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Abstract

This paper describes the Earth Observing System (EOS) Aura Microwave Limb Sounder (MLS) forward model

for a clear sky atmosphere emitting unpolarized radiation. The viewing and orbital geometry of MLS on Aura enable

a novel two dimensional (vertical and line-of-sight, horizontal) forward model that can be inverted in retrievals.

Although the accuracy of the forward model is tunable subject to its approximations; in its current implementation,

the accuracy is 0.2 K for the non-spectrally varying component plus a spectrally varying component which is the

minimum of 0.2 K or 10% of the maximum line signal brightness.

Index Terms

Radiative Transfer, Spectroscopy

I. INTRODUCTION

The Microwave Limb Sounder (MLS) [1], [2] is one of four instruments on the Earth Observing System (EOS)

Aura satellite that was placed into a near polar low Earth orbit on 15 July 2004. The Aura mission objective is to

study the Earth’s ozone, air quality, and climate. EOS MLS contributes to this objective by measuring temperature

and several key molecules: O3, H2O, BrO, CH3CN, ClO, CO, HCl, HCN, HNO3, HO2, HOCl, N2O, OH, SO2,

and ice water content (IWC) of thick cirrus. The EOS MLS scans from 0 to 90 km; however, the expected useful

vertical range of all these constituents is smaller; see [2] for more details.

This paper is a condensed synthesis of the EOS MLS forward model described in [3] used by the Level 2 software

[4] to retrieve constituents from EOS MLS signals. It gives the appropriate forward model for a clear sky atmosphere
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emitting unpolarized radiation. Extensions to include scattering for cirrus and polarization for mesospheric O2 is

given in companion papers [5], [6].

II. MEASUREMENT DESCRIPTION

The EOS MLS measures atmospheric thermal emission signals at specific frequencies between 118–2500 GHz

(2500–120 µm). The EOS MLS instrument is a hetrodyne receiver where the incoming signal is combined with an

internal frequency source called a local oscillator (LO). The intermediate frequency (IF) of the mixed signal is the

absolute difference between the incoming signal and the LO. The IF signal is further mixed by internal oscillators,

filtered and amplified. Except for the 118 GHz radiometer, MLS simultaneously measures signals having frequencies

above and below its LO according to its IF. We refer to this pair of signals as sidebands. The 118 GHz radiometer

is designed to reject the upper sideband. The spectral coverage showing deployment of bands is shown in Fig. 1.

Radiometers and bands are deployed to optimize measurements of the targeted constituents [2].

Fig. 1. Spectral regions measured by EOS MLS along with atmospheric signals at three limb tangent heights in these regions. This figure was

prepared by Drs. N.J.Livesey and M.J.Filipiak and taken from [7]. The frequency scale is relative to the local oscillator and includes signals

above and below the LO frequency except R1, which is designed only to receive frequencies less than the LO.



EOS AURA SPECIAL ISSUE 3

-4000 -3500 -3000 -2500 -2000 -1500 -1000 -500 0 500 1000 1500 2000 2500 3000 3500 4000
‘Horizontal’ distance / km

-1000

-500

0

500

1000
‘V

er
tic

al
’ d

is
ta

nc
e 

/ k
m

orbit

-400 -350 -300 -250 -200 -150 -100 -50 0 50 100 150 200 250 300 350 400
‘Horizontal’ distance / km

-50

0

50

100

150

‘V
er

tic
al

’ d
is

ta
nc

e 
/ k

m

Fig. 2. The EOS MLS limb viewing geometry in the orbit plane. The top panel shows a large section of the Earth, which has been expanded

in detail in the lower figure. The colored lines are measurements from a single scan whose tangent position is indicated by the colored arrow.

The tangent locus is the thick zig-zag line on top of the thick vertical line, which represents the measured profile positions. The zig zag nature

of the tangent loci is due to changes in scan rate and path refraction (the thin line underneath is the same without refraction). Notice that the

lines of sight intersect several profiles (above the colored arrows) in each scan position. This figure is from [7].

Aura is in a sun-synchronous polar orbit (98.14◦ inclination at 705 Km). EOS MLS views forward and the

measurement latitude covers 82◦S to 82◦N. Vertical resolution is achieved by measuring the radiation through a

high-gain antenna that scans the atmospheric limb. A complete vertical scan takes 24.7 seconds and there are 240

scans per orbit or ≈ 3500 scans per day. The limb tangent of the scans proceeds from near the surface to 90 km

in a continuous movement and measurements are taken every 1/6 second. The upward scan movement keeps the

limb tangent point on a line that is nearly vertical to the Earth surface. The forward viewing geometry couples

the vertical limb tangent measurements with horizontal line-of-sight (LOS) gradients. The measurement and the

sampled atmosphere are confined to the same two dimensions (height and orbit track) as shown in Fig. 2, allowing

vertical and horizontal gradients to be disentangled by the retrieval.

The signals received by EOS MLS are calibrated by viewing two scenes of known temperature. The instrument

receivers periodically view an internal target, the Earths’s limb, or cosmic space by rotating a mirror (switching

mirror) that directs the receiver’s field-of-view (FOV) at the desired scene. The internal target emits blackbody

radiation according to its temperature which is continually monitored. Another view is looking at space away from

the Earth and its atmosphere whose thermal temperature is 2.73 K [8]. These two views measure the signal strengths

of two black body emitters of known temperature. The brightness of the signal recieved from the Earth’s limb is

determined from interpolation from measurements of the internal target and space as described in [9].

The EOS MLS forward model computes radiances (Level 1 calibrated signals) and radiance sensitivities to the

two dimensional array of constituent profiles for the limb scans whose geometry is shown in Fig. 2. The process is

as follows: 1) evaluates the atmospheric state (height, pressure, temperature, molecular compositions and volume
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mixing ratio (VMR)) and atmospheric absorption for an ensemble of atmospheric LOS ray tracings, and frequencies,

2) solves the Schwartzchild radiative transfer equation for each member of the ensemble, 3) computes two channel

radiances (one for each sideband) for several ray traced limb tangent heights weighting the radiance spectrum by the

channel spectral response function and averaging, 4) for each channel sideband pair, computes the antenna radiance

from a weighted average of the antenna gain response with the vertical radiance profile whose FOV directions for

which the antenna averages are done are the measured limb tangent pressures, and 5) multiplies the two sidebands

by their respective weights and adds them. The Aura spacecraft and the EOS MLS antenna scan encoder provide

an independent limb tangent pointing measurement which can also be used to infer temperature and pressure. The

scan residual model that links temperature and pressure to the limb tangent measurement is based on geometry and

hydrostatic balance. Fig. 3 shows schematically how the forward model calculation is organized.

This paper is organized as follows: Section III gives the Level 1 data processing definition of a calibrated radiance,

Section IV describes the profile representation and independent coordinates used in the forward model calculation,

Sections V–XII describe the evaluation of the radiance forward model, Section XIII describes the scan residual

model, Section XIV is a summary list of approximations made by this forward model and a simple estimate of its

accuracy, Section XV describes the level 2 processing coefficients file which is linear representation of the radiance

forward model, Section XVI shows some examples of measured and modeled spectra, and Section XVII describes

how the forward model profile representation smoothes the true atmospheric profile.

III. MEASUREMENT DEFINITIONS

A. EOS MLS Radiance

Level 1 processing [9] produces radiances from instrument engineering data (Level 0). The Level 1 calibrated

radiance is,

(•
I −Ibl

)

R,c
(x) = BLR,t +

1
t2 − t1

Z t2

t1
dt

×
{

ru,R,c

R ∞
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, (1)

where
(•

I −Ibl

)

R,c
(x) is the Level 1 calibrated radiance at the switching mirror with a correction for additional

primary antenna system emissions [10] for band/channel, c, in radiometer R, BLR,t is a radiometer dependent

additive baseline when the instrument is pointing at limb tangent, subscript t, ru,R,c is the higher frequency relative

to the local oscillator (LO) frequency νlo,R side band fraction, rl,R,c is the lower sideband fraction, I (ν,x(Ω)) is

the limb radiance, ΦR,c (ν) is the instrument spectral response, G(Ω,Ωt (t) ,ν) is the antenna response or FOV, ν

is frequency, x is the state vector, Ω is solid angle, Ωt (t) is the FOV direction and varies with time, t, during the

measurement, a consequence of the continuous scan, and ΩA is that portion of solid angle for which G(Ω,Ωt (t) ,ν)

is measured. The integrals in the denominator of (1) are normalizations of instrument response functions and are
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Fig. 3. Forward model calculation organization.

included to emphasize that a relative response function is needed. In practice these are “constants” that are folded

into ΦR,c (ν) and G(Ω,Ωt (t) ,ν). The antenna gain normalizing integral is the integrated gain within ΩA (∼ 0.4

sterad) which is slightly less than 4π. Finally, quantities can be sideband, radiometer, and band/channel dependent.

These are designated with subscripts, s = u or l, for sideband, R = R1A, R1B, R2, R3, R4, R5H, or R5V for

radiometer, and c for a band = 1–34, channel = 1–129 combination. For some quantities, c would also include a

switch network configuration [9].

The sideband fractions, ru,R,c and rl,R,c include the loss of limb signal through the antenna system as a consequence
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of scattering, spill-over, and absorption. The sideband fractions ru,R,c and rl,R,c are defined as

ru,R,c = ηA
u,R,cρA

Rr′u,R,c,

rl,R,c = ηA
l,R,cρA

Rr′l,R,c,

r′u,R,c =
ηA

u,R,cr′′u,R,c

ηA
u,R,cr′′u,R,c +ηA

l,R,cr′′u,R,c
,

r′l,R,c =
ηA

l,R,cr′′l,R,c

ηA
u,R,cr′′u,R,c +ηA

l,R,cr′′l,R,c
,

r′′u,R,c =

R ∞
νlo,R

ΦR,c (ν)dν
R ∞
−∞ ΦR,c (ν)dν

,

r′′l,R,c =

R νlo,R
−∞ ΦR,c (ν)dν
R ∞
−∞ ΦR,c (ν)dν

,

(2)

where ηA
l,R,c and ηA

u,R,c are the antenna efficiencies for the lower and upper frequency sidebands of R and c, and ρA
R

(same for both sidebands) is the product of the ohmic losses of each reflector in the antenna system for R. The spectral

function, ΦR,c, has two peaked responses equidistant above and below the local oscillator frequency. The 118 GHz

radiometer is an exception in that ΦR,c has a response only in the lower sideband. The radiometric sideband fractions

r′′u,R,c and r′′l,R,c quantitatively describe the receiver’s relative effectiveness at the sideband frequency. Conservation

of power dictates, r′′u,R,c + r′′l,R,c = 1, but losses in the reflector system cause ru,R,c + rl,R,c ≤ 1.

The terahertz module scan mirror is also used for viewing calibration sources. Consequently, there is no extra

primary system antenna emission [11]; therefore ru,R,c = r′′u,R,c, rl,R,c = r′′l,R,c, and Ibl = 0.

B. Aura Orbital Data

The Aura flight ephemeris provide detailed information on its location, attitude and velocity. EOS MLS provides

encoder data, which is the angular position of its FOV direction. Using a straightforward geometric model [3],

the longitude, latitude, and height of the EOS MLS FOV direction tangent height is estimated. The atmosphere

is assumed to be in hydrostatic balance. Hydrostatic balance couples temperature, pressure, and altitude such that

knowledge of any two is sufficient. The computed tangent locations from Aura flight operations and EOS MLS

FOV encoder readings are used in a scan residual model to help measure temperature and limb tangent pressure

and LOS angle.

C. State Vector

The state vector x consists of all the independent variables used in the forward model for which the level 2

processing requires radiance or scan residual model sensitivies. The state vector is composed of two parts, x = [~xt , f].

The first part ~xt consist of quantities that follow the measurement sequence, for example the FOV limb tangent

height, global location both contained in Ωt (t), and BLR,t in (1). The subscript t means tangent and also indicates

that these quantities are determined by the measurement characteristics of EOS MLS and the arrow → indicates that

these are vectors with more than one element. These quantities behave irregularly, that is follow no specific patterns.
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The second part, called the profile state vector, f has its values specified at certain heights, horizontal locations, and

frequencies. Temperature and molecular composition are examples of profile state vector components. The profile

state vector function is developed in Section IV.

The current (v1.5) Level 2 processing [4] state vector consists of limb tangent pressure, limb tangent LOS angle,

an additive baseline, all irregular quantities, profiles for several molecular constituents and temperature, the latter

being regular quantities. A more complete listing of the state vector is given in [3]. Although, the state vector

except baseline is contained within I (ν,x(Ω)) in (1), computationally it is more convenient to introduce parts

of it at different computational steps as shown in Fig. 3. For example, the ray tracing calculation (PSIG Ray

Tracing, Section V in Fig. 3) uses temperature coefficients and the tangent LOS to compute the two dimensional

height-pressure-temperature state. Additionally, this module also needs the atmospheric composition and profile basis

information to set up the appropriate ensemble of tangent pressures that are different than actual state vector tangent

pressures for computing the radiance profile function that will later be used by the antenna averager module. When

the antenna averager (or in a future version, the scan averager) does the vertical smoothing of the radiance profile

it interpolates the result to the pressures in the state vector. The details and approximations of these calculations

will be developed in later sections of the paper.

IV. PROFILE REPRESENTATION

The EOS MLS forward model is a representation-basis driven algorithm, where components of f in the state

vector x are represented by a weighted sum of basis functions. The constituent profile values are the weights. The

weights and their associated basis functions are fully embedded throughout all parts of the calculation. Normally,

the retrieved product requirements establish the basis parameters such as the vertical profile resolution and the same

would be used in both the forward model and retrieval. The advantage offered by this approach is that the interface

between retrieval and forward model is direct and simplified, that is there is no need for transformations between a

lower resolution retrieval profile to a higher resolution forward model profile. Radiance sensitivities or derivatives

are computed only for retrieved profile coefficients, again avoiding a down-sampling transformation between the

forward model and retrieval, which saves computational time. Finally, the exact functional definition of the profile

is preserved throughout the entire calculation.

A. Independent Coordinates

A fundamental issue is the choice of independent coordinates for gridding the state vector. The choice made here

is based on Upper Atmosphere Research Satellite (UARS) MLS heritage and data output requirements. The state

vector components can vary vertically, horizontally (along LOS), and spectrally (or EOS MLS channel). The vertical

coordinate is, ζ = − log(P) where P is pressure in hPa. Throughout this document, log = log10 and ln = loge. The

LOS measurement track angle, φ, is the horizontal coordinate. Frequency, ν, is the spectral coordinate. All except

the φ coordinate are self-explanatory. Referring to Fig. 2, φ refers to the horizontal locations, the colored arrows,

of the profiles. Although the figure shows this as a horizontal distance, we have chosen to use a geodetic angular
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coordinate because it is a periodic coordinate that more closely follows the elliptical shape of the Earth. Thus φ is

the geodetic angle of a point on a suborbital ellipse defined by the EOS MLS Aura orbit. For EOS MLS we have

chosen to place profiles every 1.5◦ and phased such that one profile is located at n360◦, n = 0, 1, 2, . . . , for a total

of 240 profiles per orbit. For each day φ is an accumulated quantity being reset at the start of each day. The profile

located at 0◦ is presumed to be crossing the equator on the ascending node. Therefore at the start of each processing

day, the location of the first profile will have a negative value of φ that is close to the first limb tangent LOS scan

angles such that when the first occurance of the ascending node crosses the equator, a profile is located at φ = 0◦ and

all previous and subsequent profiles are properly aligned and phased. Therefore, φ modulo 360◦ has the following

meaning: 0◦≤ φ < 90◦, northern hemisphere ascending node, 90◦≤ φ < 180◦, northern hemisphere descending node,

180◦≤ φ < 270◦, southern hemisphere descending node, and 270◦≤ φ < 360◦, southern hemisphere ascending node.

The integer part of φ/360◦ gives the orbit number, which is of no concern here.

B. Profile Function

The EOS MLS forward model employs either linear or logarithmic representation basis functions. The linear

representation is best for constituents where the radiance signal responds nearly linearly over the full range of

concentration values. It is best for weak signal molecules because it allows for multiple profile averaging without

introducing non-linear distortion in the averaged result and is used for the majority of state vector components

represented with profiles. The logarithmic basis is best for molecules that have concentrations spanning decades of

change and accompanied with a strongly non-linear radiance response. An example is tropospheric water vapor,

which due to thermodynamic constraints of the Clausius-Clapeyron phase equilibrium equation naturally follows an

exponential concentration gradient with temperature, and extinction, because it represents a molecular continuum,

is proportional to P2.

All linear state vector quantities are of the form:

f
k (ζ,φ,ν) =

NHk

∑
l

NPk

∑
m

NFk

∑
n

f k
lmnηk

l (ζ)ηk
m (φ)ηk

n (ν) , (3)

and for the logarithmic basis are

f
k (ζ,φ,ν) = exp

[

NHk

∑
l

NPk

∑
m

NFk

∑
n

ln f k
lmnηk

l (ζ)ηk
m (φ)ηk

n (ν)

]

, (4)

where f
k (ζ,φ,ν) is a profile that can have height, horizontal, and spectral variability. f

k is a state vector component

function identified by superscript k. f k
lmn is an element of state vector component k. k covers everything to be

differentiated by the forward model e.g., k = “temperature”, “ozone”, or “radiometer sideband” are allowable

choices. The η are basis functions in each of the three coordinates l,m,n for component k. NH, NP, and NF are

the total number of basis functions in each of the three allowable dimensions. Any or all of these can be unity,

which allows components to be scalars, up to three dimensions. The EOS MLS representation basis are triangular
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functions given by

ηk
l (ζ) =

0 ζ ≥ ζk
l+1

ζk
l+1−ζ
∆ζk

l
ζk

l+1 > ζ ≥ ζk
l

ζ−ζk
l−1

∆ζk
l−1

ζk
l > ζ > ζk

l−1

0 ζk
l−1 ≥ ζ

, (5)

where 1 < l < NHk, ζk
l is a grid-point height for the kth component, and ∆ζk

l = ζk
l+1−ζk

l . The special case, l = 1 is

ηk
1 (ζ) =

0 ζ ≥ ζk
2

ζk
2−ζ
∆ζk

1
ζk

2 > ζ ≥ ζk
1

1 ζk
1 > ζ

, (6)

and l = NHk is

ηk
NH (ζ) =

1 ζ ≥ ζk
NH

ζ−ζk
NH−1

∆ζk
NH−1

ζk
NH > ζ > ζk

NH−1

0 ζk
NH−1 ≥ ζ

. (7)

When combined with (3) or (4), the profile looks like linear or exponential segments where the coefficients define

the breakpoint values. The profile is constant, having the value of the first and last coefficient below and above the

first and last breakpoint ζ value. The special case where NHk = 1 uses

ηk
1 (ζ) = 1. (8)

Identical forms are used for ηk
m (φ) and ηk

n (ν). Fig. 4 gives an example of horizontal and vertical bases functions.

The regular state vector f usually consists of several components. All profile coefficients for a given component

in all dimensions are designated as fk, where k indicates the specific component. The continuous representation of

all profiles in all dimensions is designated as f. The continuous representation for temperature is T = f
T .

V. RAY TRACING

A. Earth Figure

The EOS MLS forward model requires tangent pressure and tangent LOS angle. Fig. 5 shows these quantities

(except here tangent height is shown) in the LOS frame (LOSF). The LOS ray s in Fig. 5 is one limb ray shown

in Fig. 2. The Earth figure is defined to be an ellipse of constant geopotential (Uo = 62.636860850 km2/sec2)

having major and minor axes lengths of 6378.137 and 6356.7523141 km, respectively (1980 Geodetic Reference

System [12]). The ellipse shown is the projection of the Earth figure ellipse onto a plane formed by the center of

the Earth figure ellipse and the LOS ray. The LOSF ellipse function is given by

1 =
x2

a2 +
y2

c2 (9)

where x and y are Cartesian coordinates in the LOSF and c is the LOSF minor axis given by

c2 =
a2b2

a2 sin2 β+b2 cos2 β
(10)
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Fig. 4. Bases functions shown for a state vector component having 37 vertical (ζk
l ) and 5 horizontal (φk

m) coefficient breakpoints. The top

panel shows the 37 vertical bases functions for each of its 5 horizontal coefficients. The bottom panel shows the 5 horizontal bases functions.

where a and b are the Earth figure ellipse major and minor axes, and β is an incline angle between the plane formed

by the center of Earth, satellite, and limb tangent position and the Earth centered rotating frame z-axis inclination

angle. For EOS MLS it is well approximated by the orbital inclination angle (98.14 degrees nominal). This gives

c = 6357.1789319 km for the projected ellipse.

The tangent point along the LOS is defined as the point where a line perpendicular to the LOS line is normal

to the LOSF Earth figure ellipse and is characterized by the geodetic height ht and angle φt , where subscript t

indicates tangent. The EOS MLS forward model requires tangent pressure (when combined with temperature and
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surface pressure gives the tangent height) and tangent LOSF angle as inputs. Therefore the LOS ray ~R is given by

~R = ~Rt +~nds, (11)

where ~nd is a unit vector perpendicular to the limb tangent or tangent to the ellipse at φt , which is

~nd = (−sinφt ,cosφt ,0) . (12)

The ray described in (11) neglects refraction; the handling of refraction is discussed later.

B. PreSelected Integration Grid (PSIG)

Solving the radiative transfer equation requires integrating the atmospheric state function along s, where the

latter is chopped into many discrete steps to insure accurate results. Since the EOS MLS FOV scans the limb

vertically as shown in Fig. 2, several radiance calculations at many tangent heights and tangent LOSF angles are
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Fig. 6. Level indexing notation for discrete radiative transfer calculations. Note that each line of sight path is associated with a tangent pressure,

t, and a pressure/angle index, i. The atmospheric state including height can be different along an isobar curve (e.g. t → 2N − t +1).

required. s is subdivided according to the vertical representation bases of the inputted state vector. The preselected

integration grid is formed from a sorted vector of all the unique ζk
l making up the profile state vector. The PSIG also

establishes the tangent pressures for each s to be computed. A PSIG constructed this way is a minimum grid for

making computations and does not necessarily provide sufficiently accurate results, especially where the radiance or

profile gradients are large. Therefore, the EOS MLS forward model allows for oversampling this minimum PSIG.

We achieve acceptable accuracy when we add extra ζs half-way between the minimum PSIG ζs for ζs less than

-1.3333. The resulting PSIG is the minimum PSIG oversampled by 2 over a portion of its vertical range. Two

times oversampling doubles the number of grid points and tangent heights to compute, therefore oversampling

has a quadratic impact upon computational speed. The PSIG defines the atmospheric layering for the radiative

transfer calculation as shown in Fig. 6. The integration quadrature requires additional points other than the basis

ζk
l breakpoints (or multiples thereof) to produce accurate results. Therefore the PSIG is augmented with extra ζs.

The integration uses a three point Gauss-Legendre (GL) quadrature described later (three additional ζs for each ζ

in the PSIG). The GL method specifies the ζ values that are augmented to the PSIG. We do not compute additional

tangent rays for these points; therefore, increasing the GL order leads to a linear decrease in computational speed.

Subsurface rays are inputted as negative tangent heights relative to the reference geopotential (Approximate sea

level of Earth). Subsurface heights are supplied explicitly; there are no automatic selections for these rays.
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C. Hydrostatic Model

Evaluating the atmospheric state along s requires ζ and φ (~R in (11)) and so far, the augmented PSIG only

supplies ζ. The LOS angle φ can be computed from heights using geometry. A set of basis heights, that is heights

of the augmented PSIG evaluated at each temperature profile φT
m location, is computed using hydrostatic balance.

The heights of pressures are given by

h
(

ζ,φT
m
)

=
go

?
R

2

o

go
?
Ro −k ln10∑NHT

l ∑NPT

m
(

f T
lmηT

m (φT
m)Pl

)

−
?
Ro +Ro −R⊕, (13)

where k, is the Boltzmann constant, Pl is the integral

Pl =
Z ζ

ζo

ηT
l (ζ)

M (ζ)
dζ, (14)

ζo is a reference pressure where the height, Ro, with respect to the center of the Earth is known and M is the mean

molecular mass of the atmosphere. It is preferred that ζo is the hydrostatically equivalent pressure of a surface

defined by Uo at the Earth figure ellipse. The gravitational acceleration is given by

go = − | ~∇Ur
(

Ro,φT
m
)

|, (15)

where Ur
(

Ro,φT
m
)

is the geopotential function evaluated at Ro and the equivalent latitude and longitude represented

by φT
m. The geopotential used here is

Ur =
GM
R

(

1−
2

∑
i=1

J2iP2i (λ)
( a

R

)2i
)

+
ω2R2 cos2 λ

2
, (16)

where R is the distance from the center of the Earth, J2i are form factors, P2i are Legendre polynomials, GM is the

Gravitational constant times the mass of the Earth, ω is the angular velocity of the Earth and λ is the latitude of

φT
m (conversion is straightforward see [3]). These constants are [12]:

J2 = 0.0010826256,

J4 = −0.0000023709122,

GM = 3986005×108m3s−2,

ω = 7292115×10−11rad s−1,

P2 = 1
2

(

3sin2 λ−1
)

,

P4 = 1
8

(

35sin4 λ−30sin2 λ+3
)

.

Expansion of (16) to J4 is adequate for our purposes. To account for centrifugal effects, (13) is derived assuming

a 1/R2 gravitational fall-off satisfying two boundary conditions: the gravitational acceleration and the vertical

gravitational gradient at the reference height [13]. Equation (15) defines the former and the latter is satisfied by

defining an “effective” height
?
Ro according to

?
Ro=

2go

−(∂g/∂R)R=Ro

. (17)
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The reference height Ro is the geometric height of the reference geopotential height. We use Ro to compute the

surface pressure, then the reference height Ro is reset to the surface of the Earth reference ellipsoid R⊕, which is

convenient because it serves as a boundary condition of the radiative transfer for reflected rays. ζo in (14) is set to

the computed surface pressure.

The radiance temperature derivatives need the hydrostatic temperature derivative of (13) which is given by

dh
d f T

lm
=

gok ln10
?
R

2

o ηT
m
(

φT
m
)

Pl
[

go
?
Ro −k ln10∑NTT

l ∑NPT
m
(

f T
lmηT

m (φT
m)Pl

)

]2 . (18)

D. Two Dimensional Atmospheric State

The LOS ray φs are calculated for the augmented PSIG. The measurement tangent pressures and tangent LOS

angles are supplied. Using linear interpolation, a set of tangent PSIG LOS angles are estimated. For each PSIG

tangent φt , the heights of the augmented PSIG ζs are estimated by linear interpolation of the two height profiles in

h
(

ζ,φT
m
)

having φT
m adjacent to φt . Next we compute the ray ~R from these heights. Unfortunately it is not possible

to express φ as a function of h (although the reverse is possible) in elliptical coordinates without iteration. Therefore

an equivalent circular Earth approximation is invoked as shown in Fig. 7. Here, the LOSF projected Earth figure

ellipse is approximated by a circle whose radius matches the curvature of the ellipse at φt given by

H⊕
t = N (φt)

√

sin2 φt +
c4

a4 cos2 φt . (19)

where N (φ) = a2/
√

a2 cos2 φ+ c2 sin2 φ. Note that ht if extended indefinitely below the Earth surface passes through

the center of the equivalent circle. The distance from the LOSF Earth ellipse is

x =
(

N (φt)−H⊕
t
)

cosφt ,

y =

(

c2

a2 N (φt)−H⊕
t

)

sinφt ,

~d = [x,y,0] . (20)

Now the ray φ is easily evaluated according to

φ = φt ± arccos

[

(

ht +H⊕
t
)

(

h+H⊕
t
)

]

. (21)

The choice of the sign depends on which side of the tangent h is. The incoming Earth intersecting ray is computed

according to

φ = φt + arccos
[

H⊕
t cos(φsurf −φt)

h+H⊕
t

]

, (22)

and the outgoing ray is

φ = φt −2φsurf − arccos
[

H⊕
t cos(φsurf−φt)

h+H⊕
t

]

, (23)

where φsurf = φt −arccos
[(

ht +H⊕
t
)

/H⊕
t
]

and ht < 0. The resulting ray φ does not account for horizontal gradients

in temperature. To do so a new set of ray hs are computed from the ray φs using linear interpolation of h
(

ζ,φT
m
)

.

Using (21), or (22) and (23) a new set of ray φ is computed. This process is repeated until the ray h change
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from the previous iteration is less than 10m. A limitation in the technique is its implied requirement that the

minimum path ζ occurs where the path geodetic height is minimum. This is only true for the 1-D case or 2-D

cases where the temperature gradient at the tangent is zero. In the general case, the minimum path ζ is slightly off

the geodetic tangent. If the 2-D temperature gradient is large enough, it can cause convergence problems for the

method outlined above. At present we do not have a capability for handling a variably adjusting ζ PSIG, therefore

when non convergence occurs, linear interpolation is used to estimate the heights of pressures between ζt and its

nearest converged ζ/h pair. Fig. 8 shows an example of ζ and LOS φ computed for an atmosphere with a large

horizontal temperature gradient.

The final ray φs are now used to evaluate the atmospheric state using (3) or (4). The temperature derivative of

the hydrostatic function is evaluated along the ray φs using linear interpolation of (18).

Fig. 9 shows the error introduced by using the equivalent circle approximation to the Earth figure ellipse shown

in Fig. 5 and Fig. 7. There is no error at the tangent point and it slowly accumulates as one moves away from it.

The path length s (= Ht tan(φ)), is accurate to 0.1% or better, and h better than 100 m. For the first three degrees of

φ about φt , which covers 5 coefficients, h is accurate to 10 m and the s difference is negligible. At the orbital poles

and equator, the errors are 10 times smaller. From the figure, it shows that the path length error at s = ±500 km

about φt is 0.01%. Assuming a radiance weighting function 1000 km wide and optically thin situations, would lead

to a radiance error of ∼0.01% or 0.01 K at 100 K. The error for optically thick situations should be smaller because

the path length sensitivity is attenuated by the transmission function. Therefore, the equivalent circle representation

for ray-tracing is an excellent approximation.

The state vector component, LOS tangent φt must include refraction. The Aura ephemeris provides unrefracted

LOS angle φgeom
t based on spacecraft location, attitude and EOS MLS FOV direction encoder data. The φgeom

t is

adjusted for refraction according to [3]

φt ≡ φrefr
t = φgeom

t +

Z Hs

MAX(Ht ,H⊕)

Nt HtdH
H

×
(

1
√

N 2H2 −N 2
t H2

t

− 1
√

N 2
t H2 −N 2

t H2
t

)

, (24)

where H = h+H⊕
t , Ht = ht +H⊕

t , Hs is the spacecraft height (or any height where refraction is negligible), and N

is the refractive index of air. The refractive index of air is

N = 1+
0.0000776
T (ζ,φ)10ζ

(

1+4810
f

H2O (ζ,φ)

T (ζ,φ)

)

. (25)

Fig. 10 shows the difference between unrefracted and refracted φt for two orbits of simulated February data showing

the variability of this difference. At pressures less than 100 hPa, the difference is small, being 0.07◦ or 5% of the

EOS MLS horizontal grid spacing. The difference grows to 0.18 ◦ or 20% at 500 hPa however the variability is

not extreme. At pressures greater than 500 hPa, the difference and its variability are very large. Since EOS MLS
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Fig. 7. The equivalent circular Earth representation in the LOSF.

profile measurements do not extend to pressures higher than 500 hPa one can use a table generated from this figure

to do the correction. Unfortunately an oversight in the v1.5 EOS MLS software development did not make this

adjustment and we currently use φgeom
t in the forward model. Also related is that the φs generated for the 2-D

rays should also be corrected for refraction. The correction is calculated from (24) with the upper integration limit

changed from Hs to the PSIG H for the φ being corrected. Currently this correction is also neglected.
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TABLE I

MOLECULES CONSIDERED IN EOS MLS FORWARD MODEL

79BrO 79BrO(ν1)
81BrO 81BrO(ν1) CH3CN CH3COCH3 CH3Cl CH35

3 Cl CH37
3 Cl CH3OH CO 13CO

C17O C18O OC18O 35ClO 35ClO(ν1)
37ClO 37ClO(ν1) COF2

35ClOO35Cl 35ClOO37Cl 35ClONO2
37ClONO2

H79Br H81Br H35Cl H37Cl D35Cl D37Cl HCN HCN(ν2) H13CN HC15N HCOOH HF

DF H2CO H13
2 CO H2C18O H2O H2O(ν2) H17

2 O H17
2 O(ν2) H18

2 O H18
2 O(ν2) D2O HDO

HDO(ν2) HD17O HD18O H2O2 H32
2 S H32

2 SO4 HNO3 HNO3(ν5) HNO3(ν6) HNO3(ν7) HNO3(ν8) HNO3(ν9)

H15NO3 HO79Br HO81Br HO35Cl HO37Cl HO2 HOONO2 N2 N2O N2O(ν1) N2O(ν2) N2O(2ν2)

15NNO N15NO N17
2 O N18

2 O NO NO2 O 17O 18O O35ClO O37ClO OC32S

OC34S O13C32S OH 18OH OD O2 O2(ν1) O17O O18O O18O(ν1)
1∆gO2

1∆18
g OO

O3 O3(ν1,3) O3(ν2) O3(2ν2) O3(ν1,3 +ν2) O17
2 O O17OO O18

2 O O18
2 O(ν2) O18OO O18OO(ν2)

32SO2

32SO2(ν2)
33SO2

34SO2

VI. SPECTROSCOPY

A. Molecules Considered

The EOS MLS bands have considerable spectral coverage (see Fig. 1) and are affected by signals from additional

molecules that are not part of the targeted suite. Therefore a first task is to identify all lines and molecules that

may contribute measurable signals. Table I lists all the molecules including vibrational states and isotopes that have

been considered. The isotope mass number is dropped for atoms whose most abundant isotope exceeds 95%. With

the exception of H15NO3 these molecules exist in the JPL Spectroscopy Catalog [14] or the HITRAN database

[15]. H15NO3 is expected to be added to the JPL Spectroscopy Catalog soon.

B. The EOS MLS Molecule Catalog

The EOS MLS molecule catalog consists of two parts, molecule data and line data for computing the line-by-line

absorption. Table II gives an example of molecule data. The molecule data table gives spectroscopic data that are

common to molecular lines selected for the EOS MLS radiometer band. The molecular data table includes the

isotopic abundance, mass, partition function values, and line shape continuum parameters. Tables III and IV give

an example of line data, which consist of spectroscopic data that is line specific. This includes line position, line

strength, lower state energy, pressure broadening parameter and temperature dependence, pressure shift parameter

and temperature dependence, four intramolecular line interference parameters [16], a modified JPL Spectroscopy

Catalog quantum number format, the upper state quantum numbers, the lower state quantum numbers, the EOS MLS

bands the line is applied to, and the data source of the broadening parameters. The complete tables are published

in [3].

The data in the EOS MLS spectroscopy catalog are derived from many sources. The line positions, strengths,

lower state energies, and quantum numbers are from the JPL Spectroscopy Catalog when available, otherwise the
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HITRAN values are used. The quantum number format is slightly modified from the JPL catalog to include the

number of combined lines. Whenever there are multiple lines having the same line position and lower state energy,

these degenerate lines are combined to form a single line that is the sum of the strengths and tabulated in the

catalog. The quantum number format reflects this by adding the number of merged lines times 10000 added to the

JPL Spectroscopy Catalog quantum number format. The quantum numbers for the merged line are those for one

of the merged lines. Laboratory measurements of shape parameters including shifts and interferences are separately

maintained in files. The lines in these files are identified by their quantum numbers. It is believed that a quantum

number tag is a more robust identifier than the line position frequency, which may change in future revisions of

the JPL Spectroscopy catalog. If a laboratory measurement is not available in our files, then the HITRAN database

value is used. If it is not available from HITRAN then an educated guess is used. The column in Table IV labeled

“LS ref” shows the heritage of the lineshape data having “M” for laboratory measured, “H” for HITRAN, or “G”

for guess. The column labeled “EOS Bands” indicate which bands this line should be used for. This is an efficiency

step that limits the number of line-by-line computations in the forward model. The isotopic abundances are based

on crustal values of the elements except for 18OO which is based on atmospheric measurements [17]. The mass

is the sum of the atomic masses composing the molecule which are available from any modern periodic chart.

The partition functions are the total partition function including rotation, vibration and electronic energy levels.

Most of the partition functions come from the HITRAN catalog because it includes the vibrational and rotational

partition functions. The JPL Spectroscopy Catalog partition functions usually only include the rotational component,

which can cause significant errors. When the JPL Spectroscopy Catalog includes the vibrational and/or electronic

component, then we preferentially use it. There are some cases where the JPL partition function is larger than the

HITRAN value even though HITRAN includes the vibrational contribution. This is caused by a maximum state

truncation error (did not include enough rotational states) in the HITRAN partition function calculation. In these

cases, an adjusted JPL partition function is used, where it is multiplied by an estimate of the vibrational contribution.

Whenever the partition function differs from that in its respective database, the strength has been multiplied by

the ratio of the old (usually JPL Spectroscopy Catalog) partition function to the new partition function. It is well

known that the line-by-line calculation does not capture all the line absorption observed. Therefore to account for

the excess absorption, we have allowed storage for 6 continuum parameters. The continuum parameters can be

global or EOS MLS radiometer specific. In the case of radiometer specific, using H2O as an example, a few lines

are used in the line-by-line calculation as indicated by the “EOS Bands” column and the remaining absorption from

the neglected H2O lines have a simple continuum-like parameterization given by a molecule designated as H2O-r2

for EOS MLS radiometer R2. The continuum under the main molecule heading e.g., H2O, N2, and O2 apply to all

radiometers.

C. Molecule and Line Selection

Molecules and lines are selected based on their likely signal strength. First molecules that are likely to have both

line and continuum contributions are selected. This list is N2, O2, H2O, and O3. The lines selected are tested with
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TABLE II

EXAMPLES OF MOLECULE DATA
m

ol
ec

ul
e,

k

is
ot

op
ic

ab
un

da
nc

e
R

k

m
as

s
M

k

A
M

U

Partition Function QK at

300 K 225 K 150 K
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nt

1k

(k
m

−
1 hP

a−
2 M

H
z−

2 )

co
nt

2k

co
nt

3k

(M
H
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2 )
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nt
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m

−
1 hP

a−
1 M

H
z−

4 )

co
nt

5k

(M
H

z−
2 )

co
nt

6k

M
H

z

H2O 0.99729 18.011 178.115 116.011 63.680 5.376×10−16 4.80 0.000 0.000 0.000 0.000

H2O-r2 0.99729 18.011 0.0000 0.0000 0.0000 2.446×10−16 3.495 0.000 0.000 0.000 0.000

N2 0.99269 28.006 0.000 0.000 0.000 5.727×10−20 3.964 1.669×10−12 9.997×10−33 1.113×10−13 1.798×106

O2 0.99519 31.990 218.6754 164.1345 109.5973 6.87×10−9 2.8 0.56 0.8 0.000 0.000

O3 0.99279 47.984 3563.3512 2235.0190 1200.4721 0.000 0.0 0.000 0.000 0.000 0.000

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

TABLE III

EXAMPLES OF LINE DATA PART I

m
ol
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e νk 0
j

(M
H

z)

Ik j
(3

00
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)

(n
m

2 M
H

z)

E
`k j
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−
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(3
00
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H
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hP
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nk cj

∆ν
k 0

j(
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0
K
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(M
H

z
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1 )

nk ∆ν
0

j

δk j(
30

0
K

)

(h
Pa

−
1
)

nk δ j

γk j(
30

0
K

)

(h
Pa

−
1
)

nk γ j

H2O 22235.0800 446.5107 -5.8875 2.658 0.640 0.000 0.000 0.00e+00 0.00 0.00e+00 0.00

183310.1170 136.1639 -3.6465 2.830 0.750 -0.060 1.375 0.00e+00 0.00 0.00e+00 0.00

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

O2 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

118750.3430 0.0000 -6.5312 1.528 0.979 0.000 0.000 -3.60e-05 0.80 9.00e-06 1.80

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

TABLE IV

EXAMPLES OF LINE DATA PART II

molecule
νk

0 j

(MHz)
QN fmt QNu QNl EOS Bands LS ref

H2O 22235.0800 1404 6 1 6 0 5 2 3 0 H

183310.1170 1404 3 1 3 0 2 2 0 0 B2L, B3L, B4L, B5L, B6L, B23L, B27L M

B2U, B3U, B4U, B5U, B6U, B23U, B27U

· · · · · · · · · · · · · · · · · ·

O2 · · · · · · · · · · · · · · · · · ·

118750.3430 102 1 1 1 0 B1L, B21L, B22L, B26L, B32L, B34L M

· · · · · · · · · · · · · · · · · ·
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this simple optically thin radiance estimate

I = f
kβks,

s ≈ 2
√

2Ht∆h,
(26)

where βk is the molecule cross section (given later) at the line center frequency and f
k is a representative volume

mixing ratio for molecule k. The path length s = 500 km is approximately a ∆h =5 km thick vertical layer. For these

molecules we keep any line where I > 1 K between 0–3 THz. N2 has no lines but has a significant continuum. Within

each radiometer frequency coverage range (both sidebands) a full line-by-line absorption calculation is performed

for each of these molecules (except N2). Then a subset of lines in the vicinity of the radiometer is selected and

another line-by-line calculation is performed. A continuum function of the form cont 1p2 (300/T)cont 2 ν2 where

cont 1 and cont 2 is fitted to the difference between the full and partial line-by-line absorption calculation. When

the fitted continuum function models the frequency, pressure, and temperature dependence of the excess absorption

between the full and partial absorption within 10%, then the lines in the partial calculation are designated for all the

bands in the radiometer (indicated in “EOS Bands”) and an extra radiometer-specific continuum for the molecule is

added to the molecular table (e.g. H2O-r1a, H2O-r1b, H2O-r2, H2O-r3, H2O-r4, H2O-r5h, H2O-r5v, O3-r1a, O3-r1b,

O3-r2, O3-r3, O3-r4, O3-r5h, O3-r5v).

Individual EOS MLS bands or groups of bands when they overlap or are spectrally close are scanned for lines

for all the molecules listed in Table I. For each molecule in Table I, all lines that fall within the extreme frequency

coverage of the scanned band(s) plus/minus the edge channel width are tested with (26) against a threshold value.

Lines with signal strengths greater than the threshold are added to the EOS MLS catalog and their respective “EOS

Bands” is identified. The thresholds are: R1A, R1B, 1 K, R2, 0.05 K, R3, 1 K, R4, 0.05 K, and R5H, R5V, 0.5 K.

The different thresholds are based on the strengths of the targeted lines and processing speed limitations.

D. Calculating Cross Sections

The cross-section βk for the kth species is given by

βk = βk
LxL +βk

cont (27)

where βk
LxL is the line-by-line contribution and βk

cont is any excess contribution that is not accounted for in the

line-by-line calculation typically referred as continuum. The line-by-line cross section is [18]

βk
LxL = R k

√

ln2
π

10−13

kTwk
d

P tanh{hν/(2kT )}

× ∑
j

10S k
j LineShape

(

xk
j (ν) ,yk

j (ν) ,zk
j (ν)

)

(28)

where

S k
j = I k

j (300)+
hcE`k

j

k

(

1
300

− 1
T

)

+ log
[

Qk (300)

Qk (T )

]

+ log





(

1+ exp
{

−hνk
j/(kT )

})

(

1− exp
{

−hνk
0 j/(k300)

})



 , (29)
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T is temperature in Kelvins, P is pressure in hPa, R k is the isotopic fraction for the species, I k
j (300) is the

logarithm of the integrated intensity in nm2MHz at 300 K, ν is frequency in MHz, νk
j is the pressure shifted

line center frequency in MHz, νk
0 j is the zero pressure line center frequency in MHz, E`k

j is the ground state

energy in cm−1, Qk (T ) is the partition function, wk
d =

√
2ln2kν

√

T
M k /c is the Doppler width in MHz, M k is the

absorber molecular mass in amu, c is the speed of light,
√

ln2
π

10−13

k
= 3.402136078 ×109 K hPa−1nm−2km−1,

is proportional to the reciprocal Boltzmann constant, k in JK−1, LineShape
(

xk
j (ν) ,yk

j (ν) ,zk
j (ν)

)

is the lineshape

function and j identifies the individual lines in the molecule. The constants,
√

2ln2k/c = 3.58117369× 10−7

AMU
1
2 T− 1

2 , k/hc = 1.600386 cm−1K−1, k/h = 20836.74 MHz K−1. The temperature dependence of the logarithm

of the ratio of the partition function at 300K to T is approximated by

log
[

Qk (300)

Qk (T )

]

= log
[

Qk (300)

Qk (T0)

]

+
log
[

Qk(T1)

Qk(T0)

]

log
[

T1
T0

] log
[

T0

T

]

, (30)

where Qk (T1) and Qk (T0) are tabulated partition functions at temperatures T1 and T0, which are, preferably, greater

than and less than T (or vice-versa), respectively, and Qk (300) is the partition function evaluated at 300K. The

partition function includes all the rotational, vibrational, and electronic states. The partition function for EOS MLS

calculations is tabulated at 300, 225, and 150K.

The LineShape function is

LineShape
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(31)

where xk
j (ν) =

√
ln2
(

ν−ν′kj
)

wk
d

, yk
j (ν) =

√
ln2wk

c jP

wk
d

( 300
T

)nk
c j , zk

j (ν) =

√
ln2
(

ν+ν′kj
)

wk
d

, wk
c j is the collision width in MHz hPa−1,

nk
c j is its temperature dependence, and Y k

j is an intramolecular line interference coefficient. All temperature dependent

quantities such as strengths, widths, shifts and interferences are for 300 K. The
(

ν
νk

0 j

)

term, which is virtually

constant over a Doppler width, has been pulled outside the integral. The integral is related to the Fadeeva function

(eq. 7.1.4 in [19]). The numerator of the integrand with yk
j (ν) is a Voigt function (real part of the Fadeeva function).

The numerator of the integrand with Y k
j is the imaginary part of the Fadeeva function. The Fadeeva function is

evaluated according to [20]. The line center frequency is pressure shifted and Doppler shifted according to

νk
j =

[

νk
0 j +∆νk

0 jP
(

300
T

)n∆νk
0 j

]

,

ν′kj = νk
j

(

1+
ds
dt

/c

)

(32)
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where n∆νk
0 j

is the temperature dependence of νk
j and ds

dt is the projection of the spacecraft orbital velocity along

ray s in Fig. 5 or Fig. 7. ∆νk
0 j is the pressure shift parameter in MHz hPa−1. The temperature dependence of the

shift is often not known for the few cases where the shift is measured. In those cases we use n∆νk
0 j

=
(

1+6nk
c j

)

/4

based on a theory developed by [21]. The interference coefficient is parameterized according to

Y k
j = P

[

δk
j

(

300
T

)nk
δ j

+ γk
j

(

300
T

)nk
γ j
]

; (33)

at this time it is only known for some O2 lines [16] and is zero for all other molecules.

Some molecules have continuum contributions. Except for EXTINCTION, N2, and O2 (defined later), the

continuum parametrization is given by

βk
cont = R kcont 1kν2P2 (300/T)cont 2k

, (34)

where cont x (x=1–6) is a continuum parameter. Eq. 34 is the continuum due to collisions in dry air, therefore in the

case of H2O, the self-absorption (which has different parameters and scales by
(

f
H2O
)2) is ignored. The continuum

parameters for H2O-r2 and H2O-r3 are from total absorption measurements by [A.Meshkev and F. DeLucia, personal

communication, 2004]. The continuum parameterization of H2O-r5v and H2O-r5h are from laboratory measurements

by [H. Pickett, personal communication, 2004]. We have created an entity called EXTINCTION, which is present for

retrieving an additive baseline in molecular absorption units. It can act as a proxy for atmospheric absorption from

unknown molecules or certain types of clouds (that emit without scattering radiation). The cross section function

for EXTINCTION is

βEXTINCTION = cont 1EXTINCTION, (35)

Where cont 1EXTINCTION = 1 (unitless). The retrievable fEXTINCTION has units of km−1. The N2 cross section is

parameterized according to [22]

βN2 = P2ν2 (300/T)cont 2N2

×
[

cont 1N2 exp
{

−cont 3N2ν2
(

300
T

)}

+ cont 4N2 exp
{

−cont 5N2ν2
(

300
T

)}

×
(

{

cont 6N2
}2

+ν2
)]

. (36)

Eq. 36 is an empirical function that fits the N2 Collision Induced Absorption (CIA) spectrum from 0–3 THz.

The N2 absorption coefficient is
(

f
N2
)2 βN2 where f

N2 = 0.79. Pardo [23] has found that in the atmosphere, dry

absorption due to N2–N2, N2–O2, O2–N2, and O2–O2 pairs can be adequately fitted by multiplying eq. 36 by 0.81 =

(1.29×0.792). The continuum parameters in Table II are from total absorption measurements of air by [A. Meshkev

and F. DeLucia, personal communication, 2004]. The continuum parameterization for O2 is the Debye spectrum

according to [16]

βO2
cont = R O2

cont 1O2ν2P2 (300/T)cont 2O2

ν2 +
(

cont 3O2P(300/T)cont 4O2
)2 . (37)
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The Debye continuum absorption coefficient is f
O2βO2

cont. Equation (37) must be added to the line-by-line contribution

for O2 to yield the total cross section for O2.

The isotopic fraction R k allows the user to input a volume mixing ratio for the total molecule yet have the

computed cross sections scaled appropriately. The software implements a feature that allows the user to combine a

number of molecules and treat the combination as one. The feature allows one to combine the most abundant isotope

with its excited vibrational states, and less abundant isotopic components of the same molecule. The combined βk

is simply a sum over the individual βk’s of the combined species, times their isotopic fractions R k. The software

can also be run where the isotopic fraction is ignored, that is, R k = 1. The two options are necessary because for

some molecules (e.g. H2O), the isotopic fractions in the upper atmosphere differ significantly from that found at

the Earth’s surface [24].

The forward model also computes derivatives of the cross section with respect to temperature, line position, line

broadening, and line broadening temperature dependence. These derivatives are straightforward to derive; however,

the resulting equations are long and complicated, and they are available in [3].

VII. RADIATIVE TRANSFER

The radiative transfer model described here is for the special case of a clear sky atmosphere in local thermo-

dynamic equilibrium emitting unpolarized radiation. The main emphasis is the rapid yet accurate calculation of

derivatives that are needed by the inversion algorithm (Level 2).

A. Discrete Radiative Transfer Solution

The radiative transfer equation in local thermodynamic equilibrium through the atmosphere is

dI (ν,x(s))
ds

+κ(ν,x(s)) I (ν,x(s)) = κ(ν,x(s))B(ν,x(s)) (38)

where κ(ν,x(s)) = ∑k f
kβk is the atmospheric absorption coefficient and B(ν,x(s)) is the source function. Equa-

tion (38) is converted to an integral equation and solved discretely with numerical quadratures. The notation used to

designate levels and ray paths is shown in Fig. 6. The atmosphere is partitioned into N concentric shells or levels.

A ray path cuts through all the levels above the tangent level. The outermost level is 1 nearest the observer and

each level is numbered consecutively to the tangent level t. The next level that initiates the ray on the atmospheric

side opposite to the observer is 2N − t +1 and the levels are then numbered consecutively until the ray leaves the

last level now on the far side of the observer at 2N. Levels t and 2N − t + 1 point to the exact same spot in the

atmosphere bounding a “zero-thickness” layer. The level redundancy provides a simple algorithm for handling Earth

reflections and emissions. This is accomplished by choosing an appropriate value for the tangent level emission

efficiency value ϒ ( = 1, for non-Earth-intersecting rays and is < 1, the Earth reflectivity coefficient otherwise). The

levels in Fig. 6 correspond to the PSIG ζ (without the extra quadrature points) described in section V. Section V

also provides the algorithm for computing φ, temperature and other profile quantities at the layer boundaries.



EOS AURA SPECIAL ISSUE 24

The discrete radiative transfer equation is

I (ν,x(Ω)) =
2N

∑
i=1

∆BiTi, (39)

where ∆Bi is the differential temperature source function given by

∆B1 =
B1 +B2

2
,

∆Bi =
Bi+1 −Bi−1

2
,

∆Bt =
B2N−t+1 −Bt−1

2
,

∆B2N−t+1 =
B2N−t+2 −Bt

2
,

∆B2N−i+1 =
B2N−i+2 −B2N−i

2
,

∆B2N = Io −
B2N−1 +B2N

2
, (40)

Io is the background cosmic radiance incident on the top of the atmosphere, B is the thermal Planck radiation

function,

Bi = B(ν,x(si)) =
hν

k

[

exp
(

hν
kTi

)

−1
] , (41)

h is the Planck constant, k is the Boltzmann constant, ν is the radiation frequency and Ti is temperature at the ith

level. Ti is the transmission function at the ith level given by

for i ≤ t,

T1 = 1,

Ti = exp

(

−
i

∑
j=2

∆δ j→ j−1

)

,

for t <i < 2N − t +1,

Ti = 0,

for i = 2N − t +1,

T2N−t+1 = ϒTt ,

for i > 2N − t +1,

Ti = T2N−t+1 exp

(

−
i

∑
j=2N−t+2

∆δ j−1→ j

)

,

(42)

where ∆δ j→ j−1 is the incremental opacity between levels j → j−1. The limits for the incremental opacity integral

are reversed for i > t to keep the lower limit closest to the tangent surface. In limb viewing, the atmosphere is

usually not transmissive enough to see the surface. Therefore we assume ϒ = 0.05 with the reflection boundary

occurring at the reference geopotential. Variations in ϒ and surface topography are not considered.
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There is sometimes confusion regarding how the differential temperature radiative transfer (39) works in the

vicinity of the tangent, which we clarify now. Expanding (39) and showing only the terms about i = t gives

I (ν,x(Ω)) = · · ·+∆Bt−1Tt−1 +∆BtTt +∆B2N−t+1T2N−t+1

+ ∆B2N−t+2T2N−t+2 + · · ·

= · · ·+ Bt −Bt−2

2
Tt−1 +

B2N−t+1 −Bt−1

2
Tt

+
B2N−t+2 −Bt

2
T2N−t+1 +

B2N−t+3 −B2N−t+1

2
T2N−t+2 + · · · .

(43)

Recognize that index t and 2N − t +1 are the same point on the LOS path, which requires Bt = B2N−t+1 and from

(42), T2N−t+1 = ϒTt . We also set T2N−t+2 = ϒTt ∆T2N−t+1→2N−t+2 where ∆T2N−t+1→2N−t+2 = exp(−∆δt+1→t+2).

Adding and subtracting Bt
2 (1−ϒ) to (43) and collecting all the terms that involve Bt and B2N−t+1 gives

I (ν,x(Ω)) = · · ·+ Bt +Bt−1

2
(Tt−1 −Tt)+Bt (1−ϒ)Tt

+
B2N−t+2 +Bt

2
Ttϒ(1−∆T2N−t+1→2N−t+2)+ · · · . (44)

The terms as arranged in this equation show that the linear average temperature in the layer is multiplied by the

difference in the transmission function between the layer boundaries (first and third terms). The solution is exact if

temperature is linear in transmission. This result is consistent with the differential transmission form of the radiative

transfer equation. The second term right of = contains the Earth reflectivity effect. If the LOS ray is above the

Earth surface, then ϒ = 1 and the second term disappears. For Earth intersecting rays, ϒ 6= 1, the second term is

the surface emission from the Earth attenuated by the atmospheric transmission, and the Earth intersecting part of

the LOS (third term onward) is scaled by the surface reflectivity.

B. Discrete Radiative Transfer Derivative

The derivative form of (39) is
dI (ν,x(Ω))

dx j
=

2N

∑
i=1

QiTi, (45)

where x j is an element in state vector (x). This is identical to (39) except Qi replaces ∆Bi and is given by

Qi =
∂∆Bi

∂x j
−∆BiWi, (46)
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where Wi is the transmittance derivative given by

W1 = 0,

for i ≤ t,

Wi = Wi−1 +
∂∆δi→i−1

∂x j
,

for t < i < 2N − t +1,

Wi = 0,

W2N−t+1 = Wt ,

for i > 2N − t +1,

Wi = Wi−1 +
∂∆δi−1→i

∂x j
, (47)

where ∂∆δi→i−1
∂x j

is the layer opacity derivative with respect to state vector element x j.

C. Incremental Opacity Integral

The incremental opacity is given by

∆δi→i−1 =
NS

∑
k=1

∆δk
i→i−1, (48)

which is a summation of each species contribution to the incremental opacity. The species incremental opacity

integral is

∆δk
i→i−1 =

∆srefr
i→i−1

∆si→i−1

Z ζi−1

ζi

f
k (ζ,φ(ζ) ,ν)βk (P(ζ) ,T (ζ) ,ν)

× (h(ζ)+H⊕ (φt ))
√

(h(ζ)+H⊕ (φt))
2 − (h(ζt)+H⊕ (φt))

2

×

[

h(ζ)+
?
Ro (φ(ζ))−Ro (φ(ζ))+R⊕ (φ(ζ))

]2

go (φ(ζ))
?
R

2

o (φ(ζ))M (ζ)

× T (ζ)k ln10dζ, (49)

where f
k is either from (3) or (4) and βk (P(ζ) ,T (ζ) ,ν) = βk is the cross section for the kth species. ζ is the LOS

path coordinate; it establishes h and φ in addition to ζ as described in section V. The term following the first “×”

is ds
dh . The last two lines of (49) are dh

dζ . The last three lines chain-rule path length to the independent variable, ζ.

The geometric model is based on the equivalent circular Earth and the hydrostatic model is based on a geocentric

gravitational model and is the source of the many different R’s involved. Refraction causes a path-lengthening effect

relative to the straight-line path differences used here. This is compensated for by scaling the opacity integral by

the ratio of the straight path length to the refracted one. Numerical experiments have shown this to be a completely

satisfactory approximation (< 0.01 K). The path length ratio is given by

∆srefr
i→i−1

∆si→i−1
=

Z ζi−1

ζi

N H
√

N 2H2 −N 2
t H2

t

dh
dζ

dζ/
Z ζi−1

ζi

ds
dh

dh
dζ

dζ, (50)
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where N is the refractive index given in (25). The derivation of (50) is given in [3]. The tangent point singularity

in Equation (50) is handled by changing the integration variable, x2 = N 2H2,2xdx = 2
(

N 2H + N H2 dN
dH

)

and

integrating with GL in x. This requires a root solver that gives H and N for each GL x. Another consideration is

the effect of path lengthening on the ray traced φ. It is currently ignored but can be included by integrating (24). The

state vector quantities such as temperature would be evaluated with the corrected φ. Note that φt is not affected and

that the error (the horizontal component for evaluating state vector components) increases as the horizontal distance

from the tangent increases. The magnitude of this error has not been quantified. In future software upgrades, we

will add the horizontal correction according to (24).

These integrals are evaluated with a 3-point Gauss-Legendre quadrature based on pressure griding. The integrand

in (49) has a singularity at the tangent point. A simple method for handling singularities is to recast (49) as
Z ζi−1

ζi

F (ζ)
ds
dh

dh
dζ

dζ = F (ζi)

Z ζi−1

ζi

ds
dh

dh
dζ

dζ

+

Z ζi−1

ζi

[F (ζ)−F (ζi)]
ds
dh

dh
dζ

dζ, (51)

where F (ζ) contains a non-singular function. The first integral on the right of = has a singularity but can be

integrated analytically because it is the path length, ∆si→i−1. The second term right of = still has a singularity

but if the F (ζ)−F (ζi) part is higher order than the path length derivative then a well-behaved solution results.

In this case F is proportional to β, which is nearly exponential in ζ; the result is very well behaved and this trick

provides a good solution. This method does not apply to (50) hence a different method is used to evaluate it.

Having the vertical breakpoints of the representation basis functions coincide with the PSIG improves the accuracy

of the derivative calculation by eliminating integrations across the breakpoints of the basis functions, where its first

derivative is discontinuous.

The forward model calculation uses a semi-adaptive approach for computing (49). The first integral right of the =

in (51) is evaluated at each PSIG point. This requires one absorption coefficient and a simple path length calculation

(the analytical solution to the integral) per PSIG point. From this, an estimate of the radiative transfer error along

the transmission path is calculated,

∆I (ν,x(Ω)) = 250.0(δi+1 −δi−1)Ti, (52)

where δi = ∑i
j=2 ∆δ j→ j−1 or δi = δt +∑i

j=2N−t+2 ∆δ j−1→ j and the 250 is a representative value for temperature. The

indices in the PSIG where ∆I (x) exceeds a threshold value (usually 0.2K for the strong signals), the second term

right of the = in (51) is computed with the 3-point GL quadrature. This saves 3 absorption coefficient evaluations

and an integration for each PSIG point having a radiance contribution error smaller than the threshold.

D. Opacity and Source Function Derivatives

The radiative transfer derivative in (45) is a function of the opacity derivative and the differential temperature

derivative (source function). For EOS MLS, this comes in three forms, mixing ratio, temperature, and β specific.

These forms are given below
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1) Mixing ratio: The derivative of the source function with respect to mixing ratio is zero so that term in (46)

vanishes. The opacity derivative with respect to mixing ratio using the linear basis is

d∆δk
i→i−1

d f k
lmn

=
∆srefr

i→i−1

∆si→i−1

Z ζi−1

ζi

ηk
l (ζ)ηk

m (φ(ζ))ηk
n (ν)

× βk (P(ζ) ,T (ζ) ,ν)
ds
dh

dh
dζ

dζ. (53)

It is worth noting that summing these integrals times the mixing ratio coefficient f k
lmn over all four indices also gives

the incremental opacity in (48). The frequency dependence is retained because one of the species, EXTINCTION,

allows for spectral structure.

The opacity derivative with respect to mixing ratio using the logarithmic basis is

d∆δk
i→i−1

d f k
lmn

=
∆srefr

i→i−1

∆si→i−1

Z ζi−1

ζi

ηk
l (ζ)ηk

m (φ(ζ))ηk
n (ν)

f k
lmn

× f
k (ζ,φ(ζ) ,ν)βk (P(ζ) ,T (ζ) ,ν)

ds
dh

dh
dζ

dζ. (54)

Note that f k
lmn > 0 always; therefore this representation is not appropriate for weak and noisy products.

2) Temperature: The temperature derivative is quite complicated because it affects the cross section, hydrostatic

model, and the path length. Some simplifying assumptions are made to make this problem simpler. The sensitivity

of these equations to the change in refraction due to temperature is ignored and dh
dζ = H2

kT ln10/
(

goR2
oM
)

is

assumed where H is in the equivalent circular Earth system. The path length derivative, ds
dh = H/

√

H2 −H2
t . Since

temperature is independent of frequency, ηn (ν) = 1. The temperature derivative of the incremental opacity is

d∆δk
i→i−1

d f T
lmn

≈
∆srefr

i→i−1

∆si→i−1

Z ζi

ζi−1

dζ

×
{

f
k (ζ,φ(ζ) ,ν)

dβk (P(ζ) ,T (ζ) ,ν)

d f T
lmn

H3
√

H2 −H2
t

Tk ln10
goR2

oM

+ f
k (ζ,φ(ζ) ,ν)βk (P(ζ) ,T (ζ) ,ν)

× Tk ln10
goR2

oM

d
(

H3/
√

H2 −H2
t

)

d f T
lmn

+ f
k (ζ,φ(ζ) ,ν)βk (P(ζ) ,T (ζ) ,ν)

× H3
√

H2 −H2
t

d
[

Tk ln10/
(

goR2
oM
)]

d f T
lmn

}

. (55)
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dβk(P(ζ),T (ζ),ν)

d f T
lmn

= dβk(P(ζ),T (ζ),ν)
dT ηT

l (ζ)ηT
m (φ(ζ)) where dβk(P(ζ),T (ζ),ν)

dT computed analytically from (28) is given in [3].

Equation (55) is rewritten as

d∆δk
i→i−1

d f T
lmn

≈ ∆srefr
i→i−1

∆si→i−1

Z ζi−1

ζi

dζ

×
{

f
k dβk

dT
ηT

l (ζ)ηT
m (φ(ζ))

T
ds
dh

dh
dζ

+ f
kβk

2H2 dH
d f T

lm
−3H2

t
dH

d f T
lm

+HHt
dHt
d f T

lm
(

H2 −H2
t
) 3

2

dh
dζ

+ f
kβk ηT

l (ζ)ηT
m (φ(ζ))

T
ds
dh

dh
dζ

}

. (56)

The first term in (56) is the temperature sensitivity due to the cross section and the second two terms are the

temperature sensitivity to changes in the radiative transfer geometry that are brought about by the hydrostatic

relationship. Now it would seem quite natural to combine the first and third summed terms and integrate but there

is a strategic reason for not doing this. These equations, like (49) have a singularity that can be taken out by

performing the integration according to (51). When that approach is used on the last two summed terms right of

the =, their integral becomes

∆srefr
i→i−1

∆si→i−1
f

k
i βk

i

Z ζi

ζi−1

d ds
dh

dh
dζ

dTlm
dζ =

∆srefr
i→i−1

∆si→i−1
f

k
i βk

i

×





Hi
dHi
dTlm

−Ht
dHt
dTlm

√

H2
i −H2

t

−
Hi−1

dHi−1
dTlm

−Ht
dHt
dTlm

√

H2
i−1 −H2

t



 , (57)

where Hi is added and subtracted to both sides of (56). When this is done, f
k
i βk

i is subtracted from the integrand in

the last two terms right of the = in (56) and integrated. Do not use (57) then combine the first and third terms in

a GL integration, which will give the wrong answer. The first term right of the = is integrated like (49).

The source function derivative d∆Bi
dTlm

for temperature is

d∆Bi

dTlm
=

dBi+1
dTlm

− dBi−1
dTlm

2
,where,

dBi

dTlm
=

B2
i exp

{

hν
kTi

}

T 2
i

ηT
l (ζi)ηT

m (φ(ζi)) . (58)

3) β specific derivatives: The β specific derivatives pertain to those state vector components (except temperature)

that affect β. Specifically these include spectroscopic parameters such as the broadening parameter, its temperature

dependence, and line position. Radiance sensitivities to β are given by

d∆δk
i→i−1

dx j
=

∆srefr
i→i−1

∆si→i−1

Z ζi−1

ζi

f
k dβk

dx j

ds
dh

dh
dζ

dζ. (59)

This is identical to the opacity integral ((49)) where βk is replaced with dβk

dx j
and evaluated accordingly. When

the singularity separation is done, the differential term, which now involves dβk

dx j
must go to zero faster than the

singularity. Given that β behaves exponentially and satisfies the condition, the derivative will behave exponentially

and should satisfy the condition also.
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VIII. SPECTRAL INTEGRATION

The EOS MLS instrument channels measure radiation over a finite bandwidth of frequencies. This causes

the resulting signal to distort or spectrally smear the lineshape relative to a monochromatic measurement. The

methodology for computing the spectral integral in (1) is described here.

A. Evaluation

The radiative transfer equation (section VII) is evaluated at several frequencies and convolved with the spectral

response as given in (1). Since the radiative transfer calculations are time consuming there is an effort to minimize

the number of its computations. This is done by computing a radiative transfer spectrum at selected frequencies

across the radiometer bandpass. The frequencies are selected using a variable frequency step-size selecting algorithm

such that the brightness temperature for any frequency can be accurately computed with interpolation. Each tangent

pressure and radiometer band(s) has its own optimized spectral grid. “Frequency grids” in Fig. 3 consists of the

spectral grids. The full band spectral computation was incorporated by Hugh Pumphrey [25] for the 183 GHz band

in UARS MLS with very good results. Next we assume that the antenna gain function is invariant over the channel

response and pull it outside the spectral averaging integral, thus replacing G(Ω,Ωt (t) ,ν) = Gs,R,c (Ω,Ωt (t)). The

motivation for separating the antenna averaging integral from the spectral integral and computing the spectral integral

first is to minimize the number of antenna averaging integrations. The frequency coordinate in the Frequency grids

file differs for each LOS tangent height and for some heights there are more than an order of magnitude more

frequency points than there are channels. Performing the antenna averaging before the spectral averaging would

require us to establish a common frequency grid, a union of all the frequencies selected for all the LOS tangent

heights, and perform an antenna smoothing integration for each frequency. Reversing the antenna and spectral

integrations and separating the two as done here saves a lot of antenna averaging integrations without appreciable

sacrifice in accuracy. The channel radiance for each height is

Iu,R,c (x(Ω)) =

R ∞
νlo,R

I (ν,x(Ω))ΦR,c (ν)dν
R ∞

νlo,R
ΦR,c (ν)dν

(60)

There is an analogous equation for the lower side-band (see (1)). The filter shape data ΦR,c (ν) is “Channel shape

data” in Fig. 3. The response of each channel of each of the standard filter banks has been tabulated and they are

integrated using a trapezoidal quadrature. The actual quadrature is not considered to be a critical issue since the

frequency gridding of the radiative transfer calculation and the ability to interpolate in frequency are the accuracy-

limiting aspects.

B. Derivatives

The forward model derivatives with respect to all the state vector elements need to be processed through the

spectral averaging algorithms. The calculation is

dIu,R,c (x,(Ω))

dx j
=

R ∞
νlo,R

dI(ν,x,(Ω))
dx j

ΦR,c (ν)dν
R ∞

νlo,R
ΦR,c (ν)dν

(61)
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None of the state vector quantities are expected to alter the channel filter shape so unlike the antenna averaging

problem which requires special differential forms, none are needed for spectral averaging. The center frequency of

the spectral channels may change during operations due to varying thermal environments. A first order correction

for this effect can be done by shifting the molecular line positions whose derivative forms are given in Sections

VI, VII, and [3].

C. DACS

Digital autocorrelator spectrometers (DACS) resolve narrow-line, Doppler-broadened emission from the Meso-

sphere and lower Thermosphere with 129 channels equally spaced across 12.5 MHz. DACS channels have sin(x)/x

character where x = π(ν− νR,c)/∆ν and ∆ν is the channel spacing. The ringing tails of the channel responses

are only significant when spectral features are sharp enough to be significantly truncated in the time (Fourier)

domain by the limited number of lags in the autocorrelator. All DACS channels in a band may be modeled, in

parallel, by boxcar truncation in the time domain of radiative transfer (and its derivative) calculations made on a

high-spectral-resolution grid.

Each DACS receives power from the lower sideband of a single-sideband mixer with its LO at 905 MHz in

the IF of a standard MLS 25-channel filter bank. This puts the center of the corresponding filter bank at 5 MHz

in the DACS. A 10-MHz low-pass filter, ΦR,c (ν), after the DACS mixer prevents significant aliasing of signals

from image bands above 12.5 MHz in the DACS IF. Note here that ΦR,c (ν) is common to all DACS channels in

a band. Image bands are attenuated by 27 dB or more by the combined single-sideband mixer and low-pass cutoff

of ΦR,c (ν), and are neglected in our calculations. Were their inclusion deemed to be necessary, radiative transfer

calculations in image bands could be gridded, multiplied by the tails of ΦR,c (ν), and folded into the values used

here.

When considering very sharp spectral features, the purity of the first local oscillators in the radiometers also

becomes an issue. One can account for LO shape, LR (ν), either by convolving it with the forward model radiative

transfer calculations or by deconvolving it from measured radiances in level 1. In the former case, any blurring

or multiple imaging caused by LR (ν) is duplicated in the forward model, but the noise covariance of channels is

nearly diagonal. In the latter case, spectral features are sharpened and multiple images are eliminated, but system

noise, which is injected after the first mixer, is correlated between channels. MLS retrieval algorithms [4] do not

account for off-diagonal noise-covariance elements, so we generally prefer to include convolution with LR (ν) in

the forward model. The variable magnitude of the spurs on the R3 LO is an exception, which is retrieved and

deconvolved in level 1 processing [9].

The Discrete Cosine Transform (DCT) is used since the autocorrelation functions are real and symmetric in time.

Convolution is implemented as multiplication in the Fourier domain.

Radiative transfer calculations are performed at discrete frequencies, which captures high-resolution spectral

features. These values are interpolated to a 513-element grid over the range 0-12.5 MHz in the DACS IF, giving

Ik = I (νk,x,(Ω)) or Ik = dI(νk,x,(Ω))
dx j

on a 4x-oversampled, uniform grid. Ideally, one first convolves these radiances
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with LR (ν), then multiplies by ΦR,c (ν), performs a 513-element DCT, truncates to 129 elements in the time domain,

and performs a 129-element inverse DCT. Channel normalizations are calculated by setting Ik to unity.

Were image bands to be included, ΦR,c (ν) would cover all relevant spectra, and images would be folded in

prior to the DCT. It has been shown in simulations that reversing the order of the convolution with LR (ν) and

the multiplication with ΦR,c (ν) does not significantly impact results in channels (20-80), which are used in MLS

retrievals. This reversal allows us to eliminate the separate pair of DCT/DCT−1 transforms associated with LR (ν)

convolution.

For DACS channels c = 0 . . .128, channel radiances are

F =
1

Nc

128

∑
j=−127

512

∑
i=−511

F|i|Φ|i|L| j| cos
(

i jπ
512

)

cos
(

c jπ
128

)

(62)

where the normalization is

Nc =
128

∑
j=−127

512

∑
i=−511

Φ|i|L| j| cos
(

i jπ
512

)

cos
(

c jπ
128

)

(63)

and the DCT of the LO shape is

L j =
128

∑
k=−127

L|k| cos
(

jkπ
128

)

, (64)

where F = Is,R,c (x(Ω)) or dIs,R,c(x,(Ω))
dx j

, F|i| = I (νi,x,(Ω)) or dI(νi,x,(Ω))
dx j

, Φ|i| = ΦR,c (νi) and L| j| = LR (ν j). The

vectors N, ΦR,c (νi) and L are pre-tabulated.

IX. FIELD OF VIEW INTEGRATION

The far-field beam width of the EOS MLS receiving antenna contributes to the vertical shape of the radiance

weighting function. This is the reason why (1) includes the weighted average of the antenna gain function G and

the radiances I over the solid angle Ω.

A. Antenna Averaging

The spatial averaging part of (1) is expanded below [26]

Is,R,c (x(εt ,αt)) = Tr
Z

αA

Z

εA

Is,R,c (x(ε,α))

×Gs,R,c (εt − ε,αt −α)cosεdεdα

/Tr
Z

αA

Z

εA

Gs,R,c (εt − ε,αt −α)cosεdεdα,

(65)

where Gs,R,c (εt − ε,αt −α) is the polarized far field antenna pattern, Tr is the trace of a matrix, Is,R,c (x(ε,α)), the

channel averaged radiance in coherency matrix format [27], angles ε and α are elevation (vertical) and azimuth

(cross-track) angular components of solid angle, Ω, and αA and εA are a portion of the total solid angle Ω for

which Gs,R,c (εt − ε,αt −α) has been measured. As usual subscript t refers to the ray path tangent. The angles εt

and αt are defined in the instrument FOV pointing frame (IFOVPF) where the origin is the observatory, z axis is
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coincident with s in Fig. 7, x points down, toward the Earth, nominally in the orbital plane or the x-y plane of

Fig. 7, and y is perpendicular in a right-handed axis system. The solution of this equation is described in detail in

[28].

Equation (65) is transformed into a convolution equation. Is,R,c (x(ε,α)) for unpolarized radiation is Is,R,c (x(ε,α)) 1

where 1 is an identity matrix. We neglect cross-track gradients (variations in α). This approximation is necessary

because it would be necessary to add another dimension (a cross-track angle) to the state vector components. The

EOS MLS radiance data and spatial sampling do not provide the necessary information to measure the cross-track

gradient. Neglecting cross-track gradients should be relatively minor because The cross-track beam width of the

EOS MLS antenna (3–12 km, depending on radiometer frequency), is much smaller than the along-track basis

sampling (∼160 km) resolution. Neglecting cross-track gradients collapses the antenna pattern calculation into one

dimension. Finally, elevation angle ε is assumed to be in the LOSF x–y plane, Fig. 7. In general, the plane ε defines

is slightly skewed from the x-y plane of Fig. 7 because there are always imperfections in instrument mounting and

spacecraft attitude. Folding in these approximations gives

Is,R,c

(

x
(

χrefr
eq

))

=

Z ∞

−∞
Is,R,c (x(χ))Gs,R,c

(

χrefr
eq −χ

)

dχ, (66)

where the “linearized” independent coordinate χ is the elevation angle in the LOSF (not IFOVPF), Is,R,c (x(χ)) is the

channel averaged radiance (Section VIII), Gs,R,c
(

χrefr
eq −χ

)

is the sum of the co- and cross-polarized antenna gain

functions. Gs,R,c is normalized to unit area. The approximation neglecting the projection of the antenna pattern in

a plane defined by ε as projected onto a plane defined by χ causes an underestimate of the HPBW. This is because

in the general case the antenna pattern in χ coordinates is a linear combination of the elevation and azimuthal

patterns, the latter being twice as broad. However, for the small difference between these planes expected here, the

additional broadening is a negligible second order effect.

Independent coordinate χ is linearized by applying the small angle approximation sin(εt − ε) ≈ χrefr
eq − χ. The

direction angle χrefr
eq is the pointing angle corrected for refraction pointing to a ζt in the equivalent circular Earth

coordinates (Fig. 7). The refracted angle relates to the tangent height according to

sinχrefr
eq = Nt

Ht

Hs
, (67)

Where Hs is the spacecraft distance from the equivalent circular Earth. Hs is not the same as Rs, the geocentric

spacecraft height supplied by Aura flight operations. The conversion is straightforward but requires a considerable

amount of additional data [3]. ~Hs can be computed with adequate accuracy with the following empirical formula

Hs ≈ Rs (ECR or ECI)+38.9sin [2(φt −51.6)] . (68)

For EOS MLS, the error in eq. 68 is less than 0.55 km. It can be shown that this has negligible impact. The

spacecraft geocentric height affects the accuracy of the forward model by distorting the antenna shape. The half

power beam width (HPBW) is an angular characteristic of the antenna’s FOV that describes its resolving ability.

More important is the projection of the antenna HPBW on the limb tangent, given by

∆hhpbw = ∆χhpbw

√

H2
s −
(

H⊕
t +h

)2
, (69)
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where ∆χhpbw is the antenna HPBW in radians. Differentiating (69) gives

d∆hhpbw =
∆χhpbw

[

HsdHs −
(

H⊕
t +h

)(

dH⊕
t + dh

dT dT
)]

√

H2
s −
(

H⊕
t +h

)2
. (70)

According to (70), an error of 0.6 km for Hsis equivalent to a HPBW error of 3 meters in tangent height for

an antenna with a HPBW of 6 km. This is 0.05% of the HPBW, which is entirely negligible compared to the

uncertainty in knowledge of the antenna HPBW (a few percent) [10], [11].

Equation (66) is solved using fast Fourier transforms (FFT). The FFT solution requires that the antenna beam

width doesn’t change with scan position. The antenna shape is measured prior to launch as part of instrument

calibration including its scan dependence. It can be shown that the measured pattern at the scan extrema of (∼
150 km tangent) if applied at a nominal tangent of 30 km could lead to radiance errors as large as 0.5 K where

the radiance growth rate with respect to height is fastest [10]. In practice, the pattern used is much more closely

matched to the altitude where the radiance growth curve is maximum and therefore the scan dependence error

should be much less but is yet to be quantified. The FFT convolution requires I (χ) to be evaluated for several

χs. The spatial averaging of I (χ) uses radiances calculated along the scanned LOS φt instead of those instantly

observed by the FOV at a given LOS tangent φt . Fig. 11 shows the implication of this approximation. The diamonds

show the scanned LOS φt with refraction included, the triangles show the instantaneous φt seen by the antenna for

one FOV direction LOS φt (middle triangle). The vertical spread of the triangles is for the EOS MLS 118 GHz

radiometer that has the largest HPBW. When there are φt gradients, an error in the antenna averaging is introduced

by the lack of co-alignment between the diamonds and triangles. The error is most severe in the troposphere and

lower stratosphere where the scanned LOS φt and instantaneous FOV LOS φt have opposite slopes but fortunately

refraction of the scanned LOS φt helps to mitigate this difference. The error implied by this approximation is not

known. A rough estimate of this error, at a given ζt , should be proportional to the difference in the instantaneous

difference between the antenna observed φt and the scanned φt times the horizontal radiance gradient dI
dφt

. This

approximation is tolerable because the difference between the antenna received φt and the scanned φt within the

HPBW of the antenna is usually less than 10% of the basis sampling.

The Fourier transform theorem of convolutions is

F t
(

Is,R,c

(

x
(

χrefr
eq

)))

= F t (Is,R,c (x(χ)))×F t
(

Gmi,s,R,c (χ)
)

. (71)

The Fourier transform convolution theorem requires that Gmi,s,R,c (χ) is the mirror image of Gs,R,c
(

χrefr
eq −χ

)

. The

Fourier transform of the antenna gain pattern can be calculated and stored. An advantage to doing this in addition to

avoiding repetitive FFT calculations is that the resulting autocorrelation of the field pattern should be zero beyond

twice the aperture distance; the first point in the pattern is the normalization factor and negating the imaginary part

of the aperture autocorrelation pattern is the required mirror image. Truncating the aperture autocorrelation pattern

provides some noise filtering. This was not done for EOS MLS GHz patterns because of uncertainty of the actual

aperture size; however, it is done for the THz patterns.
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A 4096 point FFT is used in (71). 2050 points are used for the limb radiances covering the measured antenna

pattern, which is 140 m per point. The remaining 2046 points are the mirror image of limb radiances (not including

point 1 and 2050, which must remain unique to produce a real transform). The Earth surface limb radiance is point

738. This causes the Earth to fill 36% of the entire FOV as it does in orbit, but recognize that this is purely a

cosmetic feature because we only consider about 6◦ of antenna pattern. However it produces a graceful means of

joining the low space radiances to the high Earth viewing radiances, which is necessary to avoid high frequency

oscillations in the transform that would result if there is a sudden transition between the Earth and space radiance

values. The interpolation of radiances, which is based on tangent pressures given in the PSIG to 2050 χ values uses

cubic spline interpolation according to

Is,R,c

(

x
(

χrefr
eq (2050)

))

=

Interp
(

χrefr
eq (PSIG) , Is,R,c

(

x
(

χrefr
eq (PSIG)

))

,χrefr
eq (2050)

)

, (72)

where the Interp operator estimates the function given in its second argument whose independent coordinate is

given in the first argument (both on the PSIG) at the values given in the third argument (2050 equally spaced χrefr
eq

values) with cubic splines.

B. Radiometer Offsets

The FOV directions of the instrument radiometers are not exactly co-aligned; however, it is advantageous to

reference the pointings of the bands of radiometers to a common reference. This allows one tangent pressure

measurement to be applied to all the bands. Therefore the χrefr
eq , are adjusted for these radiometer alignment

differences according to

χref,refr
eq = χrefr

eq −∆χrefr
eq,s,R,c, (73)

where ∆χrefr
eq,s,R,c is the radiometer FOV direction offset angle between radiometer R, band/channel c, for sideband,

s, and the reference χref,refr
eq in the LOSF (a positive offset points lower than the reference). χrefr

eq are the angles of

the tangent pressures in the PSIG used to compute I (ν,x(Ω)), (39).

C. Measured Limb Radiances

The radiances on the scan LOS tangents are computed according to

Is,R,c

(

x
(

χref,refr
eq

))

=

Interp
(

χrefr
eq , Is,R,c

(

x
(

χrefr
eq

))

,χrefr
eq −∆χrefr

eq,s,R,c

)

, (74)

where the first two arguments are the 4096 angles and radiances following (71), the third argument is the scanned

LOS measured χrefr
eq evaluated at the measured reference tangent ζt . The Interp operator for radiances is a cubic

spline interpolator.
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D. Radiance derivatives

The radiance derivative with respect to tangent pressure is immediately available from the cubic spline coefficients

used to get the radiances. If the interpolation is done in pointing angle units, then the radiance derivative with respect

to pointing angle needs to be multiplied by dζt

dχref,refr
eq

= Hs
Nt cosχrefr

eq −sinχrefr
eq (dNt/dζt)

N 2
t

dζt
dHt

, where dζt
dHt

is the reciprocal of

the last two lines in (49). The derivative of the antenna smeared radiance with respect to a state vector element

(except tangent pressure or LOS angle) is given by

dIs,R,c

(

x
(

χref,refr
eq

))

dx j
=

Z ∞

−∞

[

dI
dx j

+ I
d

dχ

(

dχ
dx j

)]

Gs,R,c

(

χrefr
eq −χ

)

dχ

+
dχrefr

eq

dx j

Z ∞

−∞
I

dGs,R,c
(

χrefr
eq −χ

)

d
(

χrefr
eq −χ

) dχ

−
Z ∞

−∞
I

dχ
dx j

dGs,R,c
(

χrefr
eq −χ

)

d
(

χrefr
eq −χ

) dχ, (75)

where x j is a state vector element and I ≡ Is,R,c
(

x
(

χrefr
eq
))

for brevity. In most cases, x j is non geometrical (that

is, has no effect on heights of pressure surfaces) and all the dχ
dx j

= 0, simplifying (75) considerably. Exceptions to

this are temperature (affects heights through the hydrostatic model), equivalent circular Earth radius and spacecraft

geocentric altitude. Although the antenna pattern is invariant in its angular properties, its beam width in pressure

units does change whenever the observing geometry is altered.

The angular derivatives in (75) are given by

dχ
d f T

lm
=

tanχ
Ht

dHt

d f T
lm

,

d
dχ

(

dχ
d f T

lm

)

=
2+ tan2 χ

Ht

dHt

d f T
lm

+
ηT

l ηT
m

Tt
,

=
tan2 χ

Ht

dHt

d f T
lm

+
d

dHt

(

dHt

d f T
lm

)

,

dχ
dHs

= − tanχ
Hs

,

d
dχ

(

dχ
dHs

)

= − 1
Hs cos2 χ

,

dχ
dH⊕

t
=

tanχ
Ht

,

d
dχ

(

dχ
dH⊕

t

)

, =
1

Ht cos2 χ
,

(76)

where Tt is temperature at the limb tangent. The derivations of the temperature forms are given in [3]. Contributions

from dNt
dT have been neglected. Expanded forms including dNt

dT are in [3], but numerical experiments show that these

contributions can be ignored. The Ht is evaluated for each tangent height for all the ray tracings.
dGs,R,c(χrefr

eq −χ)
d(χrefr

eq −χ)
is
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evaluated using the FT derivative property

F t
(

dGmi,s,R,c (χ)

dχ

)

= iqF t
(

Gmi,s,R,c (χ)
)

(77)

where q is the aperture independent coordinate (number of wavelengths), and i =
√
−1. This definition is convenient

because the pattern is stored as F t
(

Gmi,s,R,c (χ)
)

and ensures internal consistency between the pattern and its

derivative. Equation (75) is evaluated with a 4096 point transform. However, linear interpolation is used in (72) and

(74) because the radiance derivatives with respect to many of the state vector elements may be too stiff for cubic

splines.

Here we discuss some practical issues with evaluating (75). First, since rays reflect off the Earth surface,

temperature cannot influence Ht when it is less than H⊕
t and state vector variable ζt doesn’t exist. If one ignores

this fact by artificially extrapolating the pressure to larger values, an erroneous spike in the lowest coefficient of
dI

d f T
lm

occurs. To eliminate this and also do the calculation in the physically correct fashion, dχ
d f T

lm
= 0 for all χrefr

eq that

point below H⊕
t . Therefore one has to be careful that the same Earth radius is used throughout the calculation. The

second problem is numerical. The following must be true,

Z ∞

−∞

d
dχ

(

dχ
dx j

)

Gs,R,c

(

χrefr
eq −χ

)

dχ

−
Z ∞

−∞

dχ
dx j

dGs,R,c
(

χrefr
eq −χ

)

d
(

χrefr
eq −χ

) dχ = 0. (78)

In other words there should be no sensitivity to the antenna beam shape if there is no gradient in the radiance

profile. Calculations assuming constant I showed that this is not the case, a result of imperfect numerics. The error

peaks at the maximum of d
dχ

(

dχ
dx j

)

. Therefore to mitigate this error we subtract the anticipated error pattern from

the calculation of (75). This is easily done by setting I = I − IM in the first and third terms on the right-hand

side of (75), where IM is I at the height where d
dχ

(

dχ
dx j

)

is maximum. This trick eliminated an annoying spike-like

feature that affected all temperature coefficients with non-zero ηk
m (φt) and improved agreement with finite difference

comparisons.

X. FOLD SIDEBANDS

Following the antenna averaging, the upper and lower sidebands are folded according to

IR,c

(

x
(

χref,refr
eq

))

= ru,R,cIu,R,c

(

x
(

χref,refr
eq

))

+ rl,R,cIl,R,c

(

x
(

χref,refr
eq

))

(79)

XI. SCAN AVERAGING

The EOS MLS scans continuously while the radiometric measurement is being made, which means that there

will be some additional spatial averaging on top of that done by the FOV. This is the time integral in (1). Although

the v1.5 Level 2 processing ignores the scan averaging effect, it is useful to provide the algorithm because scan

averaging will be included in the next EOS MLS processing version and it provides an error estimate incurred
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from its exclusion. The amount of movement is expected to be small relative to the FOV patterns and therefore

less critical to modeling details. The scan angle change with respect to time may follow a function like

χref,refr
eq (t) =

χref,refr
eq (t1)+

∆χref,refr
eq

∆t
(t − t1)+∆χA sin(ωt +φ(t1)) , (80)

where ∆χref,refr
eq = χref,refr

eq (t2)−χref,refr
eq (t1) and ∆t = t2− t1. This equation assumes a linear (constant velocity) change

in pointing angle with respect to time. Added to this is an oscillation (jitter) function having a peak-to-peak value

of 2∆χA, frequency ω and initial phase φ(t1). Let IR,c

(

x
(

χref,refr
eq

))

be a vector of instantaneous radiances ((71))

corresponding to χref,refr
eq . Let I′R,c

(

x
(

χref,refr
eq

))

be the first derivative with respect to χref,refr
eq . The time averaged

radiance for an integration between t1 and t2 assuming a cubic spline-like function between time t1 and t2 is

(•
I −Ibl

)

R,c
(x)−BLR,t =

1
∆t

Z t2

t1
IR,c

(

x
(

χref,refr
eq (t1)

))

(1− x)2 (1+2x)

+ IR,c

(

x
(

χref,refr
eq (t2)

))

x2 (3−2x)

+ I′R,c

(

x
(

χref,refr
eq (t1)

))

∆χref,refr
eq x(1− x)2

+ I′R,c

(

x
(

χref,refr
eq (t2)

))

∆χref,refr
eq x2 (x−1)dt, (81)

where IR,c

(

x
(

χref,refr
eq (t)

))

and I′R,c

(

x
(

χref,refr
eq (t)

))

are evaluated from a cubic spline at t = t1, and t2, and x is
(

χref,refr
eq (t)−χref,refr

eq (t1)
)

/∆χref,refr
eq . Substituting (80) into (81) and integrating gives the result. If the jitter term in

(80) is ignored the scan motion integral is

(•
I −Ibl

)

R,c
(x)−BLR,t =

1
2

(

IR,c

(

x
(

χref,refr
eq (t1)

))

+ IR,c

(

x
(

χref,refr
eq (t2)

)))

+
∆χref,refr

eq

12

(

I′R,c

(

x
(

χref,refr
eq (t1)

))

− I′R,c

(

x
(

χref,refr
eq (t2)

)))

. (82)

As it stands (82) is awkward because it introduces two pointings (at t1 and t2) for each radiance. Cubic spline inter-

polation is used to evaluate χref,refr
eq (t) and IR,c

(

x
(

χref,refr
eq (t)

))

at t1 and t2. The tangent pressure of
(•

I −Ibl

)

R,c
(x)

is the tangent pressure at 0.5(t1 + t2).

A. Derivatives

The basic derivative form is

d
(•

I −Ibl

)

R,c
(x)−BLR,t

dx j
=

1
2

(

dI1

dx j
+

dI2

dx j

)

+
∆χref,refr

eq

12

(

dI′1
dx j

− dI′2
dx j

)

, (83)
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where I1 = IR,c

(

x
(

χref,refr
eq (t1)

))

, I2 = IR,c

(

x
(

χref,refr
eq (t2)

))

, and x j is any state vector element. The derivatives
dI1
dx j

and dI2
dx j

are evaluated at the time boundaries with linear interpolation.

Errors caused by neglecting scan averaging in the Level 2 processing is given here. The first term in eq. 82

is simply the average of the two instantaneous radiances at the boundaries. If the radiance growth between the

breakpoints is linear and the antenna scans at constant velocity, the scan smoothed radiance field is the same as the

instantaneous radiance at t = 0.5(t1 + t2), which is consistent with the level 2 usage. However, non-linearities of

the radiance growth field affect the scan averaging and within the limitations stated above, is given in the second

term of eq. 82. Therefore the second term of eq. 82 is an error estimate caused by neglecting the scan smoothing.

The typical maximum error is 0.15 K over that portion of the radiance profile where | dI
dχref,refr

eq
| is largest; however,

some notable exceptions are: R1 it is 0.3 K in the stratosphere and 0.6 K in the mesosphere and R5H or R5V it is

1.1 K in the troposphere, 0.05 K in the stratosphere and 0.2 K in the mesosphere. The higher values are consistent

with the scan rate, which is largest in the mesosphere for the GHz radiometers and largest in the troposphere for

the terahertz radiometer.

XII. ADD BASELINE

The final operation is adding BLR,t to the result from (82). As presented, the baseline is a spectrally flat additive

quantity that empirically accounts for unmodelled instrument artifacts such as errors in evaluating the (Ibl)R,c term.

Although such errors are not expected to be scan dependent, experience from both UARS and EOS MLS experiments

have shown that retrieved BLR,t has psuedo-vertical structure possibly suggesting an atmospheric component or

a temporal instrumental effect. Another baseline-like quantity is EXTINCTION which is an additive absorption

coefficient. When the atmosphere is optically thin, EXTINCTION and BLR,t affect the radiances similarly. Their

behavior is different when the atmosphere is optically thick. EXTINCTION will cause some distortion of molecular

line shapes in optically thick situations and when the atmosphere becomes opaque, the forward model has no

sensitivity to EXTINCTION and therefore it is unable to influence the radiances. In contrast, BLR,t never distorts

line shapes and can influence radiances regardless of the atmospheric opacity. If unexplained radiance is coming from

the atmospheric absorption, then EXTINCTION is a better baseline parameter; however, if the unexplained radiance

is mostly an instrumental effect or a radiation scattering effect from thick clouds, then BLR,t is better because BLR,t

can influence radiances in optically thick situations and follow radiance supression caused by radiation scattering

from thick clouds [5]. Due to the robust nature of BLR,t , we decided to use it instead of EXTINCTION in the

early EOS MLS Level 2 processing versions. It is also noteworthy that ~BLR,t constitute a significant number of

state vector elements (437000 per day per radiometer). Initially, baseline was handled like a regular quantity, that is

it had a predefined vertical and horizontal basis like temperature, but shortly after launch, parameterizing baseline

this way produced very poor results especially for noisy species like BrO [4]. It has since been discovered that the

instrument noise in R4 is highly correlated across its channels [9] and that a baseline set up as an irregular quantity

as described here worked much better.
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The derivative of the radiances with respect to baseline is,

d
(•

I −Ibl

)

R,c
(x)−BLR,t

dBLR′,t′
=







1 t ′ = t and R′ = R

0 t ′ 6= t or R′ 6= R,
(84)

where t and R are the limb tangent and radiometer for the radiance calculation and t ′ and R′ are the same for the

baseline state vector element.

The derivative of the radiance with respect to the non baseline state vector elements is

d
(•

I −Ibl

)

R,c
(x)

dx j
=

d
(•

I −Ibl

)

R,c
(x)−BLR,t

dx j
+

dBLR,t

dx j
. (85)

The derivative of the baseline with respect to x j doesn’t exist for any non baseline element. It is arguable if
dBLR,t

dζt
=

dBLR,t
dφt

= 0. These derivatives are zero if the baseline is coming from the instrument in a scan independent

way. In other words the baseline retrieval is responding to temporal variations in the instrument. Because of the

correlated noise observed in R4 [9], the current level 2 processing assumes this to be the case [4].

XIII. THE SCAN MODEL

The EOS MLS FOV is scanned through the atmosphere and the FOV direction (i.e. angle) is measured and

available for use. The scan measurements are the level 1 unrefracted tangent heights midway through the minor

frame (i.e. 0.5(t1 + t2)). The level 1 heights are convenient because they include the effects of many alignment

and spacecraft attitude angles and the spacecraft velocity into one measurement quantity and as long as one is not

particularly interested in retrieving or properly accounting for covariances in any of these quantities except for the

height itself, this approach is easier. The measurement to fit is

~0 =
[

Ur

(

~Rt

)

−∆Ur

(

~ζt

)

−Ur (Rref)
]

/go, (86)

where ~0 is the scan residual, Ur

(

~Rt

)

is the geopotential (16) computed from heights given by orbit attitude

measurements, ∆Ur

(

~ζt

)

is the atmospheric geopotential offset relative to Zrefgeopot, Ur (Rref) is the geopotential of

the reference geopotential height, Zrefgeopot, Rref is the reference geometric height, and go = 9.80665 ms−2 (converts

geopotential units to height units). The scan model uses geometric quantities defined with respect to the center of

the Earth figure ellipse in Fig. 5. The ~vector designation means that this quantity is a that is irregularly gridded

whose height points are given by state vector component “tangent pressure, ζt .” These are sampling points during

a single profile scan [29]. The scan residual ~0 has geopotential height units (m) with an uncertainty that is the

diagonal elements of the root sum square of the covariances of all the quantities used to compute height. The

geocentric heights in (86) of the state vector component ζt include refraction, which itself depends on pressure,

temperature and water vapor, all state vector quantities. A simple way to get all the state vector quantities to the

right of the = in (86) is to reference the measurement against zero with an uncertainty as previously defined. This

avoids the need to invert (16) for geocentric height.
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The orbit attitude derived heights do not include refraction; they are converted to a refracted height according to,

~Rt =
~Rgeom

~Nt

, (87)

where ~Rgeom are the orbit attitude estimated geocentric heights, and ~Nt is the refractive index given in (25). Tangent

pressure for a subsurface height is not defined; however, to accommodate the level 2 retrieval, which extrapolates

tangent pressure downward, we freeze ~Nt to the surface value for ~R pointing below the surface.

Fig. 10 and Fig. 11, φt depends on refraction. The difference between the refracted and unrefracted φt (a level 1

quantity) can be computed according to (24) or a table of corrections as suggested in section V; however, due to

a software development oversight, the refraction correction on φt is ignored.

∆U
(

~ζt

)

is the geopotential, which is the second term in the denominator of (13),

∆U
(

~ζt

)

= k ln10
NHT

∑
l

NPT

∑
m

(

f T
lmηT

m

(

~φt

)

Pl

(

~ζt

))

. (88)

The reference geopotential is computed from the reference geometric height, which is related to the reference

geopotential height, Zrefgeopot, according to

Rref =

g⊕o

(

?

R⊕
o

)2

g⊕o
?

R⊕
o −goZrefgeopot

−
?

R⊕
o +R⊕, (89)

where g⊕o and
?

R⊕
o are the gravitational acceleration and effective Earth radius computed at the Earth surface

using (15) and (16) respectively. Remember that Zrefgeopot is horizontally (LOS angle) resolved (i.e. Zrefgeopot =

∑NHT
m f refgeopot

m ηT
m

(

~φt

)

).

Formulas for the derivatives of the scan residual with respect to the limb tangent pressure, temperature and

reference geopotential are

d~0

d~ζt
= k ln10

NHT

∑
l

NPT

∑
m

f T
lmηT

m

(

~φt

)

ηT
l

(

~ζt

)

/
[

goM
(

~ζt

)]

+
dUr

d~Rt

~Rt

go
~Nt

[

(

~Nt −1
)

(

ln10+
dln~Tt

d~ζt

)

+
b′~fH2O

t

~Tt 10~ζt

(

dln~fH2O
t

d~ζt
− dln~Tt

d~ζt

)]

, (90)

d~0
d f T

lm
=

k ln10
go

ηT
m

(

~φt

)

ηT
l

(

~ζt

)

+
dUr

d~Rt

~Rt

(

~Nt −1+
b′~fH2O

t
~Tt

210~ζt

)

go~Tt
~Nt

ηT
l

(

~ζt

)

ηT
m

(

~φt

)

, (91)

d~0

d f refgeopot
m

=
dUr

dRref
ηT

m

(

~φt

) Rref −R⊕+
?

R⊕

g⊕o
?

R⊕ −go ∑NHT
m f refgeopot

m ηT
m

(

~φt

)

. (92)
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The d~0
d~ζt

derivative is a sum of two contributions. The first term is a hydrostatic contribution and the second two

terms are an index of refraction contribution. When Rt < R⊕, the second two terms are zero, that is it is not added

to the first term. Although water vapor is included in Nt , we have not worked out the derivatives for it because we

do not use the scan model to retrieve H2O.

XIV. SUMMARY OF APPROXIMATIONS AND ACCURACY

A forward model algorithm including its derivatives has been described. The model described here is the two

dimensional extension of the forward model that was successfully implemented for UARS MLS [1], [30]. Table V

provides a summary of the approximations that the forward model makes.

The table shows which section describes the approximation in detail, and if known how large its significance. The

approximations have been cataloged by their purpose. A means an approximation that helps simplify a calculation

or improves an interface to other data sets and users. D is an approximation that was chosen to be implemented

at this time. N is a necessary approximation. It usually acts to reduce degrees of freedom in the state vector or

reflects current state of knowledge. O is an approximation caused by an oversight in the software development.

Apart from the approximations listed above, the error in the forward model is a sum of an error that is proportional

to the vertical and spectral gradients. Both of these are tunable. In the case of the vertical gradient sensitivity, the

threshold for the adaptive integration, the order of the Gauss-Legendre integration and the selection of the PSIG

impact the accuracy. The spectral error is dictated by the selection of the optimized grid. A simple estimate of the

computational error is

∆
(•

I −Ibl

)

R,c
= εI

d
(•

I −Ibl

)

R,c

dζ
/







d
(•

I −Ibl

)

R,c

dζ







max

+MIN(εI , I/10.0)

(93)

where εI is the target maximum error for the vertical and spectral gradient errors, d
(•

I −Ibl

)

R,c
/dζ is the vertical

radiance gradient,
[

d
(•

I −Ibl

)

R,c
/dζ
]

max
is the maximum vertical gradient, and I is the maximum signal strength

of a given absorber as estimated with (26). The first term right of the = is an estimate of the error proportional to

the vertical gradient which is the ratio of the actual vertical gradient to the maximum vertical gradient times the

target maximum error which is usually 0.2 K for our calculations. The second term is the spectral component which

is the minimum of the target maximum error or the ratio of the maximum signal strength to 10 K. When selecting

frequency grid points in the optimized frequency grids file, it is important that all lines are at least ∼ 10 K strong

so as to avoid large signal descrepancies between weak and strong lines. Therefore we inflate the concentrations of

weak species such that they give a ∼ 10 K signal to insure that their lines are accurately gridded in the presence

of stronger lines when producing an optimized frequency grids file. With a target maximum error of 0.2 K, this

insures that this error term should not exceed 10% of the weak line signal strength.

It is convenient to express radiance errors in terms of non-spectrally and spectrally varying components because,

the non-spectrally component is absorbed in the baseline retrieval and only the spectrally varying part contaminates
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TABLE V

SUMMARY OF FORWARD MODEL APPROXIMATIONS OR UNCERTAINTIES

Approximation or uncertainty Section Purpose

Representation basis functions. IV A

PSIG driven quadrature. V A

Hydrostatic balance. V N

Co-alignment of orbital and LOSF planes. V N

Equivalent circular Earth. V A

Neglect refraction in LOS φt V O

Neglect refraction on path φ V A

Minimum ζt and ht are coincident. V A

Summed line × line Van Vleck Weiskoff Voigt

lineshape.
VI D

Estimated values for some spectroscopic parameters. VI N

Line selection thresholds VI N

Refractive path length scaling VII A

LOS rays reflect off the reference geopotential

surface ignoring surface topography.
VII D

Separate frequency and spatial integrations VIII A

Neglect 2nd IF image sideband in DACS spectral

integration
VIII A

Neglect radiance cross track gradients in FOV IX N

Antenna pattern elevation axis is in the LOSF

plane
IX A

Antenna pattern is scan independent IX A

FFT approximation to convolution IX A

Empirical geocentric height formula IX A

Neglect difference between scanned φt and in-

stantaneously observed FOV φt
IX A

Neglect refraction in radiance T derivative IX A

Neglect scan motion XI D

A = advantageous, D = discretionary, N = necessary, O = oversight
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the concentration retrieval. In general, forward model errors do not conveniently partition themselves this way except

for one situation. If the molecular line component is optically thin and the continuum is mostly responsible for the

transition from optically thin to opaque then the first term right of = in (93) is the non spectrally varying error and

the second term is spectrally varying error. Thus for BrO which has a signal strength of 0.1 K, the spectral error

would be 0.002 K. For strong, non optically thin lines, both terms right of the = in (93) are spectrally varying

because the vertical radiance growth gradient is spectrally varying and therefore the spectrally varying component

is likely to be 0.4 K.

XV. LEVEL 2 PROCESSING COEFFICIENTS FILE

The Level 2 Processing Coefficients (L2PC) file is a file that contains the first order Taylor series coefficients

describing (1). Weak signals, especially if the background continuum absorption is weak, can be very well modeled

with a first order Taylor series given by

•
I −Ibl =

?
I +∑

j

d
?
I

dx j

(

x j−
?
x j

)

, (94)

where
?
I is the calculated radiance (sections III–XI) at state vector element

?
x j. The state vector contains ζt , constituent

and temperature profiles, f. In future versions, φt , radiometer offset angles, and spectroscopic parameters (position

and lineshape), will be added to the state vector. Currently, the L2PC calculation includes effects and sensitivities

to profiles from 5 adjacent LOS angles with the LOS tangent angle co-aligned with the center basis φ. The zig-zag

nature of the scan in φt is ignored at present. Radiances are computed for several tangent pressures. Estimated

model radiances are evaluated using (94) at all the tangent pressures in the L2PC
?
x. The resulting radiances are

interpolated to the measured tangent pressures with cubic splines. Derivatives for the retrieval are interpolated to the

measured tangent pressures with linear interpolation. Tables of
?
x j,

?
I, and d

?
I

dx j
are stored in files for each radiometer

band. A file for each month of the year is created and in each file, radiances and derivatives are computed for

15◦ latitude bins. The corresponding
?
x j for each 15◦ latitude bin is a climatological zonal mean. For the strongly

emitting diurnal species OH, the L2PC file includes a diurnal
?

fOH as part of the
?
x j’s. Polarized L2PC files [6] are

calculated for a single climatology for an array of magnetic field strengths and orientations. The accuracy of the

L2PC file may be extended by including the second order derivatives in a future upgrade. Computing the second

order derivative is a straightforward extension of (45) and was developed and demonstrated for UARS MLS but

not implemented in production.

XVI. EXAMPLES OF MEASURED AND FITTED SPECTRA

Fig. 12 shows an example of signals measured by EOS MLS. All good channels in all bands that are normally

active during science operations are shown. The radiances are a daily average of all good radiances for minor

frames (MIF) 30, 40, 50, 60, 70, 80, 90, 100, 110, which point to 11.0, 14.7, 18.5, 22.2, 26.1, 35.9, 45.5, 55.1,

and 64.7 km, respectively. Each minor frame is a 1
6 second integration and there are 3495 radiance profiles per

day, each consisting of 125 MIFs. Each measured EOS MLS channel is shown as a colored-by-MIF + where the
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width of the horizontal bar is the channel bandwidth and the height of the vertical bar is the precision reduced

by the square root of the number of samples averaged, in this case 3495. To emphasize spectral continuity, a line

joining the channels marked with bullets has been overlaid on the panels except the DACS channels and the R1B

wide band filters or where there are breaks between good and bad channels as marked by Level 1. The excessive

averaging makes the precision bar small and hard to see for most channels. A few channels are omitted that are not

performing as well as the rest have been flagged “bad” by Level 1 processing [9]. An example are two of the four

wide band channels in R1A. The edge channels of the digital autocorrelator spectrometer (DACS) are extremely

noisy because a prefilter to the DACS limits the signal to 10 MHz [9]. To keep the figure clean, only the useful

DACS channels are shown. The spectral regions of R4 targeted on the weak signal species, BrO, HO2, and HOCl

are shown in the lower half of Fig. 14. The weak diurnal BrO lines are overshadowed by neighboring strong lines.

It can only be seen in the radiances by taking a day minus night difference.

Under the spectra, the goodness of the radiance fit is shown (observed minus calculated). The calculated radiances

use the forward model described here with the retrieved Level 2 state vector as input [4]. The displayed difference is a

daily average of all differences from good retrievals. All channels used by the retrieval are shown and marked with a

color coded + (channel bandwidth and precision). The retrieval uses a subset of good measured radiances. There are

many reasons for this. First, where channels overlap, a judicious choice of channels (usually those with narrowest

bandwidth) is selected to minimize the overlap. The noise in overlapping channels is highly correlated because

they observe the same photons. The Level 2 retrieval currently requires uncorrelated measurements and therefore

including overlapping channels would compromise the error calculation. Secondly, due to computer processing

limitations, some non-linear channels that are time consuming to evaluate are omitted. These channels require too

many line-by-line and frequency gridded radiative transfer calculations. Thirdly, some channels that are modeled

with L2PC files are omitted when their radiances become non linear. Lastly, some channels producing inexplicably

large differences are omitted [4].

Under the difference spectrum plot are the molecular line positions with a strength estimate. The lines are color

coded by molecule and the strength is a simple estimate based on a representative high concentration for the

molecule. It is not the actual concentration retrieved by level 2, therefore there should not necessarily be a good

match between the stick spectrum magnitude and the measured. A given molecule includes all its isotopes and

excited vibrational states listed in table I. For example ClO includes 35ClO, 35ClO-ν1, 37ClO, and 37ClO-ν1. The

stick spectra show which molecules from table I that were found having sufficient intensity to be considered. The

radiometers have different acceptance criteria accounting for the different line densities plotted. Radiometers R1A,

R1B R3, R5H, and R5V, which are dominated by strong molecular signals, had a higher acceptance threshold [3].

Although the measured minus calculated differences are small in most cases, there are a few exceptions. The R1A

DACS channels show large differences, which may be caused by errors in the thermospheric temperature and O2

concentration used in the forward model calculation. At present these are not retrieved at thermospheric altitudes.

The R1A band 1 filter banks also show a pressure shift-like residual artifact suggesting that O2 has a non-zero

pressure shift. It is noted here that the shift seen is about the same magnitude but opposite in sign to that published
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by [31]. Laboratory measurements of O2 conducted at JPL observe no shift [B. Drouin, personal communication,

2004]. The differences between observations and calculations are small for R2. There are some minor lineshape

artifacts in the vicinity of the H2O, N2O, HNO3, and O3 lines. Level 2 (v01.51) is currently not using the band

23 DACS in its processing because of processing time constraints. The R3 radiometer which observes some very

strong O3 lines tends to have larger differences with some channels near the wings of strong ozone lines being

omitted becuase those channels are too difficult to calculate accurately and quickly enough for level 2 processing.

R5V and R5H, the terahertz radiometers measuring orthogonal polarizations, show some line shape artifacts in the

vicinity of the OH line.

XVII. INTERPRETING BASIS COEFFICIENTS

One feature of the EOS MLS forward model that differs from that normally used is its direct use of basis

coefficients with the representation basis functions embedded into the algorithm. The motivation for this approach

was to simplify the interface to the retrieval algorithm and to minimize the number of derivative calculations.

However, it should be appreciated that the state vector representation is an approximation to an infinitely resolved

profile. Therefore some care is needed when converting a higher-than-EOS MLS resolution profile into retrieval

coefficient values.

It is customary to use the averaging kernel, A, to smooth a high resolution profile to the resolution of the

measurement system according to [32]

f̂ = a+(f−a)A, (95)

where f̂ are the retrieved profiles, f are the true atmospheric profiles, and a are the a priori profiles, all sampled

toward the limit of infinite resolution. A practical problem with (95) is that the retrieval coefficients are sampled

much more coarsely than f and often more coarsely than in situ measurements or model calculations. Properly

comparing the EOS MLS retrieval with another dataset requires recalculating the retrieval where the EOS MLS

profile sampling matches the correlative dataset. The main defect of (95) is that users do not have access to any of

the quantities except f.

Degrading (95) to the sampling resolution of EOS MLS gives

f̂ = a+
(

f−a
)

A, (96)

where f̂ are the retrieved coefficients (i.e. f k
lmn of (3) or 4), f is the forward model representation of the true

atmosphere, a are the a priori profile coefficients, and A is the averaging kernel at the EOS MLS sampling resolution,

the square matrix calculated by [4]. The finite profile sampling introduces a modeling error that is not captured by

the averaging kernel. The interpretation of f is developed here.

The forward model is represented by
•
I −Ibl =

?
I +
(

f−
?
f η
)

H, (97)

where H = d
?
I

df
is a Jacobian of radiance sensitivities to profile values in the limit of infinite resolution, the same as

the true profile f, η is a matrix containing the profile coefficient weights computed by (5)–8. The retrieval Jacobian
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is
?
K= Hη. It is required that the forward model responds linearly to fine structure fluctuations of f that are not

captured by the profile basis resolution, fη. If the forward model has no errors except those introduced by the

limited sampling of the profiles, the atmospheric radiances relate to modeled radiances according to

true atmospheric radiances model radiances

(

f−
?
f η
)

H
(

f−
?
f
)

ηH

The
?
f ηH is common to both sides and can be dropped

out

fH fηH

This implies that

f ≡ fη. (98)

Equation (98) is not an equivalence because the left side has more degrees of freedom than the right. If (HHt)−1

is invertible it is easy to show that

f = fηt (ηηt)−1 (99)

minimizes the square of the radiance differences between the model and true atmospheric radiances. We call

ηt (ηηt)
−1, the forward model smoothing operator. Equation (99) would be the retrieved profile for an error-less

measurement. In practice, (HHt)−1 may be singular because the measurement system is not sensitive at all altitudes,

therefore (99) would apply to a subset of the profile coefficients.

Substituting eq. 99 into eq. 96 gives

f̂ = a+
[

fηt (ηηt)−1 −a
]

A, (100)

which is the proper way to convert high resolution data into retrieval coefficients. Since all the elements in an

averaging kernel row tend toward zero for a coefficient not observable by the measurement system, we can disregard

the requirement that (HHt)−1 is non singular when applied to (100).

Equation (100) offers some significant advantages over (95). For most EOS MLS products over their recommended

altitude ranges [33], and if the retrieved quantity is not influenced by a priori information, (100) is well approximated

by (99). The EOS MLS standard level 2 geophysical products (L2GP) file contains all the information needed to

compute the forward model smoothing operator. The breakpoint values, ζk
l and φk

m are in the L2GP file and η is

evaluated with eqs. 5–8. If one wishes to use (100), the averaging kernel is that produced by [4] with representative

examples published in [34].
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Fig. 8. An example of LOS ray φ and h calculated for the standard atmosphere with a 3.33 K/◦ horizontal gradient. The PSIG points are a

grid consisting of 6 levels per decade change in log pressure (2.7 km per point) with two tangents reflecting off the Earth surface. The h and φ

values for 27 tangent rays are overlaid on the temperature field. The PSIG points are large bullets and the augmented PSIG (8 point GL) are

the small dots.
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Fig. 9. Difference of h and s computed for ellipse and equivalent circular Earth representations at 45.0◦.
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Fig. 10. Computed difference between refracted φt and unrefracted φt for several simulated February profiles over 2 Aura orbits and several

tangent pressures (and heights)
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Fig. 11. The horizontal variations expected due to scanning with and without refraction and antenna averaging. These are shown in comparison

with the EOS MLS LOS angle basis function.
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Fig. 12. Measured, residual, and molecular stick spectra for EOS MLS radiometers R1A, top and R1B, bottom. These radiometers measure

orthogonal polarizations of the same spectral coverage. The local oscillator for these radiometers is 126000 MHz. Only the lower sideband is

observed. The radiances are a daily average of all good radiances on 20 Jan. 2005 for 9 selected MIFs (color). Underneath show the daily

averaged goodness of fitted radiances (observed minus calculated). Under that is a stick spectrum showing the identity (color), position and

approximate strength of molecular signals in these radiometers. Multiple panels having different frequency ranges exist to emphasize the spectral

coverage and resolution of EOS MLS. The R1B radiometer is redundant to R1A and its associated filter band and DACS are normally switched

to other radiometers, hence omitted from this figure. See text for further discussion.
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Fig. 13. Same as Fig. 12 but for EOS MLS radiometers R2 and R3. The local oscillator frequencies are 191900 MHz and 239660 MHz

respectively. These are double sideband radiometers. See text for further discussion.
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Fig. 14. Same as Fig. 12 but for EOS MLS R4 radiometer. The local oscillator frequency is 642870 MHz. R4 is a double sideband radiometer.

See text for further discussion.
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Fig. 15. Same as Fig. 12 but for EOS MLS R5H and R5V radiometers measuring orthogonal polarizations of the same spectral coverage. The

local oscillator frequency is 2522781.6 MHz. These are double sideband radiometers. In normal science mode, filter bank 20 of R5V measuring

O2 is switched to another radiometer and is not shown. See text for further discussion.


