl, C U O I K  

NO 

C U N H J  Parameters f o r  ( 2 . 2 )  f o r  use i n  CUNI2 
CUNK2, C U O I K  

NO 

C U O I K  S e t  underf low o r  ove r f low i n d i c t a t o r s  and 
se t  underf low v a l u e s  f o r  I sequences  

NO 

17 



CUCHK 12ckz f o r  component underf low when 
m g n i t u d e  6 exp(-ALIM) = 1 . O E + 3  * 
R l M A C H ( 1  ) /TOL 

NO 

CKSCL Scaled  r e c u r r e n c e  on under f low f o r  CBKNU, NO 
C U N K 1 ,  CUNK2 

CSlS2 Addi t ion  of  I and K f u n c t i o n s  f o r  ( 4 . 2 )  NO 
on KODE = 2 

Add i t iona l  Double P r e c i s i o n  Rout ines  

z * z2  = z3 YES 1 
ZMLT 

Z D I V  

ZSQRT 

ZEXP 

ZLOG 

ZSHCH 

z1 /z2  = z3 YES 

f i ,  -IT < arg z 6 IT YES 

YES e 

I n  z ,  -IT < a r g  z 6 T YES 

s i n h  z ,  cosh  z YES 

Z 

9 .  Package Accuracy 

The approximate r e l a t i v e  e r ror  i n  t h e  magnitude o f  a complex  Bessel 

f u n c t i o n  c a n  b e  e x p r e s s e d  by P * l . O E  + S where P = max(uni t  round o f f ,  

1.OE - 18) is the  nominal p r e c i s i o n  and 1 . O E  + S r e p r e s e n t s  t h e  i n c r e a s e  

i n  e r r o r  due t o  argument r e d u c t i o n  i n  t h e  e lementary  f u n c t i o n s .  Here, S 

= max(1,  I L O G I O (  I z l )  I , I L O G I O ( ~ )  1 )  a p p r o x i m a t e l y  ( i . e .  s = m a x ( 1 ,  

l e x p o n e n t  of IzI I ,  l exponent  of  V I  >. However, the  phase  a n g l e  may have 

on ly  a b s o l u t e  accuracy .  T h i s  is most l i k e l y  t o  occur  when one component 

( i n  a b s o l u t e  v a l u e )  i s  l a r g e r  t h a n  t h e  o t h e r  by s e v e r a l  o r d e r s  o f  
magnitude. If  one component is 1.OE + K larger t h a n  t h e  other ,  t h e n  one 

c a n  e x p e c t  o n l y  max( I LOG10 (P) I - K ,  0 )  s i g n i f i c a n t  d i g i t s ;  o r ,  s ta ted  

a n o t h e r  way, when K exceeds  t h e  e x p o n e n t  o f  P ,  no  s i g n i f i c a n t  d i g i t s  

r e m a i n  i n  t h e  smaller  componen t .  However ,  t h e  p h a s e  a n g l e  r e t a i n s  

a b s o l u t e  accuracy  because ,  i n  complex ar i thmetic  w i t h  p r e c i s i o n  P ,  t h e  

s m a l l e r  component  w i l l  n o t  ( a s  a r u l e )  decrease be low P t imes t h e  

m a g n i t u d e  o f  t h e  l a r g e r  componen t .  I n  t h e s e  ex t r eme  c a s e s ,  t h e  

p r i n c i p a l  phase  a n g l e  is on t h e  o r d e r  of f P o r  f ~ / 2  P.  
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10. Quick  Check Rout ines  

The SLATEC l i b r a r y  s t a n d a r d s  [51 r e q u i r e  tha t  d r i v e r  r o u t i n e s ,  which 

e x e r c i s e  m a j o r  l o o p s  i n  each s u b r o u t i n e ,  b e  w r i t t e n .  T h e s e  a r e  

g e n e r a l l y  n o t  d e f i n i t i v e  t e s t i ,  b u t  g i v e  t h e  f i r s t - t ime  u s e r  of  t h e  

package some conf idence  t ha t  the  package is o p e r a t i n g  c o r r e c t l y  on h i s  

m a c h i n e .  A check of t h e  Wronskian  is made i n  many of  these r o u t i n e s .  

Where r e c u r r e n c e  is used ,  sequences  which c r o s s  f o r m u l a  b o u n d a r i e s  a r e  

checked by d i f f e r e n t  formulae .  These checks are  made i n  d r i v e r  r o u t i n e s  

C Q C A I ,  CQCBH, C Q C B I ,  C Q C B J ,  CQCBK, CQCBY and t he i r  c o r r e s p o n d i n g  d o u b l e  

p r e c i s i o n  v e r s i o n s .  

A t e c h n i c a l  d e t a i l  a r o s e  d u r i n g  t h e  e v a l u a t i o n  of  t h e  Wronskian 

us ing  the scaled v e r s i o n  (KODE = 2 )  

r 
)I [e 2 A i 1 ( z ) l -  2 1 ~ i / 3  -5 - 5  r1 

e 2[e A i ( z e  

- l ~ i / 6  

21T 
-e e -'1-'2 e-21ri/3 Ce51Ai, (ze  2lri 13 1 3  [e 2 A i 1 ( z ) I  = 

5 

because t h e  scale f a c t o r s  a r e  n o t  a n a l y t i c  i n  t h e  who le  z p l a n e  and  

i n t r o d u c e  a d i s c o n t i n u i t y  a long  t h e  l i n e  9 = n/3: 

Case I ,  -lr < e 5 a /3 .  

s i n c e  9 is i n  t h e  proper  range f o r  t h e  p r i n c i p a l  s q u a r e  r o o t .  Now, 

71 21T 
3 3 I < ' + - - S T  - -  i ( 0 + 2 ~ / 3 )  

= re  i 9  . e21ri/3 w = r e  
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and 

A =  r e  i ( e / 2 + a / 3 )  

2a 
3 s i n c e  8 + - is i n  a proper  domain f o r  t h e  p r i n c i p a l  s q u a r e  r o o t .  Thus,  

-5, -5, 
The re fo re  e = eo = 1 and no s c a l i n g  is n e c e s s a r y .  

IT Case 11, - < e S -IT. 
3 

I n  t h i s  case, 

- _ -  2 .3/2 ,3e i /2  
52 3 

and t h e  p r i n c i p a l  s q u a r e  r o o t  can be  used.  On t h e  o t h e r  hand, 

i ( e  + 2 1 ~ 1 3 )  w = r e  2a 5a  IT<^+- SF 

and  e - 4a/3  is t h e  p r o p e r  a r g u m e n t  f o r  t h e  p r i n c i p a l  s q u a r e  r o o t .  

Then, 

2 ,3/2 e i ( e  - 4 ~ 1 3 )  e i ( e / 2  - 2a/3) 
5 1  = 3 

2 ,3/2 ,38 i /2  
3 = c2 = -  
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T h u s ,  t h e  s c a l i n g  f a c t o r  f o r  u s e  w i t h  K O D E  = 2 i n  t he  argument 

range  a / 3  < 8 5 a is 

1 1 .  E r r a t a  f o r  Reference [ l ]  and Reference  C4l 

The r o o t s  of  Y o ( z )  and Y , ( z )  f rom C B E S Y  a n d  Z B E S Y  were checked 

a g a i n s t  the  r o o t s  publ i shed  i n  [ l  , p. 3733. A l l  v a l u e s  c h e c k e d  e x c e p t  

t h e  e v a l u a t i o n  of  Y o ( z )  a t  t h e  t h i r d  r o o t  of Y , ( z ) .  The e n t r y  is i n  

e r r o r  i n  t h e  7 t h  d i g i t  of t he  imaginary p a r t .  The c o r r e c t  e n t r i e s  a r e  

Zero of Y,  

-0.020126949 + 0.518642533i. -7.015903683 + 0.553393046i - 

I n . [ 4 ,  p. 2201, t h e  4 t h  ze ro  of Y 4 ( z )  should be  

-3.4307435178 + 1.3945703562i - 

where the  e r r o r  i n  [ 4 ]  is i n  t he  f irst  decimal  p l a c e  of t h e  r e a l  par t .  

2 1  
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