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Abstract

We consider the modeling of time series that have an asymptotically stationary au-
tocovariance structure and a mean function of linear regression form in which the re-
gression vector satisfies a weakened version of Grenander’s conditions, one that allows
transitory regression variables of the sort used for outlier and intervention effect model-
ing. Neither the model’s regression vector sequence nor its parametric family of invert-
ible, short/intermediate-memory autocovariances need be correct. Convergence of both
likelihood maximizing and squared-forecast-error minimizing parameter estimates are es-
tablished as a consequence of uniform strong laws for sample second moments of forecast
errors. Both OLS and GLS estimates of the mean function are considered. We show that
GLS has an optimal one-step-ahead forecasting property relative to OLS when the model
omits a regression variable of the true mean function that is asymptotically correlated with
a modeled regression variable. Some inherent ambiguity in the concept of bias for regression
coefficient estimators in this situation is discussed.

1. Introduction

Models for most economic indicator series and many other time series require a time-varying
mean function as well as an autocovariance structure specification. Suppose that, after making
any needed variance stabilizing transformations (such as taking logarithms and then differenc-
ings), one has observations Y;, 1 <t < T of a time series of the form

Yi = a&; +u, (1.1)

where &, is a sequence of column vectors that we shall usually regard as nonstochastic (but
see Remark 1), and y; is a process whose autocovariance structure is only required to be as-
ymptotically stationary in a sense to be defined. With monthly or quarterly economic data
for example, the regressor sequence &, might describe moving holiday effects (Bell and Hillmer,
1983) and trading day effects (Findley, Monsell, Bell, Otto, and Chen, 1998) as well as local-
ized effects such as a shift of the level of the series or other intervention effect (Box and Tiao,



1975). Such data are candidates for regARMA modeling: The modeler considers a regressor
5?4 that might not be able to produce €, for all ¢, due to omissions, approximations, over-
simplifications, etc., and proceeds as though, for a coefficient vector a™ to be estimated, the
residual process yM =Y; — oM dw has the autocovariance sequence of an autoregressive moving
average (ARMA) model, or some alternative parametric model such as the exponential model
of (Bloomfield, 1973), although this autocovariance assumption might be incorrect,.

Given a family of covariance stationary models for y} with parameter (or index) set ©, for
each 0 € O, let (Gj)j>0 denote the #-model’s one-step-ahead linear forecast error (“autoregressive

representation”) coefficient sequence. Thus 6 = 1 and —Z;’il ijt]\f ; is the model’s linear
forecast of y{w from yfy, —o0 < s <t—1. With observations Y;,1 <t < T, if we set

t—1 t—1
Vi)=Y 0,i;, M0 = 0:8", (t>1),

j=0 =0

then a Generalized Least Squares (GLS) estimate of o™ for the §-model can be defined by

T T -1
o (0) = 31, [01€M (z M [g) e wr) |

where / denotes transpose, see Pierce (1975), for example. With o (6) €M providing a candi-
date model for the mean function, 6 can be estimated by conditional or unconditional Gaussian
maximum likelihood estimation. For the conditional estimates, with which we start for simplic-
ity, for given 1 <t < T — 1, one defines the #-model’s forecast of Y;;1 from Y, 1 < s <t to
be

t—1
VA 0,7) = o (0) €M, + > (=0,) (Yiey — o (0)€,),
j=0
and estimates 0 with a minimizer 07 of

1 T-1 2
72 (Yo = v, 0,1)) (12)
t=1

over O.

Starting from the assumption that the sample moments 7! Zz:lk Y1 kY converge for all
k > 0 (almost surely (a.s.) or in probability (i.p.)) as T — oo, our first step toward proving
the convergence of the sequence 6°,T > 1 is to show that (1.2) converges uniformly to a
continuous limit over all compact sets © of invertible time series models whose autocovariance
sequences 7y, (0) satisfy >, |y, (#)] < oo (short memory models). For any h > 1, such uniform
convergence is established for the h-step-ahead forecast error analogue of (1.2) and also for
all lagged sample second moments of forecast errors in Theorem 7.1 (and in Theorem 8.1 for
models that require differencing, e.g. regARIMA models). The mode of convergence obtained,
a.s. or i.p., is always the mode of convergence of the sample moments 7'~} ZZ:Ik YerrkYt, k> 0.
These results generalize the time series special case of Theorem 4.1 of Findley, Potscher and
Wei (2003) (hereafter FPW 2003) which only covers situations in which either there is no mean



function, i.e. @ =0 in (1.1), or the correct regressor &, is known and is estimated by Ordinary
Least Squares (OLS). In the present article, the regressor &, is assumed to satisfy a slightly
weakened version of the well-known conditions of Grenander (1954), so that not only periodic
functions e.g. those used to model trading day and moving holiday effects, and polynomials are
encompassed, but also the widely used intervention regressors of Box and Tiao (1975). These
intervention regressors are transitory in the sense that they decay to zero so rapidly that their
coeflicients cannot be consistently estimated even when ¢, is fully known. The model’s regressor
5,{‘/1 is taken to be a subvector of &,. The remaining coordinates of &, can be taken to be those
of any vector sequence 51{\7 whose coordinate variables compensate for the inadequacies of fiw ,
so that a, = aMfiw + aNdV for subvectors o™ and o of . When fiv contains nontransitory
regressors that are not asymptotically orthogonal to the sequence fi\/f , we describe in Corollary
7.3 how GLS estimates of o™ generally result in smaller asymptotic average squared one-step-
ahead forecast error than OLS estimates, thereby establishing an optimality property of GLS.
Subsection 7.3 provides instances of a number of our general formulas for the special case of first
order autoregressive modeling.

Our basic data and regressor assumptions are given in Section 3, together with Proposition
3.1, which establishes asymptotic orthogonality property needed of transitory regressors. Section
4 provides specifics about 5?4 and dv and the OLS estimate of o, and, in Subsection 4.2,
some consequences of the ambiguity in the definition of f,fv . The invertible, short memory
autocovariance models for y; that we consider and their infinite-past forecast functions are
discussed in Section 5, where Theorem 6.2 describes uniform limiting properties of the bias
a? (0) — o™ over compact ©.

The results of Sections 4-8 apply to "conditional" variates defined by truncated sums like
Z;;é 0;Y;_; that are defined as though the infinite-past prediction error filter (oj)jzo were being
applied to data subject to the "condition" that Y5 = 0 when s < 0. Analogous results involving
the models’ time-varying "finite-past" prediction and prediction error filters are obtained in
Theorem 9.2 under slightly stronger assumptions on the model set ©. Theorem 10.1 describes
convergence properties of estimators of § obtained by maximizing Gaussian likelihood functions
or by minimizing sums of squared h-step-ahead forecast errors, using OLS, GLS, or an h-step-
ahead forecasting generalization of GLS to estimate the coefficient of 5,{” .

Most proofs are presented in Appendix B and utilize a Proposition obtained mainly from
Findley, Potscher and Wei (2001) (hereafter FPW 2001) and two related Lemmas. These aux-
iliary results are collected in Appendix A.

2. Joint Scalable Asymptotic Stationarity

Under the data assumptions made in the next Section, &, and y; in (1.1) together form a
multivariate sequence with the asymptotic stationarity property we now define. Let Vi, ¢t > 1
be an real-valued column vector sequence, some of whose entries might be stochastic with others
nonstochastic, and let Iy, denote the identity matrix whose order is the dimension dimV of
V. This sequence is said to be scalably asymptotically stationary (S.A.S.) if there exists a
decreasing scaling sequence Dy,; > Dy > ... of positive definite diagonal matrices Dyr =



diag (di%p, . ,d;i}n V’T) satisfying

lim Dyh  Dvr=1Iv (k=0,1,...) (2.1)

T—o0

(coordinatewise convergence) and such that for all £ > 0 the scaled sample second moments
Dy, Zz:lk Vit V{ Dy, r converge as T' — oo, almost surely or in probability, i.e. the limits

T—k
Fl‘c/ = Tll—r>Iloo DV,T ; Vthrk‘/t,D‘CT a.s. [Zp] (22)

exist (finitely), the mode of convergence, a.s. or i.p., being the same for all k. For example, for
an entry of V4, of the form ¢, n > 0, the corresponding diagonal entry of Dy r can be taken to
be the reciprocal of T3 (assuming '} > 0).

Under (2.1)-(2.2), negatively lagged scaled sample second moments also converge: for k > 0,

T
Voo / _ (VY .
Y, = lim Dyr > VikV{Dvr = (TY) as. [ip].
t=k+1
and the matrix sequence Fkv, k = 0,+£1,... is positive semidefinite. (Here and subsequently,

the mode of convergence, a.s. or i.p., is to be taken as the mode that applies in (2.2). Due to
this property, there is a nondecreasing, positive semidefinite matrix valued function Gy (M) such

that .
ry = / e~ *AGy (M),

see Grenander (1954) or Chapter II of Hannan (1970). The I') are the asymptotic second
moment matrices of the sequence Vi, and Gy () is its asymptotic spectral distribution matriz.
We say that the entries of V; are jointly S.A.S. We use the term asymptotically stationary (A.S.)
when Dy r = T-12]y, i.e., when the sample second moments 7! Zz:lk Viir V) converge a.s.
[i.p.]-

The properties (2.1)—(2.2) yield

Tlim Dy rVp_j=0a.s. [i.p], j > 0. (2.3)
For example,

Dy.r ViV Dy.r
T-1

T
= Dva Y V{ViDva — (DvaDyh_y ) v Y ViesViDvara (Dy_y Dvr )
t=1 t=1

— TY —TY =0as. [i.p].

If
Tlim DV,T = 0, (24)

holds, then also limp_,oc Dy, 7Viy; =0 a.s. [i.p.] for all j > 0.



2.1. Array reformulation

To connect with the results of FPW (2001, 2003) and to facilitate interpretation, we reformulate
the basic properties of interest as follows. Under (2.1)—(2.2), the array

Vi(T)=TY?DyrV, 1<t <T,T=1,2,... (2.5)

is asymptotically stationary in the sense that the limits

T—k
.1 .
Iy = jim 7 ;:1: Vi (D) Vi (T) as. lip] (k=0,1,...) (2.6)

exist (with T} as in (2.2)), and it also has the property
Th_)rr;o T2V (T) = 0 a.s. [i.p.], for fixed j > 0. (2.7)
When (2.4) holds, then we further have
Jim T2V (T) =0a.s. [ip],j > 0. (2.8)
Following FPW (2001, 2003), we call (2.7) and (2.8) negligibility properties.

(2.7
Two A.S. arrays V; (T), W (T), 1 <t < T, T = 1,2,... are said to be asymptotically
orthogonal if

T—k
.1 .
Jim ?_1 Vier (T)YW (T) =0a.s. [i.p] (k=0,1,...),

the mode of convergence being that of (2.6).

3. Data and Regressor Assumptions

For data of the form (1.1), we require y; to be A.S., i.e. the limits

Tk
v .
Ve = fm tz:; Ye+kYt a.8. [i.p.] (3.1)

exist for k =0,1,.... The associated asymptotic spectral distribution is denoted Gy ().
The regressor sequence &;, t > 1 in (1.1) is required to be S.A.S. and to have two additional
properties. First, the two series y; and £, must be asymptotically orthogonal,

T—k
Jim T2 t§1yt§;ikD§7T —0as. [ip), (k=0,1,...). (3.2)

(In statements like this, the applicable mode of convergence is the mode assumed in (3.1)).
Second, for

T—k
L= lim Der Y 66D (k=0.1,..), (3.3)
t=1



we require

r5 > 0. (3.4)
Note that if £, contains a coordinate that is constant, e.g. equal to 1 for all ¢, then the corre-
sponding scaling factor in D¢ 7 can be taken to be T~1/2, and (3.2) yields limz_, 771 Zthl Yy =
0 a.s. [i.p.]. In this sense, y; in (1.1) can be thought of as an asymptotically mean zero process.
If £, contains a coordinate whose scaling sequence does not decrease to zero, then its scaling
scaling sequence can be taken to be a positive constant, for example 1.0. Thus we can arrange

the coordinates of &, so that

X

a=| 2| (35)

Tt

where
. D 0
D¢ 1 = diag [ )S’T I } ,

with I, denoting the identity matrix of order dim x; and with Dx r decreasing to 0,
Dx 7\, 0. (3.6)

Our final basic regressor assumption is

f: ()20)"? < o0, (3.7)

t=1

( denotes transpose) to guarantee that X; and z; are asymptotically orthogonal,

T
lim Y X[, Dxr=0 (k=0,1,...), (3.8)

T—o0
t=14+k

see Proposition 3.1.below which also shows that asymptotic orthogonality with y;,

T
lim 7% = =0,1,...
TgnooT 2 Z TtYt+k 0 (k 0,1, ),
t=1+k

follow from (3.7) and the A.S. property of y;. Hereafter, we refer to (3.1)—(3.4) and (3.7) as the
assumptions of this subsection.

Any sequence w; satisfying (3.7) (or the weaker condition > oo, zjz; < o) is S.A.S. with
Dyr=1I,forT>1and I} = 221 w2y, for k > 0. By virtue of (3.8), the S.A.S. property of
&, reduces to the S.A.S. property of X;. Following Grenander (1954), Hannan (1970, pp. 78-79)
verifies the latter for regressors X; whose components X;; are cosinusoids, cos A\t and sin A¢, with
0 < A < 7 or linear combinations thereof, e.g. periodic functions, or are polynomials. Anderson
(1971, pp. 581-582) does this also for products of polynomials and cosinusoids.

The property (3.2) holds quite generally. For example, under (3.4) it is equivalent to

T—k T—k 1oy
Am T Z Yok ( Z gt:l:k&;:l:k) Z §eryr =0, a.s. [ip] (k=0,1,...), (3.9)

t=k+1 t=k+1 t=k+1



because the Lh.s. of (3.9) is equal to

-1

1 T—k T—k 1 T—k
<T1 > ytfiikDf,T> (Da,T > ﬁtikﬁiisz,T> (T% > ytﬁﬁ;ﬂ&f) :

? =kl t=k+1 t=k+1

/

Section 3 of FPW (2001) shows that (3.9) holds a.s. (for arbitrary &, if Moore-Penrose inverses
are used) when y; is a weakly stationary linear processes, y; = > _ bje;—;, with independent white
noise process &; such that sup, E |g;|" < oo, for some r > 2 when the spectral density of y; is
bounded, or for some r > 4 when the spectral density is unbounded but square integrable.

Remark 1. All of the results of the paper continue to hold for stochastic regressors &,
satisfying (3.2) if convergence in (3.3) holds a.s. and convergence statements involving the
sample second moment matrices of regressors are interpreted throughout the paper as holding a.s.
However, the interpretation changes. In the stochastic regressor case, a&, is no longer interpreted
as the mean function of Y;, and the functions described as log-likelihood functions below could
more properly be called log-quasilikehihood functions. For simplicity, outside this remark, we
shall only refer to the case of nonstochastic regressors (some of which can be realizations of
stochastic processes).

3.1. On transitory regressors

The assumption (3.7) implies that x; models transitory effects whose coefficients cannot be
consistently estimated. (3",o, zj@; = 0o is a necessary condition for consistent estimation, see
Lai and Wei, 1984, whose argument for the OLS case extends to the GLS cases we consider by
virtue of the inequalities of Lemma 12.3 and Proposition 9.1 below.) The usual examples of z,
namely additive outlier regressors, level-shift regressors, and the other intervention regressors
of Box and Tiao (1975), decay at least exponentially to zero and therefore satisfy the much
stronger summability condition 35 (1 +¢)" (xéxt)lm < oo for some ¢ > 0.

The next result, whose proof is in Appendix B, shows that (3.2) and (3.8) are automatically
satisfied under (3.6) and (3.7). For later use, we give a result that applies uniformly to families
of sequences. For a column vector v, define ||v|| = (v’v)l/Q, and, for a matrix M whose column
dimension is the dimension of v, define || M|| = supj, =1 [[Mv| = A2 (MM, We use Amay ()

max
resp. Amin (+) to denote the maximal resp. minimal eigenvalue.

Proposition 3.1. For a given index set H, suppose the family of sequences x; () ,t > 1, n € H
satisfies

sugz |2z (M| < oo (3.10)

neH

Let V; (¢),t > 1, ¢ € Z be a family of asymptotically S.A.S. sequences with a common scaling
matrix sequence Dy that satisfies (2.4). Then under

sup ||Dv.Vz (Q)| < o0 a.s. [ip.] (3.11)
t>1,0€Z
and
lim sup | Dv,V: (¢)|| = 0 a.s. [i.p.], (3.12)
t—o0 ez



it holds that

T
lim  sup Z lze () Vier, (O) Dvir|| =0 as. [ip] (k=0,1,...). (3.13)
T—ooneH ez S

Consequently, the families of sequences x; (1) and V), (¢) are uniformly asymptotically orthog-

onal, SUp, ¢y cez HEtT:Hk xe (n) V] (€) DV’TH —0a.s. [i.p] (k=0,1,...).

Remark 2. Our later results will show that the transitory regressors z; make no contri-
bution to the limiting second moments of out-of-sample forecast errors, a result that is neither
surprising nor completely obvious. We have included them in our analysis because of their
importance. Such regressors (primarily for additive outliers and level shifts and exponentially
decaying intervention variables) occur in the majority of regARIMA models fit to thousands of
time series by statistical offices and central banks around the world.

3.2. OLS estimation of «

We now consider convergence properties of the ordinary least squares (OLS) estimator

T T -1
or =3 Vi, Zaa] . (3.14)
=1 =1

of @ in (1.1). Because

T T -1 T -1
ar —a = Z Yk, [Z ftﬂ] = Z Y& De.r [Dg,T thﬂDgT] De¢ T,

t=1 t=1 t=1 t=1

under (3.4) we have the equivalence of (3.2) and
T2 (ap — a) Dg,} — 0 a.s. [i.p.]. (3.15)

Remark 3. Let @ = [ A a } and ar = [ Ar ar ] be the partitions of o and ar
corresponding to the partition (3.5) of &,. It follows from (3.15) that Ar is a consistent estimator
of A when the entries of the matrices T%ij, T > 1 are bounded, i.e.,

T*Dxr < KIlx (3.16)

holds for some K > 0, as Hannan (1970) observed for the case in which & = X;, i.e. no
transitory regressors occur. For example, if all regressors of X; are periodic, then T/2D X, T =
Ix. More generally, (3.16) is satisfied when X consists of periodic functions, polynomials, and
their products. We do not require (3.16) or consistency for our main results.



3.3. Array reformulation of the basic properties

The following reformulation of the properties required of £, will enable us to make use of the
results of FPW (2001, 2003). Together, (3.8) and (3.2) yield that the array

Yt
Vi(T)= | T'?DxrX; |, 1<t<T,T=1,2,..., (3.17)
Tl/z.fCt

has the following A.S. property:

o1
Iy = Jim — ;Vtﬂc(T)Vt(T)/
% 0 0
= 0 T 0 |,as[ip] (k=0,1,...), (3.18)
0 0 TI?

with TF = 3%, 244k}, and 'Y = limy_oo Dx 1 ZthH_k Xi+xX;Dx r for each k > 0 and
I'Z > 0 and I'g > 0. The negligibility property (2.3) becomes

Th_)ngo T2V i (T) =0a.s. [i.p] ,j > 0.

Due to (3.6), the subvector array,
Yt
U, (T) {Tl/QDXyTXt],ltT,T 1,2,..., (3.19)

whose asymptotic second moments are I'V = diag (7%, T'k), has the additional negligibility prop-
erty
Jim Y20, (T) =0 a.s. [i.p] ,j >0, (3.20)
—00
because the scaling matrices diag (T*1/2, DX7T) of [ Yt Xt/ ]/ decrease to 0.
The asymptotic spectral distribution matrices of V; (T') and U (T') thus have block diagonal
forms Gy (A\) = diag (G, (\),Gx (X)), G5 () and Gy (X) = diag (G (X),Gx (N)), respectively.

4. Regressor Misspecification and Some Consequences

: M M Mr 7! .
Because the regression vector &' = [ XM 2’ | used by the modeler is subvector of ,, we
can arrange for the components z; and X; in (3.5) to be partitioned as

M xM
xt == |: x%\] 3 Xt == Xf]\] 5 (41)

where the superscript N designates the regressors not included in the model. Let the corre-

sponding partition of « in (1.1) be a = [ AM AN oM N ] and those of Dx 7, I'X and
Gx (\) be

_| Pur O

DX,T - |: 0 DN,T :| )



rf = | phar o | (42)
and B GJWM ()\) GMN (/\)
GX()‘)_ |: GNM(/\) GNN()\) :| )

’ ! ! 4
respectively. Setting &M = [XtM’a?iw} AR [XtN’xiV] ;oM = [AMaM] o = [ANaN] and

yt! = aNeY +yp = aVa) + AVXY + oy, (4.3)

the data decomposition being modeled is
Ve =aMel 4yl (4.4)
We require the omitted regressor XN to be asymptotically stationary, i.e.
Dyp =TIy, (4.5)

with Iy being the identity matrix of appropriate dimension. Omitted regressor variables of
larger order would give rise to model residuals that would become infinite in magnitude as T
increases and would therefore be recognized as not A.S. with large enough samples. Under (4.5),
it follows from (3.18) that y is A.S. For each k > 0,

T—k

1
M : M M .
T = Tlgréof;_l Yirwlp 5. [1.p]

= ANTYNAN 4 4¥ = / e G (M),
with G, (A) = ANGNY (A) AN + Gy(N). (We note that by setting AV = 0 in this limiting
formula and those of the propositions and theorems below, the formulas that apply when the
correct regressor is used in the model, 51{\4 = &,, can be obtained.)
If AN #£0, then y and 524 will not usually be asymptotically orthogonal. Specifically,

T—k
fim T2 ; YLk XM Dagr
T—k
= lim T2y ANXN XM Dy = ANTYM ass. [ip)] (4.6)
e =1

will generally be non-zero for some k unless the sequences XM and X}V are asymptotically
orthogonal.

Only slight modifications would be needed to (4.6) and the related limiting formulas obtained
below if we replaced (4.5) with the weaker condition limg o, TY/2Dy 7 = Dy with Dy finite
and possibly singular, in order to cover the situation in which, for example, X}V includes a
regression variable of the form t?, —.5 < ¢ < 0.

10



4.1. OLS estimation of o

Given data Y;,1 <t < T, the OLS estimator of o™ for the model (4.4) is

T -1
S| ()
t=1

With I, 5 denoting the identity matrix of order dim x;, define

Iy v 0
Dé,M,T = [ 0 Dasr ] .

T
M My
Qr = E Y&,
t=1

= [ A oM ] be the partition of a! corresponding to the partition
aM = [ AM gM } Clearly

1 T T —1
rav e [Yere|
t=1 t=1

T
M M M1
ap —a’ = E Ye&y
t=1

T

M ~M1
oM
t=1

So if we define

-1
CNM =M (i) (4.8)

it follows from (3.2), (4.5), and (4.6) that
(aff = ™) T72Dg 3, 7 — [ ANCNM 0 ] as. [ipl], (4.9)

ie., T—1/2 (AR — AM) D;;’T — ANCNM 35, [i.p.], and T—1/2 (a}f —a™) = O as. [ipl].

4.2. Ambiguity concerning X}¥ and asymptotic "bias"

With €M (T) = TY2Dy €M, 1 < t < T, the result (4.9) can be interpreted as showing that
the OLS estimate a%T‘l/QD;j’T of the coefficient aMT_1/2DX/Il’T in the relation

Vo= {aM T 2D L e (1) + g 1<t < T

has the asymptotic bias [ ANCNM ] If ANCNM £ 0, this bias has the desirable conse-

quence that a%ﬁw is, asymptotically, a better predictor than aMfivf of a&,, see ©*7.2 below,
where a more general result applicable to GLS estimates is presented. More often than not, con-
siderations of simplicity or parsimony give rise to regressors in §i\/1 that are clearly incomplete
approximations to the effects being modeled. In particular, if a fixed definition of the regressor
sequence X}V is maintained, one can have T)Y™ # 0, and therefore CN™ #£ 0. However, when
Dy = T~/2, if ambiguity in the definition of X}V (and therefore in the definitions of &' and
&,) is accepted, then the subvector A¥ of aqj‘ff that provides the OLS coefficient estimates of X
can be assumed to be consistent (asymptotically unbiased) with no loss of generality: Indeed, if
ANCNM £ (), the identity

AX, = AMXM 4 ANxN
= (AM p ANONM) XM 4 AN (XN - VM M)
AMXM 4 ANXN

11



shows that X}V can replaced by XN = XN — CNM XM which results in AM = AM 4 ANCNM
the limit of A} as the coefficient to be estimated. (Because A} does not depend on the
definition of X}V, neither does its limit AM .) The subvector AM of A provides unambiguously
"natural" coefficients for the entries of X} from the asymptotic perspective only when the
sequence X}V is asymptotically orthogonal to X7.

In Section 7.2, it will be made clear that optimal one-step ahead forecasting of Y; does not
require an optimal estimate of af, or AX;. Instead it requires a GLS estimate of the coefficient
vector of XM whose limiting value when Dyr = T-1/2 differs from AM except in special
situations.

A formula for the asymptotic bias of estimators of the transitory regression coefficient vector
aM, including the limit of a%l —aM | is obtained in Remark 7 of Section 9 for a broad class of
transitory regressors.

4.3. Examples of Asymptotically Orthogonal Regressors

Let G (\) denote the (i, j)-entry of GXX ()\). The the regressors defined by the i-th and j-th
coordinates of X; are asymptotically orthogonal if and only if G% ()) is constant on [—, 7], or,
equivalently, all differences AGY = G ()\”) - GY ()\’) with —7 < X" < ) < 7 have the value

zero. Because the positive semidefinitenenss of AGX¥ ()) yields (AGY )2 < AGUAGYT | this

happens whenever G* (\) is constant except at a sequence of frequencies Ay, where a jump occurs,

G (A\p+)—G% (A\,—) > 0, and G% is continuous at these frequencies, G (\y+) -G (\p—) = 0.
Anderson (1971, p. 581-582) shows that a regressor of the form

H
co+ Z (ck cos Akt + dj sin Akt) + cpryn (—I)HJrl , (4.10)
k=1

for example, a periodic regressor, has a spectral distribution function that has jumps at each
frequency Ag, assuming ci + d2 # 0, and also at the frequency 0, resp. m, if ¢y # 0, resp.
cg+1 7 0. Elsewhere, its spectral distribution function is constant. It is also shown that the
same conclusions apply to a regressor of this form multiplied by a polynomial in ¢. It follows that
two regressors of the types mentioned are asymptotically orthogonal if and only if they have no
common frequency components. In particular, polynomials in ¢ are asymptotically orthogonal
to periodic regressors with mean zero (¢o = 0). For the same reason, deseasonalized regressors of
the sort used to model trading day and holiday effects (see Findley et al. (1998) and Findley and
Soukup (2001)) are asymptotically orthogonal to seasonal regressors. Similarly, a regressor that
is a realization of a second moment stationary time series whose second moments are determined
by a spectral density (i.e. whose spectral measure is absolutely continuous) is asymptotically
orthogonal to polynomials, to regressors of the form (4.10), and to their products.

In the misspecified regressor situation, if some coordinate X of X is constant, e.g. XM

/L)

1 for all ¢, then X}V can be assumed to be asymptotically orthogonal to this constant regressor,
i.e. to have XV = limgp o, T~* Zil XN as. [i.p.] equal to 0, because the effect of replacing
XN by XN — X% is balanced by changing AM to AM+AN XN As a consequence, one can usually
assume that GV ()) is continuous at A = 0, from which it follows that X}V is asymptotically
orthogonal to any polynomial regressors in X, because the asymptotic spectral measures of
polynomial regressors increase only at A = 0, as we indicated above.
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5. Invertible, Short-Memory Modeling and Forecasting for y; and y

Because of their asymptotic stationarity, it is natural to assume that y; and y will be modeled
as weakly stationary time series. As in FPW (2003), the models we consider are those that have
spectral densities of the form

-2
oo

o’ i
foo(N) = o 1+ ;e , (5.1)
j=1

with o > 0 and with the real-valued coefficient sequence 6 = (1,6, 6s,...) belonging to the set

O, =16: Z|9j\ <oo,and §(2) £01if 2| <1, (5.2)
j=0

where 6(z) denotes the coefficient generating function, Z?io 027, and 6y = 1. Invertible ARMA
models and the exponential models of Bloomfield (1973) are the familiar examples of model
families with spectral densities of the form (5.1) with 6 € ©;,.

It follows from (5.1) and (5.2) that each fg, () is strictly positive and is continuous as
a function of A (in fact, jointly continuous in 6,0, A when distance in ©;, is measured with
the I*-norm |4, = Z;io |6;]). The subscripts iand s are used to indicate that the 6 in O,
"parameterize" the autoregressive representations of all invertible, short-memory time series
models. (By definition, these are the models with a strictly positive spectral density and an
absolutely summable autocovariance sequence. Theorem 3.8.4 of Brillinger (1975, p.78) shows
that each such model has a spectral density of the form (5.1) with 6 € ©,;and o > 0. This class
includes what Brockwell and Davis (1991, Section 13.2) call (invertible) intermediate-memory
models, meaning models whose lag k autocovariance is of order |k|”® with 1 < a < 2) While the
models considered are short-memory, the data assumptions (Section 3.1) permit long-memory
behavior, >, |7} = oco. The parameter 6 determines the autocorrelation structure specified by
the model, and ¢ determines the scale.

To express the various forecast functions of the model defined by a given 0 € ©O;;, we
utilize the associated sequence 8 = (1,61,03,...) of moving average (or innovations) repre-
sentation coefficients whose entries are defined by the power series relation 1 + Z;; éjzj =

(1+4Y°32,6;27)~". With 6 = 1, the 6;, j > 1, can be calculated recursively,
~ J ~
;== 00,0, j=12.... (5.3)
i=1

For 6 € ©;,, a well-known result of Wiener affirms that HéHl = Z;io ‘%‘ < 0. Moreover, the

mapping 0 — 0 is a one-to-one mapping of ©;, onto itself that is its own inverse, and it is
||-||;-continuous, see 10.12 and the proof of 11.6 of Rudin (1973).

5.1. The 6-model’s forecast and forecast error filters

Let y? denote a zero mean, weakly stationary time series with spectral density (5.1) for some
0 € ©;5 and ¢ > 0. Then for any h > 1, the optimal linear h-step-ahead predictor of yf ', from
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the infinite past y?, —o00 < s < t, has the form Z;‘;o 7;(h, G)yffj with coefficients 7;(h,0),j =

) ]2
0,1,... that minimize ffw ‘1 — Z;io Wjel(h—w)/\‘ fo.0 (A) dX. The minimizing coefficients can be

calculated from the identity

ijhez”h 292 ZQZ )=1—( Z 292 (5.4)

i=h =0

see, for example, Theorem I11.2.6 of Hannan (1970 p. 147). Thus, for j > 0,
mj(h,0) = —Zhil 0i0;+n—i- Consequently, the prediction filter 7(h,0) = (7;(h,0)),, is ab-

solutely summable, ||7(h,0)||; < 1+ (6], Z ’é]‘ < 00. The associated prediction error has

the formula ijo nj(h, H)yt +h—j» With absolutely summable coefficients given by

1 j=0
n;(h,0) =14 0 ) ,1<j<h-1
~7ion(h,0) = Y120 0:0; > h

In view of (5.4), the corresponding generating function n(h, 0)(z) = Z;io n;(h,0)27 is given by

h—1

n(h,0)( ()Y 0" (5.5)

=0

Of course, n(1,0)(z) = 6(2).

In certain incorrect model situations, it can happen that the linear predictor that is optimal
in the sense of minimizing mean squared one-step-ahead forecast error based on an infinite past
has a prediction error filter 6 with the property that 6(z) has a zero of magnitude one. Such a
0 belongs to

Ois=<0: Z |0;] < oo, and 0(z) #01if 2| <1 5, (5.6)

Jj=0

but not to O;s, see Appendix A of Potscher (1991), which shows how such 6 arise from the
large sample limit properties of standard parameter estimates. Each § € O,, defines a one-
step-ahead infinite-past (prediction and) prediction error filter that is applicable to any weakly
stationary time series. We shall regard each 6 € ©, as a model for ¥ in (4.3) that can provide a
generalized least squares estimate of ™. For these models, in the next Sections and Subsections
we derive limiting properties of average squared errors of "truncated" (or "conditional") forecasts
of the sort we now define. Later we shall establish limiting properties of parameter estimates
determined by minimizing sample mean squared forecast error.

Suppose finitely many observations are available of a possibly multivariate time series V;, 1 <

t < T or time series array V; (T),1 <t <T,T =1,2,.... Given any filter ¢ = (¢¢, ¢1,.-.), we
define 1
-~ V- 1<t<T
V T) = Z]:O¢] t—3,1 > U > 5 57
i ={ 3 L=t (5.7

14



Because the filter coefficients ¢; are scalars, when V; (T') is defined by (2.5), then

Vi[6](T) =T"?DyrVi[¢], 1<t < T.

For forecasting, with any 6 € O, and finite data span, V; (T), 1 < t < T, we define the 6-
model’s truncated infinite-past forecast functions h-step-ahead forecasts to be V; [w(h, 0)] (T),1—
h <t < T. Then the observable forecast errors are given by V; (T) — Vi_p [7(h,0)] (T) =
Vi [n(h,0)] (T),1 <t <T. The time-varying "finite-past" forecast and forecast error functions
defined each 6 € ©,, will be considered in Section 9.

To understand the role of ©;; it is helpful to know the following fact, which is established in
Appendix B.

Lemma 5.1. If a sequence 87, T =1,2,... in ©;, converges to some 0 in absolute sum norm,
HGT - 9” — 0, then 6 (z) has no zeros in {|z| < 1}, i.e. § € ©;,. Further, every 0 € ©;, not in
1

O;s is the limit in this sense of a sequence 9T, T=1,2,...in 0,5. Thus O, is the |||, -closure
of @is-

6. GLS estimation of o and o™

In the situation in which y; in (1.1) is a Gaussian process that is defined for all —oo < ¢t < 00, the
one-step-ahead forecast error process 7 (1,0) (B) y; = 6 (B) y; is uncorrelated and therefore i.i.d.
when the 6-model’s spectral density function correctly describes the autocorrelation structure
of y;. Then, application of 6 (B) to both sides of (1.1) produces data for which OLS estimation
of « is efficient. To implement this idea with finite data Y;,1 < ¢ < T, one can, as in Pierce
(1971), use the truncated infinite-past one-step-ahead forecast error filters to define Generalized
Least Squares (GLS) estimates for any #-model of interest. In the notation of (5.7), wherewith
Y [0] = ZE;E 0;Y,_; and &, [0] = Z;;B 0;&;—;, this GLS estimator of a in (1.1) is

ar (0) = ZYt [9] & [9]1 (Z & [9} & [9]/> : (6.1)

Note that ar (8) reduces to the OLS estimator (3.14) when 6 is the parameter for white noise,
6 =(1,0,0,...). In (6.1) and elsewhere, a generalized inverse is to be understood whenever an
inverse matrix fails to exist. For 8 € ©,,, this can only happen for a fixed finite number of T
values, due to (3.3)—(3.4) and (e) of Proposition 12.1 in Appendix A below.

An alternative GLS estimator will be discussed in Section 9.
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6.1. The |-||,-compact subsets of O;;

Henceforth, we consider only model families © C ©,, whose absolute coordinate sums Z;io 16;]
converge uniformly on O, i.e., the pair of conditions

o0
sup 0;] < oo
9€®;£%|J| ’

lim Sugz 6;] = 0. (6.2)

Jo—0 ¢ A
€ J=Jo

holds. This property characterizes the relatively [|-||,-compact subsets of ©;s, meaning the

subsets with the property that every sequence 7, T = 1,2, ... in © has a convergent subsequence

6" such that HGT, - HH — 0, for some 6 with [|f]|; < oo, see Theorem IV.8.9 and IV.8.3 of
1

Dunford and Schwartz (1957). Under (6.2), coordinatewise convergence of a sequence 07 in
O, ie. G;TF — 0; for all j > 0, is equivalent to convergence in mean absolute sum norm,

T . . . .
H9 — 9” — 0. So for these ©, compactness in the sense of coordinatewise convergence is
1

equivalent to ||-||,-compactness.
Because

max
—nm<ALZT

07 (%) 0 ()| < [0 -0 . (6.3)

it is clear that for any © C O, in order to guarantee that the compact set © consisting of (©
and) all such limits 6 is a subset of O, it suffices to require the obviously necessary condition,

me = inf Zejem >0, (6.4)
—n<A<m —0
e |7

in addition to (6.2).
In Appendix B we derive the following alternative condition to (6.4):

Lemma 6.1. If © C O, is such that (6.2) holds, then (6.4) holds if and only if Z;}io ‘éj’

converges uniformly on © = {é 10 € @}.

Remark 4 . When © defines a family of invertible ARMA (r, s) models, (6.2) is equivalent
to the requirement that the zeros of the moving average polynomials belong to {|z| > 1+ ¢}
for some € > 0 (in which case Z;’io(l + £0)7 |0;| converges uniformly on © for any 0 < g <
). Then (6.4) also holds if and only if the same is true of the zeros of the autoregressive
polynomials, for some possibly different ¢ > 0. Model parameterization by 6 avoids problems
that afflict parameterization by means of ARMA coefficients at coefficient values that yield
AR and MA polynomials with a common zero: see the Appendix of Poétscher (1991) for an
elementary discussion of alternative parameterizations of ARMA models and their properties.
Convergence of a sequence of ARMA coefficients implies coordinatewise convergence to the
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model’s f-parameters. The converse implication holds when the degrees of the AR and MA
polynomials remain constant through the limit and the limiting AR and MA polynomials have
1O COMMON ZEro.

6.2. A uniform convergence property
Partition T (0) = [7_|6 (™) |2 dGx ()\) analogously to (4.2), i.e.

MM MN
SR v ]

with DY (0) = [T [0 (™) |2 dGMM ()), etc. For any 6 € O, define

CNM(9) =T5™M () To™ (6) " (6.5)

(If € O, then T () is nonsingular and therefore also Iy'* (), see Proposition 12.1(c).
If 6 (z) has a unit root, i.e. if @ € ©;5\ O, then THM (9) can be singular, but we exclude
nonsingularity below.) For the GLS estimators of o™ defined by

T T -1
o 0= Yo (Ve me o) (66
t=1 t=1
here is a uniform generalization of (4.9) whose proof in Appendix B follows from a uniform

generalization of (3.18) obtained from Proposition 12.1 in Appendix A.

Theorem 6.2. Suppose the assumptions of Section 3and (4.5) apply. Let ©* C ©,, be such
that (6.2) and

: . MM (p*
mlgé min (T (07)) >0 (6.7)
hold. Then
esug (af (07) — ™M) T_I/QD;}%T — [ ANCNM (6*) 0 ]H — 0 a.s. [i.p.]. (6.8)
cor

Also, the matrix function CVM (9*) is continuous on ©* as well as bounded,

sup [|CVM (6%)
0*co*

When ©* C O, the condition (6.7) is a consequence of (6.4).

| < oo. (6.9)

7. Uniform Asymptotic Stationarity of Forecast Errors from a Misspec-
ified Model with GLS Estimates of o/

7.1. Forecasting with GLS estimates of o

We analyze errors of forecasts obtained with GLS estimates of o. If the OLS estimates
of o™ are used instead, one need only replace any instances of CNM (9*) with CN¥M in the
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asymptotic formulas below to obtain the OLS results. For h > 1 and 1 — h <t < T and any
0,0" € ©,;s, we consider the forecast functions

YA (0,07, T) = o (0°) €205, + yt (6,67, 7) (7.1)
with
. Pl (h0) (Y, — oM (09)eM ) 1<t<T,
y%hlt(9’07T):{Z‘]_O7rj( )(8 aT( )tg) o her<o
Thus
Y (0,07, T) =Yy [ (h,0)] + ag” (6%) €M [0 (R, 0)] (7.2)
so that
Yien = YN0 (0,0°.7) = Yion[n(h,0)] —of’ (0%) &M, [0 (h,0)]
= yern [0 (h,0)]
+{ann(h,0) = a3 @)L (0]}, (73)

where filtered quantities are truncated as in (5.7), e.g. d\ih [n(h,0)] = Z;igfl 1, (h,0) fﬁhﬂ-,

even when values X%h_j are known for ¢t + h — j < 0. Partition the array (3.17) as

Yt
T2Dpyr XM
Vi (T) = XN , 1<t <T, (7.4)
TV /2 M
TV 22N

and partition aff (0%) as [ AY (6") a}! (6") |, corresponding to the partition

[ AM M ] of o™, Then with
Br(07) = [1 (AM =AY (69) T7V/2D3}p AN T2/ (@M = a}f (67) T712%N], (75)
the observable forecast errors are given by
Vi~ YA, (0,0°,T) = By (0) Vil (h,0)](T), 1<t < T (7.6)
Defining 5 (8*) = [1 — ANCONM (9*) AN 0 0], under the assumptions of Theorem 6.2, we have

sup [|B(07)] <oo,  sup [B7 (07) = B(67)]| — 0 a.s. [i.p]. (7.7)
6*co~ 6*co~

From these observations, Proposition 12.1 and Lemma 12.2 of Appendix A immediately yield
the following theorem, showing that, uniformly on relative compact parameter sets, the limiting
sample second moments of the forecast errors (7.3) are the same as those of the #-model forecast
errors of the A.S. array

yM (0%, T) =y, + AV (XgV — ONM (g¥) T%DMTXtM) L 1<t<T. (7.8)
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This interpretation arises from the fact that, with
BN (%) = AN [-CNM (0%) 1], (7.9)
the asymptotic spectral distribution function of this array is
Gare (N) = Gy (A) + BY (07) Gx (3) BY (07)'. (7.10)

For any ©,0* C Oy, as usual, © x ©* denotes the set {(§,0") : 0 € ©,0* € ©*}, and con-
vergence on this set means coordinatewise convergence.

Theorem 7.1. Suppose the assumptions of Theorem 6.2 hold for the model set ©* C Ois.
Then for any © C O, for which (6.2) holds and any h > 1, the forecast error arrays Y; —

tl Y, (0,0%,T),1 <t <T are jointly continuous and jointly uniformly asymptotically stationary
on © x ©F in the sense that, for any h,l > 1 and k > 0,

T—k

1 * * *

=0 (Ve = ¥ 0.0°,1)) (V= YL, 0.0°.7)) = T (n,1,0,0)  (7.11)
t=1

holds uniformly a.s. [i.p.] over © x ©*, with
'™ (h,1,6,0%) = / e "0 (h,0) (e™)n(1,0) () dGare- (V). (7.12)
The functions T'™ (h,1,0,0%) are jointly continuous and bounded on © x ©*.

We note the following consequence.

Corollary 7.2. Suppose the assumptions of Section 3and (4.5) apply. Let ©,0* C ©;, be such
that (6.2) holds. Let 07, T > 1 and 67, T > 1 be random sequences in © and ©* respectively
that are convergent a.s. [i.p.] to limits, 6°° and 8> resp. with

Amin (T3P (6°°)) > 0. (7.13)

Then for any k > 0 and h,l > 1,

F 3 (k3 (070°7,1)) (v (07,077

—TM (h,1,0%,0°%) a.s. [i.p.].

In Theorem 10.1 of Section 10 below, we establish that standard estimation procedures can
produce convergent sequences of parameter estimates of the sort assumed in this corollary.

Theorem 7.1 shows that the quantities T (h, h,0,0") are of special interest because they
describe limiting average squared forecast errors. With

Thh (9):/ﬂ| (h,6) (M)| dG, (), (7.14)

—T

19



(7.10) yields the decomposition

s

T (hyh,0,0%) = opy (0) + BN (67) U | (h,0) (eM)|2dGX ()| BN (0. (7.15)

—T

By specializing the argument used to establish Theorem 7.1, o (6) is seen to be the limiting
average squared error of the h-step-ahead forecast of Y; when X; is known (up to coordinates
with nonzero coefficients in «). Similarly, the second quantity on the right in (7.15) is seen to
be the limit of the average of the squares of h-step-ahead forecast errors of the mean function
and its its non-transitory component:

i L T; (a€en o (n,0)] — o (09)€X In (1. 0)])
T-1
= Jm 37 (Ao bn (. 0) = A (67 Xy Lo (h,6)°
= BV [/ﬂ I (h,0) (eM)|2dGX (A)} BY (0% a.s. [i.p.]. (7.16)

We turn next to the case h = 1 because of its role in GLS estimation.

Remark 5. It is easy to see that any subvector with the property that it is asymptotically
orthogonal both to the remaining regressors of X} and to X}V has no influence of the values
of the asymptotic forecast error second moments (7.12). For example, the results of Subsection
4.3 show that when X has polynomial regressors t", n > 0, including the constant regressor
(n = 0), and when the remaining regressors of X} and those of X}V consist of regressors of the
form (4.10) with cg = 0, then the subvector of XM of all regressors of the form ", n > 0 has
this property.

7.2. Advantages of GLS estimates when i =1

Because 1 (1,6) (e*) = 6 (¢"*) when h = 1, the limit in (7.16) for this case is
AN [ —CNM (%) Iy JTE(0) [ —ONM(07) Iy ] AN (7.17)

The matrix CVM (6) is the unique value of C' minimizing [ ~C' Iy [T (0) [ —C Iy ]/ in
the ordering of symmetric matrices because

[-C Iy ]T¥@[-C In] = (7.18)
[ —CNM(O) Iy |G (0)[ —CTM(0) Iy ]
+(CNM () = )T (9) (€M (8) - 0)'

In particular,

[ —CMM@©) Iv T @[ oMM (O) Iv ] <[ -C Iv]TS )] ~C Iy ], (7.19)
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with inequality holding for any C # CNM (). For example, when CNM (9) # 0, it follows from
setting C' = 0 in (7.19) that (7.16) is less than or equal to

R = M M 2 = NeN 2
Tlgﬂoo T 1; (a§t+1 [0] - §t+1 [0]) = Tlgnoo T TZ (O‘ §t+1 [9]>

=1
= ANTYN () AV

with strict inequality holding for some values of AV. That is, asymptotically, the "bias" of o ()
of as an estimator of & results in o’ (0) &1, [0] being a better estimator of &, [0] on average
than on§%_1 [6], due to the contribution of the linear approximation ANCYNM (9) T%DMthM
of ANEN, [6].

GLS, done in conjunction with one-step-ahead squared forecast error minimization over a
compact set, results in minimization of (1.2), an expression that coincides with the Lh.s. of (7.11)
for 0* =0,k =0,h =1 = 1. It follows from Theorem 7.1 that this procedure, which is known
as conditional maximum likelihood estimation, minimizes T3’ (1,1, 6, #) asymptotically, as does
unconditional (exact) maximum likelihood estimation, which is discussed in later sections. A
specific result is formulated in Theorem 10.1. If a different choice of 0* is used, say 6% =
(1,0,0,...) to OLS estimates, then this Theorem shows that these estimation procedures lead
to minimization of I'}! (1,1, 6, 0%). Returning to (7.17), note that if CVM (%) £ CNM (¢), then
(7.19) with C = CVM (9*) yields

BN (0)TF (0) BN ()" < BN (") ¢ (9) BY (0% (7.20)

for some values of AY. Our next result, whose proof is given in Appendix B, is formulated to
accommodate the fact that minimizers of T} (1,1,6,0) and T} (1,1,6,0") with respect to
need not be unique when the model class O is incorrect in the sense that it cannot model the
asymptotic autocovariance sequence 77, i.e. when there is no § € © such that v} = a2y, ()

holds for all k£ > 0 and some o2, where

—2

T —ikX\ |
vy (0) :/ c > 0;e do, k> 0. (7.21)
j=0

_x 27

Corollary 7.3. Let © C O,, be a compact set over which Z;io |6;] converges uniformly and
infgco Amin (FéVIM (0)) > 0 holds. Let § denote a minimizer of T3! (1,1,6,0) over ©. Then
I} (1,1,0,0) = mingg-co ') (1,1,6,60%). More precisely, for each §° € ©, let 0" denote a
minimizer of T)? (1,1,6,0") over ©. Then
I’ (1,1,0,0) <T (1,1,67,0%), (7.22)
with strict inequality holding when T'}! (1, 1,0, 9) <) (1, 1,0", 9*) or when
CNM (9) £ CNM (97), (7.23)

and AN is such that (7.20) holds for § = 0".
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The interesting choice of #* in the Corollary is 8* = (1,0,0,... ), which yields o/ (6*) = o}/,
the OLS estimate (3.14). (Model sets for the autocovariance structure of y; usually include the
white noise model (1,0,0,...) as a degenerate case). With this choice of #* and with # and 8" as
in the Corollary, Theorem 10.1 below will show that (conditional or exact) maximum likelihood
estimation over O leads to limiting average squared forecast errors with the value FS/I (1, 1,6, é)
if GLS is used, but with the value '} (1, 1,607, 9*) if OLS is used. Thus the Corollary yields
the following optimality property of GLS: In conjunction with maximum likelihood estimation
of # and in the asymptotic sense being considered, OLS estimation is never better than GLS
estimation for one-step-ahead forecasting. When the nontransitory component X; of the mean
function is misspecified, OLS is typically worse.

Indeed, it seems likely that the Corollary’s conditions, T} (1, 1,0, 9) <) (1, 1,607, é*) and
(7.23), both hold except in quite special situations such as when I'}? (1,1, 6, 6%) does not depend
on 0", which happens for example, when X = 1 and XM = ™ for some m > 0, or when the
regressors X/ and X}V are asymptotically orthogonal. As we illustrate in the next subsection,
6" is easier to determine than 6, so it is simpler to provide examples of (7.23).

Extensions of the Corollary for the case of h-step ahead forecasting with A > 1 can be
obtained by using 7 (h,6) (B) in place of 6 (B) in the definition of the GLS coefficient estimate
of ™, see Remark 6. However, these extensions do not carry over to h-step-ahead forecasts
of nonstationary models like regARIMA models and their generalizations, because the h-step
ahead forecast errors of such models involve forecast errors at all lags 1 < j < h of the A.S.
"differenced" data, see (8.4) below.

For certain situations in which g is 7.i.d. and £, = X is a realization of a stationary time
series, so that Dx r = T-1/2 Thursby (1987) considers some theoretical examples of misspec-
ified regressors with a focus on determining which of OLS or GLS has smaller asymptotic bias
for estimating an individual coefficient of A, either outcome being possible in general. Corol-
lary 7.3 shows that, for either outcome, the bias of GLS is better for one-step-head forecasting
asymptotically.

Remark 6. The basic result (7.22) of the Corollary can be generalized considerably, for
example, to accommodate noninvertible models, i.e. models not in ©;; whose spectral densities
~ ]2 . _
(which are proportional to ’0 (e”‘) ‘ = |0 (e”‘) | 2) are zero for one or more values of A. All that
is required is a set of models or, more generally, filters © such that, for all 6 € O,
/ |6 (ei’\)|2de (N <o
and

tr [/ﬂ 10 ()| dGx ()\)] < o0

hold. Then, for

F(0,0%) :/_7r 16 ()| dG, (\) + BN (67) U_ﬂ 16 () dGx (V)| BN (67,

a straightforward modification of the proof of (7.22) yields that, for every 8* € ©,
inf F(6,6) < inf F(0,60%). .24
inf F(6,0) < inf F (6,67 (7.24)
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When minimizing values 6 and 6" exist as in the Corollary, then F (9, 9) < FM (9*,9*) yields
strict inequality and (7.23) does also if AV is such that (7.20) holds for § = ”. The inequality
(7.24) is valid when I3 (9) = [" {6 (¢™) |2 dGMM () is singular, because (7.18) still holds if
MM ()" in (4.8) is interpreted as a generalized inverse. However, Theorems 6.2 and 7.1 have
not been established for this case.

7.3. The special case of AR(1) models, » = 1 and dim X}¥ =1

We now present some illustrative formulas and examples related to the minimum asymptotic
average squared forecast errors I'}! (1,1,6,60) and T} (1,1, 0", 6*) of (7.22) for 6" = (1,0,0,...),
i.e. when CVM (9*) = CNM_ These are for the case dim X}¥ = 1 when first order autoregressive
modeling, with § = (1,—¢,0,0,...), is used for the regression error series y in (4.3).

We start with the simple situation in which X and X}¥ are asymptotically orthogonal, so
CNM () = 0 for all 6. In this case, for all ¢, T3? (1,1,0,6%) =T} (1,1,6,6) and

M (1,1,0,0) = /7r 11— ge[* dG, (V) + (AN)2/W 11— ge|[*dGNN (\)  (7.25)

—T —T

(1+9¢%) {78 + (AN)ZFéVN} —2¢ {7"{ + (AN)2F{VN}. (7.26)

This is minimized by 6 = (1,—¢,0,0,... ), with

5o (4N

7+ (AN TN

Define pf = vY/44 and p'N = VN /TN, Rewriting 1 — ¢e'® in the first integral in (7.25) as
(1—pYe™) + (p! — ¢) e and as (1 — pYNge™) + (pI'V — ¢) e'*, one obtains

oY (11,0.0) = a8 (1- (1))
+'Yg (Plll - 9?’)2 + (AN)ZF(I)VN {(1 — (p{VN)2> n (inN _ q?7)2} (727

The lower expression (7.27) is the amount of increase in asymptotic average square forecast error
due to misspecification of the regressor.

When XM and X}V are not asymptotically orthogonal and dim X; = 2, i.e. dim XM = 1,
then the formula for T}! (1, 1,6, ) is obtained by replacing TY ™ in (7.26) by
TN | ONM ()2 PMM _ GNM (g) (DNM 4 PNMY | | = 0,1, with

NM NM
CM(0) = 11:1(\J4M _ zi}WM'

0 1
Thus, in this case I'} (1,1,6,0) is a rational function of ¢ whose minimizing value ¢ is a zero
of a polynomial in ¢ of degree five and does not have a simple closed-form formula. Therefore,
to obtain examples for which (7.23) holds for this case, in place of a generalization of (7.27), we
will use a formula for the minimizer 6* = (1, —$",0,0,... ) of T} (1,1,0,6%).
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This ¢ is the value of ¢ minimizing
/ 11— ¢e** dGaro- (V).

Therefore ¢" is the lag one asymptotic "autocorrelation" of
G =+ AN (XY - TV2D OV XM,

given by
oA {TIN 4 (0NM) Ty — oMM (DY TN | (7.28)
7+ (AN)? {TIN 4 (NP TM —poNmTyM YL |

Except possibly at a single value of AN this optimal ¢~ will be non-zero, i.e. be such that
6" # 0%, when 4¥ # 0 or when

2
ANM = PVN 4 (ONM)" MM _ oNM (DNM 4 PNMY £ ), (7.29)
The property ¢* # 0 yields (7.23) when the value CNVM (%) is unique,
CNM (9) £ CNM (9%), 0 # 6%, (7.30)

To cover the two most common kinds of regressors, we give two examples of (7.23), one in
which X; is periodic and the other in which X; is a realization of a linear stationary process.
The first example is motivated by the idea that if X inadequately represents a periodic effect,
then X}V will include one or more compensating regressors with the same period. Consider the
simple bivariate X; with period 4 given by

Xe=[ xM xV ]/ :bcosgt—l—c(—l)t7

with linearly independent coefficient vectors b = [ bM  pN ]/ and ¢ = [ cM N ]/ such that
bM bV £ 0. We have

1
¥ = §bb'cosgk+cc’(fl)k, k=0,1,...,
S0

CNM —

FONoM N eM

Since 'y (0) = Ty — oY,

(14 ¢%) bNOM + (1 + ¢)* NeM
(14 ¢%) (BM)* + (14 ¢)* (cM)*

1
CNM () = 2
2

Because b, bY # 0 and c is not scalar multiple of b, we have CVM (9) # CNM when ¢ # 0, i.e.
when 6 # 6" verifying (7.30). Thus (7.23) follows from AMM = — (cV — CNMCM)2 # 0.
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For the second example, consider the case in which X}V is scalar with F,iv N = 0 for some
k>1and XM = XN, with the result that [')’" = 0 and therefore CNM (§*) = CNM = 0. We
seek an example with CV™ (87) # 0, or equivalently, TY™ (§7) = TN (§”) # 0. The formula
(7.28) yields
, 2
e i+ (AN
76 + (AN)*THN

This is nonzero when vy + (AN)2 VN £ 0. Since

YN = / e |1 - g dGVN (A) = (1 + ¢*) TN — 6 (TN + TN

= = (T + T30,
it follows that TV (5*) # 0 whenever I‘gﬁ +T NN # 0. For example, consider the case in which
74 # 0 and X} is a realization of a second order autoregression satisfying X}¥ — ¢, XN, = &
with 0 < |¢,| < 1 for some i.i.d. white noise process &;, then ¢~ = ~¥/ (7% + (AN)2 F(JJVN) #0.
For k = 2m + 1 with m > 0, we have PN = 0 and TN + TN = (14 ¢,) 95’ TN # 0, so
TNV (§7) 0.

8. Joint Asymptotic Stationarity of Forecast Errors from Misspecified
Nonstationary Models such as regARIMA Models

Many time series require linear transformations such as differencing operations before they have
properties like those we have assumed for (1.1). We now present an extension of Theorem 7.1
for models for such series, e.g. invertible regARIMA models.

Suppose we have observations of the form

Wy=al, +w (t>—-d+1), (8.1)
where w; satisfies a d-th order difference equation with d > 1,
wi + 61wy + o+ dqwia =y (t>1),
in which y; together with
§=C+0G 1+ +daC_g (t > 1)
satisfy the assumptions of Subsection ?7?7. Observe that
V=W, +aWi1+ - 0gWig, (t>1) (8.2)

has the formula ¥; = a&, + y; as in (1.1). 4
With o = 1 and 0 (z) = 3.0_0;27, define 3o = 1 and §; = Y73 8;0;—;, j = 1,2,.... Tt is
not difficult to verify from (8.2), see Bell (1984, p. 650), that for any A > 1 and ¢ > 0, there

exist coefficients c; ; depending only on d1,...,d4 and h, such that
h—1 d—1
Witn = Z(sjm+h7j + ch,hWtfj, t>1).
j=0 §=0
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Therefore, when ¢ > 1, given forecasts of Y;15—;, 0 <j < h —1, say Yt+h Jle (0,6",7),
0 <j < h—1 defined as in (7.1), we can define the forecast of Wy, to be

h—1

t+h\t (0,0%,T Z‘S Y;5+h j|t (0,07, T +an7hWt e (8.3)
7=0

For the forecast errors, we then have, for ¢ > 1,

h—1
Wi = WhL, (0,0°,7) = 38 Yooy = Y200 (0,6°.7)). (8.4)

<.
Il
=)

Consequently, these forecast errors inherit joint and uniform asymptotic stationarity from the
corresponding properties of the Y;_; — Y/ (0,0, T), 0<j <h—1. Thus, with

Jlt—j—h
2
0 h71 .. ~ .
op’ (0,07) = / Ze’”%n(h—jﬂ) (e™)| dGarer (N) (8.5)
Y
el
_ 5,6:TM  (h—j.h — k,0,0),
k=0

where G+ (M) is defined as in (7.10) and F;@\{j (h—j,h—k,0,6%) as in (7.12), an immediate
consequence of Theorem 7.1 is

Theorem 8.1. Suppose ©,0* C O;, are such that the assumptions of Theorem 7.1 hold. Then

the forecast error sequences Wy — tht R (0,0°,T) t > 1 with h > 1 are jointly uniformly

asymptotically stationary on © x ©*. In part1cular,

lzT:(Wt t\t n (0,07, ))Q—Uhh (9,0%)
t=1

sup
0€0,0* o~

—0 a.s. [i.p]. (8.6)

The limit function a%’é (0,0%) is bounded and continuous on © x ©*.

9. Finite-Past Predictors and GLS

Our results above for the truncated predictors yip¢ (0) = yi [7(h,0)] of ysypn will serve as
stepping stones for deriving results for the more commonly used finite-past predictors. These
are defined by

t—1

. e i(h, 6 ,1<t<T

tht(e):{OZJo £, (1, 0)ye—; L het<o (9.1)
using as coefficient vector [m,; (h,0)],-,, , the solution of

[ﬂ-t,j (h‘a 0)]0§j§t_1 ['Yj—k: (9)} 0<4,k<t—1 = ['Yh-l—k (9)] 1<k<t—1°
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where ;. (6) is as in (7.21), see, for example, Newton and Pagano (1983). Hence, if we define
nt,j(hve)ao S ] S t— 17 by

1 , =0
ny(h6) =14 0 Q<j<h-1
~Ti—hj-n(h,0) ,h<j<t—1

fort > h+ 1, and by
|1 ,5=0
Ut,;(h79)—{0 71S]§t_1 3
for 1 <t < h, then the observable prediction error values from data y;,1 < ¢t < T have the

formulas
t—1

Yt — Yeje—n (0) = Znt,j(hvo)yt—j> 1<t <T.
j=0
These prediction errors and their coefficients are sometimes normalized by dividing the co-
efficients by the square root of the mean square prediction error quantity (9.2), particularly in
the case h = 1 used for GLS estimation as in Amemiya (1973) and for maximum likelihood
estimation based on the functions (9.12) below. The normalization is done to obtain prediction
errors with constant variance (when the #-model is correct).

-2

2
' an (h,0) e >0 dA
—T ]:0

uyjp—n(0)

_ im,jm,e)vj(a). (9.2)
§=0

Thus the normalized coefficients are
e (0, 0) =n1 3 (h, 0) Jul2,(0), 5=0,1,....t—1. (9.3)

(Note that ut‘/t2 W(0) = 70(9)1/2 for 1 <t < h.) By a straightforward modification of the

proof of (5.17) of FPW (2003), it can be shown that the sequence u;;_;(0) is bounded above
~2 152

by v0(0) = Y ic,0; and decreases uniformly as ¢ — oo to Z?:é ¢, on the subsets © C O,

considered in (b) of Proposition 9.1 below. Consequently, to convert limiting forecast error

second moment formulas obtained without the normalization to formulas that apply when the

normalized coefficients are used, the functions 'Y (h,1,0,0") with appearing in the limit must

J=0"J
we shall use the normalization only in our definitions of the finite-past GLS coefficient vector
and the Gaussian log-likelihood function both of which involve h =1 excluswely
WlthYt 0") = Z; %)ﬁta (1,0%)Y;_; and &7 (6%) = Z§ éﬁm (1,0%)eM ;» the GLS estimator

of o™ is defined by

be divided by {Zh 15 ZJ 0 j} . Note this is equal to one when h = [ = 1. For simplicity,

i (Zg >’> - (9.4)
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and the finite-past variant of the predictor Y; p¢(6,60",T) of (7.1) is defined as

t—1 t+h—1
VL (0,07, T) = miiny (h0) Yoy + a3 (07) > nppn; (h0)EM, 5, (9.5)
Jj=0 j=0

see (7.2). With U, (T') as in (3.19), set

t—1
Ul (0,T) = n,; (h,0) Uy (T), 1<t <T,
7=0
and
[ Ul (6,7)
T2 omj(h 0) e
M

Partition &7 (0%) as [ AY (") a! (§*) ] corresponding to the partition
[ AM oM ] of oM, and define

V(o,T) = 1<t<T.

By (0%) = {1 (AM — A (e*)) T=2Dy p AN T2 (o™ — af! (67)) T—l/%/ﬂ :
Then the observable forecast errors are given by
Y — Vi, (0,0%,T) = B (09) V" (0,T), 1<t <T. (9.6)

When no transitory regressors x; are present in &,, so that V;* (6, T) in (9.6) is replaced
by U (6,T) and By (6%) by [1 (AM — AM (0*)) T-U2Dy AN}, then the fact that the A.S.
array Uy (T') has both negligibility properties (2.8) and (2.7) has the consequence that the "finite-
past" generalizations of Theorems 7.1 and 8.1 follow by arguments analogous to those given in

Subsection 7.1 except that use is made of Proposition 5.2 and part (a) of Proposition 2.1 of
FPW (2003) together with the assumptions that (6.4) holds and that, for some € > 0, the sums

Z;io (1 +j%+5) |6;] and Z?io (1 +j%+5> |t9j| converge uniformly on © and ©* respectively.
When transitory regressors are ‘present, the simplest way to achieve generalizations seems to be
to require a bit more of the model sets in order that (b) and (c) of the following result, proved

in Appendix B, can be applied. In (d), typical choices of v (j) are v (j) = 1+ j* for some p >0
or (in the case of invertible ARMA models) v (j) = 777 with 0 < 7 < 1.

Proposition 9.1. (a) Let Ty be the smallest value of T for which ZtT 1 §t§; > 0. For any
0 € O,5, the one-step-ahead prediction errors &, (6) = ZE (1] 7.5 (1,0) &, have the property that

2

T T
0<77;gngzee ;gt@g;ftw)stw < %ﬁﬁzoem tha (97)

J_

holds for every T > Tj.
C O, is any subset of © ;5 on which (6.4) holds an = o (14 7)|0,| converges uniformly,
b)IfO© C O i b fO hich (6.4) holds and ;io 1+3)16; iform]
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then 777 | Zt_l 1. (h,0) —n; (h,0)| converges uniformly on © for each h > 1. Consequently,

given regressors x; satisfying >, ||z¢|| < oo, the sums Y -, HZ] oM (hy0) e JH converge

uniformly on ©.
(c) With © as in (b), for z, () = Y_—o 9, ; (1,0) z—; and yM (0) = Y i—g 7, ; (1,0) y;, with
y; defined by (4.3), we have

sup || T~ 1/? Zy z¢ () (Z xt (0) x4 (9)/> — 0 a.s. [i.p.]. (9.8)

0eo =

(d) Consider any nondecreasing sequence of weights 1 < v (1) < v (2) < --- with the properties
that v (t) < v (j)v (t — j) holds whenever 0 < j < t. Let x; be such that

sup v (1) ||z < oo.
t>1

Then, on any subset © C ©;; on which 72 v (j)|0;] converges uniformly and (6.4) holds,
v (t) x4 (0) is uniformly bounded,

sup v (t) ||z (0)| < oo. (9.9)
0€0,t>1

The "finite-past" analogues of (8.3) and (8.4) are

W, (0,07, T Za A (0,07, +chhwt . (9.10)
j=0 j=0

and
h—1

Wy — Wt?{fh (0, 9*, T) = Z Sj (th*j - }Aftﬂf/[ﬂt*h (07 9*7 T))

=0

<

t—1

h—1
=38 [ Domy (O Yo+ a7 ( an (h,0)&; | - (9.11)
j=0 j=0

We also consider the Gaussian log-likelihood function for the observations Wy, 1 <t < T, the
autocovariance structure determined by fy , (M) of (5.1), and the GLS mean function estimates
determined by 0%, for 0,0" € ©;,. From its decomposition into a sum of logarithms of univariate
conditional densities, this function can be calculated as —T'/2 times

T
. 1
Lr(0,0%,0) = 7 Zlog (27r02ut|t_1(9))
t=1

t—1

0‘2TZ Znty (1,0) Y, + a7’ (67) s (179)@1\/_[3' . (9.12)
=1 \ j=0 ‘

I
=}

Part (c) of Proposition 9.1 in conjunction with other results is shown, in Appendix B, to
yield the following extension of Theorem 8.1.
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Theorem 9.2. Let © and ©* be two model sets in ©,;4 for which the assumptions of Proposition
9.1(b) hold. Suppose that the components y; and &, of the model (1.1) satisfy the assumptions
of Subsection 77, the condition (4.5), and Y ,°, |lz¢|| < co. Then

sup (a:,]\f[ 0*) — aM) T 2Dy — [ ANCYM(67) 0 ]H — 0 a.s. [i.p.]. (9.13)

0*co*

Also, for h = 1,2,..., the forecast error sequences W; — Wtjﬁ— , (0,07,T) are jointly uniformly
asymptotically stationary on © x ©* with the same asymptotic second moment functions as the
sequences Wy — Wtz?{fh (0,6%,T) of (8.4). In particular,

T
1 . 2
sup  |= Z (Wt - th“f_h 9,6, T)) - 0%’6 (0,0%) — 0 a.s. [i-p.], (9.14)
veo,0%co- | T —
with oy (6,60") defined by (8.5).
Furthermore, we have, for every ¢ > 0,
§,M *
70,0
lim sup L1(0,6%,0) — < log (271'02) + %27) =0 a.s. [i.p], (9.15)
T—o0gco,0"co* o
e<o<oo

and

. . # . 5,M * . .
TILH;O 0661,191*fe®* Ly(6,0%,0) {log <27r eeel,g*fe@ o1y (6,6 )> + 1} =0 as. [i.p]. (9.16)
0<o<oo

Remark 7. Part (d) of Proposition 9.1 can be used with v (t) = 1 +#/?%¢ with € > 0 to es-
tablish the uniform convergence of 5%, @ () 24 (0) and (352, o4 (0) 24 (9)/)_1. With v (t) =
1+ 3/2%¢ it yields the uniform convergence of > 7° ¢1/2 ||z, ()||. From this, the uniform con-
vergence of Y 70, yM (0) 2, (0)' = S50, {t7Y/2yM (0)} {t1/%2, ()} follows because t~/2yM (9)
converges uniformly to 0 a.s. [i.p.], by Theorem 2.1 and Proposition 5.2 of FPW (2003). From

these facts, one obtains the continuity of the function Y52, yM (), (0)' (352, =4 (0) = (9)/)_1
on © and the uniform convergence of the bias a3/ () — a* to this function.

10. Convergence of ARIMA Parameter Estimates When the Regressors
Are Estimated By GLS

Theorem 9.2 can be applied to obtain convergence results for parameter estimates determined
by h-step-ahead squared forecast error minimization or by Gaussian likelihood maximization
over compact subsets of @;, x ©;, with the regression coefficient vector a™ being estimated by
the GLS estimates of Sections 5 or 9, or by OLS. Such results extend Theorems 4.1 and 5.1
of FPW (2003) to the cases of regARIMA models and regression models with a more general
covariance structure. From the various possibilities, we present specific results for the two cases
that seem to be of most practical interest, the case in which regression and autocovariance
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structure parameter estimates are obtained simultaneously and the case in which the regression
coefficient estimates are available in advance of the estimate of the covariance structure, as when
OLS estimates are used, or previously obtained GLS estimates of o™ are used for estimating 6
optimally for multi-step-ahead forecasting.

In preparation, note that for any pair of compact subsets © and ©* of ©;, with ,©0* satisfying

(6.7), it follows from their defining formula (8.3) that the forecast functions W it (0,0°,T) are

2
continuous on © x ©*, so the same is true of the functions >',_, (W —-wM (9,9*,T)> .

ulu—h

Under the assumptions of Theorem 10.1, the function O'Z’ff\/[ (6,0") defined by (8.5) is continuous
on this set, by Theorem 7.1. Therefore minimizers of these functions exist and the assertions
of the following theorem are well known consequences of uniform convergence results obtained
in Theorems 8.1 and 9.2. In the situation considered in (b) in which TN (%) = 0 for all §*,
then BNM (9*) in (7.15) does not depend on 6", so neither does 0'226 (0,0%). Recall that a
random sequence 07 = 67 (Y1,...,Yp) is said to converge to a set Oy almost surely if, on each
realization of the time series Y; except realizations belonging to an event with probability zero,
every subsequence of 07 has a convergent subsequence whose limit belongs to ©y. Convergence
in probability to ©p means that every subsequence of #7 has a subsequence that converges
almost surely to ©g. For the i.p. case, only measurable minimizers are considered, the existence
of which is guaranteed by standard results, e.g. Lemma 3.4 of Potscher and Prucha (1997).

Theorem 10.1. Under assumptions of Section 3and (4.5), let © be a compact subset of ©;s,
and let 7, T > 1 be a convergent random sequence, 0©7 — 0™ as. [i.p.], contained in a
compact subset ©* of ©;; with the properties of (6.2) and (6.7).

(a) For a given h > 1 and each T > 1, let © denote a minimizer of

23:1 (Wt t|t L (0,0 T)) over ©. Then

1Z(Wt Wi, (67,07, T ))ZHfgrélgahh 0,0) a.s. [i.p.,

and the 5equence 9 , T > 1 converges a.s. [i.p.] to the set of minimizers of the function ahh (0,0)

over ©, where ohh (0 0) is defined by (8.5). In particular, 1fahh (0,0) has a unique minimizer
0"M over ©, then * — 0™ as. [i.p.].

2
(b) For a given h > 1, let ™7 denote a minimizer of Zle (Wt Wtjl\f h <9, o7, T)) over ©.

Then the sequence 8™T converges to the set of minimizers of a%’ (9,9*’M) over © a.s. [i.p.].

If U%L"s (9,0*’M> has a unique minimizer "™ in ©, then 6T — "M 4. [i.p.]. The same

0*T when the regressors sequences XM

conclusion obtains with no convergence requirement on
and X} are asymptotically orthogonal.
(c) In the case of the finite-past forecasts (9.10), if © and © are compact subsets of ©;5 on

which Z(;io (14 7)|0;| converges uniformly, then the conclusions of (a) and (b) also apply to

the minimizers 6 of

S (Wt - Wfl* (6,6 T)) and 0" of S (Wt Wf|t N (9,0*’T,T)>2 respectively, as
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well as to the minimizers with respect to 6 of Lt (0,0,0) and Lt (9, o7, 0’).

The interesting cases are usually those in which the limit 6% of the sequence #*7 coincides
with a minimizer 8" of ath’é (0,0) over © for some h > 1. For example, when h = 1, one

version of iterated GLS estimation is defined by %7 = @LT?l in which case 07 will have the
same limit as 91’T if the latter sequence has a limit oM

Because O’{V{’é (0,0°) = T} (1,1,6,0%), the conclusions of Corollary 7.3 concerning the op-
timality of GLS for one-step-ahead forecast apply in the estimation situations considered in
Theorem 10.1 when h = 1.

Remark 8. An examination of the proofs of the theorems and corollaries of Sections 6.1-8
show their assertions for the case h = 1, and those of (a)—(b) of Theorem 10.1, hold for all
||-||;-compact subsets ©, ©* of absolutely summable filters, when (6.7) holds for ©* and the
first coordinate of each 8* € ©* is nonzero. That is, it is not necessary to restrict the zeroes
of 6(z) and 6" (z) to lie in {|z| > 1}. This is of interest because certain classes of multistep
forecasting filters, for example, the direct autoregressive predictors discussed Subsection 4a of

Findley (1984) and in the literature reviewed by Bhansali (1999), do not obey such restrictions.

11. Concluding Remarks

Under weak assumption on the regressor and regression errors of data of the form (1.1), we
have shown that standard model coefficient estimates converge with increasing series length
even when the model is incorrect with regard to its regressor specification or its regression error
autocovariance specification. The limiting behavior is described by spectral calculus second
moment formulas that generalize those that apply when the modeling assumptions are correct.
Further, in the case of one-step-ahead forecasting with an underspecified mean function regressor,
the formulas yield that the use of generalized least squares estimates of the regression models
typically leads to smaller asymptotic average squared forecast errors than those obtained from
ordinary least squares coeflicient estimates. The results for the case of truncated infinite-past
forecast functions did not require the restriction we imposed for the finite-past forecast functions
that the zeroes of the generating function of the limiting prediction error filter have magnitude
larger than one. Our development included a study of effects of regressors that decay too rapidly
for consistent coefficient estimation. Formula were obtained for the asymptotic bias of their GLS
coefficient estimates when their decay rate is at least t=3¢ for some ¢ > 0, as is the case for
the intervention variables of Box and Tiao (1975).

The results and methods of the present paper can be used in conjunction with other results
to obtain formulas for the limiting average of squared "out-of-sample" (real time) forecast errors
of regARIMA models under slightly more restrictive assumptions on the regressor sequence X;
that are satisfied by all of the specific regressor types we have mentioned. The limit formulas
are the same as those of the present article when the nontransitory regression component X; is
asymptotically stationary, i.e., when Dy = T~'/2Ix, see Findley (2001, 2003).

When Dx 1 = T-1/2]x, there are relatively straightforward multivariate time series exten-
sions of those results of the present paper that do not involve the normalized forecast errors
(9.3), for the reasons described in Section 7.2 (ii) of FPW (2003).
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12. Appendix A: Uniform Convergence Results for Arrays

Proposition 12.1. Let V; (T), 1 <t < T, T = 1,2,... be an n-dimensional column vector
array satisfying (2.6) and (2.7). Let H and Z be sets of filters whose absolute coefficient sums
converges uniformly. Then the filter output arrays V; [n] (T), Vi [](T),1 <t < T defined as in
(5.7) have the following properties:

(a)

Aim_sup HT—l/QVT,J,T [n]H =0, a.s. [i.p] j >0, (12.1)
—>oon€

and, if (2.4) holds, then so does

lim sup HT’1/2V1+3',T [ﬂ]H =0, a.s. [i.p.] j>0.
T—o0 neH

(b) For any k > 0, as T — oo one has

T—k
w0 > View bl (1) V17 T (n,oH ~0 as. fip], (12.2)
with .
Fkv (n,¢) = /_ e~y (eM) ¢ (e_i”\) dGy (M) . (12.3)

(c) The functions T} (n, () are bounded on H x Z,

T (. Ol < 15[ sup [ (e2) [ sup [€ ()] < oc,
neH ez

and are jointly continuous in 7, in the sense that if n7 € H, CT € Z are such that nT —
n,QT — (¢ (coordinatewise convergence) with n € H,( € Z, then FX (nT,CT) — I‘X (n,Q).
Also, if Z = H, then
. 2 : 2
inf eMNTY <Y (n,n) < su eMN Ty, 12.4
716H,—7r§)\§7r|n( )["To =Ty (n n)—nem_ﬂpggﬂ‘”( )|"Ts (12.4)
5o inf,e g7 Amin (I‘(‘J/ (n, n)) > 0 ifinf,em —r<r<n {77 (ei’\)‘ > 0.

(d) If there is a partition V; (T) = [ V7 (T) V;*(T) ]/ with asymptotically orthogonal com-
ponents, i.e.

T—k

lim T E e (DY VI (T) =0, a.s. [ip] (k=0,1,...), (12.5)
t=k+1

then

lim  sup =0, a.s. [i.p.] (k=0,1,...). (12.6)

T—oconeH ez

| Tk
T > Vil (D) Ve [Ty
t=k+1
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(e) Let B be an index set for a family of arrays V, (8,T), 1 <¢t<T, T =1,2,..., 8 € B such
that

sup
BeB

T
%ZW(B,TM(B,T)!FOV (ﬁ)H —0as., (12.7)
t=1

holds, where the T'g (8) are positive definite matrices whose minimum eigenvalues are bounded
away from zero, I.e.

i f)\min r Z
ﬂlgB ( 0(5)) mp

holds for some mpg > 0. Then

-1
sup ( ZVt B8, T)V; (8, )) —Fg(ﬁ)_1 — 0 a.s. (12.8)

peB

Proof. Parts (a)—(c) are straightforward vector extensions of special cases of Theorem 2.1
and Proposition 2.1 of FPW (2001), and (d) follows from (12.3) because, under (12.5), Gy (\)
can be written in the block diagonal form Gy (A) = diag [G« (N), Gix (A)], where G, (A) and
G« () are the spectral density matrices of the arrays V,* (T') and V;** (T'), respectively.

For (e), it follows from (12.7) that, given € > 0, for each realization except those of an event
with probability zero, there is a T, such that for T' > T. the inequalities

< Sm2
—m
2 H

T
ALK ACK v )
t=1

and
1 T / mp
égjfg Amin (T ;:1 Vi (B, T) Vi (B,T) ) = =

hold. Hence for these T and all § € B,

sup ( ZVt B,T) Vi (B, )) ~To(B)"

BEB

< Zlelg H ZVt B,T) Vi (B, )) ;ZW(B,T)W(B,T)’—FO(B)| HFo(ﬂ)_lH
=1
1 & ,
< mH;teu;{ min (TZVf B,T) Vi (B, ))};gg{ T;W(ﬂ,T)‘/t(ﬁ,T) Fo(ﬁ)“}
< g

which establishes (12.8).
We also need the following lemma.

36



Lemma 12.2. Suppose that, on a set ©*, the sequence 81 (%), T > 1 of row vector functions
converges uniformly to a bounded functionf (6), i.e. (7.7) holds, and similarly for T (0*), T >
1 and 7 (0%). Let Uy (n,T),n € H and W; (¢, T),( € Z, 1 <t <T, T =1,2,... be families of
column vector arrays of the same dimension as 3 (0%) and 7 (6*), respectively, such that

sup Z Ui (0, T) Wy (¢, T) — Ty (77,()” —0a.s. [i.p], k=0,1,...
neH,(cZ
and
sup o (n, Q)| < o0
neH,(eZ
hold. Then
/ *\/ * *\/
P, ZBT ) Ui (0, T) Wi (¢ T) 77 (87) = B(67) Tie (n,C) 7 (67)
EH (ez

—0as. [i.p], k=0,1,....

Proof. First note that, with Mg = supg-ce- |3 (6)|| and M, = supy: co-

7 (6")|], since

T-k
s |5 S0 A0°) Ui (1.T) W (T 7 (0°) = B0) T (0.0) 7 (0
t=1

ZUt+k n,T)W: (¢, T) =T (n,C)H — 0a.s. [ip],

nGH ez
it suffices to verify
9§u8* Z {5T Ut+k n, T) W, (CaT)/T/T (9*) - B (0*) Upyr (n, )W/ ¢, }||
nGHG,CEZ

— 0 a.s. [i.p.]. (12.9)

By the usual difference of products decomposition, this is reduced to the proof of the uniform
convergence to zero of three expressions, for example,

sup_ % > Br (07) = B(07) Ui (0, T) Wi (¢, T) 7 (6% ‘ — 0 a.s. [i.p.]. (12.10)
ngHG,?EZ =t

our proof for which is representative. The expression on the left in (12.10) is bounded above by

M, sup |87 (07) — B(6%)| sup
0eo* neH,(EZ

Z Usyr (0, T) Wy (¢, T
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For the factor on the right in this bound, we have

lim sup sup
T—ooneH,(eZ

Z Ut+k 777 Wt (C T)

IN

lim  sup

T Z Ut-‘rk na Wt (C T) - Fk (777 C)
—OneH,(eZ

< 0+ sup HFo(n,C)||<OO-
neH,(eZ

sup [T (n, Q)
neH,(eZ

Hence (12.10) follows from (7.7).
Finally, we need an instance of the basic uniform bounding inequalities for second moment
sums of normalized one-step-ahead array forecast errors:

Lemma 12.3. Let O be a subset of ©;5 on which Z;io |6;] is bounded. Given a vector array
Vi(T), 1<t<T,T=1,2,..., define, for every 6 € O,

T)= it (LOViy (T) 1<t <T,T=12,...,

where the coefficients are defined as in (9.3) with h = 1. Then for all T > 1,

T T
_ min_ Zee Z Z 6,7)V; (6,T)

7=0

2
T
!
< _ﬂ%\}iw ZG e’ ;Vt(T)Vt(T) . (12.11)

Proof. We only need verify (12.11) for the case of scalar arrays v, (T'), 1 <t <T,T =1,2,...:
the vector case is reduced to this one by multiplying each expression in (12.11) on the left by
an unrestricted nonzero row vector of length dim V; (T') and on the right by the transpose of
this vector. For every T' > 1, define the column vector Vi = [v1 (T') ... vr (T)]', the covariance
matrix Ip (0) = [, (9)]O§j,k§T—l’ and the lower triangular matrix Lz (0) of order T whose
t-th row is given by [i,, 1 (1,0) ..., (1,60) Or_;], where Op_; denotes a vector of zeros of
length T"— t. Then for each T" > 1,

T
> v (0,7)* = ViLy (0) Ly (0) Vo = ViI'r (0)™' V.
t=1

-2
Because the #-model’s spectral density is proportional to ’Z;ﬁo 6,e A‘ , it follows from Lemma
10.2.6 of Anderson (1971) that

T

T
. L. 2
_min [6(e7) Z ve Z P max [0(e)[D u (1),

t=1

for each T' > 1, which is (12.11) for scalar arrays. This completes the proof.
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13. Appendix B: Proofs

13.1. Proof of Proposition 3.1
From (3.10) and (3.11), it follows that for any T'> k + 1,

Z ¢ (7) Vier (O) Dy || < { sup H‘/Qik C)DVtikH} SUPZHwt )| < oo

t>T,Ce

Hence, by (3. 12) for a given ¢ > 0, there is a Ty > k + 2 such that for T > Ty + k,

SUPyer ez Zt 7 th ) Viir, (Q) Dvesr|| < €/2. Because the Dy, sequence is decreasing,
in this sum, Dy ¢4 > DV7T Hence, for T > Ty + k,

T—k
Z |z (n) Ve (Q) Dvir|| < Z |lze (1) Viey, () Dv,eee| HD;iichVaTH < g (13.1)
t=To t=Tpy

Also for T' > Ty + k, calculating as above, and then using the fact that HD\;,}S:I:I@DVTH <

HDVt:tkH | Dy, 7|, we obtain

To—1
ol ) Vi (Q) Dyvr|| < {ngfg;o_lHDVtikDVTH} Z | (1) Vier, (O) Dvesi|

t=k+1 t=k+1
= |DV"T”{k+1I<r}:iXT HDV"MH} Z e () Vir (€) Dy s
t=k+1
To—1
= ||IDvrll HDVTO 1” Z |z (1) Vs (O) Dvier]| -
t=k+1

Since ||Dy,r|| — 0, it follows that there is a Ty > Ty such that for T > T; + k, we have

tTi;il |z () Viiy, (Q) Dv,r|| < €/2, and therefore, from (13.1), also

Z ||f1:t ‘/t:tk DV7T|| < €.
t=k+1

This establishes (3.13).

13.2. Proof of Lemma 5.1

It follows from (6.3) that 87 (z) converges to 6 (z) uniformly on {|z| < 1}.Since the 7 (z) have
no zeros in {|z| < 1}, the Theorem of Hurwitz (see Titchmarsh, 1939, p. 119), shows that the
same must be true of 0 (z), as asserted. Next, given any 6 € ©;, and any positive, strictly

increasing sequence p; converging to 1, define 7 = (p%%—) . Then since 87 (2) = 6 (pr2),
>0
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we have 67 € ©,, as well as

o N %)
lom =6 =>>(1=rk) 101 < (1=pX) X 10sl+ D 1o
j=1 j=1 j=N+1

for every N > 1 from which HGT — 9”1 — 0 follows.

13.3. Proof of Lemma 6.1

As we mentioned when (6.4) was introduced, under (6.2), the condition (6.4) guarantees that
the compact set © consisting of all limit points of © is a subset of ©,;5. Since the transformation

0 — 6 is continuous on ©;, for ||-||,-convergence, the image set {é NS (:)} is [|-||;-compact.
Consequently, Zji1 ’éj} converges uniformly on this set and therefore on the subset 6. Con-

versely, uniform convergence of Z;’;l éj on O, implies that

—m<ALT,0€0

—1 [e%s)
{_ng\néigee@ |0 (em)|} = sup ‘0 (e”‘)‘ < sup Z ’94 < o0,
J:
from which (6.4) follows.

13.4. Proof of Theorem 6.2

We have
(O‘%{ (0) -« ) 1/2D£_M T

-1
= 1/2234 D&MT<D£MTZ§t IM,D&MT)

t=1

1
= -1/2 Zyt Dg M,T (Dg M, T th [9] Dy, MT) (13.2)

t=1

-1
+T7 12 NZ@ ] D¢, m,r (DgMTth [9] De,m T) ; (13.3)

see (4.3). By (b) and (d) of Proposition 12.1, D¢ a1 23:1 M 1016 6] De arr converges uni-
formly to diag (T3'™ (9), S50, xM [0]2M [0]') a.s. [i.p.], which, is bounded below by

di i f)\min FMM 0)) 1 i f)\min M 0 M 0, I$ 13.4
tag <6H€1@ ( o ( )) X, M, 01161@ <Zwt (6] ;" 0] M, (13.4)

t=1
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where Ix p and I,y denote the identity matrix of orders dim X} and dimz respectively.

By (6.7), infpco Amin (F(I)‘/IM (9)) > 0. We verify that also

. ) M M 1
912({) Amin (; xy 0] 2" 0] ) > 0. (13.5)

Indeed, because S 7o, 2M [0] x} [0]" is continuous on O, failure of (13.5) would mean that

for some 6 € © and some vector ¢ of dimension dim xiw, we have Y2 (dz! [9]) =0, ie.

dzM 9] =0 fort =1,2,... .Since 0y = 1, this yields ¢’z = 0 for t = 1,2, ... in contradiction
0 (3.4). Hence (13.4) is posmve definite.

-1
Now (e) of Proposition 12.1 yields that (Dg MTZt LEM01EM 10) D, MT) converges
uniformly to diag (FMM( ) , (S Mo e)) 1). By Proposition 12.1 again,

T-1/2 EtT:l y: [0)€7 [0) Dea.r, and therefore also the expression (13.2), converges uniformly
to zero a.s. [i.p.]. With Ix y and I, x denoting identity matrices with orders the dimensions of
XN and z¥ respectively, observe that

1/225t DgMT

I
= {)BN 1/21 ]ZDsNT@ o' 10) Dearr

Applying Proposition 12.1 as before and Lemma 12.2, we obtain that the expression (13.3)
converges uniformly a.s. [i.p.] to oV times

{ Ixn O } LM (6) T§™M (6) 7 0
0 0 0 YiZyay O)at [0 (02, 2 (0] = [6])
= diag (C"™ (0), 0) .
This yields (6.8).
Finally, CN¥* () is bounded and continuous on © because this is true of T} () and
MM ()" by (c) of Proposition 12.1 and (6.7).
13.5. Proof of Corollary 7.3

By (c) of Proposition 12.1, T} (1,1, 9) and T}! (1,1,6,0") are continuous functions of § on ©.
Hence the respective minimizers 6 and 0" exist. The 1nequahty (7.22) follows from

I’ (1,1,0,0) <1 (1,1,07,07) <T) (1,1,67,0%),

where the first inequality results from the minimizing property of 6 and the second from (7.19)
with ¢ = CVM (6"). The strictness of either inequality implies the strictness of (7.22). If the
first inequality is not strict but (7.20) holds for § = 6", then the second inequality is strict.
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13.6. Proof of Proposition 9.1

(a) follows by setting V; (T') = £, in Lemma 12.3 and using (3.4) to obtain that Zthl £,6,>0
for T sufficiently large.

For (b), because each 7, ; (h,0)—n; (h,0) is continuous on ©;, by Proposition 3.1(a) of FPW
(2003) and therefore bounded on the compact set © of limit points of ©, and hence also on O,
to prove the first uniform convergence assertion, it suffices to verify

oo t—1

lim sup Z Z |17t’j (h,0) —n; (h,0)| = 0. (13.6)

to—o0 O
0TTR0E8 = =0

From the proof of the Baxter inequality (3.6) of Findley (1991), for any weights v (j), 7 > 0 as
in (d) and for any ¢y = to(f) > 1 large enough that

o0 . N o0 ) 1
Svilel - > v(7) 1651 < 5
Jj=0 j=to—h+1

holds we have, for all t > tg,

t—1

ZV(j) ’nt,j (h,0) — UFi (ha0)|

=0

2 2
[e's) h—1 0o 0o
<9[> vl v ()65 ] | Do v )6 > v(i)Igl (13.7)
j=0 j=0 j=0 j=t—h+1

From the case v (j) = 1, we obtain

oo t—1

D> ey (h6) =, (h,0)]

t=tg j=0

T
L

2
I D]
=0

IN
©
§r
§r

=0 j=0 t=to j=t—h+1
2 2
% h—1 ~ oo oo
= 9[> 16l 16,1 | | D161 S (G+h—to)0;].
j=0 j=0 j=0 j=to—h+1

By (6.2), Dy = supgeg Y-, |05 < oo, for all t > 0, and D; \, 0 as t — oo. By Lemma 6.1,
Dy = supyee o 6] < co. Therefore, for to large enough that DyDy, < 1/2, we have

oo t—1 o)
sup > Y |y (h,0) —n; (0, 0)| <9DFDGsup > (G +h—to) |61,
6e6 [ =5 €0 j—to—nt1
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from which (13.6) follows by the uniform convergence of Z;io(l +7) 10,

To prove the uniform convergence of Y, ‘ Z;;é N5 (h,0) x4 j

’, consider the inequalities

oo t—1 oo |([t—1 oo |[|t—1
Z Z Mt,j (h,0) Tej|| < Z Z |77t,j (h,0) — 1, (h, 0)| Tr—j|| + Z Z nj (h,0) Tt—j
t=to ||j=0 t=to ||j=0 t=to ||j=0

for tg > 1. The first expression on the right is bounded above by

oo t—1

sup [z S Ine (h,0) = n; (h,0)]

t=tg j=0

and so converges uniformly on © by (13.6). To complete the proof of (b), it remains to that
same is true of the second expression.
By (b) of Proposition 3.1 of FPW (2003), 372, |n; (h,0)| is continuous and uniformly

convergent on the larger, compact set ©. Define xg = 0. Because, for a fixed absolutely
summable sequence x = (xt)jZ(J’ the sequence mapping n — 7 *xx = (Z;;é njxt,j)tm

is ||+]|,-continuous on the space I of absolutely summable sequences (nj)j>0, it follows that

{(Zé:(l) n; (h,0) mtij)»o 10 e @} is compact. Hence Y =, HZ;;B ni (h,0)x;
convergent on O.

-1
For (c) it follows from (6.7) and (9.7) that H (Zthl x4 (0) 24 (0)/)

is absolutely

is uniformly bounded.

Thus it suffices to verify

sup
0coe

— 0 a.s. [i.p].

T
TS (0)x, ()
t=1

By Proposition 3.1, this follows from the result supgcg > sy |2 (8)]] < 0o of (b) together with
supgee t /2 [yM (0)] — 0 a.s. [i.p.], which is established by (a2) of Theorem 2.1 of FPW (2001)
and (13.6), by virtue of the asymptotic stationarity of yM.

For (d), we return to (13.7) and use v (¢) < v (j)v (t —j), 0 < j <t to calculate

03 |0y (1,0 =1y 000)) ] < S0 () () ;1,0 (2 5) )
[e's] ~ 2 h—1 ~ 0o 2 0o
<o {supr )1} { v ) vl | [ vl Y vl
2z =0 j=0 j=0 j=t—h+1



From v (t) <v(j)v(t—j),0<j <t again, we obtain

D3 |ln; (h6) ]| < {gggwt)nztn}iu(j)|nj<h,e>|
j=0 2 i=0
h—1 ~ o)
< {supua)nxtn} v () 1651 ) [ v )16
t=1 =0 =0

Hence, (d) follows from

t) Znt,j(h,ﬁ)xt_j Su(t)Z|I(nt7j(h,9 nj(hﬁ Ty j||—|—u ZHnJ (h,0) zy— J||

g{iggu@)xt}(z )10, |> 9(Zu )16 |> (Zu )16, |> +(A u(j)fm)

13.7. Proof of Theorem 9.2
The similarity of (9.11) and (8.4) makes clear that it suffices to consider the case d = 1, i.e.
Wi =Y;. In analogy with the proof of Theorem 7.1, it therefore suffices to prove that

By (67) — B(67)

sup
0*co*

— 0 a.s. [i.p.] (13.8)

and that 7! ZT F VI, (0,T) V! (0,T)" converges uniformly a.s. on © to

,}/z (h,1,6) 0 0
0 Ff (h,1,86) 0
t—1 o
0 0 Zt 1 (Z =0 Mt+k,j (h,0) o p— g) (Z =0"t,j (1,0) x— g)

(13.9)
with .
i (h,1,0) = / e~ A (h,0) (™) n (1,0) () dGy (N),
etc We start with the latter. The uniform convergence of
LS Uk (0,7 UL, T) to diag (vY (hy1,0) , T (h,1,0)) as. [i.p.] follows from (3.18) by
way of Proposmon 5.2 and part (a) of Proposition 2.1 of FPW (2003), which also yield the
Ul (6,T) version of (3.11) and (3.12),

sup Ht_l/QUth (G,t)H < 00 a.s. [i.p]
+>1,0€0

and

lim sup”t 12uh (6,1 H*Ozzs [i.p.],
tA'OOGGO
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because U, (T') has both negligibility properties (2.8) and (2.7). The uniform convergence of
P HZﬁ;}) 0.5 (1,0) mt,jH established in (c) of Proposition 9.1 therefore enables us to apply

Proposition 3.1 to obtain the off-diagonal 0’s in (13.9) and to directly obtain the last diagonal
entry.

For (13.8), it suffices to establish (9.13), which follows by direct adaptation of the arguments
used to obtain (13.9) as a uniform limit to generalize the proof of Theorem 6.2 to the finite-past
case.

Finally, (9.15) and (9.16) follow from an argument completely analogous to the proof of (b)
of Theorem 5.1 of FPW (2003), using (9.14) instead of the corresponding result for the case of
No regressors.
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