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Abstract—A method is described for the determination of the
effective electromagnetic parameters of a metamaterial based
only on external measurements or simulations, taking boundary
effects at the interfaces between a conventional material and
metamaterial into account. Plane-wave reflection and trans-
mission coefficients at the interfaces are regarded as additional
unknowns to be determined, rather than explicitly dependent
on the material parameters. Our technique is thus analogous
to the line-reflect-line (LRL) calibration method in microwave
measurements. The refractive index can be determined from S-pa-
rameters for two samples of different thickness. The effective wave
impedance requires the additional assumption that generalized
sheet transition conditions (GSTCs) account for the boundary
effects. Expressions for the bulk permittivity and permeability
then follow easily. Our method is validated by comparison with
the results using the Nicolson-Ross-Weir (NRW) for determining
properties of an ordinary material measured in a coaxial line. Uti-
lizing S-parameters obtained from 3-D full wave simulations, we
test the method on magnetodielectric metamaterials. We compare
the results from our method and the conventional one that does
not consider boundary effects. Moreover, it is shown that results
from our method are consistent under changes in reference plane
location, whereas the results from other methods are not.

Index Terms—Generalized sheet transition conditions (GSTCs),
line-reflect-line (LRL), metamaterial, permeability, permittivity,
refractive index, wave impedance.

I. INTRODUCTION

I N recent years, artificial electromagnetic materials have
attracted much attention because of their promising

applications (e.g., perfect lenses, antennas with improved
performance, controllable reflection and transmission devices,
electromagnetic absorbers, etc. [1]–[4]). Metamaterials with
simultaneously negative permittivity and permeability (vari-
ously called double-negative (DNG), negative-refractive-index
(NRI), left-handed (LH), backward-wave (BW), Veselago or
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negative phase velocity (NPV) media) are often needed to
achieve these design goals. Such media usually exhibit strong
frequency dispersion.

A number of studies on the determination of metamaterial pa-
rameters (permittivity, permeability, refractive index and wave
impedance) have appeared in recent years [5], [6]. Accurate ex-
traction of material parameters is very important, because it al-
lows the potential features of metamaterials to be incorporated
into a design. A commonly used retrieval method uses S-param-
eters resulting from a normally incident wave on a metamaterial
slab and generates the effective parameters of the metamaterial,
assuming that the boundaries of a slab are well defined, and
that the Fresnel formulas for reflection and transmission hold
at the interface between the air and the metamaterial. However,
the tangential components of the macroscopic electromagnetic
field in a metamaterial are not continuous at the boundaries,
although the local fields are. In fact, excess polarization and
magnetization due to electric and magnetic multipole moments
are induced near the boundary on the scatterers that are con-
stituents of a metamaterial. Therefore, it is difficult to account
for the boundaries and the effective length of a metamaterial
slab that exhibits the desired bulk properties. Those boundary
effects have never been fully investigated in the context of re-
trieving the material properties of a metamaterial, though some
consideration was given them during the early days of the de-
velopment of artificial dielectrics.

Cohn [7] developed and implemented a method to extract the
index of refraction of an artificial delay medium composed of
a regular arrangement of conducting obstacles from the mea-
sured transmittance of a test slab. The boundary was modeled as
a shunt susceptance connected to equivalent transmission lines
representing the media, which led to an underdetermined system
of equations from which the effective index of refraction was
obtained. To circumvent this problem, Cohn assumed the shunt
susceptance of the boundary to be one half the susceptance of an
isolated plane of scatterers and was forced to make a “judicious
estimate” of the wave impedance inside the medium. Brown
and Jackson [8] considered an artificial dielectric as a cascaded
sequence of T-networks and proposed different models to ac-
count for the reactive fields at the interface. The simplest of
these models involves simply shifting the position of the effec-
tive interface in front of the physical boundary to account for the
apparent phase discontinuities in the transmitted and reflected
waves. Kharadly [9] used a parallel-plate waveguide to investi-
gate experimentally the properties of artificial dielectrics. In his
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technique, the effective index of refraction and effective wave
impedance were extracted from measured standing wave ratios
of test samples terminated by open and short circuits. The au-
thor demonstrated that fixing the position of the sharp effective
interface relative to the physical interface generated significant
experimental error. He went on to treat the position of the ef-
fective interface itself as an unknown variable, and solved for
it using measured data from two different sample lengths. With
this approach, he found considerable improvement in the con-
sistency of the experimental results.

Brown and Seeley [10] went beyond simple transmission line
analysis and modeled a metal-strip artificial dielectric as a cas-
caded series of coupled multiport networks. In this manner, each
parallel plane of metal-strips (represented as a unit cell) is con-
nected to another unit cell by multiple transmission lines, each
representing a normal mode of the artificial dielectric. In this
way, the effects of the evanescent modes excited at the inter-
face can be explicitly taken into account. Using this model,
and neglecting all but the least attenuated evanescent mode,
the reflection and transmission coefficients at the interface of
a semi-infinite artificial delay medium and free space were ob-
tained. The position of the effective interface was then deter-
mined by matching the phases of the reflected and transmitted
waves calculated for the physical structure to those calculated
for an equivalent effective continuous medium.

Outside the aforementioned approaches to the modeling
of the boundary for extracting the effective refractive index
and wave impedance of an artificial medium, the additional
boundary condition (ABC) would need to be mentioned here
as the predecessor that considered the transition surface of a
crystal structure. The ABC concept was proposed foremost by
Pekar [11]. He introduced the additional boundary condition,
which assumes that the polarization vanishes at the interface, to
intuitively deal with a spatially dispersive material, instead of
using the Maxwell’s boundary conditions, since it was known
that such a classical boundary condition (i.e., the continuity of
the tangential components of electromagnetic fields) was in-
sufficient to treat macroscopic electromagnetic fields appearing
at the boundary. Later on, Henneberger [12] revisited Pekar’s
ABC and reformulated the ABC to analytically calculate the
reflectivity of the surface of a spatially dispersive medium,
accounting for the polariton. Silveirinha et al. took advantage
of the ABC for modeling of a wire-composed medium (an array
of metallic wires) [13], [14] and mushroom-structured surface
[15], which are possible configurations of metamaterials.

For independent approaches of very commonly used extrac-
tion method ([5], [6]) based on the Fresnel reflection coefficient,
several works were reported. To use the technique studied by
Scher et al. [16], assuming that the point-dipole approximation
is valid, the electric and magnetic polarizabilities of each sphere
are extracted from the S-parameters, and the effective permit-
tivity and permeability are then found by substituting the polar-
izabilities into the Clausius-Mossotti equations. Simovski et al.
[17], [18] reported work related to [16]. In their model, a multi-
pole expansion is initially performed and then a dipole approxi-
mation for field interactions of the scatterers is then considered
to describe the local permittivity. This method was extended in
[19] to find the local permeability. In other work, Simovski et al.

[17]–[20] reviewed Drude’s quasi-static model to consider the
modeling and extraction of the material parameters of a meta-
material, and in [21] and [22] Drude’s original idea of a transi-
tion layer was extended to apply to the material extraction of a
metamaterial for the case where the phase shift across the tran-
sition layer between air and metamaterial slab is not negligible.
It should be noted that Drude’s model is actually a special case
of the GSTCs used in this paper (see [23]). The transition layer
approach beyond the quasi-static limit ([17]–[19], [21]) can be
mathematically equivalent to our GSTC approach. In the theory
studied in [17]–[19], [21], the thickness of the layer transition
can be a fitting parameter, which is not exactly obtainable. In
contrast, the technique presented in this paper is more appro-
priate for implementation, in that our approach does not require
the knowledge of the thickness of the transition layer and the
lattice constant , which is more practical. Simovski’s transition
layer concept aimed to compensate the violation of Maxwell’s
boundary conditions for macroscopic fields at the interfaces.

In this work, we present a two-sample technique based on
the assumption that generalized sheet transition conditions
(GSTCs) can be used to describe the jumps in the average
(macroscopic) tangential electric and magnetic fields on ei-
ther side of the interface between a metamaterial and air.
Such conditions have previously been used to characterize the
field discontinuity across a metafilm: a surface distribution
of electrically small scatterers constituting a two-dimensional
metamaterial [24]. In the present paper, the GSTCs contain as
parameters the excess electric and magnetic surface suscep-
tibilities of the interface, which are in turn dependent on the
reflection and transmission coefficients, and the wave imped-
ances of the media. In other words, the jumps of macroscopic
fields at the boundary are expressed in the GSTCs by electric
and magnetic surface susceptibilities. These susceptibilities
help determine effective surface electric and magnetic currents
at the interface that approximate the excess polarization and
magnetization due to higher-order Bloch modes that are lo-
calized near the interfaces. Our work takes into account the
boundary effects, which allows us to determine the bulk prop-
erties of a metamaterial from measured or simulated scattering
data, without the need to have information from the interior of
the metamaterial sample.

II. THEORY

A. Equations From GSTCs

Consider a slab of metamaterial between two reference planes
as shown in Fig. 1. A plane wave normally propagating in air
is incident from either side. Several assumptions are made for
this configuration. The reflection coefficients , and the
transmission coefficient are defined as S-parameters with re-
spect to reference planes at Interface A and Interface
B . These coefficients are not assumed to be related to
the bulk material parameters by the Fresnel formulas, but are
unknowns to be determined separately. Interfaces A and B are
assumed to be reciprocal but not symmetric: the air-to-slab and
slab-to-air reflection coefficients ( and ) are different in
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Fig. 1. Schematic illustration of incidence, reflection, and transmission on
metamaterial under measurement.

general, whereas the transmission coefficients in both directions
are the same.

Now, we will make use of GSTCs of second order, similar to
those in [25], as a means of obtaining an additional relationship
between , and without using the Fresnel formulas. In
previous work, Kuester et al. [24] studied these averaged transi-
tion conditions for the average or macroscopic electromagnetic
fields at a metafilm. These boundary conditions contain electric
and magnetic surface susceptibilities of the metafilm as param-
eters. There is evidence to suggest that GSTCs of this type also
govern the macroscopic fields at the interface between a meta-
material and an ordinary medium [26], so long as higher-order
Bloch modes in the metamaterial are all evanescent and thus lo-
calized near the interfaces. These GSTCs help determine reflec-
tion and transmission at the interface, accounting for boundary
effects due to excess surface polarization and magnetization in-
duced at the scatterers. In Fig. 2, the GSTC equations are repre-
sented by

(1)

(2)

where and are the average macroscopic electromag-
netic fields on either side of the interface, and and
are effective dyadic electric and magnetic surface susceptibili-
ties. The GSTC presented in [24] was not the most general one
possible, in that it was assumed that two media on both sides
of the interface are identical. Hence, (1) and (2) may need to
include respectively additional terms for the jumps of electric
and magnetic fields at the boundary to deal with a non-sym-
metrical interface. However, the numerical calculation we have
performed using 3-D full wave simulation as a preparatory ex-
ercise has showed that the GSTCs in [24] provide reasonable
values for and in comparison with non-symmetric
GSTCs. This verification allows us to make immediate use of
(1) and (2). Since there is no way to determine the degree of
asymmetry present in the GSTCs from purely external informa-
tion, this simplification is greatly beneficial to our technique.

Fig. 2. Two-dimensional metamaterial composed of scatterers distributed in
� � � plane.

Interface A located at in Fig. 2. Assume a plane wave
normally incident on Interface A propagates in the direction of
axis from the air to the metamaterial. The electric and magnetic
fields in are expressed such as

(3)

(4)

and in ,

(5)

(6)

where and are the wave numbers of the air and metama-
terial and and are the (absolute) wave impedance of the air
and metamaterial. Note that in (5) and (6), is a voltage-ratio
transmission coefficient rather than an S-parameter so that

where is an S-parameter. Substituting (3)–(6) into
(2) and (1) gives the effective electric and magnetic surface sus-
ceptibilities at Interface A in Fig. 1 respectively:

(7)

(8)

Furthermore, if we consider the case when a plane wave propa-
gates from the metamaterial to the air, we can obtain the effec-
tive electric and magnetic surface susceptibilities at Interface B
as follows:

(9)

(10)

Notice that the metamaterial slab has been modeled here as
a continuous medium with (7)–(10) describing the interface
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(boundary) effects separately from the bulk properties of re-
fractive index and wave impedance. No assumption has been
made about an averaging method (surface, volume, etc.) either
inside the metamaterial layer or on its boundary, since such
information would not easily be available from measured data.

In this paper, the metamaterial structures of practical interest
possess symmetry along the propagation direction. Moreover,
the effective surface susceptibilities at the interfaces are as-
sumed to be same as for a semi-infinite medium. Therefore,
the layer thicknesses must be assumed large enough that
near-field interaction is negligible. In such a case, we let both

in (7) and (9) and in (8) and
(10). This leads to identical expressions for the effective wave
impedance of the metamaterial slab:

(11)

where

(12)

which can be found from the S-parameters if , and
are expressed in terms of S-parameters. The quantity in (11)
and (12) is defined in (15) in the next section. It is important
to note that if and are assumed to be zero in (11), then the
expression for the wave impedance reduces to that of the Fresnel
reflection coefficient, .

B. Equations From Measurement

Together with the assumption made in the previous section
that Interfaces A and B are reciprocal but not symmetric, if it is
assumed that the material structure possesses symmetry with re-
spect to the wave propagation direction, and that the measured
or simulated S-parameters obey and ,
then by considering multiple reflections of an incident wave
bouncing between Interface A and B or by using a signal flow
graph for Fig. 1, as explained in [27]–[29], the following equa-
tions are obtained:

(13)

(14)

where

(15)

while and are the measured or simulated S-parameters,
is the effective refractive index, and and are the ef-

fective permittivity and permeability. If the medium is passive,
the correct sign in (15) must be such that . Finally,

is the effective length of the slab. Determination of the abso-
lute physical slab length may also be of interest for metamaterial
studies. Nonetheless, we provisionally define , letting

be the number of layers (unit cells) and the lattice constant
(unit cell size) in the direction perpendicular to the slab. The

effects due to varying the reference plane positions on the resul-
tant metamaterial properties will be examined in Sections III.B
and C.

Inserting the S-parameters extracted from the measurement
or simulation for samples of two different lengths and

into (13)–(15) provides 6 equations with 6 unknowns
( , and ). From those equations, the coef-
ficients , and can be solved for analytically as
functions of the S-parameters as follows:

(16)

where

(17)

and

(18)

(19)

The superscripts and in (16)–(19) denote parameters
obtained from measurements or simulations with the corre-
sponding sample lengths. Interchanging , and
with , and yields the same values of and in
(18) and (19). As is seen in (19), it is possible to find but
not by this method. It is worth noting here that (16)–(19) are
similar to the equations of the line-reflect-line (LRL) calibration
method [30]–[37]. This calibration method is used to determine
repeatable measurement errors on both sides of a two-port
device under test. The formulation in the calibration method
allows one to extract a complex propagation constant from
the measurement of a transmission line or waveguide of two
different lengths. In this context, Interfaces A and B in Fig. 1
correspond to the error boxes in the LRL calibration method.

A metamaterial without active constituents is a passive
medium. The reflection coefficient must therefore have a
magnitude less than or equal to unity in such cases, with the
air medium considered to be lossless. This condition can often
be used to resolve the sign ambiguity of in (16). However,
the magnitude of the reflection coefficient may sometimes
exceed unity, if the metamaterial under investigation is lossy
[38].

Once , and are obtained, the effective refrac-
tive index of the metamaterial is obtained from (14) and (15) as

(20)
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where is an integer. Note that we must have
for a passive medium. This physical requirement could also be
imposed in such a way that a correct sign is found for the reflec-
tion coefficient in (16). The real part of the refractive index
in (20) involves choosing a branch for the logarithm, indicated
by the integer . If the group delay of were smooth over the
frequency range of interest, it could be utilized to determine
[39]–[43]. The phase unwrapping method [44] is another way of
resolving this ambiguity. It is our experience, however, that most
metamaterials are very dispersive, and the group delay changes
rapidly around resonance frequencies, making the choice of
a more difficult problem.

Another problem we have encountered is that a metamaterial
is often very lossy in the frequency bands of interest. The co-
efficients calculated from (16) and (18) can be very sensitive to
the measured or simulated S-parameters in this case, when al-
most no transmission through the slab occurs. To help address
this problem, we assume that and are very small, and
introduce the differences and averages of S-parameters as new
parameters:

(21)

Substitution of the quantities in (21) into (16)–(18) result in the
following modified expressions for the reflection and transmis-
sion coefficients:

(22)

(23)

Equation (19) remains unchanged, but computed from
(23) should be used in (19) in place of (18). Equations (22) and
(23) are the functions of the ratios and .
If terms of second order in these ratios are much smaller than
the other terms, the square roots in (22) and (23) can simply be
approximated by unity. We have observed that metamaterials

may have very small transmission properties at their res-
onance frequencies which are almost stopbands. We have also
seen that in many cases, the use of (19) and (22)–(23) can help to
remove some undesired noise of the results of the retrieved ma-
terial properties, which may be artificially caused by very small
transmission. Therefore, we will use (19) and (21)–(23) rather
than (16)–(19) in the following sections for obtaining the results
from our method presented in this paper. Furthermore, can
be expressed in terms of the ratios as shown in (24) at the bottom
of the page.

Now, we are ready to find the effective wave impedance
from the S-parameters by using (11), (12), (19), (22), and (23). It
is known that the bulk relative permittivity and permeability are
given by � and , respectively. There-
fore, from (11) and (20) we have

(25)

and

(26)

which are determined (except for the integer ) from experi-
mentally or numerically extracted data.

The effective material parameters for a metamaterial are
given completely by (11), (20), (25), and (26). The material
property determination method presented here is based on mea-
sured or simulated data of samples of two different effective
lengths. Therefore, it is important that one should take enough
layers in each sample in order that the metamaterial can exhibit
well-converged bulk material properties. Furthermore, when
the metamaterial is subjected to an incident electromagnetic
wave with a wavelength that is sufficiently larger than the
lattice constant (e.g., at the frequencies away
from a resonance of the metamaterial where ), the
metamaterial can then be regarded as a homogeneous effective
medium. If this criterion is violated, the correctness of the
effective material parameters generated by (11), (20), (25), and
(26) cannot be guaranteed.

It should be noted here that our method in the present form as-
sumes that surfaces of the slab are identical. This means that the
particles are assumed to be both individually symmetrical and
symmetrically arranged in space in the direction normal to the

(24)
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Fig. 3. Real (solid black) and imaginary (solid gray) parts of reflection coeffi-
cients � and real (darker dashed line) and imaginary (lighter dashed line) parts
of � of the nylon sample as a function of frequency.

surface (i.e., about the transverse plane). Asymmetrical arrange-
ments of particles, such as the “classic” cascade connection of
rods and split-ring resonators along the direction of propagation
are not covered by our method in its present form.

III. RESULTS AND DISCUSSION

A. Experimental Results From the Conventional Material

We first validate our method using S-parameters measured
from samples of a conventional material. In this case, the
boundary effects at the interface between the air and material
are expected to be negligible, and the Fresnel relations at the
interface to be correct. We used nylon as
the test material. Two different sample lengths, mm
and mm, were prepared. Each sample was placed
in a 50 mm long coaxial sample holder that supports transverse
electromagnetic (TEM) propagation. This sample holder was
introduced between the reference planes at the ends of the
cables of vector network analyzer (VNA). Calibration was
performed to determine the reference planes. The measurement
frequency was varied from 50 MHz to 6 GHz. The S-parameters
utilized in our equations were phase-shifted compared with the
measured S-parameters to account for the difference in length
between the samples and the holder.

First, we obtained the reflection coefficients from (22) and
from (23), having found from (24). Fig. 3 shows the real

and imaginary parts of and . It is seen that
and , thus with small discrepancy as
expected. This indicates that although no assumption about
and has been made a priori, the reflection coefficients in
Fig. 3 agree with those from widely used equations, i.e.,

, where and are
the relative permittivity and permeability of the material under
test.

The values for and were found to be graphi-
cally indistinguishable, and likewise for and , as
expected. Fig. 4(a) and (b) shows the electric and magnetic sur-
face susceptibilities induced at Interface A from (7) and (8). It
is observed that the values of the electric and magnetic surface

Fig. 4. Real (solid line) and imaginary (dashed line) parts of the electric and
magnetic surface susceptibilities at Interface A: (a) electric surface susceptibil-
ities and (b) magnetic susceptibilities.

susceptibilities are small: is on the order of , and
is on the order of . It is thus confirmed that the boundary
effects are negligible for a conventional material.

Fig. 5(a) and (b) shows comparisons among the real parts of
the relative permittivity and permeability from (25) and (26), the
Nicolson-Ross-Weir (NRW) procedure [27], [28] and the two-
length method presented in [45] (not to be confused with the
present method, which also uses two different sample lengths).
The NRW method for determining the permittivity and perme-
ability of a material from the reflection and transmission mea-
surements of a single sample is well-known. The NRW equa-
tions are derived by using the relation where
and are the transmission and reflection coefficients of a wave
incident from the air onto the material. NRW results for both
sample lengths and are plotted in Fig. 5. It is known
that if a low-loss material is measured, the NRW algorithm can
yield spurious peaks at frequencies where the sample length is
an integer multiple of one-half wavelength of the material. The
reflection/transmission principles on which the NRW method
is based also motivated the two-length method [45] to suppress
the unwanted peaks seen in the NRW, if the S-parameters on the
samples of two different lengths are available. In this method,
only the values of and are used, and an iterative solu-
tion of the relevant equations at each frequency is used. The two-
length method introduces more uncertainty than does the NRW
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Fig. 5. Comparisons of the relative permittivity and permeability of the nylon
sample by use of our (solid black), the NRW (solid gray) and (darker dashed
line) equations, and two-length method (lighter dashed line): (a) real part of
relative permittivity and (b) real part of relative permeability.

algorithm. Other types of two-length approaches are found in
the literature [46].

In Fig. 5(a), the real part of permittivity obtained from our
method and the NRW method increases somewhat at lower fre-
quencies, but approaches a constant limit as the
frequency is increased. In contrast, the two-length method pro-
duces large discrepancies with the other approaches at the low
frequency region, since the difference between the phases of

and is not large enough and increases the uncertainty
in this frequency region. At frequencies up to about 1.5 GHz,
some discrepancy between the results from our method and the
NRW method are observed as well. This can be explained by the
fact that an air gap between the sample and the coaxial fixture
exists, causing experimental error. The real part of permeability,
as is seen in Fig. 5(b), shows good agreement with the expected
result .

The permittivity and permeability computed from the NRW
equations show divergences at 5.79 GHz for mm
and at 3.87 GHz for mm. This is because and
are an integer multiple of one-half wavelength in the material at
those frequencies. With our technique, by keeping the difference
between the two sample lengths sufficiently small we
can eliminate the divergences in the frequency range of interest.
The results from our equations will diverge at frequencies where

and are simultaneously small. Numerical calculations

Fig. 6. Unit cell for a cubic array of magnetodielectric spheres.

indicate that the peaks in the extracted permittivity and perme-
ability of the nylon will occur at 11.92, 23.84, 35.76 GHz, etc.

B. Case 1: Simulation Results From a Cubic Array of
Magnetodielectric Spheres With

Next, we investigated the effective properties using numeri-
cally simulated S-parameters from metamaterial slabs. A cubic
array of magnetodielectric spheres was studied in our 3-D full
wave simulations. This structure possesses the requisite sym-
metry (recall that we assumed that and as
well as isotropy of the metamaterial in deriving the equations in
this paper). This kind of structure has been studied and shown
to exhibit negative material properties due to the resonant spher-
ical inclusions [2], [43], [47].

The simulations were performed with the finite-ele-
ment-based software, Ansoft’s HFSS (High Frequency Struc-
ture Simulator). Fig. 6 shows the structure of the cubic unit
cell used in the simulations. The values of mm for the
radius of the spheres and mm for the lattice constant
were chosen to have a resonance at our desired frequency.

Perfect electric conductor (PEC) boundary conditions were
assigned for the top and bottom walls ( planes) of the unit
cell for a vertically-polarized electric field. Perfect magnetic
conductor (PMC) boundary conditions were employed for the
side walls ( planes) for a horizontally-polarized magnetic
field. This corresponds to normal incidence of a TEM plane
wave. In the direction, the unit cell was repeated in such a way
that a suitable number of layers in the sample were present.

We examined the case when the permittivity and permeability
of the inclusions was the same: . Theoret-
ical results predict that boundary effects in this case should not
be very significant [48]. These parameters produce a bulk effec-
tive wave impedance identical to that of air. Two samples with
differing numbers of layers (unit cells), and ,
were chosen for this configuration.

Fig. 7(a) and (b) shows the magnitudes of the reflection coef-
ficients and obtained from (22) and (23). For this meta-
material, and differ from each other in magnitude, unlike
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Fig. 7. Magnitudes of the reflection coefficients extracted by our method for
� � � � ��� ����� with � � �� (solid line) and � � �� � ��� (dashed
line): (a) magnitude of � and (b) magnitude of � .

for the conventional material discussed in Section III.A. This
demonstrates that the assumption, , as is often made
in other extraction techniques based on the Fresnel formulas, is
not necessarily true.

The cubic array of magnetodielectric spheres was designed to
have a resonance around 0.949 GHz. The peaks in and
shown in Fig. 7(a) and (b) occur at 0.946 and 0.977 GHz, and
demonstrate that the slab-to-air propagation has a strong reflec-
tivity at the resonance frequency compared with the air-to-slab
propagation. It is also to be noted that by use of our equations,

is consistent and independent of the choice of reference
planes, i.e., or (the results are graphi-
cally indistinguishable), since our method of finding the reflec-
tion and transmission coefficients uses two different effective
sample lengths, so that the reference plane shift is cancelled, if
the same shift is used for each length.

To compare these results with those from other methods dis-
cussed in the literature, we first use the equations from Smith
et al. [5]. Their effective property retrieval method was based
on a transfer matrix containing information on effective refrac-
tive index, wave impedance, and material length for a homo-
geneous material, similar in spirit to the NRW method and re-
quiring only the S-parameters of a single effective slab length.
In implementing their method, we used data for a slab ten layers
thick. Also, results from Scher’s method [16] for the metamate-
rial with the configuration described here are available.

The effective refractive index resulting from (20) is presented
in Fig. 8. In Fig. 8(a), the real part of the effective refractive
index switches its sign at 0.949 GHz and becomes negative. In
Fig. 8(b), the imaginary part shows a physical value for a pas-
sive medium over the entire frequency range: . If

is chosen, the refractive index calculated from (20)
gives 0.3% and 0.6% differences compared to Smith’s method
at 0.9 GHz (where the refractive index is positive) and 0.95 GHz
(where it is negative) for the case when the permittivity and per-
meability of inclusions are the same: .
Notice that the method of this paper provides the same refrac-
tive index regardless of the choice of the reference planes,

or , while Smith’s method requires pre-
cise knowledge of the effective slab lengths. For example, if

is chosen, the real part of the effective refrac-
tive index from our approach shows 9% and 13% discrepancies
with that from Smith’s method at 0.9 and 0.95 GHz. Therefore,
one might deduce that yields the correct choice of ref-
erence planes for the property determination techniques used by
other researchers up until now; it would certainly seem to be the
most natural one. Our effective refractive index is shown to be
quite close to that obtained by Scher’s method [16]. Note how-
ever that the peak values in the real and imaginary parts from
that single-layer-based approach are different than those from
ours. Scher’s method is one of modeling rather than retrieval,
and is quite independent of the present method.

To validate the independence of the retrieved material proper-
ties from the numbers of layers for this metamaterial, we calcu-
lated the effective electric and magnetic surface susceptibilities
at the interfaces by choosing three different numbers of layers.
Our method in this paper assumes that the surface susceptibili-
ties are the same independently of the numbers of layers, as long
as there are no field interactions of higher-order (evanescent)
modes that arise at the interfaces, and well-converged material
properties are ensured. Fig. 9 shows the real parts of the normal-
ized effective electric surface susceptibilities from (7) or (9) for

, and . The surface susceptibilities
in Fig. 9(a) and (b) result from S-parameters by coarse (max.
1000 meshes for the spheres) and fine (max. 2000 meshes for
the spheres) meshes in the HFSS finite-element simulations and
have been normalized by the lattice constant . Note that it has
been assumed that the surface susceptibilities are same at the
two interfaces, so (7) and (9) give same value. As can be seen in
Fig. 9(a) and (b), more accurately simulated S-parameters (finer
meshes) provide more converged electric surface susceptibili-
ties for , and . This indicates that our method may be
quite sensitive to errors in measured or simulated S-parameters,
rather than that the layer thicknesses used here are not yet large
enough to exhibit the convergence of the material properties.
Therefore, we consider that good convergence is achieved from
9 layers and 10 layers for the material properties of this metama-
terial. It is also shown in the plots that the surface susceptibilities
are very noisy around the resonance. Scher et al. [26] previously
illustrated that in the condition of , there will be
“extraordinary” modes that allow more than one mode to prop-
agate simultaneously, which is a consequence of spatial disper-
sion. This explains our noisy surface susceptibilities around the
resonance. Fig. 10(a) and (b) show the real parts of the normal-
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Fig. 8. Comparison of the effective refractive index found from (20) (solid
black and darker dashed line), from the equations of Smith (solid gray and
lighter dashed line) and from the method of Scher (dotted line) for � � � �
��� ����� with � � �� and � � �� � �� �: (a) real part of � , (b) imag-
inary part of � .

ized effective magnetic surface susceptibilities computed from
(8) or (10). Similar behavior is observed.

The real and imaginary parts of the effective wave impedance
computed from our and Smith’s equations are plotted in
Fig. 11(a) and (b). Our (11) for was derived from the
GSTCs, whereas Smith’s formula does not account for
boundary effects. The real and imaginary parts of our wave
impedance deviate from those of the air between 0.94 GHz and
1.01 GHz. The wave impedance found from our equation has a
resonant peak around 0.94–0.953 GHz and 0.977–0.979 GHz.

Fig. 12(a) and (b) shows the real parts of the effective rela-
tive permittivity and permeability obtained from the same three
effective material property extraction methods. The real parts
of the effective relative permittivity and permeability from all
three exhibit negative values and a resonance around 0.948 GHz.
As can be expected, a metamaterial configuration with iden-
tical permittivity and permeability of the inclusions results in
the same values for the bulk permittivity and permeability of the

Fig. 9. Normalized electric surface susceptibilities at Interface A or B calcu-
lated from our equation for �� � � and �� � 	 (solid line), �� � � and
�
 � �� (darker dashed line), and �� � 	 and �
 � �� (lighter dashed
line): (a) 	 
� from the simulation with coarse meshes: max. 1000 meshes
for the spheres. (b) 	 
� from the simulation with fine meshes: max. 2000
meshes for the spheres.

metamaterial. Our property determination generates the same
permittivity and permeability, regardless of whether
or is used, whereas Smith’s retrieved parame-
ters are significantly different, depending on the choice of the
reference planes. As far as is concerned, our effective
property determination taking the boundary effects into consid-
eration results in bulk permittivity and permeability that are ap-
proximately 0.4% and 2% different at 0.9 and 0.95 GHz from
those from Smith et al.

C. Case 2: Simulation Results From a Cubic Array of
Magnetodielectric Spheres With

We finally examined the case when the permittivity and per-
meability of inclusions were very different;
and . For the 3-D full wave simulations, the
structure of the metamaterial shown in Fig. 6 was used with two
different numbers of layers, and . To begin
with, we attempted to choose and . It however
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Fig. 10. Normalized magnetic surface susceptibilities at Interface A or B cal-
culated from our equation for �� � � and �� � � (solid black), �� � �
and �� � �� (darker dashed line), and �� � � and �� � �� (lighter dashed
line): (a) � �� from the simulation with coarse meshes: max. 1000 meshes
for the spheres. (b) � �� from the simulation with fine meshes.: max. 2000
meshes for the spheres.

turned out that the simulation generated transmissions so small
( dB) near the resonance that the retrieval method
could not be applied with any accuracy. It would be expected
that the boundary effects will be more significant in this case,
since the wave impedance of the resultant metamaterial will be
different than that of air. Once again, the S-parameter data for
a four-layer slab was employed in our implementation of the
method of Smith et al.

The magnitudes of and from (22) and (23) with the
choices of the reference planes and
are plotted in Fig. 13(a) and (b) as functions of frequency.
and are now very different, even more dramatically so than
for the metamaterial considered in Section III.B. is con-
sistent for both and . However,
shows some dependence on the choice of reference planes near
the resonance frequency. This is explained by the fact that as
the reference planes are moved, maintains a constant mag-
nitude while its phase shift is suitably adjusted because the ex-

Fig. 11. Comparison of the effective wave impedance from (11) (solid black
and darker dashed line), from the method of Smith (solid gray and lighter dashed
line) and from the method of Scher et al. (dotted line) for � � � � ��������
with 	 � �� and 	 � 	� � �
� : (a) real part of 
 , (b) imaginary part of

 .

terior medium is lossless. However, the metamaterial is quite
lossy between 4.8 and 4.85 GHz, so shows considerable
change with change of reference planes. Note also that ex-
ceeds unity for frequencies from 4.82 to 4.84 GHz. This is not
incompatible with a passive medium as long as the metamate-
rial is lossy, and it is speculated that a small stopband may exist
at these frequencies wherein the loss is enhanced.

Fig. 14 shows the effective refractive index obtained from
(20) and from Smith’s method. As expected, (20) gives a con-
sistent effective refractive index even if the reference planes are
varied. On the other hand, the result from Smith’s equation is
dependent on the choice of reference planes, similarly to the
previous example. If is chosen, compared with the
results of Smith et al., our approach in this work shows approx-
imately 6% and 23% differences at 4.70 and 4.95 GHz, where
the refractive index is positive and negative respectively.

The effective wave impedance is shown in Fig. 15 as a func-
tion of frequency. Again our result is the same for
and , except that our results have different peak
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Fig. 12. Comparison of the effective relative permittivity and permeability ob-
tained from the present method (solid black and darker dashed line), those from
the method of Smith (solid gray and lighter dashed line) and from the method
of Scher et al. (dotted line) for � � � � �� � ����� with � � �� and
� � �� � ���: (a) real part of � and (b) real part of � .

values at 0.482 GHz. If is used for the reference plane,
the plots in Fig. 15(a) and (b) indicate that our effective material
property determination considering the boundary effects gives
a clear discrepancy compared to the values retrieved without it
from 0.488 to 0.492 GHz, in which the negative refractive index
is observed in Fig. 14(a). One may speculate that the spikes of
the real and imaginary parts calculated from our equations are
insignificant, since the transmission is very small around those
frequencies, according to the plots in Fig. 13.

The real parts of the effective relative permittivity and per-
meability are shown in Fig. 16. Although our results include
the peaks attributed to those of the computed wave impedance,
they otherwise show agreement between the results for
and . The permittivity becomes negative from
0.486–0.491 GHz and the permeability from 0.481–0.490 GHz.
Thus, the metamaterial shows a cutoff property in the frequency
range 0.481–0.485 GHz, since only the permeability is negative
here. We also observe about a 27% discrepancy for the negative
permittivity at 0.49 GHz and 16% discrepancy for the negative

Fig. 13. Magnitude of the reflection coefficients using our equations for � �
��� � ����	 and � � 
� � ����� with � � �� (solid black) and � �
�� � ��� (dashed gray): (a) magnitude of � and (b) magnitude of � .

permeability at 0.487 GHz between our retrieval method and
Smith’s method, if the reference plane is taken as .

Finally, although we do not show the plots for this metama-
terial configuration, both our and Smith’s approaches show rea-
sonable results for and , except for spurious
positive values at the single frequency of 0.481 GHz, where
is very small. Both methods seem to be prone to such anomalies
when the transmitted wave is so small as to be essentially just
“noise”.

IV. CONCLUSION

We have presented LRL-like expressions for extracting the
material parameters of a metamaterial. This is based on the mea-
surement of the S-parameters for two different material sample
lengths without the need for any information interior to the sam-
ples. The effective refractive index of the metamaterial is found
from the S-parameters. The exterior reflection coefficient at the
interface is then derived from them. We have also derived an
equation for the effective wave impedance with the assumption
that GSTCs account for the boundary effects. Initial validation
of the method has been done by use of ordinary material (nylon)
samples. The results from our equations are in good agreement
with those from the NRW algorithm. It was shown that the
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Fig. 14. Comparison of the effective refractive index by use of (8) (solid black
and darker dashed line) and the method of Smith (solid gray and lighter dashed
line) for � � ��� � ����� and � � �� � ����� with � � �� and � �
	� � �
�: (a) real part of � and (b) imaginary part of � .

boundary effects are negligible in this case, and the Fresnel for-
mulas hold at the interfaces.

We should emphasize that boundary effects and spatial dis-
persion are important phenomena that will occur in a metama-
terial. Indeed, boundary effects can be viewed as a consequence
of spatial dispersion. The effect of spatial dispersion is included
in the values of the effective parameters that we obtain via our
method. Since this paper is limited to normally propagating
waves, what we extract will be the parameters at a particular
frequency and for a normally-directed spatial wavenumber, and
cannot be assumed to be the same as those which would apply
to waves propagating obliquely. We do not imply that results so
obtained will be applicable to any other situation than what was
true during the measurement, and in particular to the case of a
sample of metamaterial in a waveguide.

Boundary effects on the determination of the effective proper-
ties of a metamaterial consisting of a cubic array of magnetodi-
electric spheres have also been investigated by use of HFSS-

Fig. 15. Comparison of the effective wave impedance using (20) (solid black
and darker dashed line) and the method of Smith (solid gray and lighter dashed
line) for � � ���� ����� and � � �� � ����� with � � �� and � �
	� � �
� : (a) real part of 	 and (b) imaginary part of 	 .

simulated S-parameters. Two metamaterial configurations have
been tested; one for the case when the permittivity and perme-
ability of the inclusions are identical, and the other for the case
of different values of these parameters. In the first case, a reso-
nance at 0.949 GHz is observed, near which the refractive index,
permittivity, and permeability are observed to become negative.
Comparison with results from Smith’s equations shows discrep-
ancies on the order of less than 1%. Our results are also found
to be close to those from Scher’s method. In addition, the sur-
face susceptibilities have been computed to validate well-con-
verged bulk material properties extracted from the numbers of
layers we have chosen. In the second case, a resonance occurs
around 4.80–4.86 GHz. A negative index, permittivity, and per-
meability are also obtained here, and our bulk material property
determination taking boundary effects into account yields an ef-
fective refractive index and wave impedance with larger differ-
ences compared with those using Smith’s retrieval method near
where negative refractive index occurs (approximately 27% and
16% discrepancies respectively for the negative permittivity and
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Fig. 16. Comparison of the effective relative permittivity and permeability
using our method (solid black and darker dashed line) and that of Smith (solid
gray and lighter dashed line) for � � ���� ����� and � � ��� �����with
� � �� and � � 	� � �
� : (a) real part of � and (b) real part of � .

permeability). An important feature of our effective property re-
trieval method is that the results are independent of the choice
of reference planes.

Implicit in our method (as indeed was the case in [7]–[10])
is the assumption that the boundary effect of the metamaterial
sample is a local one. In other words, only a single mode of prop-
agation within the metamaterial exists without significant atten-
uation. Under certain conditions, it has been found that extraor-
dinary modes of propagation with low attenuation may exist in
addition to the ordinary one [26], [49], [50]. In such cases the
present method would have to be substantially modified.

It is also noted that from our findings, the transmission co-
efficients extracted from measured or simulated S-parameters
around the resonance frequency of a metamaterial can be very
small for the metamaterial models used in this work. Other kinds
of extraction equations that are much less sensitive to this (per-
haps making use of measured data inside the metamaterial sam-
ples) will be necessary in such frequency bands. The related
question of sensitivity analysis for our method continues to be
investigated.

Finally, we have developed equations for the oblique inci-
dence (TE and TM) cases and thus for metamaterial measure-
ments carried out in a rectangular waveguide. The expressions
for an obliquely incident wave (TE/TM) should be used instead
of (3)–(6) to take advantage of the GSTCs. The electric and
magnetic surface susceptibilities are then found for the oblique
incidence case, and finally the wave impedance is found from
the surface susceptibilities. Note that the guided wavelength for
oblique incidence needs to be used in (15) to find the refractive
index. We will report on this in a separate paper, and compare
the results from our method and those from another approach
[51] based on the Fresnel formulas extended for oblique inci-
dence.
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