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1. Introduction

Assessing the welfare costs of inflation requires a sound understanding of the
benefits of monetary exchange. The search theory of money, developed in the last 15
years from the pioneering works of Kiyotaki and Wright (1989, 1993), offers such a
framework. However, the first generation of search models of money were based on
assumptions that were too restrictive to deliver useful insights for monetary policy (goods
and money were indivisible; individuals’ portfolios were limited to one unit of one
object, and so forth). These severe restrictions have been relaxed in several recent
extensions of the theory, by Shi (1997, 1999), Faig (2004), Lagos and Wright (2005) and
Molico (2006), allowing the search model of money to be integrated with standard
neoclassical growth theory (Shi, 1998; Aruoba, Waller, and Wright, 2006). This
integration with mainstream macroeconomics has opened up the perspectives for a better
understanding of the costs —and also maybe benefits— associated with inflationary
finance.

As an example, Lagos and Wright provide estimates for the annual cost of 10
percent inflation ranging from 1.4 percent of GDP to 4.6 percent of GDP. These numbers
are significantly larger than estimates based on the traditional method developed by
Bailey (1956), which consists of computing the area underneath a money demand
function. For instance, Lucas (2000), using Bailey’s approach, estimates the cost of 10
percent inflation at slightly less than 1 percent of GDP.*

In this paper, we clarify and extend recent findings regarding the cost of inflation
in search environments. Our approach consists of relating the measures of the welfare
cost of inflation obtained from a search-theoretic model of monetary exchange —we use
the formulation by Lagos and Wright (2005)— to the traditional measures based on the
Bailey-Lucas methodology. We show the conditions under which the two measures are
consistent, and those under which they differ. We also disentangle the various effects of
inflation by considering different extensions of the search model: We allow for different

pricing mechanisms, participation decisions, and a choice to accumulate capital.
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Our first result establishes that the traditional estimates for the welfare cost of
inflation provided by the Bailey-Lucas methodology —the area underneath money
demand— can be rationalized by a particular version of the search model. If money
holders can appropriate the marginal social return of their real balances, the welfare cost
of inflation as predicted by the search model is essentially the same as the area
underneath the money demand function. This condition is satisfied when buyers have all
the bargaining power to set prices in bilateral trades or when pricing is competitive. Any
discrepancy between the estimates from the search model and the previous estimates in
the literature arises from the use of different strategies to fit money demand.

Our second contribution is to clarify why alternative pricing mechanisms can
exacerbate the welfare cost of inflation. We consider a simple rent-sharing rule (the
proportional bargaining solution) and we establish a relationship between the cost of
inflation, the area underneath the money demand function, and the buyer’s market power.
If the surplus of a trade is shared evenly between the buyer and the seller in a match, the
welfare cost of inflation is twice as large as the estimate provided by the area underneath
money demand. When sellers’ bargaining power is chosen to be consistent with a realistic
markup, the cost of 10 percent inflation is about 2.5 percent of GDP. The Bailey-Lucas
measure of the cost of inflation is inaccurate because of a rent-sharing externality when
buyers do not have all the bargaining power in bilateral matches. We also discuss the
ability of the Friedman rule to generate the first best allocation under various pricing
mechanisms. Under the generalized Nash solution or under a constant-markup pricing
policy, the quantities traded are always inefficiently low (provided that buyers do not
have all the bargaining power), which matters when quantifying the benefits of optimal
deflation.

Third, we introduce a decision to accumulate capital that affects sellers’
productivity in bilateral matches. If the terms of trade are determined according to some
bargaining solution, individuals are subject to a double-holdup problem: they do not get
the full marginal return of their real balances (away from the Friedman rule), and they do
not get the full marginal return of their capital stock. As a consequence of these two

inefficiencies, the welfare cost of inflation is larger in the presence of capital
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accumulation. For all our calibrated examples, the welfare cost of 10 percent inflation is
larger than 5 percent of GDP.

Finally, we extend the model by introducing participation decisions and search
externalities. We show that the Friedman rule may no longer be optimal and we illustrate
how the presence of search frictions can mitigate or exacerbate the welfare cost of
inflation. In the case of a proportional bargaining solution, the Friedman rule is not
optimal and the welfare cost of 10 percent inflation is less than 0.5 percent of GDP for
plausible values of the markup. This result, however, is sensitive to the choice of the
pricing mechanism.

The paper is organized as follows: In Section 2, we present the methodology that Bailey
(1956) developed to compute the welfare cost of inflation. In Section 3, we use a search-
theoretic model to provide microfoundations for the Bailey-Lucas methodology. In
Section 4, we discuss the robustness of the results to alternative pricing mechanisms, and
in Section 5, we introduce capital accumulation. Section 6 considers participation

decisions.?

2. The “Welfare Triangle”

The traditional approach to measuring the cost of inflation was developed by
Bailey (1956) who measures the welfare cost of inflation by calculating the area
underneath a money demand curve over an appropriate interval. In Figure 1, we plot the
(inverse) demand for real balances, where the cost of holding real balances (the nominal
interest rate) is represented on the vertical axis. The demand for real balances is
downward-sloping because individuals reduce their money balances and resort to
alternative payment arrangements, such as credit or barter, as the interest rate increases.
The area underneath the money demand relationship over the interval [m; m*], the
“triangle” ABC in Figure 1, measures the welfare cost of having a positive interest rate r,
instead of zero. (In this analysis, the interest rate is assumed to vary one-to-one with the
inflation rate.) Obviously, the welfare cost of inflation is minimized when the nominal
interest rate is zero.? This corresponds to the Friedman (1969) rule for optimal monetary

policy. In what follows, we will measure the cost of inflation as the cost of raising the
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interest rate from ry=3%, interpreted as the interest rate consistent with zero inflation, to
r;, say, the interest rate associated with 10 percent inflation. Graphically, this cost is

measured by the area ABDE.

--- INSERT FIGURE 1 ---

Money demand is then defined as the aggregate money balances M1 (currency
and demand deposits), divided by nominal gross domestic product.* The nominal interest
rate, », is measured by the short-term commercial paper rate. In Figure 2, we represent

each observation (m,r) with a circle for the period 1900-2000.
---INSERT FIGURE 2 ---

To measure the welfare triangle, one estimates a curve that fits the observations in
Figure 2 and then computes the appropriate area underneath the implied money-demand
curve. Lucas (2000) considers two specifications for money demand: the log-log
specification, m(r) = Ar™", where m is aggregate real balances divided by output, r is the
interest rate, and 4 and # are two estimated parameters; and the semi-log specification,
where m(r) = Ae™™ . In order to estimate parameters 4 and 7, we use nonlinear least
squares.” We also estimate the money demand curve by using a kernel regression.® In
Table 1, we report the estimated parameters for the different specifications as well as the

cost of 10 percent inflation (A) for each specification.

--- INSERT TABLE 1 ---
---INSERT FIGURE 3 ----

It can be seen in Table 1 and Figure 3 that the welfare cost associated with 10
percent inflation is quite different across specifications for the money demand function,
ranging from slightly more than 0.5 percent to 1.5 percent. These differences simply
reflect different ways to fit the data. The kernel regression evaluates the cost of 10

percent inflation at about 1 percent of GDP, which is similar to Lucas’s measure. The
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estimate from the semi-log specification, about 1.5 percent of GDP, is comparable to
Lagos and Wright’s (2005) smallest estimate of the welfare cost of inflation.’

3. Search-theoretic foundations for the

“welfare triangle”

The objective of this section is to show that the search of monetary exchange
pioneered by Kiyotaki and Wright (1989, 1993) can be used to provide microfoundations
for the Bailey methodology to measure the welfare cost of inflation. In contrast to the
Bailey approach, the search model spells out explicitly the benefits of monetary exchange
for society and it provides both microfoundations for the demand for real balances and a
measure of welfare.

We adopt the search framework of Lagos and Wright (2005), in which trades take
place under different market structures.® The economy is composed of a unit-measure of
agents. Time is discrete, and each period of time is divided into two subperiods, day and
night. During the day, trades take place in a decentralized market where agents are
matched bilaterally. The probability of a single-coincidence-of-wants meeting in which
an agent meets someone who produces a good he likes is o <% and there are no double-
coincidence-of-wants meetings. So, with probability o, an agent is a buyer in a bilateral
match, with probability o he is a seller and probability 1-2c he is unmatched. Night-
trades take place in a competitive market.

An agent’s utility function is

u(g")-clg") +x,
where ¢” is the consumption and ¢* the production in a bilateral match, and x is the net
consumption in the centralized market (x is negative if an agent produces more at night
than he consumes).® The discount factor is 5 = (1+ p)™ € (0,1). The stock of fiat money

at the beginning of period ¢ is denoted M,. Money is introduced into the economy

through lump-sum transfers in the centralized market, and the supply of money is

growing at rate .
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A social planner who can dictate the quantities to be produced and consumed in

the decentralized market would choose ¢” =¢° =¢q", where ¢~ solves u'(¢ ) =c'(q").
Turning to the equilibrium, let p, denote the price in the centralized market. The
expected discounted utility of an agent holding m, units of money during the night of

period ¢, denoted by W (m, /p, ), satisfies

W[ﬂJ = mgx{xt - ﬂV[MJ},
P, ol Pia

st. px,+m,,=m,+T,

t+1

where ¥(-) is the expected utility of the individual in the decentralized market. The
individual receives a lump-sum transfer 7, = zAr, and chooses his net consumption of

night-goods, x,, and his money balances, m,,,, in the next period. Substituting x; by its

t+1?
expression from the budget constraint into the Bellman equation, it is straightforward to

show that # (m, / p,) is linear and that the choice of ,,, is independent of m,. Because

t+1

V(-) will be strictly concave over the relevant range, the distribution of money balances

at the beginning of each period is degenerate.

The utility of an agent in the decentralized market satisfies

V(EJ = o{u(qb)+W(ﬂ—dbﬂ+o{—c(qs)+W£ﬂ+dsﬂ
p[ p[ p[

+ (- 20)W(ﬂj,

‘
where (¢”,d") are the terms of trade when the agent is the buyer, (¢*,d") are the terms of
trade when the agent is the seller, g is the output, and 4 is the real transfer of money from
the buyer to the seller (expressed in terms of the night-good). For the pricing mechanisms
we will consider in this paper, terms of trade only depend on the money balances of the
buyer in the match. Therefore, the terms of trade (¢',d") are essentially taken as given by

the agent. Furthermore, in equilibrium, individuals do not bring more money than what

they need to trade in the decentralized market, d” =m, /p, . Denote as z(q) = m, | p, the

real balances that an agent must hold in order to buy the quantity ¢ in a bilateral match.
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The specific form for z(g) will depend on the assumed pricing mechanism in the
decentralized market. The Bellman equation above can be rewritten as

V{ﬂj = olu(g") —2(¢") ]+ o clg*) + a* |+ W(ﬂj |
p

with z(¢") =m, | p,. Substitute ¥ (m, / p,) into the Bellman equation for W (m, / p,) and
rearrange in order to obtain
q" = argmax{-rz(q) + olu(q) - 2(9)]},

where » = (1+ p)(L+ 7) -1 at the steady state. This equation says that an agent chooses
the quantity ¢ to consume in the decentralized market so as to maximize the expected
surplus he gets as a buyer, ofu(q) — z(¢)], minus the cost of holding real balances, rz(q).
Since all agents hold the same money balances, ¢ = ¢’ =¢°, a monetary equilibrium is a
¢>0 solution to the problem above.

In order to calibrate the model, we adopt the functional forms u(q) = ¢"" /(1 -17),
where 77 >0, and ¢(g) = ¢ . Furthermore, the matching probability o is set to %2, so that

each agent trades with probability one. The money demand function, L(r), is defined as
aggregate money balances divided by aggregate nominal output. It is equal

toL(r) =z(r)/[o z(r) + A], where A is the real output in the centralized market (this

quantity is indeterminate in the model, but it will be determined by the data).™

One needs to take a stand on how prices (or terms of trade) are determined in the
decentralized day-market. In order to provide microfoundations for the Bailey
methodology, we will assume that the monetary transfer from the buyer to the seller is

such that the seller is exactly compensated for his production cost, z(g)=c(g). This
bargaining solution, called the dictatorial solution, is the outcome of a game in which the
buyer makes an offer which the seller can accept or reject. If the offer is rejected, no trade
takes place. (We discuss alternative pricing mechanisms in the following section). The
first-order condition for the choice of ¢ is then

o (q)

r_ula) g
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Thus the equilibrium allocation is socially efficient when »=0 (i.e., the Friedman rule is
implemented). Notice that for a given »>0, search frictions, as represented by
o, exacerbate the wedge introduced by a positive nominal interest rate. Furthermore, the
quantity ¢ traded in bilateral matches is a decreasing function of the average
(opportunity) cost of holding money, »/o.

After some calculation, aggregate real balances satisfy
L=\o+4 (1+ Lj”
o

The parameters 4 and 7 are estimated from the data for the U.S. economy from 1900 to

2000. We find A=1.82 and n=0.14.
In order to measure the welfare cost associated with a given interest rate, r,
relative to 3 percent (the interest rate consistent with zero inflation), we ask the following
question: What is the fraction A of total consumption that individuals would be willing to

sacrifice in order to be in the steady state associated with an interest rate of 3 percent

instead of the one associated with »? Let g, denote the quantities traded in a steady state

when the interest rate is ». The cost of inflation A solves

G[M[qo.oz - A)]_ C(%.o3)]_ AA = O'[”(qr)_ C(qr)]'
--- INSERT FIGURE 4 ---

In Figure 4, we compare the two measures of the welfare cost of inflation,
namely, the compensated measure and the welfare triangle measure. (The welfare triangle
measure is the area underneath the money demand function as estimated from the search
model.) Figure 4 shows that the two measures are nearly identical. In order to understand

this result, consider the individual demand for real balances given by
dgq
- "(g) 2L -1/,
r J|:Z/l (9) = }

where dq/dz=1/z'(q). Compute the area underneath this (individual) money demand

function over the interval [z, z, ],
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2

[r@)dz = olula(z)]- 2} - o lul(z0)]- 2o}

Using the fact that z=c(g), it is easy to see that the right-hand side of the previous
expression is just the change in steady-state welfare. So the area underneath the
individual demand for real balances coincides with the change in steady-state welfare.™

The welfare cost of a nominal interest rate of 13 percent relative to a 3 percent
interest rate is about 1.5 percent. This estimate is bigger than those of Lucas (2000) but it
agrees with the nonlinear least square estimate based on the semi-log specification. The
difference between the numbers simply stems from different strategies for fitting the
points in the data.

We can relate this estimate of the cost of inflation to the estimate that would be
obtained under competitive pricing in the decentralized market. To this end, reinterpret
the idiosyncratic trading shocks as preference and productivity shocks. With probability
o, an agent wants to consume during the day; with probability o, he has the ability to
produce during the day; and with / - o, he neither consumes nor produces. Denote o the

dollar price of goods in the decentralized market. The choice of ¢” obeys
q" =arg max{— e ({u(q) ——} .
1 p p

The first-order condition gives u'(¢”)=(1+r/c)w/p. Sellers in the decentralized
market maximize —c(q¢*) +¢* @/p, which gives ¢'(¢°) = @/ p . Given that there is the
same measure o of buyers and sellers, market clearing requires ¢’ =¢° =¢ and
therefore

v 1+

c'(q) o
This is the same equation as the one obtained under the assumption that buyers make a
take-it-or-leave-it offer. If prices are determined competitively, buyers can obtain the
marginal return of their real balances so that the welfare cost of inflation coincides with
the Bailey-Lucas measure. *2
In summary, the search model of money can, for some pricing mechanisms, provide

theoretical foundations for the Bailey-Lucas methodology to estimate the cost of
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inflation. In this case, our estimate is in the same ballpark as previous studies, that is,
around 1 percent of GDP per year.

4. Inflation and pricing

The estimate for the welfare cost of inflation reported in the previous section was
obtained under the assumption that buyers can extract the whole (marginal) surplus from
trade. In this section, we describe alternatives in which sellers get a fraction of the surplus
of the match. We consider first a simple bargaining solution, called the proportional
solution, which will illustrate the role played by the pricing mechanism in assessing the
welfare cost of inflation. The proportional bargaining solution requires that the buyer

obtains a constant fraction, &, of the surplus of a match, u(g)—c(g). Therefore,
u(q) —z(q) :(9[u(q) —c(q)] and z(q)=0c(q)+@Q-Ou(qg). As before, the quantity
traded in individual matches solves
g =argmax{-rz(¢) + olu(¢) - z(9)]}-

When z(g) is replaced by its new expression, the first-order condition for the choice of ¢
is

o wlg-cle)

of  &'(q)+@A-0)'(q)

The first-best allocation (where u'(g) =c'(q)) is achieved when the Friedman rule is
implemented, »=0."* The monetary wedge generated by a positive nominal interest rate,
the left-hand side of the equation above, is amplified when search frictions become more
severe (a lower o) or when sellers have more market power (a lower 6).

We estimate the parameters 4 and 7 of money demand as before. The parameter &
of the bargaining solution can be chosen so as to generate a markup /+u (price over
marginal cost) consistent with the data. In the model, the real marginal cost is ¢'(g), and
the real price in the decentralized market is z(g)/q. Therefore, the markup in the
decentralized market is z(g)/[c'(q)q], which for our specification for the utility function,

yields
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1-0)
L-n)q"

We target a markup of 20 percent for a value of ¢ associated with 2 percent inflation. We

1+ u=0+

find 6=0.61. For the sake of comparison with the results in Lagos and Wright (2005), we
also compute ¢ that generates an average markup for the entire economy equal to 10
percent. We find 6=0.33.* In Figure 5, we also report the welfare cost of inflation for

6=1 (the benchmark studied in the previous section) and 6=0.5 (the egalitarian solution).

--INSERT FIGURE 5 ---
---INSERT TABLE 2 -

When the buyer’s share is less than 1, the cost of inflation is higher than the
measure given by the welfare triangle. When we match the markup (6=0.61), the welfare
cost of 10 percent inflation is about 2.5 percent of GDP. As one varies the buyer’s share
from 1/3 to 1, the cost of 10 percent inflation varies from 1.5 percent to 5.5 percent of
GDP. More generally,

Area of welfare triangle
2 :

For instance, if the buyer’s share is 50 percent, the welfare cost of inflation is about twice

Cost of inflation =

the area of the money triangle (see Figure 6). To understand this result, consider the area

underneath the individual demand for real balances, which satisfies

2

[r(2)dz = olulq(z)]- 2.} - olula(zo)] - 74 )
=0olulg(z))] - cla(z)]} - 0o lulg(z,)] - cla(zo) ]}
It is equal to the change in steady-state welfare multiplied by ©.

-~ INSERT FIGURE 6 ---

To understand why the welfare triangle can underestimate the true welfare cost of
inflation, consider the following example: If each unit of good produced in a bilateral
match is worth $1 to the buyer and costs $0.9 to produce, the marginal surplus of a trade

is $0.1. Suppose that the price is $0.95, so that both the buyer and the seller get a surplus
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of $0.05. The private return of money is equal to the buyer’s surplus divided by the
amount of money that the buyer must carry to buy the good, 0.05/0.95=5.2 percent. The
social return of money is the total surplus divided by the price of the good, 0.1/0.95=10.5
percent. If the interest rate is 10 percent, the buyer’s cost of holding $0.95 exceeds the
marginal gain of $0.05. So the buyer has no incentive to bring an additional dollar, even
though the social return of this dollar is greater than the opportunity cost incurred by the
buyer.

The discrepancy between the private and social benefits of real balances arises
from a rent-sharing externality generated by any pricing rule that stipulates that the buyer
does not get the full marginal return of his real balances.”® The marginal benefit of the
real balances is greater from society’s viewpoint than from the buyer’s. Since money
demand captures only the marginal benefit of money from the buyer’s side, the welfare
triangle misses a fraction of the welfare cost of inflation.

Formally, a marginal unit of real balances allows a buyer in a bilateral match to

buy dq/oz units of goods. The expected private marginal utility of real balances is then
olu'(q) - 2'(q)ldq ! dz = o|u' (q) ] ' (¢) -1], which is precisely » from the first-order

condition for the choice of real balances. The expected social marginal utility of real

balances is

z'(q) 0 z'(q) 0

Note that the private and social returns of real balances are equal if and only if &=1, a

ol ()~ ()] 2 - {M} _ E[M} _r

point illustrated in Figure 7. For a given stock of real balances m,, the marginal benefit
that money provides to the buyer, represented by the length of segment AB, is less than its
marginal social benefit, the length of segment AD. If prices are determined according to a
proportional solution, the ratio BA/DA is the buyer’s share. As a consequence, when
measuring the 4ABC area, one underestimates money’s social benefit, the ADC area, by a
factor equal to the inverse of the buyer’s share.

---INSERT FIGURE 7 ---
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In Figure 7, the curves representing the private and social benefits of real balances
intersect the horizontal axis (#=0) for the same value m™> of real balances. At this point,
the benefits of holding real balances are maximized for both buyers and society. This
observation implies that the Friedman rule yields the best allocation ¢~ for all values of
6. In Table 2, g=1 at r=0 for all 6.

However, the previous result, where the Friedman rule generates a first-best
allocation, does not hold for all bargaining solutions. For instance, as emphasized in the

search-money literature, it does not hold for the Nash solution, which implies that
2(9) = ©(q)c(q) +[1-0(9)]u(q) with

Ou'(q) _
Ou'(q)+1-0)c'(q)

The parameter & now denotes the bargaining power of the buyer, whose share, ®(q),

0O(q) =

depends on both #and ¢, and it is equal to #when g =¢".*® In particular, © decreases as

g increases. Under the Nash solution, the Friedman rule is optimal but the quantities
traded in the decentralized market are too low (in Table 2, g<I at »=0 for all 6<I). This
result is illustrated in Figure 8. Under the Friedman rule (»=0), the economy’s real
balances are m , while the real balances that would maximize society’s welfare are m*. In
other words, if the interest rate is zero, an individual’s demand for real balances is
satiated, even though the marginal benefits of money to society are still positive.

This inefficiency arises from the fact that the buyer’s surplus is not necessarily
monotonic with the size of the match surplus.'” Put differently, the buyer’s surplus

u(q) — z(g) reaches a maximum for a value of ¢ smaller than ¢*. As a consequence of

this inefficiency, a small increase of the interest rate above »=0 will have a larger effect
on welfare than it would under proportional bargaining. Indeed, the welfare cost of a
small interest rate can be approximated by the change in real balances multiplied by the

social benefits of real balances at »=0, the length of segment £C in Figure 8.

-~ INSERT FIGURE 8 ---
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Figure 9 plots the welfare cost of inflation when prices are determined according
to the Nash solution for different values of the buyer’s bargaining power, 8. The value of
@ that corresponds to a markup of 20 percent in the decentralized market is 6=0.60,
where the expression for the markup is
B 1-n6
S @-n+a-0)q"|

(To generate a 10 percent average markup for the entire economy, as in Lagos and

+u

Wright (2005), @ must be set equal to 0.34. See footnote 14.) A comparison of Figures 5
and 9 reveals that the welfare cost of 10 percent inflation under the Nash solution is of
the same magnitude as the cost under the proportional bargaining solution (see also Table
2). In particular, when we target a 20 percent markup, the welfare cost of 10 percent
inflation is slightly more than 2.5 percent of GDP. Under both bargaining solutions, a
rent-sharing externality is at work, which amplifies the cost of inflation. However, under
the Nash solution, the buyer’s share, ®, gets larger at higher inflation rates, so the rent-
sharing externality gets smaller.

The most noticeable difference between Figures 5 and 9 is the gain associated
with a reduction of the interest rate from 3 percent to zero (which corresponds to the
optimal deflation rate). This gain can be as high as 2 percent of GDP when the buyer’s
bargaining power is 0.34. Under the proportional solution, the gain is about 0.5 percent of
GDP. So the non-monotonicity inefficiency generated by the Nash solution is important
in that it predicts large welfare gains if inflation is reduced from zero to the optimal

deflation rate.

--- INSERT FIGURE 9 ---

To conclude this section, we present a pricing mechanism which exhibits the
same type of inefficiencies as the Nash bargaining solution but is based on the more
familiar idea that prices are set as a markup over the cost incurred by sellers.® More
precisely, the transfer of money from the buyer to the seller corresponds to the cost
incurred by the seller in producing the amount asked for by the buyer multiplied by a

constant factor, 7/+u (where x4 > 0), which we interpret as the “markup,”
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z(q) =@+ w)c(q) . As shown in Figure 10 (and Table 2), the cost of inflation increases
with the markup. When the markup is 20 percent, the cost of 10 percent inflation is
slightly less than 3 percent of GDP, which is similar to the prediction of the model under

the symmetric Nash solution.

---INSERT FIGURE 10 ---

Figure 11 illustrates how a constant markup affects assessment of the welfare cost
of inflation. The constant markup, g, shifts the curve that specifies the social return of
real balances up by a constant amount (BD=CE). The larger the markup, the larger the
difference between the private and social benefits of real balances. Also, it is clear from
Figures 8 and 11 that both the Nash solution and pricing with constant markup induce
qualitatively similar effects of inflation. In both cases, the quantities traded under the

Friedman rule (»=0) are too low.

-~ INSERT FIGURE 11 ---

5. Inflation and capital®

Casual observations indicate that sellers must incur costs of purchasing capital or
setting up stores before they can sell goods. If the terms of trade are determined
according to some bargaining protocol, as assumed in the previous section, then buyers
can hold up sellers on their initial investments. Focusing on the holdup problem on real
balances only may create a biased view of the frictions in search environments; as such, it
may affect our estimates of the welfare cost of inflation. Also, by omitting sellers’
investment decisions, one neglects an important channel through which inflation can
affect equilibrium allocation and therefore welfare.

In this section, we let agents choose a capital stock & that enters as an input of
production technology in the decentralized market. We assume that the capital stock is
accumulated in the centralized market: Each unit of good can be turned into a unit of

capital.”® Capital depreciates at rates between the decentralized market and the
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centralized market. The output produced by a seller in a bilateral match is now
q =q(k,h), where ¢(--) iIs a constant-return-to-scale production function with two
inputs, &, the capital stock of the seller, and 4, his supply of hours. We impose the
restriction that capital, or claims on capital, cannot be used as a means of payment in
bilateral matches in the decentralized market.”*

The utility of an agent holding m, units of money and %, units of capital when
entering the centralized market of period ¢, denoted by  (m, / p, ,k, ), satisfies

W[ﬂ,kt] = mgx{xt + ,BV(m”l J;Hlj}’
P, oM Pia

A

S't' p['xl +ml+l +ptk[+l :m[ +ptk[ +]-'t’

where V() is the expected utility of an agent in the decentralized market. The wealth of

an individual at the beginning of the centralized market is composed of the lump-sum

transfer, 7, = zM,, and his initial portfolio (m,,k,). The individual chooses his net

consumption x,, his money balances ,,,, and capital stock l@m in the next period. It is

t+1?

straightforward to check that W(ﬂ,k,j:ﬂwc, +w(0,0) and that the choice of
2 P,

(nA1H1,]€H1) is independent of the initial portfolio (m,,k,). Thus, the distribution of money

and capital is degenerate at the beginning of the decentralized market.

The utility of an agent in the decentralized market satisfies

V[ﬂ,k,j = o{u(qh) = W[ﬂ—d”,(l—é)k,ﬂ + a{— c(h*) + W[ﬂﬂi“ ’ (1—5)’@]}

t t t

+ (- 20)W(ﬂ, (1-5)k, J
t
The interpretation of this Bellman equation is similar to that in the previous section. The
novelty is the fact that the terms of trade (#°,d°), in matches where the individual is a

seller now depend on the agent’s choice of capital. Also, notice that capital depreciates

between the decentralized market and the centralized market. Using the linearity of

w(--), the previous Bellman equation can be simplified to
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V(ﬂ,ktJ = olu(g") -d"]+ 0[—C(hs)+ds]+W(ﬂa(1—5)kt}
p p

t t
Substituting 7 by its expression into the Bellman equation for W, and after some
simplification, the choice of the capital stock solves

m}gx[— (p+0)k+ O'SS(k,Z)],

where S°(k,z)=-c(h’)+d" is the seller’s surplus from a trade as a function of his
investment & and the buyer’s real balances z (taken as given by the seller). So individuals
choose their capital stock in order to maximize their expected surplus as sellers minus the
user cost of capital. It is clear from the previous problem that if buyers have all the
bargaining power to set terms of trade in bilateral matches, then S* =0and k=0: The
decentralized sector shuts down. This result is a manifestation of the holdup problem on
capital.
Assuming that the terms of trade are determined in accordance with the
proportional bargaining solution, the seller’s surplus satisfies
S*(k,z) = r%x[d —c(h)]
st (L= 0)ulg(h, k)]~ d]=6[d - c(h)]
d<z.
So the seller chooses the terms of trade (4,d) to maximize his surplus, subject to the

constraint that the buyer’s surplus is a fraction ;%; of his own. We show in the appendix

that the choice of capital satisfies
, 1-6 r
p+5=aa—mu@hAhm@——5-;)

where g, (h,k)is the partial derivative of ¢ with respect to . First, the extent of search
frictions affects the return of capital, since an agent uses his capital stock only when he is
the seller in a match, an event occurring with probability o. Second, the seller’s market
power, as represented by /-6, also affects the private return of capital through a standard
holdup problem. Third, an increase in inflation above the Friedman rule reduces buyers’
real balances and therefore sellers’ willingness to invest in capital. As shown in the

Appendix, the term 1=~ is the Lagrange multiplier associated with the constraint d <z .

0 o
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As r increases, or o decreases, this constraint becomes more binding and the return of
capital falls. Also, if @ falls, the holdup problem on real balances is more severe and the
constraint d <z becomes tighter, which reduces the return of capital.

Agents’ choice of real balances is essentially the same as that described in the
previous section. It gives

7 Olw(g)g, (hk)—c' ()]
o (1-0u'(q)g,(hk)+6c'(h)’

where ¢, (4, k) is the partial derivative of g with respect to .

We next compare the equilibrium allocation with the allocation that a social

planner would choose. The first-best allocation satisfies

p+6=ou'(qglg (hk)

w'(q)a, (h k) = ¢’ (h) .
Comparing the equilibrium conditions and the first-order conditions of the planner’s
problem reveals various inefficiencies. First, there is the monetary wedge /o that distorts
both the choice of hours in the decentralized market and the choice of capital. Second,
there are two holdup problems on capital and real balances (captured by the terms & and
1-0) that tend to make both capital and the output in the decentralized market
inefficiently low. The equilibrium allocation coincides with the first-best if the Friedman
rule is implemented (»=0) and sellers have all the bargaining power (6=0).?> However,
this equilibrium is tenuous, since for all »>0 there is no monetary equilibrium when 6=0.

We calibrate the model as in the previous section. Aggregate money demand is

defined as

_ z(g.h)
oz(q,h) +k+ A’

where g and /4 are functions of the nominal interest rate and

z(gq, h) = Gc(h) + (11— O)u(q) .
Notice that aggregate output is defined as the output in the decentralized sector, oz,
investment, &, and consumption in the centralized sector, 4.2 We choose (4,7) to fit
aggregate money demand to the data. We need to choose a production function and the

depreciation rate 6. There is no hard evidence on what the technology should be in the
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decentralized market. Therefore, we report the results for the following CES production

function:

2 1 s
q(hk) = {gho's +§k°'5} :
We have chosen a relatively high elasticity of substitution because it facilitates the
calibration of the model and the choice of @ that matches the markup. Finally, we put
more weight on hours to capture the idea that the technology is intensive in hours in the
decentralized market.?* The depreciation rate is set equal to 4 percent. The welfare cost
of inflation is computed as the change in consumption that individuals would be willing
to sacrifice to avoid a given inflation rate. To make it comparable with our estimates in
the previous sections we express it as a fraction of GDP.

Table 3 reports the first-best allocation for the different sets of parameter values
that we consider in our calibration exercise. Table 4 reports the equilibrium allocation as
well as the welfare cost of inflation. The comparison of Tables 3 and 4 illustrates the
double holdup problems described earlier. When & is high (e.g., #=0.70), the holdup
problem on capital is severe, so the equilibrium capital stock is much smaller than the
first-best capital stock. For lower values of & (e.g., #=0.27), the equilibrium capital stock
gets closer to its first-best value but the effect on hours of an inflation increase is more
pronounced.®

Let us turn to the welfare cost of inflation. Consider first the case of symmetric
bargaining (6=1/2). As indicated in Figure 12 and Table 3, the welfare cost of 10 percent
inflation is about 7.5 percent of GDP, a much larger estimate than the one given in the
previous section. The intuition for this result is the following: when 6=1/2, the buyer in
the match gets only half of the marginal contribution of his real balances to the match
surplus. This is the rent-sharing externality emphasized in the previous section. On the
other hand, the seller gets only half of the contribution of his capital stock to the match
surplus. As a result, sellers underinvest in capital, even when »=0. Inflation makes this
inefficiency even worse, thereby exacerbating the welfare cost of inflation.®

Similarly, if we choose & so as to generate a markup of 20 percent in the
decentralized sector, the welfare cost of 10 percent inflation is slightly less than 6 percent

of GDP, which is also much higher than our previous estimates. To generate a markup of
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20 percent, the buyer’s share must be equal to #=0.7. For this value, the holdup problem
on money is not too severe, but the holdup problem on capital is huge. As a consequence,
capital tends to be inefficiently low, which exacerbates the cost of inflation.

Reciprocally, if we generate a 10 percent markup for the entire economy
(including the centralized sector), then ¢=0.27. The holdup problem on capital is not too
severe, but the one on money is large. Again, this makes the welfare cost of inflation very
large, more than 10 percent of GDP, for the reasons emphasized in the previous section.

To summarize, in the presence of a seller’s investment decision, the welfare cost
of inflation is larger than the one found in the model without capital. This is so because
the seller’s capital choice generates an additional holdup problem, an inefficiency that
can only be eliminated by giving all the bargaining power to sellers, which gets rid of the

monetary equilibrium altogether.

---INSERT TABLE 3 -
- INSERT TABLE 4 ---
--- INSERT FIGURE 12 ---

6. Inflation and participation

Up to now, the frequency of trade o has been assumed to be constant and
independent of monetary policy: Inflation affects the quantities traded in bilateral
meetings but not the number of meetings. If agents can choose whether or not to
participate in the market, or on which side of the market to participate in, then the number
of trades is endogenous and it can be affected by policy.?” Also, in all variations of the
model presented in the previous sections, the Friedman rule is optimal. In contrast, we
will show that the Friedman rule is not necessarily optimal when participation decisions
are endogenous.

We consider an extension of the model based on an assumption in Shi (1997). At
the beginning of each period, before matches are formed, individuals can choose to be

buyers or sellers in the decentralized market. An agent who chooses to be a buyer can
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only consume (he cannot produce) in the decentralized market, while an agent who
chooses to be a seller can only produce (he cannot consume). The composition of buyers
and sellers is then endogenous. Let » denote the fraction of sellers in the economy.

Assume further that the matching process is such that a buyer meets a seller with
probability ” = n, whereas a seller meets a buyer with probability o* =1—n .%

The value of an agent in the decentralized market satisfies

W[ﬂjz m, +Tt + max4 — n':lt+l +ﬂmax Vb(’%tﬂ }V‘s(’%nlj ’
D, P Meet pP; Pia Pia

where 77 (V) is the value of a buyer (seller) in the decentralized market, and T, is the

lump-sum money transfer received by each agent. As before, the value function in the
centralized market is linear in the agent’s wealth. Each agent chooses his real balances in
the centralized market and enters the subsequent decentralized market as a buyer or a

seller. The value of being a buyer in the decentralized market satisfies

Vb[ﬂ] = n[u(qb) —db]+ W[ﬂJ
pt pt

where we have used the linearity of W (m,/p,). According to the previous Bellman

equation, a buyer meets a seller in the decentralized market with probability », the
measure of sellers in the market. In this event, the buyer enjoys the surplus u(¢”)-d",
and his continuation value in the centralized market is W (m, /p, ). Similarly, the value of
a seller in the decentralized market satisfies

ye (KJ —A-n)u(g')-a']+ W(m—J
p p

t t
In equilibrium, agents before choosing their real balances must be indifferent to
being buyers or sellers, which requires

max{—@ + ﬂVb[@j} = max{_ ’%Hl + ﬂVs [n,;lnl ]} .
mggq pt le m; 4 pt le

It is easy to check that sellers choose m,, =0 since they do not need money in the

decentralized market. Substituting 7* and V* by their expressions and rearranging, we

obtain
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~rz(g) +nlu(q) - 2(q)] = A= n)z(q) ~ (9)].
The left-hand side of the previous equation is the expected trade surplus of a buyer net of
the cost of carrying real balances; the right-hand side is the expected trade surplus of a
seller, and ¢ is the equilibrium quantity traded in bilateral matches. We assume that prices
are  determined according to the  proportional  bargaining  solution,

z(q) = 6c(q) + (1— O)u(q) . The measure of sellers then satisfies

. :1_9+r[9c(q)+(1—0)u(q)]
u(q) —c(q)

For a given ¢, an increase in inflation tends to reduce the measure of buyers and increase

the measure of sellers.

Society’s welfare is measured by n(1—n)[u(q)—c(g)]. It is maximized when
n=Y and g=q . The equilibrium allocation maximizes welfare if and only if = 0.5
and » = 0. The second requirement, which corresponds to the Friedman rule, guarantees
that g =¢ . The first requirement, = 0.5, is the condition under which n=% when
r=0.%

The aggregate demand for money is defined as the money held by the 7-n buyers
divided by the sum of the output in the decentralized market, n(7-n)z, and the output in
the centralized market, 4,

_ @-n)z
nl-n)z+ A
We use the same strategy as before to estimate the parameters 4 and 7 of money demand.

In Figure 13 and Table 5, we report the welfare cost of inflation. If buyers and
sellers are symmetric in terms of their bargaining powers (6=0.5), then the welfare cost of
10 percent inflation is slightly below 3 percent of GDP. In this case, participation
decisions do not much affect the cost of inflation because the composition of the market
is close to the efficient benchmark.

If 6 <0.5, then the number of buyers is too low, and inflation lowers the fraction
of buyers even further. In this case, the participation decision amplifies the welfare cost
of inflation. For instance, if we choose @ to target an average markup of 10 percent, for

the entire economy (see footnote 14), we find £=0.36. In this case, agents are willing to
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give up about 5.5 percent of GDP to avoid a 10 percent inflation rate. Reciprocally, the
welfare gains from reducing the interest rate to zero are also large.

Finally, if &>0.5, then a deviation from the Friedman rule is optimal. If » = 0,
then the number of buyers is too high and the number of trades is too low. Since inflation
has a direct negative effect on buyers’ expected utility, the number of buyers falls with 7,
while the number of sellers rises.*® The composition of the market becomes more even
and the number of trades expands. When we calibrate 6 to match a 20 percent markup in
the decentralized market, we find £=0.90. The optimal inflation is about 2 percent,
whereas the cost of 10 percent inflation is slightly less than a fifth of a percent of GDP.
So the welfare cost of inflation is much lower than what was found in the absence of
participation decisions.

--- INSERT FIGURE 13 ---
---INSERT TABLE 5 ---

Not surprisingly, the choice of the pricing mechanism matters considerably for the
welfare cost of inflation and the result according to which the Friedman rule may be
suboptimal when participation decisions are endogenous. For instance, under the Nash
solution, the Friedman rule is optimal for all our calibrated examples. The reason for this
result is intuitive. Since the Friedman rule fails to generate the first best ¢ under Nash
bargaining, the envelope argument does not apply, and a deviation from the Friedman
rule has a first-order effect on society’s welfare. For values of & that match the markup
(6=0.89), the welfare cost of 10 percent inflation is about 4.7 percent of GDP, much

bigger than was found previously.

--- INSERT FIGURE 14 ---

To summarize, the introduction of endogenous participation decisions has several
implications. First, the welfare triangle is a misleading measure because it does not
capture the distortionary effects of inflation on individuals’ participation decisions.
Second, the presence of search externalities can mitigate or exacerbate the welfare cost of

inflation. For values of the bargaining power that generate a reasonable markup (20
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percent for the decentralized market alone), the welfare cost of inflation is much smaller
than what was found in the previous sections. Third, the Friedman rule may no longer be
optimal, because inflation’s positive effect on the composition of the market and the

frequency of trades can counteract the negative effect of inflation on real balances.
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7. Conclusion

Using different extensions of a simple search-theoretic model of monetary
exchange, we have identified and quantified various effects of inflation on welfare. First,
inflation introduces a wedge in the decision to invest in real balances. The extent of this
distortion depends on the assumed pricing mechanism. If buyers receive the full marginal
benefit of their money balances, the cost of inflation is essentially the one given by the
Bailey-Lucas measure, that is, the area underneath the money demand function. If buyers
do not receive the full margin return of their real balances, then the Bailey-Lucas measure
has to be scaled up by a factor that is an increasing function of sellers’ market power. We
have also provided examples of bargaining solutions under which the Friedman rule fails
to generate the first-best allocation. For such mechanisms, the social benefit of
implementing the optimal deflation can be large, since a deviation from the Friedman rule
has a first-order effect on welfare.

Second, if capital is an input of the production technology in the decentralized
market, then inflation affects agents’ incentives to accumulate capital. The private
marginal return of capital depends on the quantity of real balances held by buyers, which
is a decreasing function of the inflation rate. Since there are two investment decisions, the
choice of real balances and the choice of capital stock, bargaining introduces a double
holdup problem. On the one hand, real balances increase with buyers’ bargaining power.
On the other, sellers’ capital decreases with buyers’ bargaining power. Because of this
double holdup problem, the equilibrium allocation is generically inefficient. Furthermore,
the welfare cost of inflation for plausible values of the markup is larger than what was
found in the model without capital.

Third, inflation also affects agents’ decisions to participate in the market and,
consequently, the number of trades. Since participation decisions generate search
externalities, the Friedman rule may no longer be optimal. For reasonable values of the
markup, we provide examples in which the optimal inflation rate is positive and the
welfare cost of 10 percent inflation is small. This result, however, is sensitive to the

choice of the pricing mechanism.
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The simple search model we have considered abstracts from the distributional
effects of money creation. In Craig and Rocheteau (2006), we capture the distributional
effects of inflation through a simple extension of the model in which individuals live two
periods and generations overlap. We assume that individuals are heterogeneous in their
abilities to produce when young, and we establish that a low inflation rate can raise
welfare.

Additional extensions are worth considering. For instance, one should take into
account distortionary taxes and other assets beside money, such as government bonds and
credit. The calibration strategy should also be refined to provide a better sense of the

extent of search externalities. These extensions are left for future investigation.
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A n R? A (%)

m(r):A"7r 0.10 0.30 0.62 0.66
m(r)=AEXxp[-nr] 0.43 11.03 0.67 1.51
Non-parametric 0.68 1.04

Table 1. Estimates of the parameters.

Page 42




Inflation and Welfare: A Search Approach.

Pricing Market Cost of
mechanisms power | Coefficients of L(r) Allocation: g inflation
Ooru A n r=0 r=3% | r=13% A(%)
) 1.00 1.82 0.14 1.00 0.67 0.20 1.51
Proportional |, ¢, 2.05 0.22 1.00 | 0.65 | 0.5 2.60
bargaining
0.50 2.19 0.26 1.00 0.63 0.13 3.28
0.33 2.64 0.37 1.00 0.60 0.07 5.49
1.00 1.82 0.14 1.00 0.67 0.20 1.51
Nash 0.60 1.80 0.23 088 | 056 | 0.16 2.70
bargaining
0.50 1.77 0.26 0.81 0.50 0.14 3.35
0.34 1.67 0.35 0.62 0.36 0.09 5.09
1.00 1.82 0.14 1.00 0.67 0.20 1.51
Constant 1.10 1.04 0.14 052 | 034 | 0.10 2.50
Markup
1.20 0.62 0.14 0.28 0.19 0.06 3.32

Table 2: Inflation and pricing.

Page 43




Inflation and Welfare: A Search Approach.

n q k h
0.16 3.92 14.50 1.14
0.21 2.78 10.27 0.80
0.39 1.72 6.37 0.50

Table 3. First-best allocation
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Market | Coefficients Allocation Cost
of
power of L =0 =3% =13% | inflation
0 A n k h k h k h A(%)

0.70 0.19 0.16 | 0.10 [ 0.08 | 0.07 | 0.05 0.02 0.01 5.89

0.50 0.83 0.21 | 0.88 | 0.27 | 0.60 | 0.17 0.14 0.03 7.56

0.27 2.56 0.39 | 3.08 | 045 | 1.93 | 0.25 0.11 0.01 10.97

Table 4: Inflation and capital.
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Pricing Market | Coefficients Allocation Cost of
mechanisms || nower of L(r) p— T —ET inflation
0 A n q n q n q n A(%)
_ 090 | 2.03 | 052 | 1.00 | 0.01 | 061 | 0.12 | 0.24 | 015 | 0.8
ngf;;tr'l?:;' 050 | 1.05 | 029 | 1.00 | 050 | 0.70 | 057 | 0.26 | 0.69 | 292
036 | 0.80 | 035 | 1.00 | 0.64 | 071 | 0.70 | 0.24 | 081 | 5.47
089 | 1.63 | 055 | 0.87 | 0.11 | 0.48 | 0.09 | 0.04 | 003 | 472
Nash 050 | 0.89 | 027 | 0.80 | 0.48 | 051 | 051 | 0.15 | 053 | 3.5
bargaining
032 | 052 | 029 | 0.70 | 0.66 | 041 | 068 | 0.10 | 067 | 5.45

Table 5. Inflation and participation
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Appendix: Inflation and capital

The capital choice of an agent solves

m?x{—k+,b’[0Ss(k,Z) + (-0 ],

where S°(k,z) is the seller’s surplus from a trade as a function of his investment & and

the buyer’s real balances z. The agent incurs the cost £ in the centralized market to buy &
units of capital. In the subsequent period, the agent can use his capital and his hours if he
has an opportunity to produce with probability o. Each unit of capital depreciates at rate ¢
between the decentralized market and the centralized market. The problem can be

rewritten as

mlgx[— (p+5)k+aS“'(k,z)].
If the terms of trade are determined according to the proportional bargaining solution, the
seller’s surplus satisfies

S* (k,2) = max (L~ Oulg(h, k)]- c(h)]+ 2° [z — A= O)ulg(h, k)]- Ge(h)],

where A" is the Lagrange multiplier associated with the cash constraint d < z.

The first-order condition for the choice of capital is p+ 0 = oS, (k,z) , where
i (k,2) = (0= 00 (q)g, (h - 7).
with 2" =0 if the constraint d < z is not binding and where ¢, is the partial derivative

of the production function. The first-order condition with respect to % gives

7= =0 (g)a, ()= ()]
(L= O)u'(q)q, (h, k) + 6" (h)

The choice of real balances solves

max[— rz + oS’ (k, z)],
where the buyer’s surplus from a trade satisfies
S (k, z) = max8[ulg(h, k)] - d]
h,d

st. (L-O)ulg(h,k)] - d]=6ld — c(h)]
d<z.

This problem can be rewritten as
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S (k,z) = max Olulg(h, k)]- c(m)]+ 2° [z — A= O)ulq(h, k)] - bc(h)].

The first-order condition for the choice of real balances yields A° = »/o . Furthermore,
the proportional bargaining solution implies A’ = ;2 4’ : The benefit of an additional unit
of money for the buyer is % times the benefit for the seller. From this last observation

we deduce that the choice of real balances obeys

r_ Owlda, (k) -cm)]
o (-0)u'(q)g,(h k)+ 6 (h)

Using the fact that 4 =2~ the choice of capital can be simplified to

xr
o

p+0=cl-0)u'(q)y, (h, k)(l—ﬂlj -
0 o
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Footnotes

! Based on this methodology, Fischer (1981) and Lucas (1981) obtained estimates for the cost of 10 percent
inflation ranging from 0.3 percent of GDP to 0.45 percent of GDP.

2 A more detailed presentation of the models and data is available in Craig and Rocheteau (2006).

® Since the interest rate is approximately the sum of a constant real interest rate and the inflation rate, the
Friedman rule would imply that the inflation rate is negative and approximately equal to the opposite of the
real interest rate.

* Alternatively, several authors, including Fischer (1981), define money as high-powered money. Faig and
Jerez (2005) exclude the currency in circulation abroad. For a discussion of the appropriate definition of
money in this context, see Lucas (1981) and Marty (1997). By measuring real balances as a fraction of
domestic output, the area of the money triangle can be interpreted as the fraction of income that is needed
to compensate individuals for an interest rate of r; instead of zero (Lucas, 2000).

® We regress real balances on the nominal interest rate. This method is different from the one used by Lucas
(2000), who constrains the curves to pass through the geometric means of the data and who uses a visual
test to identify the best fit.

® The kernel was estimated with a local bandwidth computed using plug-in techniques, modified at each
boundary. See Brockman et al. (1993).

" These estimates are almost invariant to the time period, provided that the initial year is before 1940. If,
however, we start the period of time after 1950, the welfare cost of inflation gets smaller. For instance, if
we use data later than 1970 the cost of 10 percent inflation can be less than 0.1 percent of GDP.

¢ Alternatively, one could use the model proposed by Shi (1997), in which households are composed of a
large number of members who pool their money holdings at the end of each period. This model has been
used for calibration purposes by Shi (1998) and Wang and Shi (2005).

® The linearity of the preferences is what guarantees that the distribution of real balances at the beginning of
each period is degenerate. Notice that Lagos and Wright (2005) only require quasi-linear preferences.

19 Since agents readjust their real balances in the centralized market, the output 4 must be at least equal to
oz. Under a quasi-linear utility function U(x) — y, where x is the consumption and y the production in the
centralized market, the output in the centralized market is determined by U'(x)=1. For instance, if
U(x)=A4lnx,then x=4.

! These two measures do not exactly coincide in figure 4 because we express real balances as a fraction of
aggregate output and we look not at the change in steady-state welfare but at a compensated measure of
welfare.

12 Assuming a competitive pricing mechanism, Rocheteau and Wright (2004, 2005) and Reed and Waller
(2004) find similar estimates for the welfare cost of inflation, between 1 percent and 1.5 percent of GDP.

13 For a monetary equilibrium to exist, » must be smaller than c@/(1-6).

“ When we target a market-wide markup we consider a weighted mean of the markup in the centralized
sector, which is equal to one, and the markup in the decentralized market where the weights are given by
the relative sizes of the output produced in each market.

> This rent-sharing externality is closely related to holdup problems noted in the investment literature. We
adopt the terminology “rent-sharing externality” to distinguish it with the holdup problem emphasized in
Lagos and Wright (2005). In particular, this rent-sharing externality does not generate an inefficiently low
output at the Friedman rule.

'® The bargaining power 6, which varies from 0 to 1, is a measure of the buyer’s strength in the bargaining
process. In an explicit bargaining game with offers and counteroffers, an individual’s bargaining power
depends, among other things, on his ability to terminate the negotiation if his offer is rejected.

7 For a detailed treatment of alternative bargaining solutions and their properties in monetary economies,
see Rocheteau and Waller (2005).
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'8 For a search model with price posting by sellers, see Ennis (2004), who describes an economy in which
buyers have private information about their tastes, and sellers make take-it-or-leave-it offers. The annual
welfare cost of 10 percent inflation in this model is between 4 percent and 7 percent of GDP.

19 We thank an anonymous referee who suggested this section to us. For a related model of money and
capital, see Shi (1999) and Aruoba, Waller, and Wright (2006) who consider various pricing mechanisms
and various ways in which capital can affect the decentralized market.

2 Alternatively, one could assume that capital is purchased in the decentralized market with money. This
alternative assumption would create a direct (negative) effect of inflation on capital accumulation which
would be likely to exacerbate the cost of inflation. Also, capital is accumulated in the centralized market
before an agent knows whether he will be a buyer or a seller in the decentralized market. One could
consider a version of the model where agents are always buyers or sellers in a match. Without capital this
modeling choice is irrelevant for the estimate of the welfare cost of inflation since in both cases money
demand is calibrated to fit the same curve.

21 Arguably, this restriction amounts to a cash-in-advance constraint. Aruoba, Waller, and Wright (2006)
justify this restriction by assuming that physical capital is fixed in place in the centralized market, and
therefore cannot be traded in the decentralized market. They rule out the circulation of claims to capital by
assuming that such claims can be counterfeited at no cost. Lagos and Rocheteau (2006) allow competition
between money and capital as means of payments and obtain a demand for liquid assets which is similar to
the one in Section 3. Thus, we conjecture that this extension should not affect considerably our results.

22 Alternatively, one can consider the sequence (r,,d,) such that » <o6, /(1-6,) for all n and

(.,6,)— (0,0) as n goes to infinity. For all n, there exists a monetary equilibrium and the equilibrium

allocation approaches the first-best allocation as » tends to infinity.

2 As before, the consumption in the centralized sector would be pinned downed, if we were to adopt a
quasi-linear specification for the utility function in the decentralized market.

** \We have tried several specifications for the production function, including a Cobb-Douglas one. Our
findings are fairly robust across specifications.

% Under the Nash solution the model happens to be much harder to calibrate. The capital stock is very close
to 0 for most parameter values and it is very insensitive to inflation.

% Our estimates of the welfare cost of inflation tend to be slightly higher than the ones in Aruoba, Waller
and Wright (2006) because in their model capital has return in the centralized market that is not subject to
an holdup problem.

" Monetary search models with participations decisions include Li (1995, 1997), Faig (2004), Rocheteau
and Wright (2004, 2005), and Shi (1997, 1998). The model in this section is similar to the one in Rocheteau
and Wright (2004), except that we consider different pricing mechanisms.

%8 The specification for the matching function is the same as the one used in most monetary models,
including Kiyotaki and Wright (1993).

2 For an elaboration of this idea, see Berentsen, Rocheteau, and Shi (2007).

% This effect is sensitive to the choice of the pricing mechanism. Under the Nash solution, the number of
buyers can increase with inflation because the buyer’s share in the surplus of a match increases.
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