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APPLICATION OF THE FINITE ELEMENT METHOD TO VERTICALLY 
STRATIFIED HYDRODYNAMIC FLOW AND WATER QUALT T Y ~  

R. C. ~ a c ~ r t h u r '  and W. R. Norton 3 

INTRODUCTION 

Continuing i n t e r e s t  i n  t h e  i n t e r n a l  processes  of r e s e r v o i r s ,  l a k e s  and 
e s t u a r i e s  has  i n t e n s i f i e d  t h e  development of mathematical models f o r  
s imula t ion  of v e r t i c a l l y  s t r a t i f i e d  flow. Motivated p r imar i ly  by t h e  
long term d e s i r e  t o  p r e d i c t  t h e  water q u a l i t y  response t o  system 
modif ica t ions ,  c u r r e n t  modeling e f f o r t s  have focused on t h e  need t o  
desc r ibe  flow coupled wi th  temperature and/or  s a l i n i t y  f i e l d s  i n  o rde r  
t:o f o r e c a s t  t h e  in f luence  of dens i ty  induced flows. Computational 
a lgori thms have shown s u f f i c i e n t  promise t h a t  e f f o r t s  a r e  under way 
t o  c o l l e c t  p ro to type  d a t a  which can be used f o r  c a l i b r a t i o n  and 
v e r i f i c a t i o n  of bo th  flow and water q u a l i t y  models. 

Among t h e  s e v e r a l  models which have been formulated t o  s imu la t e  d e n s i t y  
induced flows and water q u a l i t y  i s  one c a l l e d  RMA-7. This  model, which 
was o r i g i n a l l y  developed fo r  t h e  Of f i ce  of Water Resources Research, 
(King, 1973) has  e x i s t e d  f o r  s e v e r a l  y e a r s  b u t  has  rece ived  r e l a t i v e l y  
l i t t l e  use  i n  pro to type  a p p l i c a t i o n s .  I t  i s  t h e  i n t e n t  of t h e  work 
repor ted  h e r e i n  t o  demonstrate t h e  ope ra t ion  of t h e  cu r r en t  v e r s i o n  of 
RMA-7 and t o  o f f e r  app ropr i a t e  in format ion  and comments on t h e  use  and 
implementation of t h e  model. 

S p e c i f i c a l l y ,  t h e  paragraphs which fo l low con ta in  a b r i e f  d e s c r i p t i o n  of 
t h e  mathematical b a s i s  of RMA-7 a s  wel l  a s  a n  example of i t s  implementation 
on a pro to type  system which approximates t h e  phys ica l  dimensions of t h e  
so-ca l led  GRH flume a t  t h e  Corps' Waterways Experiment S t a t i o n  i n  Vicksburg. 
Also included a r e  some r e s u l t s  ob ta ined  by t h e  model from t h e  s imula t ion  of 
temperature and d isso lved  oxygen f o r  Lake Taneycomo i n  Missouri .  Severa l  
s t a t i s t i c a l  comparisons a r e  included between s imulated and measured va lues  
f o r  Lake Taneycomo which a r e  designed t o  q u a n t i f y ,  t o  some e x t e n t ,  t h e  
accuracy of t h e  model. 

1 
Presented a t  t h e  3rd I n t e r n a t i o n a l  Conference on F i n i t e  Elements i n  Water 
Resources, May 1.9-23, 1980, t h e  Univers i ty  of M i s s i s s i p p i ,  Oxford, MS. 

' ~ ~ d r a u l i c  Engineer,  t h e  Hydrologic Engineering Center ,  Davis,  Ca l i fo rn i a .  

' ~ r i n c i ~ a l ,  Resource Management Assoc ia tes ,  Laf aye t f  e, Cal i , forn ia .  



GOVERNING EQUATIONS - DIFFERENTIAL FORMS 

RMA-7 is a two dimensional mathematical model which describes the behavior 
of velocity, pressure, temperature and dissolved oxygen in the vertical 
plane with homogeneity assumed in the third (lateralj direction; the model 
will accommodate width gradients in both the X and Y directions. This 
model is formulated on the classical concepts of conservation of mass, 
momentum, and energy although it is somewhat unusual as it retains the 
complete vertical momentum equation and does not make the assumption that 
pressure must be hydrostatic. 

Hydrodynamic Model 

The equations used in RMA-7 have the followi.ng differenti.al 
f o m s  : 

Velocity equations. 

Continuity equation. 

Temperature equation. 

aT a T a 2 ~  D - a 2 ~  - aT + Cpu - + Cpv -- - Dx - 
CP at ax ay Y ay2 $2 = 0 (4  

where u = X direction velocity 
v = Y direction velocity 
p = pressure 
T = temperature, degrees C 
t = time 
p = fluid density 

= f (T) 
g = gravitational acceleration 
C = specific heat 

+2 = thermal heat source or sink 
w = width 

EXX'EXY = eddy viscosity coefficients 
&YX, €YY 
D,,Dy = eddy dispersion coefficients 



Water Qual i ty  Model 
,--, - 

The equat ions used i n  RMA-7 t o  desc r ibe  t h e  behavior of d i sso lved  oxygen 
have t h e  d i f f e r e n t i a l  forms: 

Dissolved oxygen equation. 

Carbonaceous biochemical oxygen demand (BOD) equation. 

Phytoplankton equation. 

where cl = dissolved oxygen concentration 
c2 = carbonaceous BOD concentration 
c3 = phytoplankton concentration (dry weight) 
K2 = BOD decay rate 
a = the mass of oxygen produced per unit mass of phyto- 

plankton growth 
IJ = the local rate of phytoplankton growth 

P I 1 - r  
vm'max (I + KI 

where = the maximum specific phytoplankton growth rate at 
the local temperature 

I = the intensity of light at the local depth 
KI = the light half saturation constant 
r = the phytoplankton respiration rate at the local 

temperature 
and all other terms as previously defined. 

Equations 1 through 7 r ep re sen t  t h e  mathematical b a s i s  f o r  t h e  model RMA-7. 
It is recognized t h a t  t h e s e  equat ions provide  a n  approximate r e p r e s e n t a t i o n  
of t h e  governing processes  i n  t h a t  c e r t a i n  second o rde r  terms wi th  r e s p e c t  
t o  width have been dropped and t h a t  t h e  v i s c o s i t y / d i s p e r s i o n  terms a r e  
l a r g e l y  empir ica l .  Notwithstanding t h e s e  shortcomings, however, t h e  above 
r e l a t i o n s h i p s  have shown promise i n  s imu la t ion  of observed phenomena, and 
provide a  gene ra l  framework f o r  t e s t i n g  and improving t h e  procedures 
necessary f o r  s imu la t ion  of v e r t i c a l l y  s t r a t i f i e d  flow. 

A s  can b e  seen ,  t h e  f i r s t  fou r  equat ions  and t h e  second t h r e e  equat ions  
each form a closed s e t  which must be  solved s imultaneously.  The coupling 
between t h e  two sets i s  mani fes t  i n  t h e  convect ive v e l o c i t i e s  u  and v ,  
and i n  t h e  water  temperature,  T ,  Fo r tuna te ly ,  t h e  coupling between t h e  



two s e t s  is  of t h e  "feed forward" type i n  t h a t  equat ions  1 through 4 may 
be solved independently of equat ions  5 ,  6 and 7 ,  wi th  t h e  r e s u l t s  of t h e  
hydrodynamic s o l u t i o n  a c t i n g  l i k e  c o e f f i c i e n t s  i n  t h e  s o l u t i o n  of t h e  
water q u a l i t y  model. 

I n  a d d i t i o n  t o  t h e  volumetr ic  terms shown above, t h e  model con ta ins  a  
number of a d d i t i o n a l  f e a t u r e s  t o  account f o r  s u r f a c e  e f f e c t s  and source /  
s i n k  terms. Most important of t h e s e  a r e :  1 )  bottom f r i c t i o n  a t  t h e  
soi l -water  i n t e r f a c e  ca l cu la t ed  a s  a  func t ion  of bottom v e l o c i t y  and a  
Chezy c o e f f i c i e n t ;  2) s u r f a c e  h e a t  exchange a s  a  func t ion  of t h e  water  
temperature,  t h e  equi l ibr ium temperature and an exchange c o e f f i c i e n t ;  
3) i n t e r n a l  absorp t ion  of s h o r t  wave s o l a r  r a d i a t i o n  a s  a  func t ion  of 
depth;  and 4) s u r f a c e  oxygen exchange a s  a  func t ion  of t h e  l o c a l  oxygen 
d e f i c i t  and an  exchange c o e f f i c i e n t  which i s  a func t ion  of wind speed. 

SOLUTION TECHNIQUE 

The governing equat ions  a r e  solved by t h e  f i n i t e  element method us ing  
Galerk in ' s  c r i t e r i a  f o r  t h e  method of weighted r e s i d u a l s .  The formula t ion  
employs a  mixed set of b a s i s  func t ions ,  w i th  quadra t i c  func t ions  used f o r  
a l l  state v a r i a b l e s  except  p r e s s u r e  where a  l i n e a r  func t ion  i s  used. The 
l i n e a r  p re s su re  func t ion  impl ies  a  cons t an t  element d e n s i t y ,  which i s  
c a l c u l a t e d  a s  a  func t ion  of average nodal temperatures .  Green's Theorem 
i-s used t o  lower t h e  o rde r  of a l l  second d e r i v a t i v e s  i n  t h e  v i s c o s i t y /  
d i s p e r s i o n  terms, r e s u l t i n g  i n  s u r f a c e  i n t e g r a l s  which must be  eva lua ted  
( e i t h e r  i m p l i c i t l y  o r  e x p l i c i t l y )  a long system e x t r e m i t i e s .  Green's 
Theorem is a l s o  used on t h e  p re s su re  t e r m s  of equat ions  1 and 2 pe rmi t t i ng  
a  s u r f a c e  i n t e g r a l  t o  be  used a s  a  d i scharge  boundary cond i t i on  r a t h e r  than  
a s p e c i f i e d  p re s su re  va lue ;  t h i s  procedure permi ts  r e t e n t i o n  of a l l  nodal  
con t inu i ty  equat ions  and s u b s t a n t i a l l y  improves t h e  model's performance. 

RMA-7 uses  an  i m p l i c i t ,  Newton-Raphson computation scheme t o  achieve  a  
s o l u t i o n  t o  t h e  s e t  of nonl inear  equat ions  which de f ine  t h e  model. The 
computer program accommodates e i t h e r  t r i a n g u l a r  o r  q u a d r i l a t e r a l  
i soparamet r ic  elements w i th  numerical i n t e g r a t i o n  used t o  eva lua t e  
a l l  s u r f a c e  and a r e a  i n t e g r a l s .  The use  of t h e  i sopa rame t r i c  formulat ion 
wi th  in te re lement  geometric s l o p e  c o n t i n u i t y  al lows flow t o  move p a r a l l e l  
t o  boundaries a t  a l l  p o i n t s  wh i l e  a t  t h e  same t i m e  p rovid ing  a  means f o r  
reasonable  r e p r e s e n t a t i o n  of r e a l  phys i ca l  systems. 

EXAMPLE PROBLEMS 

The model descr ibed  above has been app l i ed  t o  s e v e r a l  phys i ca l  s i t u a t i o n s ,  
two of which a r e  summarized below. The f i r s t  example shows r e s u l t s  
c a l c u l a t e d  from tests conducted wi th  t h e  geometry of t h e  GRH flume a t  WES. 
The second shows r e s u l t s  ca l cu la t ed  from cond i t i ons  found i n  Lake Taneycomo 
i n  Missouri .  The f i r s t  example was run  us ing  only  t h e  flow and temperature 
p o r t i o n s  of t h e  model, whi le  t h e  second inc ludes  flow, temperature and 
d isso lved  oxygen. The networks used f o r  each of t h e s e  example problems 
a r e  reproduced i n  f i g u r e  1. 



Exam~le  Problem 1 - GRH Flume 

The GRH flume i s  a  hydrodynamic t e s t  f a c i l i t y  which i s  80 f e e t  long and 
v a r i e s  i n  depth from approximately 1 f o o t  a t  i t s  upper ( inf low) end t o  
3  f e e t  a t  i t s  lower (outflow) end, wi th  two d i f f e r e n t  c ros s  s e c t i o n s  
along i t s  l eng th .  The inf low s e c t i o n ,  which i s  20 f e e t  long,  has  a  
h o r i z o n t a l  bottom and v a r i e s  l i n e a r l y  i n  width from 1 .0  f o o t  t o  2.85 
f e e t .  The lower s e c t i o n  has a  cons tan t  width of 2.85 f e e t ,  bu t  a  bottom 
which drops 2 f e e t  over  i t s  60 f o o t  l eng th .  

RMA-7 was app l i ed  t o  t h e  GRH flume geometry by cons t ruc t ion  of a f i n i t e  
element network conta in ing  57 elements and 1.58 node p o i n t s  as shown i n  
f i g u r e  1. I n  cons t ruc t ing  t h i s  network i t  was f e l t  d e s i r a b l e  t o  al low 
flow t o  move p a r a l l e l  t o  t h e  flume bottom a t  a l l  l o c a t i o n s .  For t h i s  
reason  continuous curves were passed through t h e  breakpoint  on t h e  f lume's  
bottom 20 f e e t  from t h e  upstream end and a t  t h e  t r a n s i t i o n  t o  t h e  out- le t .  
This  type of cons t ruc t ion  permi ts  continuous v e l o c i t i e s  t o  e x i s t  a long 
t h e  flume bottom and completely e l imina te s  a r t i f i c i a l  s t a g n a t i o n  po in t s .  
The s m a l l  d i scharge  nozz le  a t  t h e  o u t l e t  has  been included f o r  each 
boundary cond i t i on  s p e c i f i c a t i o n  and does no t  e x i s t  on t h e  phys i ca l  flume. 

To run  RMA-7 i t  is necessary t o  s p e c i f y  va lues  f o r  eddy v i s c o s i t y  and 
eddy d i f f u s i o n  c o e f f i c i e n t s .  A t  p r e s e n t ,  t h i s  is done by exper ience  
and numerical t e s t i n g  of problems which have known o r  assumed v e l o c i t y  
and temperature d i s t r i b u t i o n s .  I n  t h e  GRH flume case ,  a  s e r i e s  of 
numerical t e s t s  were conducted on a  s teady  s t a t e  problem t o  determine 
a  s e t  of s a t i s f a c t o r y  c o e f f i c i e n t s ,  and t h e  network's s e n s i t i v i t y  t o  
t h e  va r ious  c o e f f i c i e n t s .  The va lues  determined f o r  t h e  GRH flume had 
t h e  r e l a t i v e  va lues  of cXX = 0.05, EXY = 0.0005, E~~ = 0.01, E = 0.1, 

YY Dx = 0.1, and Dy = 0.0005, a f t e r  accounting f o r  element d i s t o r t ~ o n  and 
s i z e .  

Resu l t s  from two examples a r e  shown, one f o r  a  homogeneous flow and one 
f o r  a nonhomogeneous flow. I n  each case  a  flow of 10 gpm w a s  introduced 
i n t o  a  s t i l l  flume wi th  a  l i n e a r  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  lower 
element a t  t h e  inf low end. The homogeneous case  was run  i so the rma l ly  
a t  a  temperature of 10.3°C, wh i l e  t h e  nonhomogeneous case  was s t a r t e d  
wi th  an  i n i t i a l  temperature of 10.3"C and an inf low of 5OC. 

Veloc i ty  d i s t r i b u t i o n s  produced by each cond i t i on  a r e  g r a p h i c a l l y  compared 
a t  t h r e e  t imes i11 f i g u r e  2 .  The e f f e c t s  of t h e  d e n s i t y  s t . r a t i f i c a t i o n  a r e  
q u i t e  ev ident  between t h e  two cases  w i th  t h e  co lde r ,  more dense water 
underflowing t h e  l i g h t e r  and warmer water  near  t h e  su r f ace .  The r e s u l t s  
shown a r e  r e p r e s e n t a t i v e  of ongoing work wi.th t h e  GRH flume, a l though no 
measured d a t a  is c u r r e n t l y  a v a i l a b l e  f o r  model/prototype comparisons 
under t h e  cond i t i ons  s imula ted .  The gene ra l  shape of v e l o c i t y  d i s t r i b u -  
t i o n s ,  and t h e  a r r i v a l  t i m e  of t h e  temperature f r o n t  (15-18 min) a r e  i n  
gene ra l  agreement w i th  measured d a t a ,  however, and sugges t  t h e  model w i l l  
perform w e l l  when s u i t a b l e  d a t a  become a v a i l a b l e .  
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E x a m ~ l e  Problem 2  - Lake Tanevcomo 

The second example problem p r e s e n t s  r e s u l t s  ob ta ined  from t h e  simulati.on 
of Lake Taneycomo i n  southern  Missouri .  Lake Taneycomo is a  26-mile-long 
r e s e r v o i r  bounded by Table Rock Dam upstream and Bull  Shoals Reservoir  
downstream, and is  used f o r  power product ion  and r e c r e a t i o n  among o t h e r  
t h ings .  A s  low d isso lved  oxygen has  been observed i n  t h e  l ake ,  RMA-7 was 
appl ied  wi th  t h e  goal  of eva lua t ing  t h e  impact of changes i n  r e s e r v o i r  
ope ra t ion  on t h e  ambient l e v e l s  of d i sso lved  oxygen. 

To conduct t h e  r equ i r ed  s imu la t ions  a  network of 92 elements and 246 node 
p o i n t s  was cons t ruc ted  a s  shown i n  f i g u r e  1; l a t e r a l  width va r i ed  from 
about 200 t o  1000 f e e t  wi th  depth a t  a  t y p i c a l  c r o s s  s e c t i o n .  Di f fus ion  
c o e f f i c i e n t s  and eddy v i s c o s i t y  c o e f f i c i e n t s  were chosen t o  be c o n s i s t e n t  
wi th  those  used i n  t h e  GRH flume when sca l ed  f o r  element d i s t o r t i o n .  

De ta i l ed  water  temperature and d i s so lved  oxygen measurements were a v a i l a b l e  
f o r  t h r e e  s e p a r a t e  week long pe r iods  i n  t h e  f a l l  of 1977 .  RMA-7 was 
c a l i b r a t e d  a g a i n s t  two of t hese  pe r iods  and v e r i f i e d  a g a i n s t  t h e  t h i r d .  
Typica l  measured and s imulated v e r t i c a l  p r o f i l e s  f o r  temperature and 
d i s so lved  oxygen a r e  presented  f o r  s t a t i o n s  T6 and T8  i n  f i g u r e  3 f o r  
t h e  e a r l i e s t  c a l i b r a t i o n  per iod .  It should be noted t h a t  model had 
s imulated over f i v e  days of ope ra t ion  by t h e  t ime shown i n  t h e s e  f i g u r e s ,  
and t h a t  t h e  inf low hydrograph v a r i e d  from 0 t o  7000 c f s  i n  a  four  t o  s i x  
hour per iod  on a  regul-ar b a s i s .  

I n  o rde r  t o  b r ing  a degree of q u a n t i f i c a t i o n  t o  t h e  accuracy of t h e  model, 
a  l i n e a r  l e a s t  squares  r e g r e s s i o n  of s imulated t o  observed temperature 
and d isso lved  oxygen has  been made as shown i n  f i g u r e  4 ,  w i t h  t h e  s t a t i s t i c s  
f o r  each f i t  g iven  i n  t a b l e  1. 

A s  can be  seen ,  t hese  s t a t i s t i c s  i n d i c a t e  a  f a i r l y  good f i t  of both temper- 
a t u r e  and d isso lved  oxygen, and seem reasonable  i n  l i g h t  of t h e  u n c e r t a i n t y  
i n  both t h e  model's upstream i n p u t s  (BOD, d i sso lved  oxygen, meteoro logica l  
d a t a ,  e t c . )  and t h e  usual  measurement e r r o r s .  

Table  1.--Regression S t a t i s t i c s  

Regress ion  
S t a t i s t i c  

STATION T6 

i n t e r c e p t  
s l o p e  
s.d. e r r o r  
c o r r e l a t i o n  

STATION T8 

0.58 0.45 
0.65 0.49 
0.44 0.30 

Temperature 

0.29 
0.96 
0.43 
0.89 

-- 

Oxygen 

-- 
3.30 
0.39 
0.30 
0.81 
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S W Y  AND CONCLUSIONS 

The above information summarizes t h e  a p p l i c a t i o n  of a  two dimensional 
f i n i t e  element model (RMA-7) t o  two pro to type  s t r a t i f i e d  flow s i t u a t i o n s .  
I n  each a p p l l c a t i o a  a  s t r a t i f i e d  flow was s imulated a s  a  r e s u l t  of d e n s i t y  
d i f f e r ences  a r i s i n g  from temperature g r a d i e n t s ,  I n  t h e  second example 
d isso lved  oxygen, BOD and phytoplankton were a l s o  routed  i n  accordance 
wi th  t h e  o v e r a l l  f low f i e l d s .  

Based on t h e  d a t a  contained h e r e i n  i t  seems reasonable  t o  concl.ude: 

. t h e  f i n i t e  element method i n  gene ra l  and RMA-7 i n  p a r t i c u l a r ,  
i s  capable of s imula t ing  v e r t i c a l l y  s t r a t i f i e d  two dimensional 
flow. 

. t h e  proper  d e f i n i t i o n  of eddy v i s c o s i t y  and d i s p e r s i o n  c o e f f i -  
c i e n t s  i s  e s s e n t i a l  t o  proper  model ope ra t ion ,  and t h a t  t h e r e  
may be  t r a n s f e r a b i l i t y  of va lues  from problem t o  problem i f  
element s i z e  and d i s t o r t i o n  is accounted f o r .  

. t h e  RMA-7 model. appears  t o  g ive  reasonable  answers, bu t  i t  i s  
no t  c u r r e n t l y  p o s s i b l e  t o  eva lua t e  i t s  accuracy i n  r e l a t i o n  t o  
v e l o c i t y  due t o  a  l a c k  of pro to type  da t a ;  i n i t i a l  comparisons 
of temperature and d isso lved  oxygen d a t a  a r e  promising and 
w i l l  improve a s  c a l i b r a t i o n s  become more r igo rous  and 
q u a n t i f i e d .  
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