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What’s on the Menu ?



Some (of many possible) appetizers . . .



Several generations of

beautiful fixed-target

experiments at

SLAC, CERN, DESY

measure a spin asymmetry

in DIS :

A =
σ++ − σ+−
σ++ + σ+−
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• we’ll see : they tell us about polarization of quarks in the nucleon

• What carries the nucleon spin ?

• simple quark model : 3 constituent quarks, si =
1
2, µi = ei

e
2mi

|P 〉 = 1√
18

[
2u↑u↑d↓ − u↑u↓d↑ − u↓u↑d↑ + perm.

]

⇒







µn/µp = −2/3 vs. (µn/µp)exp = −0.685 X

gA = 5/3 vs. (gA)exp = 1.267± 0.0035 ×

2Su = 4/3 , 2Sd = −1/3 ; Sq = Su + Sd =
1
2

• nucleons have a rich internal structure: quarks, antiquarks and gluons

• relation between nucleon and parton spins ? How can we find out ?

• What do we learn about QCD ?



In coming run : ~p~p→ π0X PHENIX

GRSV-max

NLO

GRSV-std

L=7/pb



pp → π0X by

PHENIX
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Parity violation :

Q = M W
22

_
A  (W  )L

A  (W  )L
+

∆u/u
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Another example : AN ≡
σ↑ − σ↓
σ↑ + σ↓

• we’ll see : window to interesting QCD dynamics in nucleon structure



Today :

• Some Fundamentals About Spin

• Polarized Scattering Processes

• Lepton-Nucleon Scattering (Part I)



I. Some Fundamentals About Spin
1.1 Spin in non-relativistic quantum mechanics

• spin of particle introduced as additional angular momentum.

Introduce three spin operators :

~S = (Sx , Sy , Sz )

angular momentum algebra

[Si , Sj ] = iεijk Sk ε123 = +1

• find [

~S 2, Sj
]

= 0

; ~S 2, Sz have set of simultaneous eigenvectors;
use to label states |S, m〉



~S 2 |S, m〉 = S(S + 1) ~
2 |S, m〉 S = 0, 12, 1,

3
2 , . . .

Sz |S, m〉 = m ~ |S, m〉 −S ≤ m ≤ S

• spin degree of freedom decoupled from kinematic d.o.f. :

ΨSchr(~r) −→ ΨSchr(~r) × χm

where χm is a (2S + 1)− component “spinor”



1.2 Example : Spin−1/2

• 2−component spinors
χ =




a

b





• operators may be represented by Pauli-matrices :

Sx =
1

2




0 1

1 0



 Sy =
1

2




0 −i
i 0



 Sz =
1

2




1 0

0 −1





• eigenstates to ~S 2 and Sz :
χ ↑z =




1

0



 χ ↓z =




0

1





• eigenvalues
Sz χ ↑z = +

1

2
χ ↑z Sz χ ↓z = −1

2
χ ↓z

particles in such states are “polarized in z-direction”



• general superposition
χ =




a

b



 = aχ ↑z + b χ ↓z (χ†χ = 1)

⇒ 〈Sz〉 = χ†Szχ =

(

+
1

2

)

|a|2 +
(

−1

2

)

|b|2 =
1

2

[

|a|2 − |b|2
]

• Example : a = b = 1/
√
2

χ =
1√
2




1

1



 ⇒ 〈Sz〉 = 0

• why ? Because this χ is eigenstate to Sx (with eigenvalue +1/2)

• in other words,

χ ↑x =
1√
2

[
χ ↑z + χ ↓z

]
“polarized in x-dir.”



• arbitrary direction ~n with |~n| = 1 :

~n · ~S = nx Sx + ny Sy + nz Sz =
1

2




nz nx − iny

nx + iny −nz





• state that is an eigenstate to this : “polarized in ~n-direction”

~n – “polarization vector”

• eigenvalues ±1/2



• how to find these eigenstates : use projection operators

note that
(

~n · ~S
)2

=
1

4
11 =

1

4




1 0

0 1





Therefore,

(~n · ~S)





(
11

2
+ ~n · ~S

)



1

0







 = +
1

2





(
11

2
+ ~n · ~S

)



1

0









Hence,
(
11

2
+ ~n · ~S

)



1

0



 is an eigenstate

Projection operators are 11
2 ± ~n · ~S



• physical significance : for the eigenstate with eigenvalue +1/2

2 〈Sx〉 = nx = P(↑x)− P(↓x) (1)

2 〈Sy〉 = ny = P(↑y)− P(↓y) (2)

2 〈Sz〉 = nz = P(↑z)− P(↓z) (3)

• all this information contained in

ρ =
1

2




1 + nz nx − iny

nx + iny 1− nz





• this is the “spin density matrix” for the state

• its importance : describes also the spin of a more complex system

for example, an ensemble of particles that is not in a pure state



1.3 A little more on the density matrix . . .

• pure state ↔ state vector – a superposition of eigenstates, say, to Sz

take |Ψ〉 =

S∑

m=−S

cm |S,m〉

• expectation value of any operator in this state :

〈O 〉Ψ =
∑

m,m′

c∗m′ 〈S,m′ |O|S,m 〉 cm =
∑

m,m′

cm c∗m′
︸ ︷︷ ︸
ρm,m′

Om′,m (4)

≡ Tr [O ρ ] (5)(6)

• ρ ↔ state ↔ expectation value for any operator

• for spin−1/2 and polarization in ~n :
ρ =

1

2

(

1 + nz nx − iny

nx + iny 1− nz

)



• non-pure state : state is one of statistical ensemble of possibilities
→ incoherent mixture of i pure states with probabilities p(i)

• define
ρmm′ =

∑

i

p(i) c(i)m

(

c
(i)
m′

)∗

• mean value of operator over ensemble

〈O 〉ensemble =
∑

i

p(i)
∑

m,m′

c(i)m

(

c
(i)
m′

)∗

Om′,m = Tr [O ρ ]

• for spin−1/2 find
ρ =

1

2




1 + ηz ηx − iηy

ηx + iηy 1− ηz





where ηi = 〈ni〉 = 2Tr [Si ρ ] ~η 2 ≤ 1

• we’ll see that for nucleon ηz ∼ ∆q(x)/q(x), ηx,y ∼ δq(x)/q(x) !



1.4 Spin in the relativistic theory

• physics invariant under Lorentz boosts, rotations, and translations in

space and time

• → Poincaré group, has 10 generators :

Pµ , Mµν

• pure rotations Ji = −12 εijkMjk pure boosts Ki = Mi0

• find [ Ji , Jj ] = i εijk Jk total angular momentum



Spin ?

• two group invariants (; fundamental observables) :

Pµ Pµ = P2 = m2

Wµ Wµ where Wµ = −1

2
εµνρσMνρPσ Pauli-Lubanski

• Wµ satisfies [Wµ ,Wν ] = i εµνρσWρPσ

• if acting on states at rest :
[
Wi ,Wj

]
= im εijkWk X

• then : identify Si ≡ 1
mWi = Ji

; particle at rest with non-zero angular momentum !

• Wµ Wµ has eigenvalues m2 S (S + 1)

• procedure : start with rest states and apply Lorentz transformations



1.5 Example : back to spin−1/2 !

• relativistic case : free spin−1/2 particle obeys Dirac equation

(i ∂µ γ
µ − m) Ψ(x) = 0

• the γµ are the Dirac matrices. They are 4 × 4 matrices.

• ; solutions are 4−component spinors

Ψ(x) =







e−i p·x u(p) positive energy → particle

e+i p·x v(p) negative energy → antiparticle

each with two solutions – “spin up/down”



• recall : previously constructed eigenstates to ~S 2 and ~n · ~S

• Dirac solutions eigenstates to

Wµ Wµ | p, S〉 = m2 S(S + 1) | p, S〉 S = 1
2

−W · n
m

| p, S〉 = ± 1

2
| p, S〉

• Π ≡ −W ·n
m “polarization operator”

• n “covariant polarization vector” n2 = −1 , n · p = 0

• find for particle solutions

Π =
1

2
γ5 /n ( /n = γµ n

µ )

• ; projection operators 1
2 ( 11 ± γ5 /n )



Two important cases :

(a) longitudinal polarization : ~n = ~p/|~p|

• find
Π =

1

2
γ5 /n =

~J · ~p
|~p|

• eigenvalues ±1/2
~J · ~p
|~p| u±(p) = ± 1

2
u±(p) ≡

λ

2
u±(p) ; λ “helicity”

• states labelled as | ~p , λ〉

• massless particles : ~J · ~p
|~p| → γ5 helicity = chirality

• m→ 0 : helicity becomes Lorentz-invariant



(b) transverse polarization : n = (0, ~n⊥, 0) (for ~p in z direction)

• find after some work

Π = γ0 ~J · ~n = γ0 J⊥

• this is not the same as J⊥ !

• hence, “transversity” , not “transverse spin”

• eigenvalues ±1/2
γ0 J⊥ u↑↓(p) = ± 1

2
u↑↓(p)

• as in non-relativistic theory :

u
(x)
↑ =

1√
2

[

u+ + u−

]

• transverse polarization invariant under boosts along ~p



Note :

• by “tuning n” can create general polarization with

longitudinal and transverse components s‖ ∼ λ , s⊥ ∼ n⊥

• at high energies find :
nµ = s‖

pµ

m
+ sµ⊥

• appears as if transverse spin unimportant at high energies

• however, not true : in high-energy processes only

1

2
/p
[

11 − s‖ γ5 + γ5 /s⊥

]

• density matrix :
ρ =

1

2




1 + s‖ sx − isy

sx + isy 1− s‖







II. Polarized Scattering Processes

2.1 Some general remarks . . .

• measurements of spin phenomena may

– help explore & understand a theory

– test a theory

– deduce nature of new dynamics & constrain a new theory

• in all cases : need to separate properties that are

– “generic”

– specific to the theory



2.2 An example : the process ~e ~µ → e µ
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• let’s look at it in terms of helicity states | ~p1 , λ〉 etc.

• amplitude for given helicity configuration : Hλλ′; ΛΛ′(θ, ϕ)

16 “helicity amplitudes”

• helicity states have definite properties under rotations by α around ϕ :

| ~p1 , λ〉 → e i α λ/2 | ~p1 , λ〉 etc.

• tied to angular-momentum conservation



• this leads to :

Hλλ′; ΛΛ′(θ, ϕ) = e
i ϕ
2 (λ−λ′) hλλ′; ΛΛ′(θ)

• from this, we can construct cross section for arbitrary polarization.

Recall,

χ ↑x =
1√
2

[
χ ↑z + χ ↓z

]
etc.

• note, cross section
dσ

dΩ
∝

∣
∣ H...(θ, ϕ)

∣
∣
2

• for simplicity, let’s sum over final-state polarizations Λ, Λ′



• find most general form :

dσ

dΩ
∝

(

1 + s‖ s
′
‖

)

R1 +
(

1 − s‖ s
′
‖

)

R′
1 +

(

s‖ + s′‖

)

R2 +
(

s‖ − s′‖

)

R′
2

+ s⊥

{

cos(ϕ) R3 − sin(ϕ) R4

}

+ s′⊥

{

cos(ϕ) R′
3 + sin(ϕ) R′

4

}

+ s′‖ s⊥

{

cos(ϕ) R5 − sin(ϕ) R6

}

+ s‖ s
′
⊥

{

cos(ϕ) R′
5 + sin(ϕ) R′

6

}

+ s⊥ s
′
⊥

{

R7 + cos(2ϕ) R8 − sin(2ϕ) R9

}

• has all the azimuthal-angular dependence !

• all Ri ≡ Ri(θ) are given in terms of the hλλ′; ΛΛ′



Here they are . . .

R1 =
∑

Λ,Λ′

[

|h++;ΛΛ′|2 + |h−−;ΛΛ′|2
]

R′
1 =

∑

Λ,Λ′

[

|h+−;ΛΛ′|2 + |h−+;ΛΛ′|2
]

R2 =
∑

Λ,Λ′

[

|h++;ΛΛ′|2 − |h−−;ΛΛ′|2
]

R′
2 =

∑

Λ,Λ′

[

|h+−;ΛΛ′|2 − |h−+;ΛΛ′|2
]

R 3
4
=

∑

Λ,Λ′

2

{

Re

Im

}
[

h++;ΛΛ′ h∗−+;ΛΛ′ ± h−−;ΛΛ′ h∗+−;ΛΛ′

]

R 5
6
=

∑

Λ,Λ′

2

{

Re

Im

}
[

h++;ΛΛ′ h∗−+;ΛΛ′ ∓ h−−;ΛΛ′ h∗+−;ΛΛ′

]

R7 = 2
∑

Λ,Λ′

Re
[
h++;ΛΛ′ h∗−−;ΛΛ′

]
R8 = 2

∑

Λ,Λ′

Re
[
h+−;ΛΛ′ h∗−+;ΛΛ′

]

R9 = 2
∑

Λ,Λ′

Im
[
h+−;ΛΛ′ h∗−+;ΛΛ′

]



What more can we say ?

• now use properties of the underlying theory (here, QED)

• Parity invariance :
helicity ~J · ~p/|~p| is pseudoscalar under space reflection

P̂ | ~p, λ 〉 = η | − ~p, −λ 〉 ( η = intrinsic parity × phase )

• one can show that for our amplitudes :

h−λ,−λ′;−Λ,−Λ′(θ) = (−1)(λ−λ′−Λ+Λ′)/2 hλλ′;Λ,Λ′(θ)

• therefore, h−−;−− = h++;++(θ)

h−+;−+ = h+−;+−(θ)

h−+;−− = −h+−;++(θ) etc.

• 16 → 8 helicity amplitudes



Careful inspection reveals :

R2 = R′2 = R3 = R′3 = R6 = R′6 = R9 = 0

Therefore,

dσ

dΩ
∝

(

1 + s‖ s
′
‖

)

R1 +
(

1 − s‖ s
′
‖

)

R′
1 +

(

s‖ + s′‖

)

R2 +
(

s‖ − s′‖

)

R′
2

+ s⊥

{

cos(ϕ) R3 − sin(ϕ) R4

}

+ s′⊥

{

cos(ϕ) R′
3 + sin(ϕ) R′

4

}

+ s′‖ s⊥

{

cos(ϕ) R5 − sin(ϕ) R6

}

+ s‖ s
′
⊥

{

cos(ϕ) R′
5 + sin(ϕ) R′

6

}

+ s⊥ s
′
⊥

{

R7 + cos(2ϕ) R8 − sin(2ϕ) R9

}



• Time reversal invariance :
relates A + B → C + D to C + D → A + B

Here we have elastic reaction A + B → A + B

• one can show that for our amplitudes :

hΛ,Λ′;λ,λ′(θ) = (−1)(λ−λ′−Λ+Λ′)/2 hλλ′;Λ,Λ′(θ)

• therefore,
h+−;−− = −h−−;+−(θ)
h+−;++ = −h++;+−(θ)

• 8 → 6 helicity amplitudes



Chirality (or helicity-conservation) :

• saw that at high energies helicity = chirality

ΨR,L =
1

2
[ 11 ± γ5 ] Ψ

• preserved in all vector and axial-vector current interactions

• preserved by all perturbative QCD and electroweak interactions

γ, W±, Z0 :







Ψ̄γµΨ = L̄γµL + R̄γµR

Ψ̄γµγ5Ψ = L̄γµL − R̄γµR

g : Ψ̄γµ
λ

2
Ψ = L̄γµ

λ

2
L + R̄γµ

λ

2
R

• violated for non-standard ((pseudo)scalar,tensor) interactions



• Feynman diagram for e µ scattering :

• requires Λ = λ, Λ′ = λ′, or

hλλ′;ΛΛ′ −→ hλλ′;λλ′



This gives :

R4 = R′4 = R5 = R′5 = R7 = R8 = 0

Therefore (with parity),

dσ

dΩ
∝

(

1 + s‖ s
′
‖

)

R1 +
(

1 − s‖ s
′
‖

)

R′
1 +

(

s‖ + s′‖

)

R2 +
(

s‖ − s′‖

)

R′
2

+ s⊥

{

cos(ϕ) R3 − sin(ϕ) R4

}

+ s′⊥

{

cos(ϕ) R′
3 + sin(ϕ) R′

4

}

+ s′‖ s⊥

{

cos(ϕ) R5 − sin(ϕ) R6

}

+ s‖ s
′
⊥

{

cos(ϕ) R′
5 + sin(ϕ) R′

6

}

+ s⊥ s
′
⊥

{

R7 + cos(2ϕ) R8 − sin(2ϕ) R9

}



• However, note : before using chirality, we had assumed nothing about

specifics of the reaction !

• For e− e+ → µ− µ+ things would be different :

• requires λ′ = −λ, Λ′ = −Λ, or

hλλ′;ΛΛ′ −→ hλ,−λ; Λ,−Λ



In this case :

R1 = R4 = R′4 = R5 = R′5 = R7 = 0

Therefore (with parity),

dσ

dΩ
∝

(

1 + s‖ s
′
‖

)

R1 +
(

1 − s‖ s
′
‖

)

R′
1 +

(

s‖ + s′‖

)

R2 +
(

s‖ − s′‖

)

R′
2

+ s⊥

{

cos(ϕ) R3 − sin(ϕ) R4

}

+ s′⊥

{

cos(ϕ) R′
3 + sin(ϕ) R′

4

}

+ s′‖ s⊥

{

cos(ϕ) R5 − sin(ϕ) R6

}

+ s‖ s
′
⊥

{

cos(ϕ) R′
5 + sin(ϕ) R′

6

}

+ s⊥ s
′
⊥

{

R7 + cos(2ϕ) R8 − sin(2ϕ) R9

}



The upshot is :

• Parity invariance (if it holds) forbids

– single-longitudinal spin asymmetries of the form

AL =
σ→ − σ←
σ→ + σ←

≡ σ+ − σ−
σ+ + σ−

– certain azimuthal-angular dependences for transverse polarization

• single-transverse spin asymmetries of the form

AN =
σ↑ − σ↓
σ↑ + σ↓

are allowed, but require helicity flips and complex amplitudes

(actually, require “Im{ non-flip × single-flip∗ }” )



• double-longitudinal spin asymmetries,

ALL =
σ++ + σ−− − σ+− − σ−+
σ++ + σ−− + σ+− + σ−+

are allowed. Reduce under parity to

ALL =
σ++ − σ+−
σ++ + σ+−

• double-transverse spin asymmetries,

ATT =
σ↑↑ − σ↑↓
σ↑↑ + σ↑↓

are allowed, but require helicity flip or annihilating fermion lines

• [occasionally may use symmetry constraints for identical
particles (e.g., pp→ pp)]

We’ll encounter all this . . .



III. Lepton-Nucleon Scattering
l N → l′X : standard ‘microscope’ to explore nucleon structure !
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s⇒

S⇒

Q ≡
√

−q2 → “Resolution” ~

Q = 2× 10−16m
Q/GeV rN ∼ 10−15m

“inelasticity” x ≡ Q2

2P ·q ≡
Q2

2mν = Q2

Q2+M2
X
−m2 Bjorken var.



3.1 Elastic lepton-nucleon scattering (brief . . . )
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• x = 1 for elastic case

• if proton had no structure : would be same as e µ → e µ !
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• amplitude

M = −e2
(
igµν
Q2

)

ū(k′) γν u(k) 〈P ′ | Jµ(0) | P 〉

• find structure

〈P ′ | Jµ(0) | P 〉 = ū(P ′)

[

γµF1(Q2) +
i σµνq

ν

2m
F2(Q2)

]

u(P )

• F1(Q2), F2(Q2) “nucleon elastic form factors”



• Sachs form factors :

GE(Q
2) = F1(Q2) −

Q2

4m2
F2(Q2)

GM(Q2) = F1(Q2) + F2(Q2)

• cross section measures G2E, G
2
M

• → access to nucleon properties, e.g.

GE(0) = eN GM(0) = κN

〈 r2 〉E = −6 dGE(Q
2)

dQ2

∣
∣
∣
Q2=0

“charge radius”

• with spin : different combinations of GE, GM in cross section



Toward increasing masses W = MX :
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