PROBING NANOSCALE STRUCTURES -

THE SANS TOOLBOX

Boualem Hammouda

National Institute of Standards and Technology
Center for Neutron Research
Gaithersburg, MD 20899-6102

hammouda@nist.gov
http://www .ncnr.nist.gov/staff/hammouda/the SANS toolbox.pdf

Complex Fluids Biology
10 20

Polymers

30

NANOMETERS

Materials Science

Small-Angle Neutron Scattering

~\ ]

30

METERS







LIST OF CHAPTERS

Preliminaries
Outline
Preface

Chapter 1: Introduction

Part A. Neutron Sources and Neutron Flux
Chapter 2: The Neutron Probe
Chapter 3: Neutron Sources
Chapter 4: Cold Neutron Moderators
Chapter 5: Neutron Flux on Sample

Part B. Neutron Scattering
Chapter 6: Introduction to Neutron Scattering
Chapter 7: Neutron Scattering Theory
Chapter 8: Elastic and Quasielastic/Inelastic Neutron Scattering
Chapter 9: Coherent and Incoherent Neutron Scattering

Part C. SANS Technique and Instrumentation
Chapter 10: The SANS Technique
Chapter 11: The SANS Instrument
Chapter 12: Velocity Selectors and Time-of-Flight Measurements
Chapter 13: Neutron Area Detectors
Chapter 14: Sample Environments

Part D. SANS Resolution and Smearing
Chapter 15: The SANS Instrumental Resolution
Chapter 16: Neutron Focusing Lenses
Chapter 17: Gravity Correcting Prisms
Chapter 18: Neutron Beam Current
Chapter 19: The Smearing Effect

Part E. SANS Data Corrections and Data Reduction
Chapter 20: SANS Data Corrections
Chapter 21: SANS Data Reduction

Part F. Simple SANS Data Interpretation
Chapter 22: Standard Plots
Chapter 23: Empirical Models
Chapter 24: Representative SANS Data
Chapter 25: SANS Data from Oriented Samples

Part G: SANS Data Modeling
Chapter 26: Radius of Gyration Calculations
Chapter 27: Single-Particle Form Factors
Chapter 28: Form Factors for Polymer Systems

3

Page

11
13
27
31

39
44
55
62

86
94
106
122
136

147
165
178
187
191

204
212

220
237
248
253

263
275
288



Part H.

Chapter 29: Effect of Polydispersity

Chapter 30: Scattering from Dilute Polydisperse Systems
Chapter 31: Structure Factors for Polymer Systems
Chapter 32: Structure Factors for Particulate Systems
Chapter 33: Scattering from Fractal Systems

Chapter 34: The Multicomponent Random Phase Approximation

SANS from Polymers

Chapter 35: Introduction to Polymers

Chapter 36: Polymer Contrast Factors

Chapter 37: SANS from Polymer Solutions

Chapter 38: SANS from Polymer Blends

Chapter 39: SANS from Block Copolymers

Chapter 40: SANS from Ternary Polymer Blends
Chapter 41: SANS from Polymers Literature Review

Part I. SANS from Complex Fluids

Chapter 42: Phase Diagrams for Micellar Systems

Chapter 43: SANS from Crystalline Lamellae

Chapter 44: SANS from a Pluronic

Chapter 45: SANS from Ionic Micelles

Chapter 46: SANS from Complex Fluids Literature Review

Part J. SANS in Biology

Part K.

Chapter 47: Elements of Biology

Chapter 48: SANS from Phospholipid Bilayers Under Pressure
Chapter 49: SANS from DNA

Chapter 50: SANS from a Protein Complex

Chapter 51: SANS in Biology Literature Review

Other SANS Topics

Chapter 52: SANS from Polymer Blends Under Pressure
Chapter 53: SANS Under Shear

Chapter 54: Solvation in Mixed Solvents

Chapter 55: Clustering in Macromolecular media
Chapter 56: SANS from Polymeric Materials

Chapter 57: Neutron Scattering with Spin Polarization
Chapter 58: Other SANS Topics Literature Review

Part L. Even Lower SANS Scales

Part M.

Chapter 59: SANS Resolution with Slit Geometry
Chapter 60: The VSANS Technique
Chapter 61: The USANS Instrument

Final Issues
Chapter 62: Gallery of SANS Data Images
Chapter 63: Brief History and Future Prospect

301
308
313
326
337
342

356
360
366
376
386
395
403

420
436
454
469
478

490
511
517
530
543

549
564
577
584
595
606
613

623
629
647

658
667



Part N. Appendices
Appendix 1: Useful Mathematical Expressions 673
Appendix 2: Elements of Quantum Mechanics 684

Part O. Indexes
List of Symbols and Notation 689



PREFACE

This book grew out of my twenty years as a Small-Angle Neutron Scattering practitioner
mostly at the National Institute of Standards and Technology. I helped build, maintain,
improve and schedule the 30 m SANS instruments. I also acted as local contact for a
multitude of user experiments and strived to keep a healthy research program of my own
using the SANS technique.

Many notes were accumulated over the years relating to topics as varied as instrumentation,
experimental work and theoretical calculations. These topics were stimulated by questions
from users, by lecturing needs or just by personal curiosity and research interests.

This “SANS Toolbox” has been put together in a tutorial format with a broad intended
audience. It is meant to be for a wide variety of users of the SANS technique as well as for
hardcore practitioners such as instrument scientists.

This work is dedicated to my colleagues and collaborators, to my dear children and to my
sweetheart wife Fatima.

“When you reach the heart of maturity, you find beauty in everything”.
Quote from Khalil Jibran.

Boualem Hammouda
Gaithersburg, Maryland
December 2010



Chapter 1 - INTRODUCTION

Nanometer scale structures include sizes from the near atomic (nanometer) scale to the near
optical (micrometer) scale. This includes most structures of interest to science for the past
100 years, i.e., since the advent of non-optical probes such as diffraction methods and
electron microscopy. Before this period, the optical microscope was the main tool for
observation.

Diffraction methods include neutron scattering which has found wide use in the
characterization of materials. Partial deuteration has made neutron scattering unique. Use of
deuterated molecules in a non-deuterated environment is comparable to the staining method
used in electron microscopy and helps enhance the contrast of particular structural features.

Small-angle neutron scattering (SANS) is a well-established characterization method for
microstructure investigations in various materials. It can probe inhomogeneities in the
nanometer scale. Since the construction of the first SANS instrument over 35 years ago, this
technique has experienced a steady growth. SANS instruments are either reactor-based using
monochromated neutron beams or time-of-flight instruments at pulsed neutron sources.
SANS has had major impact in many fields of research including polymer science, complex
fluids, biology, and materials science. This technique has actually become a "routine"
analytic characterization method used even by non-experts.

This book is intended to help SANS users acquire (or brush up on) basic knowledge on the
technique and its applications. Readers need not be experts in the various subjects covered
here. Basic knowledge in areas like nuclear physics, basic chemistry, statistical mechanics
and mathematics is of course helpful. The covered topics are organized into broad categories
(parts) which are divided into chapters. Each chapter contains a number of related topics
included as sections. Helpful questions (and answers) are included at the end of each chapter.
The outlines of the various parts and the section titles are color coded; blue has been chosen
for essential knowledge sections. Readers would benefit by first focusing on these sections.

After a brief review of basic neutron properties, the various methods of neutron production
and various neutron sources are introduced first along with discussion of neutron flux. The
major neutron sources are listed along with their overall characteristics. Production of cold
neutrons (essential for SANS applications) is discussed along with description of cold
neutron remoderators. Basic elements of neutron scattering follow. These include advantages
and disadvantages of the technique, scattering lengths and cross sections, coherent/incoherent
scattering contributions, and example calculations. This is followed by discussion of
elastic/inelastic and coherent/incoherent neutron scattering. Elements of Quantum Mechanics
are used to derive the scattering cross section.

The SANS technique is described next. SANS instrumentation is examined in no great detail
focusing on the major components and pointing out differences between reactor-based and
spallation source-based instruments. Neutron velocity selectors and area detectors are
included here along with their calibration and discussion of their performance. SANS
resolution and the various elements of instrumental smearing are described next. These
include contributions from the instrument focusing geometry, wavelength spread and
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detector resolution as well as the effect of gravity on neutron trajectories. Instrumental
resolution is also discussed when refractive optics (neutron lenses or prisms) are included.

Description of the various elements of SANS data correction and data reduction are included
next. The main SANS data interpretation methods include standard plots, the use of
empirical models and nonlinear least-squares fits to realistic models. Representative SANS
data are presented. Elements of SANS data modeling include calculations of the radius of
gyration, of the single-particle form factor and of inter-particle structure factors. The effect
of polydispersity is also discussed. Since "most SANS spectra look alike", SANS is a heavily
model-dependent method. The major theories used to interpret SANS data are discussed
including the Random Phase Approximation (RPA) for polymer systems and the Ornstein-
Zernike (OZ) equation for particulate scattering.

The major SANS research topics are covered in turn in a series of chapters. These various
“parts” include: Polymers, Complex Fluids, Biology, and Other Topics that includes
Materials Science. In each chapter, typical topics borrowed from the research efforts of this
author are described at the tutorial level. The part on “SANS from Polymers” includes
polymer solutions, polymer blends and copolymers. The Random Phase Approximation
approach is described in detail and applied to realistic homogeneous polymer mixtures. The
thermodynamics of phase separation are described for multi-component homogeneous
polymer mixtures. The part on “SANS from Complex Fluids” includes a discussion of the
phase diagram for micellar systems and contains chapters on ionic and nonionic “self-
assembling systems”. The main scattering features include single-particle and inter-particle
contributions. Material balance equations help in the understanding of some details of the
probed structures. The part on “SANS in Biology” introduces elements of biology then
covers representative basic topics such as a phospholipid membranes, the helix-to-coil
transition in DNA and the structure of a protein complex.

The “Other SANS Topics” part is covered next. These include the effect of pressure or shear
on nanoscale structures, solvation in mixed solvents, and molecular orientation of polymeric
materials. SANS measurements involving in-situ pressure or in-situ shear have been the
focus of research for many years. The effects of pressure on phase separation and miscibility
are discussed. In-situ shear allows investigations of the rheology and structure
simultaneously.

Chapters covering review of the literature in the four main SANS research areas have been
included. These draw heavily from papers published (over the past seven years) from use of
the NIST Center for Neutron Research.

Two other small-angle neutron scattering techniques are discussed in no-great detail in the
part on “Even Lower SANS Scales”. These are the Ultra small-angle (USANS) range
probing structures as large as 20 microns and the merging VSANS technique (V is for very
small-angle) which bridges the two probing ranges.

A gallery of interesting SANS data images is included. These images have been collected by
this author over several years. They are included here in order to show the full richness of the
SANS technique and for their esthetic value. Some brief concluding topics are covered along



with two appendices; one on “Useful Mathematical Expressions” and the other on “Elements
of Quantum Mechanics”. These appendices gather material used throughout.

This document is meant to be used in a pdf (not print) format so that it could be searched for
subject or author keywords. For this reason, no indexes have been included at the end of the
book. It is also meant to be used in an environmentally friendly way which helps minimize

printing.
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Chapter 2 - THE NEUTRON PROBE

1. WHAT ARE NEUTRONS?

The neutron was discovered by Chadwick in 1932. It has zero charge, a mass of 1.0087
atomic mass unit, a spin of 1/2 and a magnetic moment of -1.9132 nuclear magnetons. It has
a lifetime of 894 seconds and decays into a proton, an electron and an antineutrino. Its
interactions with matter are confined to the short-range nuclear and magnetic interactions.
Since its interaction probability is small, the neutron usually penetrates well through matter
making it a unique probe for investigating bulk condensed matter. Since the neutron can be
reflected by some surfaces when incident at glancing angles, it can also be used as a surface
probe. Neutrons are scattered by nuclei in samples or by the magnetic moments associated
with unpaired electron spins (dipoles) in magnetic samples. The nuclear scattering potential
is short range so that most neutron scattering can be described by "s wave" scattering (zero
orbital angular momentum) and the scattering cross section can be described by the first Born
approximation. Higher order term in the Born expansion series are required for neutron
reflection from surfaces. Reflection involves the refraction (not diffraction) limit.

Some useful properties follow:

Mass: m = 1.675*10* gm
Magnetic Moment: p,, = 6.031%10" eV/gauss

81.787
Energy: E[meV] PIAT]
Wavelength: A [A] = 3955/v [m/sec]
Velocity: v =1 m/msec (at \=4 A)
Useful relationship: mvA =h.

Thermal neutrons correspond to 25 meV energies and 1.8 A wavelength.

2. WHY USE NEUTRONS?

Neutrons are both a bulk and a surface probe for investigating both structures and dynamics.
Some of the advantages of neutrons as a probe for condensed matter follow.

-- Neutrons interact through short-range nuclear interactions. They are very penetrating and
do not heat up (i.e., destroy) samples. Neutrons are good probes for investigating structures
in condensed matter.

-- Neutron wavelengths are comparable to atomic sizes and inter-distance spacings. Neutron
energies are comparable to normal mode energies in materials (for example phonons,
diffusive modes). Neutrons are good probes to investigate the dynamics of solid state and
liquid materials.
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-- Neutrons interactions with hydrogen and deuterium are widely different making the
deuterium labeling method an advantage.

Someone once stated that “neutrons never lie!”

QUESTIONS

1. The neutron decays into what particles? How about the proton? Does it decay?
2. Why are neutrons a good probe to investigate condensed matter?

3. Can neutrons get reflected from surfaces at large angles like light does?

4. Define the electronvolt (eV) in terms of the SI energy unit, the joule (J).

ANSWERS

1. The neutron decays into an electron, a proton and an anti-neutrino. The proton is stable. Its
decay has not been observed.

2. Neutrons are a good probe to investigate condensed matter because it is very penetrating
(due to its charge neutrality) and to its just-right typical wavelengths and kinetic energies.

3. Neutrons can be reflected from surfaces only at low glancing angles. They cannot be
reflected at large angles from surfaces.

4. The electrostatic energy is the product of the charge by the applied voltage. The
electronvolt is the energy of 1 electron in a potential of 1 volt. The charge of 1 electron is
1.602*10"” coulomb. Therefore, 1eV = 1.602*10" J.
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Chapter 3 - NEUTRON SOURCES

1. INTRODUCTION

Since the early days of neutron scattering, there has been an insatiable demand for higher
neutron fluxes. Neutron sources are based on various processes that liberate excess neutrons
in neutron rich nuclei such as Be, W, U, Ta or Pb. Presently, the highest fluxes available are
around a few *10'° n/cm’sec. Even though various neutron sources exist, only a few are
actually useful for scattering purposes. These are:

-- continuous reactors
-- spallation sources
-- some other neutron sources.

Only minor improvements in flux increase of continuous reactors are expected because of the
saturation of the technology (i.e., limit of heat removal rate and operating safety
considerations). Pulsed sources are expected to go to higher fluxes (non-continuous operation
allows for a better heat removal rate).

Continuous reactors operate in a continuous neutron generation mode whereas spallation
sources function in a pulsed (or time-of-flight) mode.

Continuous Reactors

collimation scattering detection
I 0 0

onochromation

single wavelength
intensity
at source
time
intensity

at detector
time

Measure some of the neutrons all of the time



Pulsed Sources

~ scattering ‘
collimation detection

| o [
t >

I
chopper

wavelength range
time-of-flight

intensity
at source

time
intensity
at detector
time

Measure all of the neutrons some of the time

Figure 1: The two main types of neutron sources: continuous reactors and pulsed sources.
Schematic representations of SANS instruments are shown.

2. NUCLEAR FISSION REACTIONS

Some heavy nuclides undergo fission reaction into lighter ones (called fission products) upon
absorption of a neutron (Duderstadt-Hamilton, 1974; Lamarsh, 1977). Known fissile nuclides
are U-233, U-235, Pu-239 and Pu-241, but the most used ones are U-235 and Pu-239. Each
fission event releases huge energies (200 MeV) in the form of kinetic energy of the fission
fragments, gamma rays and several fast neutrons. Fission fragments are heavy and remain
inside the fuel elements therefore producing the major source of heat while energetic
gammas and fast neutrons penetrate most everything and are carefully shielded against.
Gamma rays and fast neutrons are a nuisance to neutron scatterers and are not allowed to
reach the detectors as much as possible. After being slowed down by the moderator material
(usually light or heavy water) neutrons are used to sustain the fission reaction as well as in
beam tubes for low energy (thermal and cold) neutron scattering.
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Fission Chain Reaction
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Figure 2: Typical fission chain reaction.

3. NUCLEAR REACTORS

Nuclear reactors are based on the fission reaction of U-235 (mainly) to yield 2-3
neutrons/fission at 2 MeV kinetic energies. Moderators (DO, H,0O) are used to slow down
the neutrons to thermal (0.025 eV) energies. Reflectors (D,0, Be, graphite) are used to
maintain the core critical by reflecting neutrons back into the core. Electrical power
producing reactors use wide core sizes and low fuel enrichment (2-5 % U-235), while
research reactors use compact cores and highly enriched fuel (over 90 % U-235) in order to
achieve high neutron fluxes. Regulatory agencies encourage the use of intermediate
enrichment (20-50 %) fuel in order to avoid proliferation of weapon-grade material. Note
that the relative abundance of U-235 in natural uranium is 0.7 %.

Nuclear research reactors have benefited from technological advances in power producing
reactors as well as in nuclear submarines (compact cores operating with highly enriched fuel
and foolproof safety control systems). The most popular of the present generation of reactors,
the pressurized water reactor (PWR), operates at high pressure (70 to 150 bars) in order to
achieve high operating temperatures while maintaining water in its liquid phase.

Neutrons that are produced by fission (2 MeV) can either slow down to epithermal then
thermal energies, be absorbed by radiative capture, or leak out of the system. The slowing
down process is maintained through collisions with low Z material (mostly water is used
both as moderator and coolant) while neutron leakage is minimized by surrounding the core
by a reflector (also low Z material) blanket. Most of the fission neutrons appear

. C. -14 .
instantaneously (within 10 sec of the fission event); these are called prompt neutrons.
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However, less than 1 % of the neutrons appear with an appreciable delay time from the
subsequent decay of radioactive fission products. Although the delayed neutrons are a very
small fraction of the neutron inventory, these are vital to the operation of nuclear reactors and
to the effective control of the nuclear chain reaction by "slowing" the transient kinetics.
Without them, a nuclear reactor would respond so quickly that it could not be controlled.

A short list of research reactors in the USA used for neutron scattering follows:

-- HFIR-Oak Ridge National Laboratory (100 MW), a horizontal cold source has recently
been installed.

-- NIST-The National Institute of Standards and Technology (20 MW), contains third
generation cold neutron source.

-- MURR-University of Missouri Research Reactor (10 MW), does not contain a cold
neutron source.

These reactors were built during the1960's but have undergone various upgrades.
There is one major research reactor in Canada:

-- CRNL-Chalk River, Canada (135 MW).
A short list of research reactors in Europe follows:

-- ILL-Grenoble, France (57 MW),

-- NERF-Petten, Netherland (45 MW),
-- FRM-II Munich, Germany (20 MW),
-- KFKI-Budapest, Hungary (15 MW),
-- LLB-Saclay, France (14 MW),

-- HMI-Berlin, Germany (10 MW),

-- Riso-Roskilde, Denmark (10 MW),

-- VVR-M Leningrad, Russia (10 MW).
-- GKSS Geesthacht, Germany (5 MW).

A short list of research reactors in Asia follows:

-- DRHUVA-Bombay, India (100 MW),

-- CIAE-Beijing, China (60 MW),

-- NLHEP-Tsukuba, Japan (50 MW),

-- Bhabha ARC-Bombay, India (40 MW),

-- HFANAR, KAERI, Hanaro, Korea (30 MW)
-- JRR3-Tokai Mura, Japan (20 MW),

-- HWRR-Chengdo, China (15 MW),

One reactor exists in Oceania. It is the Bragg Institute, ANSTO, Australia (20 MW).
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Most of these facilities either have or are planning to add a cold source in order to enhance
their cold neutron capability and therefore allow effective use of SANS instruments.

4. THE NIST THERMAL NEUTRON INSTRUMENTS

The NIST Center for Neutron Research (CNR) facility has a split-core geometry whereby
thermal neutron beam tubes do not look at the fuel elements directly. This helps minimize
epithermal neutrons and gamma radiation in the beams. There is a host of thermal neutron
instruments located in the confinement building. These comprise triple axis instruments for
inelastic neutron scattering, a powder diffractometer, a single crystal instrument also used for
texture studies, a neutron radiography station, and a Bonse-Hart USANS instrument.
Location of the cold neutron source is optimized. It is located at the peak flux position within
the reflector region. A set of neutron guides transport cold neutrons to a guide hall.

NIST Thermal Instruments

cold
neutron
O ~source

NG4
NG5

%NG7

@ USANS

U

Figure 3: Schematics of the NIST confinement building showing the thermal neutron
scattering instruments and the cold neutron source along with the beginning of the cold
neutron guides leading to the current guide hall. The USANS instrument is located on a
thermal neutron beam tube.

5. THE NIST GUIDE HALL
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The NIST CNR current guide hall contains a set of seven guides looking at the cold source.
Cold neutron instruments include three SANS instruments, three reflectometers, a time-of-
flight instrument, a cold triple axis, a backscattering spectrometer, a neutron spin-echo
spectrometer and other fundamental physics stations (interferometry, measurement of the
neutron half-life, etc).

All the guides are straight (with no curvature) and looking at the cold source directly. Guide
dimensions are 12 cm*5 c¢cm for some and 15 cm*6 cm for others. The guides’ inner surfaces
are coated with either natural Ni or Ni-58 on the sides and with either Ni-58 or supermirror
coating on the top and bottom. The critical angle for natural Ni is 0.1 °/A, that for Ni-58 is
0.115 °/A and that for supermirror coating is 0.3 °/A. This critical angle for total reflection

increases with neutron wavelength as 6.= y.A where y. = ,/pb/m is given in terms of the

atomic number density p and scattering length b of the reflecting material. Neutron guides
are anchored onto a thick concrete base in order to decouple them from the rest of the guide
hall. Neutron guides are encased in jackets that are evacuated or filled with helium. Neutron
losses in neutron guides are estimated to be around 1 % per meter.

Filters are used to remove epithermal neutrons and gamma radiation from the neutron guides.
Crystal filters include beryllium for neutrons and bismuth for gamma rays. They are kept at
liquid nitrogen temperature. Optical filters are also used to steer the neutron beam out of the
direct line-of-sight from the cold source and with minimum losses. Optical filters are
characterized by high transmission gains over crystal filters for long wavelength neutrons.

Note that other facilities use curved guides that avoid the use of filters completely. Curved
guides however transmit neutrons above a cutoff wavelength that depends on the guide
curvature and width. A curved guide of width W and radius of curvature R has a
characteristic angle W, = +2W /R . This is the minimum angle that the guide subtends (in
the horizontal plane) in order to get out of the direct line-of-sight. This curved guide has a
cutoff wavelength A, = ¥ /y. below which no neutrons are transmitted.
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The NIST Guide Hall

NGI NG3-30 m SANS
)
G
NG4 a

NG7-30 m SANS

Figure 4: Schematics of the NIST current guide hall. Note the two 30 m SANS instruments
on the NG3 and NG7 guides.
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Figure 5: Photograph of the NIST CNR guide hall. The confinement building wall is at the
rear end of the picture. The red color scattering vessel of the NG7 30m SANS instrument is
seen to the left.

A guide hall addition is under construction at NIST. It will be looking at the same cold
source from another port and will provide an additional 3 curved guides to the panoply.

6. THE HFIR GUIDE HALL
The High Flux Isotope Reactor (HFIR) located at Oak Ridge National Lab has built two

SANS instruments and a horizontal cold source. These are 35 m and 30 m long respectively
and both use 1 m*1 m size area detectors.
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The HFIR Guide Hall

CG3 BioSANS

Figure 6: Schematic representation of the HFIR guide hall with the two 30 m SANS
instruments. The CG2 SANS instrument is slightly longer.

7. SPALLATION SOURCES

Beams of high kinetic energy (typically 70 MeV) hydrogen ions are produced (by linear
accelerator) and injected into a synchrotron ring to reach much higher energies (500-800
MeV) and then steered to hit a high Z (neutron rich) target (W-183 or U-238) and produce
about 10-30 neutrons/proton with energies about 1 MeV. These neutrons are then
moderated, reflected, contained, etc., as in the case of nuclear reactor. Most spallation

sources operate in a pulsed mode. The spallation process produces relatively few gamma rays
15 16
but the spectrum is rich in high energy neutrons. Typical fast neutron fluxes are 10 -10

n/sec with a 50 MeV energy deposition/neutron produced. Booster targets (enriched in U-
235) give even higher neutron fluxes.

21



Spallation Nuclear Reaction
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Figure 7: Spallation nuclear reaction.
Spallation sources in the USA:

-- IPNS (Argonne National Lab): 500 MeV protons, U-238 target, 12 pA (30 Hz), pulse

width = 0.1 psec, flux = 1.5"‘1015 n/sec, operating from 1981 till the end of 2007 when it was
shutdown.

-- WNR/PSR LANSCE (Los Alamos): 800 MeV protons, W target, 100 pA (12 Hz), pulse
16
width = 0.27 psec, flux = 1.5*10 n/sec, operating since 1986.

-- SNS (Oak Ridge National Lab): 1.3 GeV, Hg target, 2 mA (60 Hz), pulse width = 0.945
psec, operation started in 2006.

Spallation sources elsewhere in the world:

-- ISIS (Rutherford, UK): 800 MeV protons, U target, 200 pA (50 Hz), pulse width = 0.27
16
psec, flux =4*10 n/sec, operating since 1984.

-- KENS (Tsukuba, Japan): 500 MeV protons, U target, 100 pA (12 Hz), pulse width = 0.07
14
psec, flux =3*10 n/sec, operating since 1980.

-- SINQ, Paul Scherrer Institut (PSI), Switzerland, 590 MeV protons, Pb target, 1.8 mA, flux
14
=5*10 n/sec, operating since 2002.
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The Intense Pulsed Neutron Source

NEUTRON
' SCATTERING
/‘\ TARGET

"'

L I

Figure 8: Schematic of the IPNS spallation source and instruments hall. Note the two SANS
instruments (SASI and SAND).
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Los Alamos Neutron Scattering

A,

LQD

Figure 9: Schematic of the LANSCE (LANL) instruments hall. Note the SANS (LQD)
instrument on the right hand side.

8. SOME OTHER NEUTRON SOURCES

“Pulsed reactors” include a moving element of fuel (or reflector material) which moves
periodically causing regular variation of the reactivity. A fast rising burst of neutrons occurs

when the reactivity exceeds prompt critical. One such reactor exists at:

-- IBR-II (Dubna, Russia), with mean power of 2 MW, pulse width of 50 usec, repetition rate
15
of 5 Hz. Neutron in pulse fluxes are of order of 5*10 n/cm2sec.

Stripping (p,n) nuclear reactions can be used to produce neutrons. The following reaction:
p+°Be>n+’B

is used to produce pulsed neutrons at the following facility:
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-- The Low Energy Neutron Source at the University of Indiana with pulse width between 5
usec and 1 msec.
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QUESTIONS

1. When was the first research reactor built?

2. Name a few applications of nuclear research reactors besides neutron scattering.

3. Why can’t neutron sources be designed for much higher fluxes?

4. What is the origin of delayed neutrons?

5. Are there nuclear reactors that use non-enriched uranium?

6. Name the research reactor and the spallation source closest to your home institution.
7. Instruments at pulsed sources use a range of wavelengths whereas reactor-based
instruments use single wavelength. How could the same scattering information be obtained
from these two different types of instruments?

8. Why are most SANS instruments installed in neutron guide halls?

9. What is a dosimeter?

ANSWERS

1. The first nuclear reaction was performed by Enrico Fermi and his team in a sports facility
close to the University of Chicago stadium in 1942. This is the first nuclear reactor built in
the US called CP1 for Chicago Pile 1. A series of reactors were built at Oak Ridge, Los
Alamos, Brookhaven, and Argonne National Labs and were referred to as CP2 to CP5. The
first university-based research reactor was built in 1955 at Penn State University. The second
one was built in 1957 at the University of Michigan.

2. There are many practical applications of nuclear research reactors besides neutron
scattering. A few are mentioned here: neutron activation analysis, radioisotopes production,
neutron radiography, transmutation doping of silicon, coloration of gemstones, etc.

3. Neutron sources cannot deliver much higher fluxes because they are at their limit of heat
removal rate from the core (cooling rate).

4. Delayed neutrons are emitted from the decay of fission fragments. Their half-lives range
from seconds to minutes.

5. The Canadian CANDU design uses U-238 (natural uranium).

6. There are two main research reactors in the US, one at the NIST Center for Neutron
Research and one at the Oak Ridge High Flux Reactor.

25



7. Reactor-based neutron scattering instruments use some of the neutrons all of the time
while spallation source-based instruments (time-of-flight) use all of the neutrons some of the
time. They both measure scattered neutrons intensity with increasing scattering variable Q.
8. SANS instruments are located mostly in guide halls because they are long (30 m).
Moreover guide halls are characterized by low neutron and gamma background.

9. A dosimeter is a special type of detector to monitor radiation levels and doses. It is worn
by experimenters.
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Chapter 4 - COLD NEUTRON MODERATORS

1. COLD NEUTRON SOURCE

"Cold" (slow) neutrons are often needed for better spatial resolution in scattering applications
(long wavelength scattering). Atoms with low Z (such as H or D) are good moderators
making them ideal as cold source material. Cold neutrons are generated in a neutron
remoderator also called "cold source" using either hydrogen or deuterium in the liquid form,
supercooled gas form, or solid form (methane or ice). The Maxwellian neutron spectral
distribution (peaking at 1.8 A for thermal neutrons) is shifted to lower energies by neutron
slowing down (through inelastic scattering) processes. The mean free path (average distance
between collisions) of neutrons in hydrogen (0.43 cm) is smaller than in deuterium (2.52
cm).

Liquid cold sources (hydrogen or deuterium) operate at low temperature (around 20 K) and 2
bar pressure (Russell-West, 1990). Vacuum and helium jackets isolate the remoderating
liquid from the surrounding. Supercritical gas cold sources (hydrogen or deuterium) operate
at 40 K and 15 bars of pressure (one phase system); thicker walls are necessary for the
containment of the higher gas pressure. Solid methane at 50 K and solid ice at 35 K have
been used as cold source material. Radiation damage in solid state cold sources produces
stored (so called "Wigner") energy due to ionization. In order to avoid sudden release of this
energy (explosion!), a recombination of radiolysis products is induced in the cold source
material by warming it up on a regular basis (once every couple of days).

Use of a cold source yields high gains (one to two orders of magnitude) at high wavelengths.

The Cold Neutron Source

NGO

\

g/mii

Figure 1: The NIST liquid hydrogen cold source and neutron guide system.
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Figure 2: Schematic view of the liquid hydrogen cold source with optimized re-entrant
geometry.

2. COLD NEUTRON SPECTRUM

Neutrons are produced by fission with energies around 2 MeV, then they slow down to form
a Maxwellian spectrum distribution which is peaked around the moderator temperature kT

(in energy units).

The neutron flux @(E) is the number of neutrons emitted in all directions per second and per
unit energy at neutron kinetic energy E.

(DO
o(E) = 1 E exp(-E/k, T). (1)

Its integral is the neutron current (total number of neutrons produced by the cold source per
second):

®, = [dE@(E). ()
0

Neutron conservation is expressed as | (E)dE |= @(A)dA |. The neutron kinetic energy E can

. h* )1 . dE h? ) (=2)
be expressed in terms of the wavelength A as E=| — |— . Using — =| — , o(A
P 8 (ij 5 8 dA (ij 5 o)

can be expressed as:
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20, Ay
P(h) =D, ' exl{—k—z : 3)

2

The variable A, =

has been defined for simplicity in notation and h is Planck's
2mk T

constant. (1) is the neutron current per unit wavelength. Its units are n/s.A. The angular
spectral neutron distribution simply referred to as neutron flux (or current density) is given
A
by o( )2
4rnL,
steradian (symbol sr) is the unit of solid angle.

at a distance Lo from the cold source. Its units are n/cm?.s.sr.A. Note that the

For high neutron wavelength A, ¢(A) decreases as 1/%5. A cold source effectively shifts the

Maxwellian peak to higher wavelengths therefore increasing the population of cold neutrons
and yielding better small-angle neutron scattering resolution. For elastic scattering, this
means the ability to resolve larger structures (close to micron size).

The spectral neutron distribution of the NIST Center for Neutron Research cold source is
plotted (Williams-Rowe, 2002).

NCNR Hydrogen Cold Sources
10" \ \ \

Proposed NCNR Cold Source
Current NCNR Cold Source

(n/cm?.s.ster.A)
[N (Y
O»—\ o»—!
I I

Spectral Neutron Distributions
|_\
O»—\
I

109 | | |
0 5 10 15 20

Neutron Wavelength (A)
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Figure 3: Spectral neutron distributions for the current and the proposed NIST Center for
Neutron Research cold sources. The current one supplies neutrons to the current guide hall
and will supply the guide hall addition. The proposed smaller and brighter cold source
(referred as “peewee’’) will supply cold neutron to one instrument inside the confinement
building.
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QUESTIONS

1. What are the main types of cold neutron sources?

2. What is the primary safety issue associated with solid cold sources?
3. What is the boiling temperature of hydrogen?

4. What is the spectral distribution of cold neutrons?

5. Why are cold neutrons necessary for the SANS technique?

6. What is the definition of the steradian?

ANSWERS

1. Cold sources are of the liquid, gas or solid types. Most of them use eith liquid hydrogen or
deuterium to slow down neutrons to cold energies.

2. Solid state cold sources (either solid methane or solid heavy ice) store Wigner energy that
needs to be released by annealing the cold source. If not annealed, the solid cold source could
explode.

3. Liquid hydrogen boils at 21 K.

4. Cold neutrons follow a Maxwellian spectral distribution with a tail varying like 1/A° where
A is the neutron wavelength.

5. Cold neutrons are characterized by long wavelengths A which yield lower scattering

: 4t . .
variables Q = Tnsm[gj (at fixed scattering angle 6). Lower Q values correspond to longer

d-spacing in the probed structures.

6. The steradian (symbol sr) is the unit of solid angle. The sr is equal to the square of the
radian (symbol rad) which is an angular unit. Note that an angle of 3.14159 rad corresponds
to180 °.
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Chapter 5 - NEUTRON FLUX ON SAMPLE

Flux on sample is an important factor in characterizing the performance of a neutron
scattering instrument. It depends on many factors as discussed here.

1. THE COLD NEUTRON SOURCE SPECTRUM

The liquid hydrogen neutron cold source is characterized by the following angular spectrum
distribution (neutrons/cm®.s.A.ster):

4 2
(P(k) _ (I)O 2}\’"1" exp(— }\’T ] (1)

4nL,>  4nL,> A 22

It is also referred to as the “Maxwellian” distribution. A is the neutron wavelength and Ay is a
cold source constant defined asA; =h/,/2mk,T . At can be expressed as:

am=A/T, . (2)

The constant A = 30.9A\/E , Te 1s the cold source effective temperature T, = 32 K. Note that
the cold source real temperature is the condensation temperature of hydrogen (around 20 K).
Therefore Ar= 5.5 A is a good estimate in our case. The cold neutron wavelength distribution
is therefore peaked around 3.5 A and falls off with a 1/A° tail. The normalization factor D,

is determined through flux measurements.

2. NEUTRON FLUX ON SAMPLE

The neutron current on sample (neutrons/s) can be estimated for a typical SANS instrument
configuration as:

AQ, AQ A, A
([)(}L)A}\. 1 2 — (P(A’) AN 1 2 (3)
4n 4n len® L, L,

A 1s the wavelength spread, AQ; is the solid angle subtending the source aperture defined
by the area A; and AC); is the solid angle subtending the sample aperture defined by the area
Aj, Lo and L, are the cold source-to-source aperture and source aperture-to-sample aperture
distances respectively.
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Figure 1: Typical pre-sample SANS collimation geometry. This figure is not to scale.
Vertical scale is of order of centimeters while horizontal scale is of order of meters.

This quantity can be expressed as:

AQ AQ, Dy At [ g’

P(L)AL = exp( . ]Ax A Ay

L, L,

4
4t 4nm 8u? N @

with Ar= 5.5 A. In order to make the neutron flux expression match the measured flux at the
NG3 SANS instrument the following factor is chosen:

@,

o =1.65%10"”%n/cm’s. (5)
T Ly

The estimated flux (or current density) on sample (n/cm?’.s) is given by:

o) . AQ AQ, @, A’ A’ [Ak} A,
A) = AL = SIS ey Il W E'S
o) A, 4 4rn 87-52L02 At exP % A le ©)

1.507*10" 3025\ ALY A,
o) =207 -2 )(TL—]

Consider a typical neutron wavelength and wavelength spread:
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Neutron wavelength: L = 6 A.
Wavelength spread: AAM/A =0.15.

So that:
d(6A)= 7.53*10“{%} n/cm’.s (7)
1

This expression is used in the following section.

3. CASE OF SPECIFIC CONFIGURATIONS
Consider two instrument configurations both using:

Neutron wavelength: A = 6 A.
Wavelength spread: AA/A = 0.15.

The first configuration corresponds to high flux on sample:
Source aperture radius: R; = 2.5 cm.

Area of source aperture: A} =7 2.52=19.63 cm”.
Source-to-sample distance: L; = 3.82 m.

So that ¢(6A) =1.01*10" n/cm’.s for the high flux configuration.

The second configuration corresponds to low flux on sample:
Source aperture radius: R; = 1.9 cm.

Area of source aperture: A; =7 1.9% = 11.34 cm’.
Source-to-sample distance: L; = 16.22 m.

So that ¢(6A) = 3.24*10° n/cm’.s for the low flux configuration.

4. MEASURED FLUX ON SAMPLE

The two previously considered cases correspond to two specific configurations on the NG3
30 m-SANS instrument at NIST. Flux on sample measurements were made for these two
configurations described above and for a range of wavelengths. These results are plotted
here.
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Figure 2: Measured neutron flux on sample with varying wavelength for the high flux
configuration (R; = 2.5 cm, L; = 3.82 m) and the low flux configuration (R;=1.9 cm, L; =
16.22 m). Estimates values are also plotted.

Note that the neutron current on sample (n/s) is obtained by multiplying the neutron flux by
the area of the sample aperture A, (= nR,?%). In our notation, that quantity is given
by (L) = ¢(A)A, . Note that d(L) and ¢p(A) are not per unit wavelength, but are calculated at

wavelength A.

Considering a sample aperture of radius R, = 0.635 cm, the following neutron currents can be
estimated:

®(6A) =1.28*10" n/s for the high flux configuration.

®(6A) =4.10%10° n/s for the low flux configuration.

These are reasonably high numbers for a SANS instrument (Cook et al, 2005).

5. NEUTRON BEAM MONITOR COUNT RATE



The neutron beam monitor count rate is measured on a regular basis for increasing
wavelength. Measurements shown here were taken on the NG3 30 m SANS instrument at the
NIST CNR before the optical filter was installed. The beam monitor is a low-efficiency
fission counter and is placed just after the velocity selector. It detects neutrons through their
absorption in a thin U-235 plate. The absorption cross section varies like “1/v” (v being the

neutron velocity). It is proportional to the neutron wavelength A, i.e., 6,(A) = cA where c is a
constant.

The measured monitor count rate m() is compared to the following empirical expression:
22510’ 737Y
m(%) = Texp - T . (8)

The multiplicative constant depends on the fission counter used. Note the characteristic A-
dependence. The tail drops out like 1/A°. Recall that the cold source spectrum drops out like
1/)°. Use of a velocity selector (with constant AA/L) changes the tail of the transmitted
spectrum to 1/A*. Therefore, the tail of the corrected monitor count rate varies like
m(L)/oa(L) ~ 1/A* where 6,()) is the neutron absorption cross section. The wavelength
dependence of the monitor count rate/wavelength and the neutron current density are the
same. It is not clear as to why the constants in the exponential are different.
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Figure 3: Variation of the neutron beam monitor count rate divided by the neutron
wavelength with increasing wavelength.
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QUESTIONS

1. What is the neutron current?

2. What is the neutron flux (or current density) at the sample?

3. What is the highest neutron flux on sample for 6 A neutrons at the NG3 SANS instrument?
4. How do neutron fluxes compare with x-ray fluxes?

5. Is the neutron current crossing the sample aperture the same as the detector count rate?

ANSWERS

1. The neutron current is the number of neutrons per second.

2. The neutron flux at the sample is expressed in n/cm?.s. It is independent of sample area.

3. The highest neutron flux on sample for 6 A neutrons at the NG3 SANS instrument is
around 10’ n/cm?.s. It is obtained for a high-Q high flux configuration.

4. Neutron fluxes are orders of magnitude lower than x-ray fluxes. Even fluxes for a rotating
anode x-ray source are higher than the highest neutron source fluxes.

5. The neutron current crossing the sample aperture is not the same as the detector count rate
because of loss due to attenuation in the scattering flight path, due to neutrons that are
scattered outside of the detector solid angle and due to the detector absorption cross section
and non-perfect detector efficiency.
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Chapter 6 - INTRODUCTION TO NEUTRON SCATTERING

Neutron scattering is the technique of choice for condensed matter investigations in general
because thermal/cold neutrons are a non-invasive probe; they do not change the investigated
sample since they do not deposit energy into it.

1. CHARACTERISTICS OF NEUTRON SCATTERING
A few advantages of neutron scattering are included here.

-- Neutron scattering lengths vary "wildly" with atomic number and are independent of
momentum transfer Q. This is used to advantage in deuterium labeling using the fact that the

scattering lengths for hydrogen and deuterium are widely different (b,, =-3.739 * 10_13 cm

and b, = 6.671 *10_13 cm respectively). The negative sign in front of b, means that the

scattered neutrons wavefunction is out of phase with respect to the incident neutrons
wavefunction.

-- Neutrons interact through nuclear interactions. X-rays interact with matter through
electromagnetic interactions with the electron cloud of atoms. Electron beams interact
through electrostatic interactions. Light interacts with matter through the polarizability and is
sensitive to fluctuations in the index of refraction. For this, neutrons have high penetration
(low absorption) for most elements making neutron scattering a bulk probe. Sample
environments can be designed with high Z material windows (aluminum, quartz, sapphire,
etc) with little loss.

-- In neutron scattering, scattering nuclei are point particles whereas in x-ray scattering,
atoms have sizes comparable to the wavelength of the probing radiation. In the very wide
angle (diffraction) range, x-ray scattering contains scattering from the electron cloud,
whereas neutron scattering does not. In the SANS range, this is not the case.

-- Neutrons have the right momentum transfer and right energy transfer for investigations of
both structures and dynamics in condensed matter.

-- A wide range of wavelengths can be achieved by the use of cold sources. Probed size
range covers from the near Angstrom sizes to the near micron sizes. One can reach even
lower Q's using a double crystal monochromator (so called Bonse-Hart) USANS instrument.

-- Since neutron detection is through nuclear reactions (rather than direct ionization for

example) the detection signal-to-noise ratio is high (almost 1 MeV energy released as kinetic
energy of reaction products).
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Figure 1: Neutrons are scattered from nuclei while x-rays are scattered from electrons.
Scattering lengths for a few elements are compared. Negative neutron scattering lengths are
represented by dark circles.

A few disadvantages of neutron scattering follow.

-- Neutron sources are very expensive to build and to maintain. It costs millions of US
dollars annually to operate a nuclear research reactor and it costs that much in electrical bills
alone to run a spallation neutron source. High cost (billions of dollars) was a major factor in

the cancellation of the Advanced Neutron Source project in the mid 1990s.

-- Neutron sources are characterized by relatively low fluxes compared to x-ray sources
(synchrotrons) and have limited use in investigations of rapid time dependent processes.

-- Relatively large amounts of samples are needed: typically | mm-thickness and 1 cm
diameter samples are needed for SANS measurements. This is a difficulty when using
expensive deuterated samples or precious (hard to make) biology specimens.

2. TYPES OF NEUTRON SCATTERING
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There are four main types of neutron scattering.

(1) The simplest type consists in a measurement of the sample transmission. This
measurement requires a monochromatic beam (or the time-of-flight method), some
collimation and a simple neutron detector (end-window counter). Transmission
measurements contain information about the sample content and the relative fractions of the
various elements. For example, the relative ratio of carbon to hydrogen in crude oils (the so-
called cracking ratio) could be measured accurately.

(2) Elastic neutron scattering consists in measuring the scattered intensity with varying
scattering angle. This is a way of resolving the scattering variable Q = (4n/A) sin(6/2) where
A is the neutron wavelength and 0 is the scattering angle. This is performed by either step-
scanning or using a position-sensitive detector. The main types of elastic scattering
instruments are diffractometers (either for single-crystal, powder diffraction or for diffuse
scattering from amorphous materials), reflectometers and SANS instruments.
Diffractometers probe the high Q range (Q > 0.5 A™") whereas reflectometers and SANS
instrument cover the low-Q range (Q < 0.5 A™). They all investigate sample structures either
in crystalline of amorphous systems.

(3) Quasielastic/inelastic neutron scattering consists in monochromation, collimation,
scattering from a sample, analysis of the neutron energies then detection. The extra step uses
a crystal analyzer (or the time-of flight method) in order to resolve the energy transfer during

scattering. In this case both Q = 125 —k . and E = E; — E; are resolved. Quasielastic scattering

corresponds to energy transfers around zero, whereas inelastic scattering corresponds to
finite energy transfers. The main types of quasielastic/inelastic spectrometers are the triple
axis, the time-of-flight, and the backscattering spectrometers. These instruments cover the
peV to meV energy range. They investigate sample dynamics and structure. Inelastic
instruments are used to investigate phonon, optic and other types of normal modes.
Quasielastic instruments are used to investigate diffusive modes mostly.

(4) The spin-echo instrument is another type of quasielastic spectrometer. It is singled out
here because it measures correlations in the time (not energy) domain. It uses polarized
neutrons that are made to precess in the pre-sample flight path, get quasielastically scattered
from the sample, then are made to precess again but in the other direction in the post-sample
flight path. A neutron spin analyzer keeps track of the number of spin precessions. The
difference in the number of spin precessions before and after the sample is proportional to
the neutron velocity change during scattering and therefore to the energy transfer. Scanned Q
ranges are between 0.01 A™ and 0.5 A" and probed times are in the nanoseconds range. This
instrument is useful for investigating diffusive motions in soft materials.
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Figure 2: Schematic representation of the four types of neutron scattering methods.

3. DIFFRACTOMETER TYPES

The main types of diffractometers include (1) single-crystal and powder diffractometers, (2)
diffuse and liquid scattering instruments, (3) small-angle neutron scattering instruments and
(4) reflectometers. All of these diffractometers correspond to “double axis” diffraction, i.e.,
they are schematically represented by a monochromator (first axis) and diffraction from the
sample at an angle 0 (second axis). Types (1) and (2) probe the high Q scale with Q > 0.1 A’
(i.e., small d-spacings d < 60 A). The third and fourth type probe the lower Q scale 0.4 A" >
Q>0.001 A' (i.e., 16 A <d <6000 A). The measurement window for SANS instruments
and reflectometers covers from the near atomic sizes (near A) to the near optical sizes (near
um). Type (1) measures purely crystalline samples whereas the other types are used mostly
for amorphous systems. SANS however can measure both amorphous and crystalline
samples. Types (1), (2) and (3) measure bulk samples whereas type (4) (reflectometers)
measure surface structures only. Similar discussions can be found elsewhere (Price-Skold,
1986).
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QUESTIONS

1. Name a couple of advantages of neutron scattering.

2. Neutrons interact with what part of the atom?

3. Name a couple of disadvantages of neutron scattering.
4. Name the four types of neutron scattering instruments.
5. What type is the SANS instrument?

ANSWERS

1. Neutrons are very penetrating, they do not heat up or destroy the sample, deuterium
labeling is unique. They have the right wavelengths (Angstroms) and kinetic energies (neV
to meV) to probe structures and dynamics of materials.

2. Neutrons interact with the nuclei.

3. Neutron sources are characterized by low flux compared to x-ray sources. Relatively large
amounts of sample (gram amounts) are required for neutron scattering measurements.

4. The four types of neutron scattering instruments are: transmission, elastic,
quasielastic/inelastic and neutron spin echo.

5. The SANS instrument is a “diffractometer” for diffuse elastic neutron scattering.
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Chapter 7 - NEUTRON SCATTERING THEORY

Elements of neutron scattering theory are described here. The scattering amplitude, scattering
lengths and cross sections are introduced and discussed.

1. SOLUTION OF THE SCHRODINGER EQUATION

Neutron scattering theory involves quantum mechanics tools such as the solution of the
Schrodinger equation even though the scattering problem is not a quantum mechanical
problem (no bound states are involved). A simple solution of the Schrodinger equation
involving perturbation theory is presented here. This is to so-called Born Approximation
method.

Figure 1: Incident plane wave and scattered spherical wave.

The Schrodinger equation is expressed as follows:

Hyy; =E;y; (1)
Hy =Ey
H=H +V.

H is the full Hamiltonian operator, H; is the incident neutron kinetic energy operator and V is
the neutron-nucleus interaction potential. E; and E; are the eigenvalue energies for the
incident neutron and for the scattered neutron. ¥; and ¥ are the eigenfunctions for the
incident (non-interacting) neutron and for the interacting neutron-nucleus pair.
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pZ hZ

H=— ="V (2)
2m  2m
p= inV is the momentum operator.
21. 2
E. = LS .
2m

E; is the incident neutron kinetic energy and k; is its incident wavenumber. ‘¥; is the solution
of the homogeneous differential equation:

(H, —E,)¥,(F) = —f—m(vz +k)W,(F) =0. 3)

The solution is an incident plane wave Y, (r) = exp(ilzi .I') using vector notation. The full
differential equation is written as:

2
- ;’—m(v2 +k,)W(F) =—V(HW(). “)

Its solution is an integral equation of the form:

m
2mth?

W(T) = W, (F) +( )j di'G(F - F)VE)F(F) (5)

Here G(r —1') is a Green’s function satisfying the following differential equation:
. /P -
(H—-E{)G(r) = ———(V" +k)G(r) = 5(1) (6)
2m
ks is the scattered neutron wavenumber. Its solution is a spherical outgoing wave of the form:

exp(ik,r)

G(r) = (7

In order to verify this result, the following relations valid in spherical coordinates are used:

N_o(.1)_1
V@‘@r[r rj 2 ®
V{z) _ L[grz(gﬂ@ 5.

r) r*|lor \or)|\r

Therefore:
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W(E) = W, (F) +( m) [ar 2P T2 gy (o)
2nh |T—1'|

Vector 1' is within the sample and T is far from the sample so that r >>r’ and therefore one
. .- r.r'
can approximate |r —r'|=r——.
r

G(F -7 = exp(ik,r) exp[_ ik r.r j _ exp(ik,r) exp(—iEs.f') 0
r r r

Here, the scattered neutron wavevector f(s has been defined as f(s =k /r.

The general solution of the Schrodinger equation is an integral equation that can be solved
iteratively through the expansion:

m
2mth?

P(5) = V. (F) + ( jj dF'G(F - T)VE )Y, (F) +

(222} [dFGE-F)VE[d"GE-F)W,E+..  (11)

Keeping only the first integral term corresponds to the first Born approximation which can be
presented in the form:

W(F) =¥ (F)+ (2:;2 jj dF'G(F - T)V(E) P, () (12)

P (F) = exp(ik, ) + eXp(iksr)( = J [ di'exp(-ik, F)V(F") exp(ik, ')
r 2nh

W (F) = exp(iK, .F) + %ﬂ‘sr)f(e) :

The scattering amplitude f(0) has been defined as:

m
2nh?

£(0) = ( } [dF'exp(-iQ.f)V(F") (13)

Q =1ES—12i is the scattering vector. f(0) is the Fourier transform of the interaction potential
V(r’). f(0) has been assumed to be independent of the azimuthal angle.
The first Born approximation applies to thermal/cold neutrons neutron scattering

corresponding to "s wave" scattering (i.e., corresponding to a zero orbital angular quantum
number). This includes all of neutron scattering except for neutron reflectivity whereby
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higher order terms in the Born expansion have to be included. Neutron reflectometry
involves refraction (not diffraction).

Q characterizes the probed length scale and its magnitude is given for elastic scattering in

terms of the neutron wavelength A and scattering angle 0 as Q = (4n/A) sin(0/2). For small
angles (SANS), it is simply approximated by Q = 21t0/A. Since Q is the Fourier variable (in
reciprocal space) conjugate to scatterer positions (in direct space), investigating low-Q
probes large length scales in direct space and vice versa.

In summary, the solution of the Schrodinger equation is an incident plane wave plus a
scattered spherical wave multiplied by the scattering amplitude.

2. SCATTERING CROSS SECTIONS

The microscopic differential scattering cross section is defined here. It represents the fraction
of neutrons scattered into solid angle dQ2 with a scattering angle ©.

\ 4

Figure 2: Representation of neutrons scattered with angle 6 inside a solid angle d(2.

Consider incident neutrons of wavenumber k; and scattered neutrons of wavenumber k,. The
incident neutron flux also called current density (neutrons/cm?.s) is given by:

i =2i—hm(\lfﬁ\lfi g =T (14)

Here * represents the complex conjugate and ‘¥, = exp(ilzi .) is the incident plane wave.
Performing the simple operation VY = ilEfP , one obtains ji: mEi / m . Similarly for the
scattered neutron flux:

i)

ﬁﬂ(ﬁx*—x*ﬁx)- (15)

J
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Where y =¥ - V¥ = £(0). Here also, performing the differentiations, one obtains:

exp(ik,r)
r
~ 2
-k [f(0)
Jy=———

S

. Note that the current densities ji and js have units of velocity (speed). In
m r

order to obtain the standard units for a current density (neutrons/cm?.s), one has to divide by
the volume formed by a unit area and the distance travelled by the neutrons per second.

The differential neutron scattering cross section is defined as:

240k
dGS(O)zJSrJd :k—§|f(e)|2 dQ (16)

i

This is the ratio of the neutron flux scattered in dQ2 over the incident neutron flux. Within the
first Born approximation (also called the Fermi Golden Rule):

do,(0) _k, >
o K | £(0) | (17)

do,(0) Kk, 2
dQ  k, '

(2;;2 jj dr'exp(—iQF )V (F')

This cross section contains information about what inhomogeneities are scattering and how
they are distributed in the sample. The microscopic scattering cross section is its integral

over solid angles: o, = _[ ((:1?25

-24
JdQ . Cross sections are given in barn units (1 barn = 10

2
cm ).

Given the (atomic) number density N/V (number of scattering nuclei/cm ) in a material, a

-1
macroscopic cross section is also defined as: X5 = (N/V) o (units of cm ). SANS data are
often presented on an "absolute" macroscopic cross section scale independent of instrumental
conditions and of sample volume. It is given by dZy/dQ = (N/V) do/dQ.

3. THE BRA-KET NOTATION

The <bralket> approach is useful for simplifying notation. Consider the following
definitions:

<7k, >=exp(ik,.F) (18)
<1 |¥>=Y(r)

<r|V=V()

<T|G|T)=G(E-T1")

<TF|T)=8(F-T).
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Define the following closure relations:
[I7>dit< =1
j|12>dk<f<|=1. (19)

The integrations are over all direct T or reciprocal k space. The scattering amplitude is
expressed as:

m
2mth?

£(0) = ( j [ dF*exp(-iQF)V(F') (20)

- (2:;2 )j di'exp(—ik .t") exp(ik, I )V(F").

Using the <bra|ket> notation, f(0) can be also manipulated to the form:

f(e)=(2;2j<125|V|121>. Q1)

The scattering cross section is therefore given in terms of the transition probability
<k, |V]k; > as:

2

<ES|( mzjV|Ei> .
2nth

do,(0) k,
dQ k.

1

(22)

This result ignores the effect of spin interactions and therefore does not apply to scattering
from magnetic systems.

4. SIMPLE MODEL FOR NEUTRON SCATTERING LENGTHS

A simple argument is used here in order to appreciate the origin of the scattering length
(Squires, 1978). Consider a neutron of thermal/cold incident energy E; being elastically

scattered from a nucleus displaying an attractive square well potential -V (note that V, >>
E;). Recall the Schrodinger equation for this simplest potential.

2m

2
[ ! vzw(r)}w(r)ﬂsw(r). (23)

The Schrodinger equation can be solved in 2 regions (inside and outside of the well region).
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Figure 2: Neutron scattering from the quantum well of a nucleus.
Outside of the well region (i.e., for r > R) where V(r) = 0, the solution has the form:

_sin(kyr) b exp(ik,r)
~ kir r

1

v (r) (s-wave scattering). (24)

Here b is the scattering length and for elastic scattering ks= k; = {/2mE, /%. Note that in this

case, the scattering amplitude is simply f(0) = -b. Note also that the incident plane wave has

1 in(k.
been averaged over orientation: % [dpexp(ik;rp) = % .
-1 I

1

Inside of the well (r <R) where V(r) = -V the solution is of the form:
v )= A i g = J2m(E, + V) /R 25)
qr

Note that this wavefunction ™ (r) represents a randomly oriented plane wave
sin(qr) 11! . . o .
2 [dpexp(iqrp) |. The boundary conditions (continuity of the wavefunction and

qr -1
its derivative) are applied at the surface (r = R):
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v =R)=y*"(r=R) (26)

i In _ _i Out —
dr[\ll ](r—R)—dr[\ll Ic=R).

ut

Here k;r =k ,r=,/2mE;r / h << 1 (nuclear interactions are short ranged) and therefore \|IO ~
1 - b/r. Finally:

A sin(qR) - b
gqR R
cos(qR) A sin(qR) b
R 2 T 2
q gqR R

(27)

Aq

In another form:

1
- cos(qR)
_ tan(qR)
R

(28)

=1

| >

The solution of this transcendental equation:

b _ - tan(qR)
R qgR

(29)

gives a first order estimate of the scattering length b as a function of the radius of the
spherical nucleus R and the depth of the potential well V.

51



10 1
—Db/Rvs gR
5 L _
4
=3
3
E
=S H v B |
0 Al b
i
I
o
o]
5 |
-10 \ \ | \ | \
0 1 2 3 4 5

gqR

Figure 3: Solution of the Schrodinger equation subject to the boundary conditions.

Due to the steep variation of the solution to the above transcendental equation, adding only
one nucleon (for example, going from H to D) gives a very large (seemingly random)
variation in b. The scattering length can be negative like for H-1, Li-7, Ti-48, Ni-62, etc. The
H and D nuclei have been added to the figure knowing their scattering lengths (by=-0.374
fm and bp = 6.671 fm) and assuming Ry= 1 fm and Rp= 2 fm. The Fermi (1 fm = 10" cm)
is a convenient unit for scattering lengths. The neutron-nucleus interaction potential can be
estimated for the case of H as Vo= 30 MeV. These are huge energies compared to the
thermal neutron kinetic energy of 25 meV.

The scattering length itself can be complex if absorption is non negligible: b = br —iby.

Neutron absorption is small for most organic materials. It has been neglected completely in
the simple model discussed above.

Since no nucleus is completely free, bound scattering lengths should be used instead: byoynd =
bfee (A + 1)/A, where A is the atomic number. Free and bound scattering lengths are
substantially different only for low mass elements such as hydrogen.

5. MEASUREMENTS OF NEUTRON SCATTERING LENGTHS
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Note that the index of refraction n is related to the material atomic density p (atoms/cm’), the
neutron scattering length b, and the neutron wavelength A as:

n:l—@ﬁ. (30)
21

The scattering length b can be measured by measuring the index of refraction n using optical
methods. Note that most materials have an index of refraction less than one for neutrons and
greater than one for light.

Neutron interferometry methods are another way of measuring scattering lengths.

REFERENCES

G.L. Squires, “Introduction to the Theory of Thermal Neutron Scattering” Dover
Publications (1978).

QUESTIONS

1. What is the neutron scattering length of an element?

2. What is the scattering cross section of an element? How does it relate to the scattering
length?

3. What is the differential scattering cross section?

4. What is the strength of typical neutron-nucleus interaction potentials? What is a typical
neutron kinetic energy?

5. Write down the Schrodinger equation.

6. What is the first Born approximation? What type of neutron scattering is not well modeled
by the first Born approximation?

7. What is a simple description of the solution of the Schrodinger equation in terms of
waves?

ANSWERS

1. The neutron scattering length of an element represents the apparent “size” of this element
during scattering.

2. The scattering cross section of an element is the apparent area that it offers during
scattering. The scattering cross section o is related to the scattering length b as ¢ = 4nb?.

3. The differential scattering cross section is the cross section per unit solid angle do/dQ.

4. Typical neutron-nucleus interaction potentials are of order MeV. Typical neutron kinetic

energies are of order meV (thermal neutron energy is 25 meV).
2

5. The Schrodinger equation is [ 5 V2 + V()] w(r) = E y(r) where the first term is the

m
kinetic energy, the second term is the potential energy, V(r) is the neutron-nucleus
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interaction potential, E is the so-called system energy and y(r) is the so-called eigenfunction.
This equation can also be written as Hy = Ey where H is the system Hamiltonian.

6. The first Born approximation corresponds to keeping only the first term in the expansion
solution of the Schrodinger equation. The first Born approximation does not model
reflectivity well.

7. The solution of the Schrodinger equation corresponds to an incident plane wave and a
scattered spherical wave.
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Chapter 8 - ELASTIC AND QUASIELASTIC/
INELASTIC NEUTRON SCATTERING

Structures are investigated using elastic scattering instruments whereas dynamics are probed
using quasielastic/inelastic scattering instruments.

1. DEFINITIONS

Defining the momentum and energy for the incident neutron as (Ei , Ei) and for the scattered

neutron as (f(s , Es), the momentum transfer (scattering vector) is Q = f(s — Ei and the energy

transfer is E = E¢-E; during the scattering event. Elastic scattering occurs when there is no
energy transfer E = 0 (zero peak position and peak width). Inelastic scattering occurs when
there is a transfer of both momentum and energy. Qasielastic scattering is a form of inelastic
scattering where the energy transfer peak is located around E = 0 (zero peak position but with
a finite peak width). In practice, the peak width is always limited by the instrumental energy
resolution.

scattered neutrons

momentum f(s , energy Es

»

incident neutrons
momentum k., energy E;

ko, g Q= ES - Ei momentum transfer

»E = E.-E: energy transfer

Figure 1: Schematic representation of the momentum and energy initial state (E ., Ei) and
final state (f(s , Es).

2. SCATTERING SIZES AND ENERGY RANGES

The various elastic and quasielastic/inelastic neutron scattering instruments have specific
window ranges in the (Q,E) space.
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Figure 2: Schematic representation of the various elastic and quasielastic/inelastic neutron
scattering instrument windows in (Q,E) space.

3. DIFFRACTION AND REFRACTION

Most neutron scattering methods operate in the “diffraction” mode. They involve single
scattering and avoid multiple scattering events. Neutron reflectometry on the other hand
operates in the “refraction” mode. It involves a large number of incremental scattering events
that tend to steer the incident neutron beam until it is completely reflected. Describing
reflection therefore involves a completely different theoretical basis than all other (single)
scattering methods. The focus here will be on these methods that do not involve reflection.
Within the first order perturbation theory, the so-called “master formula of neutron
scattering” is derived next.

4. THE MASTER FORMULA OF NEUTRON SCATTERING
The single-scattering theory is based on the first Born approximation (the so-called Fermi

Golden rule) describing s-wave scattering (Schiff, 1955; Bee, 1990). This corresponds to
most forms of neutron scattering except for neutron reflectometry which requires higher
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order terms in the Born expansion. Defining an initial state for the neutron-nucleus system as
li>= |Ei n> where IZi is the incident neutron momentum and n; is the initial nuclear state and
a scattered state as [s> = |ES ng>, the double differential neutron scattering cross section can
expressed as:

d’c  k m )
=3k A% > O(E—-6&, +6; 1
1640 ki| S|(2nh2] (Q)[1>" &( s &) (D

2
m k bag bag 2
(271712) PRI | V()| |73( )

im0y
Here m is the neutron mass, and Py, is the probability of finding a scattering nucleus in initial
state [n;>. &, and &, are the energy states of the nucleus before and after scattering and V is
the interaction potential. Note that due to the conservation of energy &;— &= E; — Es~ E
where E; and E; are the incident and scattering neutron energies and E is the transferred

energy. Averaging over initial states and summing up over final states has also been
performed.

Since neutron-nucleus interactions are short ranged, the following Fermi pseudo-potential is

used.
2
V(r):(z"h ]ibﬁ(f—fj). )
m jj
2 —
V(Q) = (m ]ib  exp(—iQF,)
m Jj

Here b; is the scattering length for nucleus j and N is the number of scattering nuclei in the
sample. The following closure relation is introduced:

[IF>di<Fl=1. 3)
The <bralket> notation is used as follows:

<7 |k, >=exp(ik, F) 4)

<k, | T >=exp(-ik,.F)

The transition matrix element is calculated as:

<Kk, |(2:;12)V(Q)|f<i >=¥b; <k |[F>[8(F-F)dF<F|k;> (5)
]
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=¥ b, exp(-iQJ)
]

Here Q = f(s - f(i and a property of the Dirac Delta function have been used. Moreover a
special representation of the Delta function is used to express the following term as:

+00 1 _ .
8(E—85+81):%jdtexp[ I(E is+gl)t]. (6)

—00

Finally the Heisenberg operator helps represent time dependence as follows:

jr (0)ex (‘;“j )

Here H is the scattering system Hamiltonian.

5(t) = exp(

H|n; >=&; |n; >, H|ng >=&; [ng >. (8)

Putting all terms together, the cross section is expressed as follows:

d’c k iEt o L
== P | dte <n b.b, expliQ.1: (0) Jexp|—i1Q.1 (t) )| n. >
dEdQ K, Z _{O Xp( hj |§ by expliQE(0)Jexpl- Q5 (1) m,

kS
k S(Q.E). ©)

This is the most general neutron scattering cross section within the first order perturbation
theory. The dynamic structure factor S(Q,E) has been defined in terms of the scattering
density n(Q,t) as follows:

N pug —
n(@Q.0 =1, exp(- Q1)) (10)
J:
2m e iEt
S(Q,E) = ! [ dt XP[ J<n( Q.0n(Q,t) >. (11)
The averaging notation ani <ng|..|n; > has also been simplified to <...>. The

summations are over scattering nuclei. Note that at this level the scattering lengths are still
included in n(Q,t) and in S(Q,E).
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Note that the differential cross section used in elastic scattering is related to the

ds(Q)
dQ

double differential cross section used in quasielastic/inelastic scattering through

d’0(Q,E)
dEdQ

an integral over energy transfers.

do(Q) _ d’o(Q,E)
o = [dE=—=—2 (12)

dEdQ

There are many definitions for S(Q,E) in the literature.

5. THE VARIOUS STRUCTURE FACTORS

Many textbooks discuss the various structure factors (Bacon, 1962; Marshall-Lovesey,
1971). The Fourier transform of S(Q,E) is in the time domain.

iEt

S(Q,0) = [dE exp(7]S(Q, E) (13)

S(Q.t) is the time-dependent density-density correlation function also called time-dependent
structure factor.

S(Q,E) is measured by most quasielastic/inelastic neutron scattering spectrometers such as
the triple axis, the backscattering and the time-of-flight instruments. S(Q,t) is measured by

the neutron spin echo instrument.

The initial value S(Q,t = 0) is the so-called static scattering factor S(Q). S(Q) is what
diffractometers and SANS instruments measure. Note that S(Q) is also expressed as:

S(Q) =5(Q,t=0) = [S(Q,E)dE. (14)

Elastic scattering does not really mean with energy transfers E = 0 (zero peak and zero
width); it rather means integrated over all energy transfers (summing up over all energy
modes).

S(Q) is the density-density correlation function.

S(Q) =< n(-Q)n(Q) > (15)

Another form of the density-density correlation function S(Q) is related to the pair
correlation function g(r) through the space Fourier transform:

S(Q) = 1+ N[ dF exp(-iQ.F)[g(¥) —1]. (16)
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Here N = N/V is the particle number density. Note also that the scattering lengths have still

not been separated out. These will be averaged for each scattering unit to form the contrast
factor which will be multiplying S(Q).

REFERENCES
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G.E. Bacon, “Neutron Diffraction”, Oxford, Clarendon Press (1962).

W. Marshall and S.W. Lovesey, "Theory of Thermal Neutron Scattering", Clarendon Press,
Oxford (1971).

QUESTIONS

. What is the difference between quasielastic and inelastic scattering?

. Define the terms in the following expression: Q = \/ ki2 + ks2 -2k k, cos(0) .

. What is “s-wave scattering”? What does it correspond to?

. Can reflectometry data be described by the first Born approximation?

. What is the Fermi pseudo-potential?

. What is the differential cross section? How about the double differential cross section?
. Write down the double differential cross section (the Master formula) for neutron
scattering.

~N N kW N =

ANSWERS

1. Quasielastic scattering is characterized by energy transfer peaks centered at zero energy
(with finite widths). Inelastic scattering is characterized by energy transfer peaks centered at
finite energy (pev to meV).

2. ki and ks are the incident and scattered neutron momentums and 0 is the scattering angle.
3. s-wave scattering corresponds to a zero angular orbital momentum (1 = 0). It corresponds
to single (not multiple) scattering.

4. Reflectometry involves refraction (not single diffraction). It cannot be described by first
Born approximation. Higher order terms of the perturbation theory would have to be
accounted for.

5. The Fermi pseudo-potential describes the short range neutron-nucleus interactions. It is
formed of a series of Dirac Delta functions.

6. The differential cross section is do/dQ. The double differential cross section is d*c/dQdE.
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2
k
d’o = —=S(Q.,E). Here k, and k; are
dEdQ k.

1

the scattering and incident neutron momentums and S(Q,E) is the dynamic structure factor.

7. The double differential cross section is written as:
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Chapter 9 - COHERENT AND INCOHERENT NEUTRON SCATTERING

Neutron scattering is characterized by coherent and incoherent contributions to scattering.
Coherent scattering depends on Q and is therefore the part that contains information about
scattering structures, whereas SANS incoherent scattering is featureless (Q independent) and
contains information about the material scattering density only. Here only elastic scattering is
considered.

1. COHERENT AND INCOHERENT CROSS SECTIONS

The coherent and incoherent parts of the elastic scattering cross section are separated.
Consider a set of N nuclei with scattering lengths bj in the sample. The scattering cross

section is given by:

do(6) _
Qo

m

21th?

|f(6)|2:( j < [dfexp(=QHVIO P . (1)

Here f(0) is the scattering amplitude, Q= 125 -k . 1s the scattering vector and V(1) is the
Fermi pseudopotential describing neutron-nucleus interactions:

2
V() {fo ]ib@(f—fi). @)

Here T, is the position and b, the scattering length of nucleus i. Therefore, the differential

scattering cross section is the sum of the various scattering phases from all of the nuclei in
the sample properly weighed by their scattering lengths:

do(0) < w
do —ZZ

b,b, < expliQ.( - 7))> 3)

where <...> represents an “ensemble” average (i.e., average over scatterers’ positions and
orientations).

Consider an average over a set consisting of a number m of nuclei:

i (4)

1
m 5

()=

This average could be over different atoms, over different isotopes or different atoms in a
small molecule.
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Define average and fluctuating parts for the scattering lengths b={b}+ 6b. and positions

L=R_+ §ai as well as the following:

ﬁ : position of the center-of-mass of molecule a
§ : relative position of scatterer i inside molecule o

m: number of nuclei per molecule
M: number of molecules in the sample (Note that N = mM).

Figure 1: Parametrization for two scattering molecules.

The various terms of the scattering cross section can be separated as

do(6) _ i [tb} +8b, b} + b, ] < expliQ.(F - 7 )> %)

dQ oy
do(0 W - N =
d( ) _ by Z< expliQ, )+ > 5b,8b, < expliQf, )> +2{b}) 8, < expliQ ) >
1,] L)
where T, =1, — 1. If T, is approximated by liuﬁ which is equivalent to S . <<R_ (all nuclei

of one molecule are located very close to each other) the term

>8b, <expliQ )>= (i Sbij <expliQR 4 )=0 (©6)
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N
can be neglected. This is due to the definition of the center-of-mass {5b,} =>8b; =0.

N —
The term ZSbiSb i < exp(iQ.fij ) > contributes only when i=j. When i# j,

ij

3 b,b, < explid, )>= (i Sbij[i 5b j] < expliQR ,, )>=0

i’j
Therefore the scattering cross section can be written simply as the sum of two contributions:

do(6) _ (b2 i< exp(i#-fij)> +i 3b.” (7)

dQ
:[dc(e)} +{do(0)}
aQ |, aQ | -

The last term is the incoherent cross section for the whole sample:

do(0) 2 2 2
——| ={0b"}={b"}—{b}". 8
[ 10 } {ob"} = {b”} —{b} ®)
Note that these are cross sections per atom. Cross sections can also be defined per molecule

do(0)

instead as m where m is the number of atoms per molecule.

Incoherent scattering has two contributions: one from spin incoherence (different atoms) and
the other from isotopic incoherence (different isotopes). Disorder scattering (different atoms
in a small molecule) could be considered as coherent (not incoherent) scattering even though
it is Q-independent in the SANS range due to the smallness of the molecules. Note that in x-
ray scattering, there is no equivalent for spin-incoherence and that contributions from
disorder scattering are coherent. Spin-incoherence, isotopic incoherence and disorder
scattering will be described in the next sections.

2. SPIN INCOHERENCE
Nuclei with nonzero spin contribute to spin incoherence since neutron and nuclear spins
could be either parallel or antiparallel during the scattering process. The neutron is a Fermion

with spin 1/2 which couples to the nuclear spin I to give:

-- 21 + 2 states (for which the scattering length is noted b.) corresponding to parallel neutron
and nuclear spins, or
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-- 21 states (for which the scattering length is noted b.) corresponding to antiparallel neutron
and nuclear spins.

There are 2(21 + 1) total states with the following weighing factors:

e ) I G0 B 21 I

= = = = . 9
To2QI+1) 21+1 T2021+1)  2I+1 ®

Note that W+ W_=1. In the case of the hydrogen nucleus (I = 1/2), W, corresponds to a
triplet state and W_ corresponds to a singlet state.

number of
spin operators eigenvalues degenerate
states
i. 1 I+12 2(1+1/2)+1=21+2
2
A-12 2(I-1/2)+1=21

Figure 2: Representation of the neutron spin 1/2 with its up and down values and the nuclear

spin 1.

The averages over spin states are calculated for coherent and spin-incoherent scatterings
using:

_(I+Db, +1Ib_

{b} = W+b+ +W_b_ —T (10)
b = Wb+ Wb _(+Db,” +1b.°
o T 21+1 '

Either the two scattering lengths b, and b. or the other two scattering lengths b, and b; could
be tabulated for each (isotope) element. Most often, it is the b, and b; scattering lengths that
are tabulated. Tables are based on measurements made using thermal neutrons.

b, ={bl=W,b, +W. b_ (11)

b, =/(b>} —{b}> =W, W_(b, ~b_).

For the scattering from hydrogen (pure H-1) nuclei:

b, =-3.7406 fm, b; = 25.274 fm, o, = 1.7583 barn, ; = 80.27 barn.
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The corresponding microscopic cross sections are obtained as . = 41 bc2 and c; =4n biz .

The b, and b. scattering lengths can be calculated from b, and b; as follows:

b, =b, + Ebi =b, erfibi (12)
W, I[+1

b_=b, - /W*bi :bC—N/I—Hbi.
W._ I

For hydrogen (I=1/2), b= 10.851 fm and b.=-47.517 fm. A spin-dependent scattering
length is expressed in terms of the neutron and nuclear spin operators § and 1 as:

25.1

b, + ——=—D0;.
JIA+1)

In order to separate out the coherent and incoherent components, three options present
themselves. (1) Use of polarized neutrons along with polarization analysis. Polarization
analysis is not easy to achieve due to the large divergence angles in the SANS scattered
beam. (2) Aligning the nuclear spins along with using polarized neutrons. Aligning nuclear
spins is extremely difficult and has not matured to be a viable alternative. Note that the field
of magnetism involves aligning electron (not nuclear) spins. (3) Using deuterium labeling.
Deuterium labeling is used routinely to minimize the incoherent signal from hydrogen atoms
(deuterium has a low incoherent component).

(13)

3. COHERENT SCATTERING CROSS SECTION

The coherent scattering cross section is given by the integral of the differential cross section
over solid angle:

Consider the case of a generic molecule A;,,B, made out of m atoms of element A and n
atoms of element B. Define the number fractions fo = m/(m+n) and fg = n/(m+n) obeying
fa+fg=1. The coherent scattering cross section per atom for molecule A,,B, is given by:

6. (A B,)=4n{b}’ =4n(f,b, +f,b,)>. (14)

Consider the case of water (H,O) with by = -3.739 fm, bp = 5.803 fm, fy =2/3 and fo = 1/3
yielding o.(H,0) = 4n(-2*3.739/3 + 5.803/3)* fm” = 0.039 barn. Note that by = -3.739 fi for
hydrogen with natural abundance of H-1, H-2 (D), and H-3 (T), whereas by = -3.7406 fm for
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pure H-1. Recall that 1 barn = 102* cm? and 1 fm = 10" cm. This is the cross section per
atom. The cross section per H,O molecule is 3*0.039 = 0.117 barn.

Similarly for heavy water (D,0O) with bp = 6.671 fm, one obtains c.(D,O) = 5.12 barn. The
cross section per D,O molecule is 3*5.12 = 15.35 barn.

4. INCOHERENT SCATTERING AND DISORDER SCATTERING CROSS
SECTIONS

Every element in the periodic table has a spin incoherence scattering cross section except if
the nuclear spin is zero. Mixing isotopes contributes isotopic incoherence as well. Isotopic
incoherence and disorder scattering are lumped into “composition incoherence” since the
same formalism is used to estimate them.

Consider the A;,,B, molecule again.

The spin incoherence cross section per atom for the A;,B;, mixture is given by:

[csi(AmBn)]spm =f,5,(A)+f,0.(B). (15)

The isotopic incoherence and “disorder” scattering cross sections per atom involves the
following difference:

[6.(A,B) ], =4({b7} = {b}7). (16)
The two averages are {b} = faba + fgbg and {bz} = fAbA2 + fBbBZ. Therefore:

[ci(AmBn)]mmp =4n[f, b, +f,b,  —(f,b, +f,b,)*1  (17)
= 4nf, f (b, —by)>.

Putting both contributions together, the incoherent cross section per atom is obtained as:
6,(A,B,) =f,0,(A) +fyc,(B)+4nf, £ (b, —by)”. (18)

Note that the incoherent cross section per molecule is obtained by multiplying by the number
of atoms per molecule (m+n).

Consider the case of water (H,0):
c,(H,0) = f,0,(H) +f,5,(0) + 4nf, f, (b, —b,)”. (19)
Using ci(H) = 80.27 barn, 6i(O) = 0 barn, by = -3.739 fm, bo = 5.803 fm, f; =2/3 and fo =

1/3, the following result is obtained cij(H,O) = 53.5 + 2.54 = 56.04 barn. This is the cross
section per atom. The cross section per H,O molecule is 3*56.04 = 168.12 barn.
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Similarly for heavy water (D,0). Using ci(D) = 2.05 barn and bp = 6.671 fm, the following
result is obtained ci(D,0) = 1.37 + 0.021 = 1.39 barn. This is the cross section per atom. The
cross section per D,O molecule is 3*1.39 = 4.17 barn.

Note that in both cases the spin incoherence cross section (first term in units of barn)
dominates over the composition incoherence cross section (second term in units of fm?).
5. TOTAL SCATTERING CROSS SECTION

The total scattering cross section is the sum of the coherent and incoherent contributions.

GS (AmBn) :Gc (AmBn) +01(AmBn) (20)
=4n{b*} +f,0,(A) +f,0,(B)
=4n[f, b, +f,b, 1+f,0,(A)+f,0,(B).

The first term {b®} contains both coherent and composition incoherence contributions and
the other two terms contain the spin incoherence contribution.

For the cases of H,O and D0, one obtains c5(H,O) = 56.08 barn and 64(D,0) = 6.51 barn
respectively. These are the cross sections per atom. The cross sections per molecule are
3*56.08 = 168.24 barn and 3*6.51 = 19.53 barn.

6. SCATTERING LENGTH DENSITY

What is needed to calculate neutron contrast factors is the scattering length density (not the
scattering length). The scattering length density is defined as the ratio of the scattering length
per molecule and the molecular volume. Assuming an A,,B, molecule, the scattering length
density is given by:

b f,b, +fyby Jm+n) mb, +nb
pAmBn :(_j = ( A B B)( ): A B . (21)
AmBn v v

Here mby + nbg is the scattering length per molecule and v is the volume of molecule A;,B,
comprising m atoms A and n atoms B.

The molecular volume v is given in terms of the density d and molar mass m for molecule
AnB; and Avogradro’s number Nyy (N, = 6* 10% /mol) as:

m
= 22
V=N (22)
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For H,O the density is d = 1 g/cm’, the molar mass is m = 18 g/mol so that the molecular
volume is v =3*10" cm’ and (b/v)i,0 = -5.58*10” cm™ = -5.58*107 A For D;0, d = 1.11
g/em’, m = 20 g/mol so that v = 3*10” cm’ and (b/vV)p,0 = 6.38*10""cm™ = 6.38%10° A,

7. CONTRAST FACTORS

The scattering intensity is proportional to the contrast factor. Consider the simple case of
scattering inhomogeneities consisting of A molecules in a background of B molecules (think
polymers, proteins or micelles in solution). The scattering length densities are (ba/va) and
(bg/v). The contrast factor often referred to as Ap” is defined as:

Vo Vg

2
b, b
Ap* =(py —ps) =[—A——BJ :

Scattering length densities can be changed through the deuteration process. Adjusting the
relative amount of deuterated to non-deuterated solvent is called a contrast variation series
and yields the zero contrast condition whereby the scattering length density of the mixed
solvent matches that of the scattering inhomogeneities.

8. MACROSCOPIC SCATTERING CROSS SECTIONS

Keeping the same notation for molecule A,B,, the macroscopic scattering cross section X is
the product of the microscopic cross section per molecule 6(m+n) times the number of
molecules per unit volume N/V. N is the total number of molecules and V is the total sample
volume. For a sample comprising pure A,,B, substance, V/N = v is the molecular volume.
This applies to coherent ., incoherent o; or total scattering o5 cross sections.

Xz, = (%Jcc(m +n) (23)
2z = (%jci (m+n)

X = (%jcs(m +n).

The number density of molecules is given in terms of the density d and molar mass m for
molecule A;;,B, and Avogradro’s number N, as:

N) N.d
(Vj_ — (24)

For H,O, the macroscopic scattering cross sections per molecule are
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0.117*107*

Z(H:0) = = = 3.9%107 cm”
_168.12*107* N

ZI(HQO) = W =56cm
_168.24*107* y

ZS(HQO) = W =56cm .

For D,0, th