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accelerator model of Bernanke, Gertler and Gilchrist (1999). The principle conclusions are that the
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under this level of indexation.
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1. Introduction.

The fundamental function of credit markets is to channel funds from savers to
entrepreneurs who have some valuable capital investment project. These efforts are hindered by
agency costs arising from asymmetric information. A standard result in a subset of this
literature, the costly state verification (CSV) framework, is that risky debt is the optimal contract
between risk-neutral lenders and entrepreneurs. The modifier risky simply means that there is a
non-zero chance of default. In the CSV model external parties can observe the realization of the
entrepreneur’s idiosyncratic investment technology only by expending a monitoring cost. Debt
is optimal because it minimizes the need for costly verification of project outcomes (the lender
need monitor only when payback is not forthcoming). This verification is costly but necessary to
align the incentives of the firm with the bank.

Aggregate conditions will also affect the ability of the borrower to repay the loan, but
these conditions are a type of symmetric information: both the lender and the borrower can
observe aggregate conditions. This then suggests that there may be advantages to having the
loan contract indexed, or adjusted to, changes in aggregate behavior. What are the positive
implications of having the loan contract indexed to the aggregate shock? What are the welfare
consequences of alternative indexation schemes? This paper proposes to answer these questions
in the context of the celebrated financial accelerate model of Bernanke, Gertler, and Gilchrist
(1999), hereafter BGG.

This is important and timely work. For example, this approach can be used to assess the
positive and normative implications for aggregate behavior of indexing home mortgages to

movements in aggregate house prices." Similarly, one prominent regulatory reform proposal is

! This is related to the proposal for home equity insurance, eg., Shiller and Weiss (1999).
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to require large financial institutions to issue debt that is automatically converted to equity under
certain aggregate conditions. This is another form of indexation.

Our principle results include the following. First, the agency cost model is isomorphic to
a real business cycle (RBC) model but with an endogenous and time-varying distortion on total
capital accumulation. Second, this agency cost distortion arises because entrepreneurs do not
internalize the effect of their behavior on aggregate conditions generally and household
consumption in particular. Third, the optimal level of indexation is typically close to the loan
repayment being fully indexed to movements in aggregate conditions. This indexation rate
implies that bankruptcy rates are largely pre-determined. Finally, under optimal indexation, the
financial accelerator is significantly muted. This suggests that theoretical studies that find large
accelerator effects do so because they restrict the degree of indexation.

The paper proceeds as follows. Section 2 presents the basic model. Section 3 examines
the efficiency gains of contract indexation. Section 4 provides a qualitative analysis of the link
between contract indexation and the financial accelerator. Section 5 presents the quantitative
analysis on the optimal level of indexation and the effect that this indexation has on the model’s

behavior. Section 6 concludes.

2. The Model.

Households.

The typical household consumes the final good (Ct) and sells labor input (N;) to the firm

at real wage W;. Preferences are given by




The household budget constraint is given by
e + Dp + Q¢ Se < weNe + RP_1Dy_y + (Qf + Dive)S,—4

The household chooses the level of deposits (D,) which are then used by the lender to fund the
entrepreneurs (more details below). The (gross) real rate R¢ on these deposits is known at time-
t. The household owns shares in the final goods firms, capital-producing firms, and in the lender.
The former two are standard, so we simply focus on the shares of the lender. This share price is
denoted by QF with Div, denoting lender dividends, and S, the number of shares held by the

representative household (in equilibrium S; = 1). The optimization conditions include:
—Un(©)/Uc(t) = we (D

Uc(t) = E,U(t + DRE (2)

Final goods firms.

Final goods are produced by competitive firms who hire labor and capital inputs in
competitive factor markets. The production function is Cobb-Douglass where A, is the random

level of total factor productivity:

Yy = K (AN )

The optimization conditions include:

MPN, = w, 4)

MPK; = rental, (5)
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New Capital Producers.

The production of new capital is subject to adjustment costs. In particular, investment

I . : .
firms take Itqb(ﬁ) consumption goods and transform them into I, investment goods that are sold
t

at price Q;. Their profits are thus given by Q.I; — Itgb(%), where the function ¢ is convex with
t

¢(1) =1, ¢'(1) = 0and ¢"(1) = ¢. Variations in investment lead to variations in the price of
capital, and changes in the price of capital Variations in the price of capital are a key part of the

aggregate uncertainty facing the entrepreneur.

Lenders.

The representative lender accepts deposits from households (promising sure return RY)
and provides loans to the continuum of entrepreneurs. These loans are intertemporal, with the
loans made at the end of time t being paid back in time t+1. The gross real return on these loans
is denoted by R;,4. Each individual loan is subject to idiosyncratic and aggregate risk, but since
the lender holds an entire portfolio of loans, only the aggregate risk remains. The lender has no
other source of funds, so the level of loans will equal the level of deposits. Hence, dividends are
given by Div,,q = R;11D; — RED,. Note that R,,; may respond to innovations in the aggregate
economy, but that the level of deposits and the deposit interest rate are pre-determined. An
arbitrage condition ensures that profits are on average zero, but realizations of Div,,, can be

positive or negative. The intermediary seeks to maximize its equity value which is given by:
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o0 i Uc(t+]) -
Qf =Et2j=1.8] Uc(t)] Divg, (6)

The FOC of the lender’s problem is:

BU(t+1)
NG)

[Ress — RE1 =0 )

This method of decentralizing the lender problem is similar to the standard assumption in
the Dynamic New Keynesian (DNK) model, eg., Woodford (2003). That is, the sticky price
firms are owned by the household and pay out profits to the household. These profits are
typically always positive (for small shocks) because of the steady state mark-up over marginal
cost. Similarly, one could introduce a steady-state wedge (eg., monopolistic competition among
lenders) in the lender’s problem so that dividends are always positive. But this assumption

would have no effect on the model’s dynamics so we dispense from it for simplicity.

Entrepreneurs and the Loan Contract.

Entrepreneurs are the sole accumulators of physical capital. The time t+1 rental rate and
capital price are given by rental;,; and Q;, 4, respectively, implying that the gross return to

holding capital from time-t to time t+1 is given by:

kK _ rentalyy1+(1-6)Q¢41
Riv1 = 0 . (8)

Agency costs imply a steady-state distortion on capital accumulation. Below we will find it
convenient to eliminate this steady-state distortion by adding a constant subsidy to capital

accumulation so that the return to capital will be given by R¥,; (1 + sub).
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At the end of period t, the entrepreneurs sell all of their accumulated capital, and then re-
purchase it along with any net additions to the capital stock. This purchase is financed with
entrepreneurial net worth (NW;) and external financing from a lender. The external financing is
subject to a costly-state-verification (CSV) problem. In particular, one unit of capital purchased
at time-t is transformed into w;,, units of capital in time t+1, where w;,4 1s a idiosyncratic
random variable with density ¢(w) and cumulative distribution ®(w). The realization of w;,4
is directly observed by the entrepreneur, but the lender can observe the realization only if a
monitoring cost is paid. Assuming that the entrepreneur and lender are risk-neutral, Townsend
(1979) demonstrates that the optimal contract between entrepreneur and intermediary is risky
debt in which monitoring only occurs if the promised payoff is not forthcoming. Payoff does not
occur for sufficiently low values of the idiosyncratic shock, w;,1 < @w;q1. Let Z;,, denote the

promised gross rate-of-return so that Z;, ; is defined by
Zpy1 = W REG (1 + sub)Ly )

where we have found it convenient to define L; to be the project-to-loan ratio:

LtE[ Qtkey1 ] (10)

Qtke+1—NW

The CSV problem takes as exogenous the return on capital (R¥, ;) and the opportunity cost of the

lender. The lender’s ex post realized t+1 return on the loan contract is defined as:
Rev1 = R (1 + sub)g(@eiq)Ly (11)
Recall that the lender’s return is linked to the return on deposits via (7):

E¢Rer1Uc(t +1) = RIEU(t + 1) (12)
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With f(w@;:;,) and g(w,,,) denoting the entreprencur’s share and lender’s share of the project

outcome, respectively, the end-of-time-t contracting problem is given byz:

Max EtRéc+1(1 + sub)Qikii1f (@i41) (13)
subject to

E(Rf 1 (1 + sub)QukpyqUc(t + 1) g(@ei1) 2 REEUL(t + 1)[Qckess — NW,] (14

where

f(w) = f;o wp(w)dw — [1 — ¢(@)]w (15)

9@ =[1-o@)]w + (1—p) [, wp(w)dw (16)

The optimization conditions include:

E.RE (1 4 sub)[f' (@p41) + AU (6 + D g (@p41)] =0 (17)
E:RE (1 4+ sub)[f (@) + AU (¢ + 1) g(@e11)] = LREEU(t + 1) (18)
E.U(t+ 1)R£(+1(1 + sub)Lig(@¢41) = R?EtUc(t +1) (19)

The contracting problem takes as given the deposit rate R¢ and the random variables U, (t + 1)
and R¥, ;. The project-to-loan ratio L, is chosen at time-t, but @, ; is potentially responsive to
innovations in R¥, ;(which then implies that R, and Z,,, are also responsive to innovations in

RE.,). Equation (17) can be solved for the multiplier so that (18) becomes

2 This participation constraint for the lender (14) differs from BGG in that the lender internalizes the marginal
utility of consumption for households. Since the contracting problem takes as U.(t + 1) the lender is still risk
neutral. This internalization follows directly from the previous section.
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k —ERE 1 f (@e11) _
ERi 1 (1 + sub) |f(@pyq) + Ut + 1) g(@ryq) FeRE L Uc(t+Dg" @)} | —

_EtR§+1f,(wt+1) }RdE 1 ,
{ErRé‘+1Uc(t+1)g'(wt+1) (EU(t+1) 20

The contract is defined by a (potentially stochastic) w;,; and loan ratio L, that satisfy

(19)-(20). If there were no aggregate uncertainty, then (20) implies that @w,,,; would be a

k
. R 1+sub . . . .
function only of the spread —“1(Rd ). For this reason below we consider indexation schemes
t

in which @, ; responds to R¥,; and some pre-determined variable.

Entrepreneurs have linear preferences and discount the future at rate B. Given the high
return to internal funds, they will postpone consumption indefinitely. To limit net worth
accumulation, we assume that fraction (1-y) of the entrepreneurs die each period. Their
accumulated assets are sold and the proceeds transferred to households as consumption.® This

implies that aggregate net worth accumulation is given by

NW, = YNW,_; (1) RE(L + sub)f (w) 1)

Lt—yq

Equivalently, we can use the definition of L;_; and f (w;) and express net worth as:
NW, = y{[Ré‘(l + sub) — R¢]Qe_1ke + ReNW,_; — uR{ (1 + sub)Q,_1 k¢ fom a)d)(a))da)} (22)

Equation (22) implies that NW, is determined by the realization of R¥ and the contracted
response of R, and @, to these realizations. NW, then enters the contracting problem in time t so

that the realization of RF is propagated forward.

® As in Carlstom, Fuerst, and Paustian (2010), the assumption that dying entrepreneurs’ assets are transferred to
households implies that the welfare criterion can be taken to be household utility.
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Loan Contract Indexation.

To close the model we need one more restriction on the contracting problem. For
example, BGG assumed R,,; = RZ. But as (12) makes clear there are many choices for Ry,
such that the lender’s participation constraint still holds. In this paper we consider the case in

which R, is indexed to R¥,; in the following manner:
k XR
Riy1 = Ft(Rt+1 (23)

where F; is a predetermined variable chosen such that (12) holds. BGG assume that yz= 0.

Substituting (23) into (11) implies that indexing R; 4 is equivalent to indexing @, ,4:

L Xr—1
g(@¢41) = (1Tutb)Ft (R{§+1) . (24)

Below we find it convenient to index the contract directly to @, instead of R;, . Therefore we

index @w;,, (and thus Z; ;) in the following way:

(RE)"
= . 25
s tEt(Rtlt(+1)X ! @)
Zy,, = PR (1 + sub)L (26)
t+1 — x—1 [

t
Ee(Rfyq)

where P; is time-t variable chosen to satisfy (20). Below we will find the value of y that

maximizes household utility.

Market Clearing and Equilibrium.
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In equilibrium the household holds the shares of the lender, and the lender funds the
entrepreneurs’ projects: S; = 1 and D; = Q;k;,, — NW;. For a given indexation parameter y,
the equilibrium is then defined by the variables {c;, N, I, K;,1, R, @, NW,, P,_;, Q;} such that

the following conditions are satisfied:

—Un(t)/Uc(t) = MPN, (27)
R£<+1 = MPKt+1+Q(1—5)Qt+1‘ (28)
t
L¢
NW, = YNW,_; (1) RE(L + sub) f (w) (29)
t—1

—ERf 1 f! (@e41)
E.BRE 1 (1 + sub) [f(wtﬂ) + U (t+ 1)g(@41) {EtRé‘+fUzzt1+1)ngf€;t+1)}] =

gt} v o
EcBU(t + DRE (1 + sub) [ -2 g (@) = Ue(®) &)
@, = Pt_l%.. (32)
0 = ¢ (55) + 3 'Go). (33)
e + 160 (55) + HREQ K[ w(@)dw] = K (AN (34)
Kir = (1 - 80K, + 1, (35)
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Time-t monitoring costs are given by u fowt w¢(w)dw units of capital. The calibration used

below implies that these costs are quite small in the steady-state, y [ Owss wd(w)dw =.0004,

compared to the calibrated value of 6 =.02.

3. Wedges and Inefficiency.

Equilibrium behavior in the model is defined by the employment and investment
decisions. The marginal condition for employment (27) is not distorted relative to the condition
ina RBC model. But capital accumulation is distorted. The lender’s intertemporal condition in

the agency cost model is given by:
Uc(t) = EBU(t + DRE 1 (1 + sub) Leg(@p41) (36)

We can interpret this distortion in (36) as a particular tax or wedge in the corresponding RBC
model. In particular, consider a RBC model with a tax 7, ; on total capital accumulation so that

the household budget constraint is:

Qtkevr + ¢ < [rental, + (1 = 8)Q. k(1 — 7f) (37)
The household’s capital accumulation choice is given by

Ue(t) = EBU(t + DRE, (1 — Tf44). (38)

This margin (38) is distorted in the same way as (36). Hence, the agency cost model is
isomorphic to an RBC model with a tax on total capital accumulation, but where this tax rate

varies endogenously with net worth and other macroeconomic variables.

11| Page



We wish to compare (36) with the optimal or efficient behavior that would be chosen by
a social planner. We would like to concentrate on the distorted accumulation equation and
abstract from any (small) income effects that arise from monitoring costs. Hence, consider an
agency cost model in which the monitoring costs are eliminated from the societal resource
constraint, but these monitoring costs still affect contracting. That is, suppose that monitoring

costs uRé‘Qt_th[fowt“ wo (a))da)], are paid for by a transfer from a party external to the

economy. Recall that steady-state monitoring costs are quite small, 0.04% of steady-state capital,
so that this is a modest abstraction. We will call this the zero resource cost (ZRC) model of

agency costs.

The social planner in the ZRC agency cost model still must respect the financial contract
and the resource constraints (34)-(35), but she can shift net worth between the lender and
entrepreneur in such a way to achieve first best behavior. The planner’s optimal capital

accumulation equation in the ZRC model is given by
Uc(t) = E.BUL(t + DR (39)

Note that (39) is also the intertemporal condition in the RBC model. We will say that the agency
model achieves ZRC efficiency if it is consistent with (39). Comparing (39) with (36), there is a
time-varying distortion on capital accumulation, (1 + sub) L;g(@;,,). We first demonstrate

that the agency cost model cannot achieve ZRC efficiency.

Proposition 1: A constant subsidy cannot make the agency cost model ZRC efficient.
Proof: See appendix.
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Remark 1: If entrepreneurs lived forever but discounted the future more heavily at rate I, then

(29) would be replaced by
1= BrRE (1 + sub)f (@ean) 15 (40)

In this case it is straightforward to show that this variant of the agency cost model is also unable

to achieve ZRC efficiency.

The inability of the agency cost model to achieve ZRC efficiency arises from the fact that
entrepreneurs do not internalize the effects that their actions have on household consumption.
We will demonstrate this by showing that if entrepreneurs did internalize this effect, then the
agency cost model can achieve ZRC efficiency. With e; denoting the portion of the
entrepreneur’s income that is not part of next period’s net worth, the entrepreneur’s time-t budget

constraint is given by:

ec + NW, < NW,_; (--51) RE(L + sub)f (@) (41)

Loq—1

The agency cost model assumes that entrepreneurs die at rate y and pass on their estates to

households so that e, = (1 — y)NW;_, (ﬂ) RE(1 + sub)f (w,). But instead of dying,

suppose that entrepreneurs discount the future more heavily, and that they choose e; to maximize

the household’s valuation of the entrepreneur:

Entrep value = E, Z;‘;O(ﬂf‘)j Uf](ct;)]) €t j (42)

Similar to the death assumption, the additional discounting is needed to ensure that the agency

costs bind in the steady-state. The entrepreneur’s optimal accumulation equation is given by
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Ue(t) = EBTU(t + DR (1 + sub)f (@) 15 (43)

This implies that in the contracting problem we now need to discount the entrepreneur’s return
with household marginal utility, that is, we replace f (@) with TU.(t + 1) f(@:4,) in (13) and

following. We can now state:

Proposition 2: If entreprencurs internalize, a constant subsidy and y = 1 will make the agency

cost model ZRC efficient.
Proof: See appendix.

One immediate implication of Proposition 2 is that the inability of indexation to
completely eliminate the distortion in the agency cost model is a result of an externality. In
particular, entrepreneurs do not internalize the effect of their behavior on aggregate conditions

generally, and household consumption in particular.

In addition, Proposition 2 provides an important theoretical benchmark. Absent the
externality of entrepreneurial decision-making, the agency cost model is ZRC efficient if the loan
repayment is indexed to aggregate shocks in such a way as to make bankruptcy rates (and the
risk premium) predetermined. As part of the quantitative analysis below, we will demonstrate
that this level of indexation is also necessary to achieve efficiency. Further, we will calculate the
welfare cost of suboptimal levels of indexation, and the welfare cost of the entrepreneurial

externality.
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4. Contract Indexation and the Financial Accelerator.

The degree of contract indexation matters because it alters the behavior of entrepreneurial
net worth which in turn alters the behavior of the capital accumulation distortion. These effects
can be most easily seen if we look at the contracting problem in log deviations (lower case
variables). (The appendix contains the linear approximation of the entire model.) Equations (11)

and (25)-(26) become

1 =l + Ow, + 1 (44)
@y = Peog + (0= DO — Eeard) (45)
Zp = Peoq + ooy + Eeoqrf + x(rf = ey (46)
where @ = Z=2@ss) | 404 1, = (L) (nwe_; — — k;). It is convenient to define
= T (@) t-1 1 t—-1 — qt-1 t)

leverage as
K1 = (qe—1 + ke —nwe_q) = —(k — 1)l4

To solve for p;_,, we need to make use of the linearized optimal contract (see equation Al in the

appendix):
Et—l(rtk - rt) = E_qrf =1y = —v(ic — Doy = viee_y (47)

Using (47) and (44) to solve for p;_;, we can express (44)-(46) as:

ne =1y + [1+ 00 — D] — Ee_q1{) (48)
[1-v(x-1)]
W = gy K1+ (0= DO — Eeear) (49)
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_ (1-v(k—-1)-06
Zy = {W} Keq + Et—lrtk + X("'tk - Et—lrtk) (50)

In summary, the contract is given by the promised repayment (50), the bankruptcy cut-off (49),

and the lender’s return (48). All of these are affected by the degree of indexation.

From (36), the agency cost distortion is given by the spread between the return on capital
and the deposit rate. In log deviations this distortion is given by (47). Evidently an indexation
parameter that minimizes the variance of k;_, will be preferred. That is, an optimal indexation
parameter will induce net worth to move with the efficient level of capital accumulation so that

leverage remains constant. From (22), net worth is given by
nw, = K% (rf—n)+ % (re + nwe_q) + ]/K% (ke + q + 75 (51)

The level of net worth in time-t is a function of lagged net worth and the behavior of the spread

(rtk - rt). The behavior of the spread in turn depends on the nature of contract indexation.

To gain intuition we focus on two cases. The first is the one chosen by BGG who assume

: : e -
that the real return 7, is pre-determined, 7, = ;. This implies that y = % < 0, so that @,

and z, are both decreasing in 7. Alternatively suppose that y = 1, so that the promised
repayment is fully indexed to aggregate shocks, while bankruptcy rates are predetermined and do
not respond to aggregate shocks. As shown in Proposition 2, full indexation is ZRC efficient in the
special case where entrepreneurs internalize the effect of their behavior on household consumption. With

x = 1, the lender’s return moves one-for-one with innovations in ¢ so that the first term in (51)
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is zeroed out so that innovations in ¥ increase net worth with a coefficient of % ~ 1. But under

BGG indexation, there is an additional effect:
nwp96 = nw}™ + (i — 1)%(1}" — E,_17F)

The difference in net worth between full indexation and BGG is quantitatively important since

the calibration implies (k — 1) % ~ 1, so that the response of net worth is roughly double in BGG

compared to y = 1. Net worth for various indexation schemes all differ from each other by a

one-time innovation. These net worth innovations are then propagated forward via (51).

Innovations in the return on capital are driven by innovations in the price of capital. The
interaction between net worth movements and the price of capital is a manifestation of the
financial accelerator. To gain some insight on this feedback loop, let us set the capital stock to
its steady state, and assume that shocks are iid. Appendix equations (A1) and (A10)-(A11) then

become

5+ 1
nwy = (T) q: — ;Et(rtlfl-l — Tt41) (52)

This link between net worth and the price of capital comes from the market for capital and
includes the capital supply curve and capital accumulation equation. The entrepreneur’s demand
for capital and thus the price of capital, varies positively with the future return to capital

E.(rk, —1:41), and the entrepreneur’s net worth nw,. If there were no agency costs (v = 0),
then (53) becomes E; (rt’il — rt+1) = 0, and the market for capital is unaffected by the level of
net worth. Hence, one manifestation of agency costs is that the price of capital varies positively

with net worth. For the case of iid shocks, the response of E; (15, — 7:+1) to the exogenous
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shocks is roughly proportional to the response of the capital price to innovations.* Hence we can

write E; (rtkﬂ — 7”t+1) ~ aq4q;. Equation (52) then becomes:

6+P)-y
e I (53)

nw, = [

To provide a sense of magnitudes, for our baseline calibration we have a, = —0.18, and

[v(6+1,b)—1,baq

= ] ~ 5.5,

The other link between capital prices and net worth comes from the evolution equation

for net worth (51):

nw, =~[1+ 0 — 1)1 — lleqe + (1 — e)mpk, — qe—4] + [ant—l + gtnw](54)

Y
B B

where we have used (48) and rp = 0. The tern &' is an iid innovation to net worth. Note that
the evolution of net worth depends upon the value of y. The financial accelerator is evident in

the feedback effect in (53)-(54): higher levels of net worth increase the demand for capital and

thus the price of capital (53); the higher price of capital then increases net worth (54), etc.

Solving (53)—(54) we have

nw; =

Y nw
M[(1—-e)mpke—qe—1] [v(6+1,b)—1,l)aq] n [E"Wt‘l"'st ] (55)

1-M eyYv 1-M

— Yu
qt - [V(5+1P)—1/)aq] nWt (56)

* This approximation is exact for iid net worth shocks, but is only approximate for iid technology shocks. However,
even in this case the approximation is good for y not too large.
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where

%[1+®(K—1)(1—X)]6¢U
v(§+P)-ay

M

(57)

Note the multiplier effect at work here. Innovations in net worth in (55) are multiplied into much
larger changes in net worth (j) by the financial accelerator feedback loop. The size of this
effect depends critically upon the value of y. An important cut-off point is where M goes to

unity or the net worth-multiplier (j) goes to plus (or minus) infinity. This y value is given by:

yeypu[1+0(k—1)]-B[v(6+P)—Pag]
YeyvO(k—1)

X (59)

Again, to provide a sense of magnitudes, the benchmark calibration impliesy ~ —4. As y
approaches y from above, M approaches unity from below, and the slopes of (53) and (54) come
together. In this case the multiplier effect goes to positive infinity.> Such large responses of net
worth and prices are welfare-reducing so that optimal indexation will always satisfy ¥ > x.
Note that x is increasing in K, so that the optimal degree of indexation will likely be increasing in

the size of leverage.

Figure 1 demonstrates the effect of y on the financial accelerator by graphing (53) and
(54) in (nw,q) space. The figure demonstrates the effect of a one unit shock in net worth, " =
1. The figure ignores any modest effect of net worth on employment and thus the marginal

product of capital by setting mpk,= 0 (this would be true, for example, if labor supply were

® As y moves below y, M exceeds unity and the multiplier becomes negative.
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inelastic). Equation (53) cuts through the origin and is not shifted by shocks. If there were no
agency costs, then the price of capital would not depend upon net worth so that (53) would be a
vertical line in Figures 1-2. The remaining lines are equation (54) drawn under different values

of y. The flat line is y = 2.06, and corresponds to the case where the multiplier is one (M = 0, or
the slope of (54) is zero). Full indexation (y = 1) and the BGG model (y = % ~ —.01) are also

presented. To illustrate the effect of a larger multiplier, Figure 1 also considers the case of y = -

W =1. In each case the

1. All four of these cut the vertical axis at unity because the shock is &
increase in net worth increases the price of capital. This is the agency cost effect. But the size of
the feedback of this price change back on to net worth varies inversely with the degree of
indexation. In each case (except for the M = 0 case), the ultimate effect on net worth is
magnified relative to the exogenous innovation, with the degree of this magnification decreasing

ny.

Figure 2 presents the complementary experiment for the case of an iid productivity shock
that increases the marginal product of capital by 10%, mpk,= 10 and " = 0. As before,

equation (53) cuts through the axis and equation (54) is drawn for the four different values of y.

All four of these cut the horizontal axis at q; = — (%) 10, because this is the movement in

asset prices that holds net worth fixed (see (54)). The productivity shock increases the price of
capital, but has differing effects on net worth depending upon the nature of the contract (this
corresponds to their location on the vertical axis). These net worth movements are then
multiplied up into larger movements in net worth and the price of capital. As before, this

amplification is inversely related to the degree of indexation y.
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5. Quantitative Analysis.
Calibration

Our calibration will largely follow BGG. The discount factor f is set 0.99. Utility is
assumed to be logarithmic in consumption (6=1), and the elasticity of labor is assumed to be 1/3
(6 =3). The production function parameters include o = 0.35, investment adjustment costs Y =
0.25, and quarterly deprecation is 6 = .025. As for the credit-related parameters, we calibrate the
model to be consistent with: (i) a spread between R*(1 + sub) and RS of 200 bp (annualized),
(i1) monitoring costs = 0.12, and (iii) a leverage ratio of Kk = K/NW = 1.954. These values
imply a death rate of y = 0.98, a standard deviation of the idiosyncratic productivity shock of

0.28, and a quarterly bankruptcy rate of .75% (wgs = 0.486). This then implies v = 0.041.

We assume that total factor productivity follows an AR(1) process. We follow BGG and
assume that technology shocks are nearly permanent with an AR coefficient very close to one,

p4=0.99. The net worth shocks are also serially correlated with p™ = 0.8.

Optimal Indexation.

We calculate the optimal indexation using unconditional household welfare as the metric.

<<INSERT DETAILS OF METHODOLOGY HERE>>

Table 1 presents the optimal indexation parameters for the baseline calibration. Let us
consider first the case of internalization. Recall that in this case Proposition 2 demonstrates that

in a ZRC economy the optimal indexation is y = 1. Evidently this result is numerically
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unaffected by the inclusion of the small monitoring costs. For the case of internalization, net

worth shocks are irrelevant because the household/entrepreneur can costlessly undo these shocks.

More realistically, if we move away from the assumption of internalization, the optimal
level of indexation exceeds unity. Optimal indexation will minimize the resulting movements in

the spread. The spread is given by (see Al in the appendix):

E(rfir — Tesr) = v[qr + kepr — nwy]

Hence, to prevent minimize movements in the spread, the movement in net worth must be
comparable to the movement in ZRC efficient capital spending. Positive productivity shocks
increase R¥ and shift wealth towards entrepreneurs, an effect that varies inversely with y. Since
the movement in efficient capital levels is small, the needed movement in net worth is also small.
To prevent net worth from moving too much, optimal indexation is given by x> 1. For net
worth shocks, the ZRC efficient capital accumulation response is zero, so that optimal indexation

calls for an even larger y to recoup this net worth movement.

Table 2 provides sensitivity analysis. Note that for TFP shocks, the optimal level of
indexation approaches unity as leverage increases. This same behavior is illustrated in Figure 3
which charts the optimal level of indexation as we vary steady-state leverage from k= 1.5to x =
5. The Figure presents the optimal level of indexation for three different metrics: (i)
unconditional welfare, (ii) conditional welfare, and (iii) the unconditional variance of the capital
accumulation distortion. Note that for all three metrics, the optimal level of indexation

approaches unity as leverage increases.

Figure 4 presents the welfare cost of alternative indexation schemes using unconditional

welfare as the metric. Note that in the case of high leverage, k = 4, the welfare costs can be
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substantial. These costs are clearly asymmetric: being below the optimal y is significantly worse

than being above the optimal .

Figure 5 presents the impulse response function to a TFP shock under three different
levels of indexation for the benchmark calibration. The three different indexation parameters
are: (1) the unconditionally optimal y = 1.28, (2) the conditionally optimal y = 0.51, and (3)
BGG’s x=-0.01. The behavior of output is amplified for BGG, but under the optimal levels of

indexation the behavior of output is significantly muted.

6. Conclusion.

This paper examines the BGG model from the vantage point of contract indexation. Our
principle results include the following. First, the agency cost model is isomorphic to a real
business cycle (RBC) model but with an endogenous and time-varying distortion on total capital
accumulation. Second, this agency cost distortion arises because entrepreneurs do not internalize
the effect of their behavior on aggregate conditions generally and household consumption in
particular. Third, the optimal level of indexation is typically close to the loan repayment being
fully indexed to movements in aggregate conditions. This indexation rate implies that
bankruptcy rates are largely pre-determined. Finally, under optimal indexation, the financial
accelerator is significantly muted. This suggests that theoretical studies that find large
accelerator effects do so because they restrict the degree of indexation. An interesting question
for future work is to include the estimation of the indexation parameter as part of a broader

DSGE model estimation.
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APPENDIX

1. Linearized Model.

E;(1fq = Tea1) = —V[nWe — G — Kegq] (AD)
nw, = K% (rf—m)+ % (1 + nwe_y) + ]/K% (ke + q; + 1) (A2)
re =121+ [1+0( — D](f —E_47f) (A3)
@ = <[V —1) = 1ley + (= D = Eeoyr) (A4)
Z = {1 + % [v(ik —1) — 1]} o1+ Ecarf + x(rf — Ey7) (AS)
¥ =eq. + (1 — €)mpk, — q,_4 (A6)
liq = (ﬁ) (MWe_1 — qp—1 — k) (A7)
oc, +nn; = ak; + (1 — a)a; — an; (A8)
12 = 0(E¢Cepq — Ct) (A9)
qc = Y — ke) (A10)
Kepy = 0ip + (1 — Ok, (Al1)
(1= + () ie = ake + (1 - a)(ac +ny) (A12)
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1-6

where € = ————— = B(1 — §), the second equality holding because the ss is efficient.

mpkgs+(1-6)

Also we have k = Kgg/NW,q, Qoe= 1, RS, = RE. = 1/8,0 = 29/ @) g = |-=]

9(wss)

Finally, we set u fowss wep(w)dw = 0.

2. The Derivation of Al.

Ignoring aggregate uncertainty

R,’f+1(1+sub) _

in (20) we have

—f' (@t41)

Ret1 9" @41 f (@t41) =9 @t f (@e41)]

This implicitly defines a mapping

k
_ o (REa+sub)
Bepr =0T

Rearranging (19) we have:

).

RE,  (1+sub),| _ n~Nwy

g o
Rty

Rty

: R
For convenience let us define the spread as s; = -
t+

__Sss [gss +Sssg§sﬂ.’€s] (T' k
t+1

1-5S558ss

Let us define

v = 1-5559ss
= T f
Sss [gss"'sssgssﬂss]
Hence we have (A1).
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L. Linearizing (A15) we have:
1

= Te41) = Ney1 — G — Ky

(A13)

(A14)

(A15)

(A16)

(A17)



3. Steady-states and subsidies.

The steady state is defined by the following three equations:

ﬁLssR.?s(l + Sub)g(wss) =1 (A18)
1=y (72 RE(L + sub)f (@) (A19)
(Les = Df'@5) + L2 g (@) = 0 (A20)

A18 comes from the lender’s participation constraint. A19 comes from the entrepreneur’s
accumulation. A20 is an implication of the optimal contract. The subsidy is chosen to make the

steady-state efficient, BRX; = 1, and v is chosen to satisfy A19. We can then express (18)-(A20)

as

(1 + sub) = Lssgtwss) (A21)
1= %(ﬁ) % (A22)
(Los = Df @) + 222 g' (@) = 0 (A23)

These are three equations in five unknowns: Ly, @, (1 + sub), vy, and o (the standard
deviation of the idiosyncratic shock which defines the functions f and g). Hence, we need two

more restrictions to determine the equilibrium. These other two restrictions come from

R55(1+sub)

calibrating the model with “risk” premium = = BRE.(1 + sub) = (1 + sub), and

Lss — }c=1.954. These imply a quarterly bankruptcy rate of .03/4. Hence, we can vary k and

LSS_
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hold the risk premium fixed, but allow y and o to vary. Note that this implies a change in the

bankruptcy rate.

4. Proofs.

Proposition 1: A constant subsidy cannot make the agency cost model ZRC efficient.

Proof: We prove this by contradiction. The AC model will be consistent with (39) only if
E,SU(t + DRE (1 + sub)Log(@eiy) = EfU(t + DRE, (A24)

Recall that L, is chosen in time-t. Hence, for (A24) to hold, L; must be given by:

[ =1 = EcUc(t+1)RF 4
t — Mt = k
(1+sub)EtUc(t+1)R{ 1 g (@41)

The level of net worth needed to support efficient capital accumulation is then given by
L—1
NW, = (t,:_t) Qekesa

where Q;k;, 1s the level of capital accumulation from the ZRC agency cost model. Notice that
NW, is necessarily forward-looking. But net worth accumulation in the agency cost model is

given by the backward-looking (21) which is a contradiction. QED.

Proposition 2: If entreprencurs internalize, a constant subsidy and y = 1will make the agency

cost model ZRC efficient.
Proof: Combining (36) and (43) we have:

EBU(t + DRE (1 + sub)[Tf (@eiq) + g(@e11)] = Uc(t) (A25)
With internalization, the counterpart to (18) is given by:
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EUo(t + DR (14 sub)[Tf (@41 + Aeg @een)] = 2757 (A26)

Consistency between these two equations imply that A, = 1. It is convenient to define

BU(t+1)
Uc(t)

— pk
Meyq = Riyq

F(@¢41) =Tf(@¢41) + 9(@¢11)

Note that if the ZRC economy is efficient, then (39) is satisfied and E;m;,; = 1. Equations

(17)-(19) are then given by

Emy 1 F'(@e41) = 0 (A27)
Emy 1 F(@py1) = (1 + sub)™! (A28)
Emyy1Leg (@) = (1 + sub)™ (A29)

Consider w-indexation schemes of the following form:

(RE)"
—_ t+1
@1 = B BB (A30)

An indexation scheme (55) is consistent with (44) if and only if it satisfies (52)-(54). Suppose
that y = 1. Equation (A27) then becomes F'(P,) = 0 so that the contract is defined by a unique
and constant value of @ such that F'(@w) = 0. The needed subsidy then comes from (A28), and

the constant level of L then comes from (A29). Net worth then evolves as

Les—1

NW, = (272) Qckers (A31)

LSS

where Q.k;,, is the behavior consistent with (39). Hence, y = 1 and P, constant are sufficient for
achieving optimal capital accumulation. QED
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FIGURE 1.
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Legend: The figure demonstrates the effect of a one unit shock in net worth, e = 1. The figure ignores any
modest effect of net worth on mpk, which are set to zero. Equation (53) cuts through the origin as it is not affected
by shocks. The remaining lines are equation (54) drawn under different indexation assumptions. The four cases are:
(1) no multiplier (y =2.06), (ii) FI (y =1), (iii) BGG (xy = % ~ —.01), and (iv) y =-1. All four of these cut the

vertical axis at unity because the shock is " = 1.
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FIGURE 2.
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Legend: The figure demonstrates the effect of a 10% increase in the marginal product of capital, mpk,= 10.
Equation (53) cuts through the origin as it is not affected by shocks. The remaining lines are equation (54) drawn
under different indexation assumptions. The four cases are: (i) no multiplier (y = 2.06), (ii) FI (y = 1), (iii) BGG
(x = % ~ —.01), and (iv) y =-1. All four of these cut the vertical axis at different points because the innovation

in the marginal product of capital has differing effects on net worth via the level of indexation. All four of these cut
horizontal axis at g, = — (?) 10, because this is the movement in asset prices that holds net worth fixed (see (54)).
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Figure 3.
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Figure 4.
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Table 1: Optimal Indexation.

No internalization by Internalization by
entrepreneur entrepreneur
TFP shocks
Monitoring costs in resource 1.28 1
constraint
No monitoring costs in 1.23 1
resource constraint (ZRC)

Net worth shocks

Monitoring costs in resource 244 NA
constraint
No monitoring costs in 1.85 NA

resource constraint (ZRC)

Table 1: Optimal values for the indexation parameter based on unconditional welfare. The table assumes
the baseline parameter values.
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Table 2: Optimal Indexation

Sensitivity Analysis

TFP shocks Net worth shocks
Baseline calibration 1.28 2.44
(k =1.954, Y =0.25)
Higher leverage 1.22 0.98
(x=4, ¢ =0.25)
Greek-like leverage 1.08 0.77
(k =10,  =0.25)
Higher adj. costs 1.18 1.23
(k =1.954,¢ = 1.0)
Higher adj. costs 1.03 0.86
(k =1.954,p = 2.0)

Table 2: Optimal values for the indexation parameter based on unconditional welfare. This is for the case
with monitoring costs in the resource constraint and no internalization by the entrepreneur.
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