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FURTHER ASPECTS OF THE THEORY OF THE MASER* 

K. Shimoda**, T. C. Wang, and C. H. Townes 
Physics Department, Columbia University 

New York 27, New York 

ABSTRACT 

The theory of the molecular transitions which are induced by the 
microwave field in a maser and the effects of various design parameters 
are examined in detail. It is^hown that the theoretical minimum detect
able beam intensity when the maser is used as a spectrometer for the 3-3 
line of ammonia is about 10 molecules/sec under typical experimental 
conditions. Various systematic frequency shifts and random frequency 
fluctuations of the maser oscillator are discussed and evaluated. The 
most prominent of the former are the "frequency-pulling" effect which 
ar ises from detuning of the cavity and the Doppler shift due to the asym
metrical coupling of the beam with the two travelling wave components 
of the standing waves which are set up in the cavity. These two effects 
may produce fractional shifts as large as one part in 10^ . If adequate 
precautions are taken, however', they can be reduced to one part in 10 
or possibly less . The random fluctuations are shown to be of the order 
of one part in lO-*-̂  under tsrpical operating conditions. For molecular 
beams in which the electric-dipole transition is used the TMQ^^Q mode is 
usually the most suitable for the maser while in atomic beams in which 
magnetic transitions are utilized, the TEQ-I-. mode is to be preferred. 

* Work supported jointly by the Signal Corps, the Office of Naval Research, 
and the Air Research and Development Command. 

** Carbide and Carbon Postdoctoral Fellow, 1954-1955; now at Department 
of Physics, University of Tokyo, Tokyo, Japan. 
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I. INTRODUCTION 

A device, which has been called a maser, involving a beam of mole
cules which give microwave amplification by stimulated emission of radiation, 
has already been described and much of the basic theory stated •'•» ^. In the 
following discussion, we have examined in more detail certain aspects of the 
theory involved and explored some effects or conditions which were previously 
ignored or mentioned only briefly. In particular, the effects of saturation and 
of resonant cavity design are considered, and various types of noise and fre
quency shifts of tiie oscillator are treated. 



3 

II. ANALYSES OF THE MASER SPECTROMETER 

A. Induced Emission and Saturation Effect 
A beam of molecules (or atoms) in a certain quantum state passes through 

a resonant cavity tuned approximately to the frequency of transition of the mole
cules. The cavity is excited by a microwave generator through a coupled wave 
guide, which stimulates the transition of molecules and results in emission or 
absorption of microwaves. Assuming a low density of molecules in the beam, 
any direct interaction between the molecules, such as collision, can be neglected. 
The velocity of the molecules is not imiform, but all the molecules may be con
sidered to be in the common microwave field and the emission or absorption waves 
from each molecule are superposed to produce the total emission or absorption. 

Consider a molecule which is initially in state ^ 9 with energy W9 , and 
which is stimulated by a perturbation to emit or absorb microwave energy by 
transition to state ^ -i with energy W-|_. The wavefunction can at any time be 
expressed by 

•p = a ^ + ^ . a 4 / 2 (1) 

As an initial condition at t = t , lag I = 1 and a.-, = 0. The resonant frequency 
of the molecule is 

o -K * 

For simplicity of calculation let us assume that the periodic perturbation 

H' = - E •>*• cos o> t (3) 

is given to the molecule from t = t to t. Here E is the electric field strength 
and juu the dipole moment. The effect of field inhomogeneity in the cavity and 
of the thermal noise field will be discussed later. 

The coefficients a^ and 3.2 as functions of t, CO and E can then be obtained 
by perturbation theory as 

i(i«>-Wo) 
— 9 ^ X / 2 2 t - t o 

a ^ ( t ) = - e ^ ====== sin//{(^-U)Q) + X — , (4) J{U)-U^)^ +x^ 
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and 
-i("-u>Q)t 

a2 = e 
V ^ - ^ 0 / 5 5 t - to / ^—2^-to 
) - smj{(^-t*i^)'^ +x^ — +icosJ(W-^^) +x -^ 

o' -^^ (5) 

where 

x = | ^ 

andyU. is the matrix element between the two states for the component of the 
dipole moment along the direction of E. 

The microwave power emitted from the beam of n molecules per second 
is given by 

A P = n h > ) o | a l ( ^ ) ( ^ (6) 

where L/v is the transit time of molecules with velocity v through the cavity 
of length L. If the non-uniform velocity distribution is taken into consideration, 
Eq. (6) should be replaced by 

n(v) I aiC ^ )j dv. (7) 
o 

A p depends on E , the square of the electric field. 

Assuming a uniform field distribution within the cross-section of the 
cavity resonator 

^2 8Trw ,Qx 
E = " A L ' <^^ 

where A is the area of the cross-section, and W the stored microwave energy. 
To allow for the non-uniformity of the field distribution, this formula can be 
corrected as E A = ^^^^^ ; where e e L 

J / rn ( r ) dBdr i ( r I E{r. 9) 1 ̂  d9dr ,_ . 

® irr|E(r,e)|'^n(r)dedr 
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2 vffr l E ( r . 9 ) ( ^ n ( r ) d 9 d r , „ , . 
TT. = — 7 7 — — > (yb) 
^e j j r n ( r ) d9dr 

and n(r) represents the density of the molecular beam. This assumes cylindrical 
symmetry, and that each molecule travels parallel to the axis so that it remains 
in a constant field. 

Assuming a uniform molecular velocity as in (6), the emitted power may 
be written 

o ^-+e^ AP=nh>^^ 7^-72- s inV^^92 , (10) 

where 

9 TTT h Av 

and 

L S=i^-^o^^ =Tr( :»>-P, )^ . (12) 

Equation (10) shows that saturation of the spectral line becomes appreciable when 

9 ^ 1 , or W > W ^ . 

When the input power to the cavity is so small that there is no appreciable 
saturation, the emitted power is from (10) 

This expression applies accurately only when S » 9 « 1 and for a uniform field 
distribution along the axis of the cavity. It gives a width to the line (frequency 
difference between half power points) of 2 A V = 0. 89 ^ . If the field varies 

TT z 

along the axis as sin -^r— , with z extending from 0 to L, as in the case of a 

TE mode, the line shape is given by 
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Ap^ 
_ i 

cos S 

•(¥-) 
(14) 

which gives the line width 2 A V == 1.19 T- . Equation (10) is not exact in this 
case, but it holds to a fairly good approximation if one takes, instead of (11) 

Wc = 
u 2 , 2 h Av 

64F/i2L 
(15) 

B. Detection of the Emitted Power 
Consider a high-Q cavity resonator which has an output waveguide with 

coupling represented by Q]^, and an input waveguide of coupling Qg . The beam 
of molecules is admitted into the cavity through another hole parallel to the axis 
of the cylinder. With the available power, Pg^, in the input waveguide, the 
stored energy at the resonant frequency in the cavity is 

9 (-\^ 

^= fy Q2 P^ (16) 

where Q is the loaded Q of the cavity, 
molecular beam is given by 

The output power in the absence of the 

27r>'w 
Q 

ia: 
1 Q1Q2 a 

(17) 

In the presence of the beam the increase of power in the output waveguide due to 
induced emission can be calculated as 

A P o ^ f ^ P ' (18) 

assuming that the emitted power is small compared to the loss in the cavity. 
3 

Since the signal power to be compared to the noise power is 

>2 

^P^ 
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the minimum detectable number of molecules per unit time, n^^^^, can be 
calculated from the following condition. 

Q (APmin) ^pkTAf . (19) 

Here F is the over-all noise figure of the detector and amplifier, A f their 
effective bandwidth. From Eq. (10) and (19) with CO = w^ , one obtains 

Q l /PoFkTAf 
" % i i n ^ , I . 2 Q Qhvsm 9 

= Q , y S j27ryWc* FkTAf 
s"i7e' Q * hy~ • 2̂0) 

The optimum condition of the operating power level and couplings of waveguides 
can be evaluated by differentiating Eq. (20). This gives 

tan 9 = 29 , 

which shows that for optimum sensitivity 

9 = 1.16, W=1 .35W^ (21) 

and 

9 
• 2o sm 9 

1.38 (22) 

The highest sensitivity can be obtained when the cavity is designed for minimum 
value of Oil/Or • Assuming QQ , the unloaded quality factor of the cavity, to be 
constant, the minimum value of Ql is 

Qi 2 1 1 
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As will be shown later, the available input power of the order of milliwatt is 
much larger than the power in the cavity in most cases, so that Q2 » QQ • 
Hence 

Q 2 QO 
2 _ ^ , (^^c± Q ^ - 2Q, (24) 

for the optimum coupling. Then the minimum flow of molecules per unit time 
which can be detected is given by 

^ ^ 6 ^ 2 /Wc* FkTAf 

Y /""A 

" °- ̂ ^A J%Ly />/FkTAf , (25) 

using Eq. (11), (20), (22), and (24). 

If a cavity resonator is coupled by only one waveguide and one observes the 
change of power reflected from the cavity, the condition for the optimum coupling 
should have the same form as Eq, (24), resulting in the same equation for the 
optimum sensitivity. 

As a specific example, consider a spectrometer for ammonia. The 
average velocity of molecules at a temperature T is given by kinetic theory as 

V 
^ Imr ^ ^4 55^ jX^ cm/sec , 
Jw 

where M is the molecular weight, and R the qas constant. Letting M = 17 and 
T = 290° K this expression gives v = 6. 0 x 10^ cm/sec . For the 3-3 line of NH3, 
y' = 2.4 X 10̂ *̂  c. p. s. andyu. = 1 x 10"!^ c. g. s. The design of the cavity will 

be discussed in the following section, but the following values are taken as typical. 
Putting A = 1 cm"^, L = 10, one obtains for the 3-3 line of ammonia 

W(, = 6.4 X lO'-'--'- e rgs . 

The optimum energy in the cavitv is then found from Eq. (21). Using values 
Q^ = Q^ = 10^ , and Q = 5 X 10^, the net power flow from the cavity is 

P = 2 ] ^ ^ =0 .97 X lO"''' Watts. 
' 0 Qi 
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Thus, optimum sensitivity is reached with a very small flow of power. 

To evaluate the spectrometer sensitivity, let us take an example of 
F = 100, Af = 10 c . p . s . and kT = 4 x 10"^^ ergs . Then Eq. (25) gives 

9 -1 
t t . = 3.4 x 10 sec 

mm 

13 
Since the nuniber of molecules focused into the cavity may be as much as 10 
to lO-'-'* sec " , a signal to noise ratio of 10'̂  to 10° can be expected for the 3-3 
line of ammonia. This theoretically expected sensitivity of the maser spectro
meter has been demonstrated experimentally by observation of the magnetic 
hyperfine components of the qioadrupole satellites with a signal-to-noise ratio 
of 10 to 100, using an amplifier band-width of 40 c / s . A further estimate of the 
practical limit of sensitivity will be given below, after a discussion of cavity 
design. 

C. A Figure of Merit for Cavity Resonators 
Consider now the effect of cavity design on the strength of coupling be -

tween molecules and the electromagnetic field, or hence, on the spectrometer 
sensitivity. Equation (25) shows that it is not simply QQ which determines the 
sensitivity but Q o ^ . The threshold condition for an oscillation to occur is 

A 
also determined by the same factors. Furthermore, if the mode number n 
al(Mig the axis is not zero, but imity, the resonance line is broader by a factor 
^ , and the coupling between molecules and electromagnetic field correspond
ingly decreased. Hence a figure of merit M of the cavity resonator for producing 
induced transitions may be defined as 

A 

for n = 0 or 1. 

M = ^ ( ^ ) (26) 

Because Q^ is roughly proportional to the radius, a , of the cylindrical 
cavity resonator near cut-off, while A is roughly proportional to a2 , the largest 
values of M is expected in the lower modes of resonance. Therefore, values of 
M are computed and compared for some of the lower modes. The results for a 
cylindrical cavity with L = 12 cm and a wavelength of 1,25 cm are shown in Table I. 
In this table 6 is the skin depth multiplied by the specific permeability yu. of the 
wall material 
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Here T" is the electric resistivity. For copper at a frequency of 2. 4 x 10 , 

£ =4 .27 X 10"^ cm. (28) 

Table I. Calculated values of parameters for cylindrical cavity resonator. 

L = 12 cm, X = 1. 25 cm 

Mode 

™iii 

^ ' ^ l O 

^%u 
^^211 

^^011 

radius, a 
in cm 

0.37 

0.48 

0.48 

0.61 

0.76 

Narrow Beam 

Ae/7ra2 

0.48 

0.27 

0.27 

o o 

OO 

M;e 

12.2 

28.4 

22.2 

0 

0 

Broad Beam 

Ae/7ra^ 

1.00 

1.00 

1.00 

1.00 

1.00 

Me 

5.9 

7.7 

6.0 

2.9 

4.1 

Qo 

6,100 

10,800 

10,400 

8,100 

17,800 

The third and fourth columns in Table I assume a sharp narrow beam 
entering the cavity along its axis. The fifth and sixth columns are for a uniform 
intensity of beam throughout the cross-section of the cavity. The actual values 
lie somewhere between these two extreme cases . The table indicates that the 
TMQ-J^O î aode of the cylindrical cavity is the best with a figure of meri t about 
three times that for the TEQ-I-i mode, which was used in most of the experiments 
reported ear l ier •'•> 2 . 

Table II. Calculated values of parameters for rectangular cavity resonators. 

L = 12 cm, X = 1. 25 cm. 

Dimensions 
Mode a (cm) b (cm) 

T E Q ^ ^ 0.63 « 0 . 6 3 

T E Q ^ ^ 0.63 0.31 

T E Q ^ ^ 0.63 0.63 

TM^^Q 0.89 0.89 

Narrov 
Ae/ab 

0.50 

0.50 

0.50 

0.25 

/ Beam 
Me 
15.4 

15.5 

10.3 

26.0 

Broad Beam 
M C Qo 

7.7 

7.8 

5.2 

6.5 

« 5,000 

3,700 

4,900 

10,100 
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Similar results for rectangular cavities with cross-section a x b are 
shown in Table II. Although the TEQ]_]_ mode in the rectangular cavity has a 
fairly large value of M, it should be noted that it is obtained with a small c ro s s -
section. When the focused beam of molecules is not rather sharp, the value of 
M is counter-balanced by the loss of the beam. For a uniform beam of very 
large cross-section, M times the cross-sectional area of the cavity is , in fact, 
a more appropriate figure of merit than M itself. Hence for a rectangular guide, 
the TM-^-^Q mode is probably preferable in most cases. This cavity is also con
venient since the resonant frequency may be tuned by changing the width, a or b . 

A cylindrical TMQIO cavity for the 3-3 line of ammonia and a tunable 
TM]̂ ;î O i^ode rectangular cavity were constructed and tested. The holes to 
admit the beam of molecules were about 8 mm in diameter in both cavities, 
but the leakage of microwave energy from them was practically negligible 
compared with the losses through the waveguide and in the cavity walls. The 
cylindrical TM cavity was constructed for a maser oscillator and found, as may 
be expected from Table I, to produce oscillations with a flow of molecules about 
three times smaller than the minimum required for a TEQ^^J^ mode with the same 
Q. The rectangular TM cavity was constructed to be tunable in the range from 
22, 500 Mc/s to 26, 400 Mc / s . It had one waveguide with nearly optimum coupling, 
and the loaded Q was measured to be near 4000. This value is only a little lower 
than the expected value of loaded Q ( i QQ ). It was found that a rather precise 
parallelism of walls is required for ^ large value of Q. 

Increasing the length of the cavity will decrease the line width and 
increase M and sensitivity. However, the longer the cavity, the closer the 
resonant frequencies of the different axial modes and the more parallel s tream 
of molecules is necessary. By the proper choice of coupling or by other devices, 
some modes can of course be suppressed. 

An estimate of the practical limit of sensitivity of a maser spectrometer 
can be made with the following conditions. Using the TMp-j^Qmode of a cylindrical 
cavity resonator made of copper, one obtains A = 0. 5 c m ^ a n d QQ = 10'* with 
L = 20 cm andV = 2. 4 x 10^"^ c / s . Equation (25) then gives 

U . = 5.4 X lO'̂  sec'-^ 
mm 

for the 3-3 line of ammonia, if an amplifier with F = 10 and M = 0.1 c.p. s. is 
used. Decreasing the velocity of molecules by reducing the temperature Tg of 
the source can increase the sensitivity slightly since n^^j^ is proportional to 
V and, therefore, Tg 1/2 from Eq. (25). Also, cooling the cavity will increase 
the sensitivity by increasing Q^ .̂ 



" / 
th 

FIG. 1 

n The amplitude of oscillation, 9 = / ^ c ' versus — as given 

by equation (31). The dashed line shows a crude estimate for 
non-uniform velocities. 
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m . THEORY OF THE MOLECULAR OSCILLATOR 

A. A Simple Theory of the Maser Oscillator 
If a large number of molecules in the upper energy level is focused into 

the cavity resonator, a self-sustained oscillation can be obtained. The power 
loss from the microwave oscillation in the cavity is compensated by the emitted 
power from the molecular beam. This condition is given by the following 
formula, using Eq. (10) at CO = ^Q , 

k - ^E = nh sin^9 
Q " ^ w 2TrwQ ~QT~ • ^̂ ^̂  

Because ^ — 1 for small values of 9 , the threshold rate of flow of 
92 

molecules, n^-ĵ , required to build up osciUation in the cavity is 

2 
2TrWc hv A 

"Mh = ^ ^ = —9^:T5 • <30) 
Qh 4TrV LQ 

If n molecules enter the cavity per unit t ime, Eq. (29) may be written 

IV 92 
V • (31) 

^ t h sin'^O 

Figure 1 shows how the oscillation amplitude or the square root of W varies 
with n from Eq. (31). The output power P Q is of course proportional to W, 
being given by 

The electromagnetic energy W in the cavity approaches a saturation 
value Wg .̂, when the intensity of the molecular beam is increased. From 
Eq. (31) this occurs when 9 = TT, or 

^,^,'Tr\- (33) 
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The output power saturates at the same time. For typical conditions such as 
those described in Section E-C above, the output power at saturation is about 
10"^ watts. However, more power can be obtained, even if such saturation 
occurs, by increasing the output coupling (decreasing Qj^). 

For a certain intensity of the molecular beam the output coupling to get 
maximum output of molecular oscillation may be calculated by eliminating 0 in 
the following two equations 

tan 9 _ 1 ^ Qo 
e Ql ' 

sin29 ^ 2TrWc (34) 
29 nQQh 

These expressions come from using Eq. (29) and (32) and optimizing P Q with 
respect to Qi . Using optimum coupling given by Eq. (34), the maximum output 
power can be calculated as 

Po, max Q. 
"^ . (35) 

Although expressions (34) and (35) apply accurately only for the case of uniform 
velocity, they can serve as qualitative guides for the case of a distribution of 
molecular velocities. 

If the velocity distribution is taken into account, the stored energy W and 
the output power would continue to increase with increasing the intensity of the 
molecular beam instead of reaching a saturation value. When molecules with 
different velocities are put in a common electric field, the induced emission from 
all molecules is superimposed. An estimated curve for the beam of molecules 
with non-uniform velocities is shown by the dashed curve in Fig. 1. 

Experimental tests of a maser oscillator were made using ammonia 
molecules in the 3, 3 state and a cavity of Q = 12,000 operating in the T E Q I i 
mode. The minimum focuser voltage required to s tar t oscillation with a 
source pressure of 6 mm Hg was found to be 11 KV. For a TMQI^Q mode cavity 
with Q = 10, 000, the minimum focuser voltage for oscillation was 6. 9 KV at the 
same source pressure . At a source pressure of 1. 2 mm Hg, the critical focuser 
voltage was 15 KV for the same TMQ]_Q cavity. Since for a fixed source pressure , 
the number of molecules entering the cavity is roughly proportional to the square 
of the focuser voltage •'•' 2 ^ the above results show clearly that for the TMQXQ 
cavity, the threshold number of molecules, n^-j ,̂ was about three times smaller 
than that for the TEQ^^Q cavity. 
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The threshold intensities of ttie molecular beam calculated from Eq. (30) 
are n ĵ̂  = 4 x 10^3 ggc "^ and Ix 10^3 ggc ~ for the TEQ-|̂ ;Ĵ  and TMQXQ cavities 
respectively. The ratio of these two numbers agrees reasonably well with the 
above resul ts . The actual number of effective molecules per unit time in the 
experimental apparatus at a source pressure of 6 mm Hg and focuser voltage of 
15 KIV is hence probably close to 

n = 5 x 10^^ sec"^ . 

This number is also consistent with estimates from the amount of total flow and 
directivity of the beam from the source. 

B. Frequency Deviation of the Molecular Oscillator 
Frequency shifts and noise in the molecular oscillation can be analyzed in 

detail by the method shown below. F i rs t the oscillating induced dipole moment 
of the molecular beam is calculated, assuming the electromagnetic field in the 
cavity. Secondly the electromagnetic field generated by the oscillating polariza
tion of molecules is calculated and finally the assumed field and that generated by 
the molecules are made consistent, or equated in case there is no noise. In this 
section the noiseless case is treated. 

The dipole moment of a molecul e in the beam at anytime is 

2=/lf'^t d r = a 2 a ^ ^ 2 ^ e ^ + a ̂ 3^2^12^ > (36) 

where it has been assumed that <|; has the form (1). With the perturbing field 
given by (3), the dipole moment of a molecule at z = v(t - to) is , using (4) and 
(5), 

+ ~ ^ • s i n ^ / A ^ .0})^+x^ ^ i l i o ^ ] + complex conj. (37) 

2i iwt -̂ L* -iA)t 
= yZ'e + -ti e 

The oscillating polarization density, P(z)j produced by molecules in the beam 
is given by 
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P(z)=^^f(z). (38) 

The electric field E generated by the oscillating polarization may now 
be calculated. The polarization is small enough that it may be considered as 
a small perturbation of the normal mode of oscillation of the cavity, or of the 
distribution of electric field, En . In this case, the frequency and the quality 
factor Qjĵ  for the cavity with the molecular beam can be calculated from a 
result given by Slater for a cavity containing a microwave current 

^ m «^c Q fE'E^dv 

Here gTr is the resonant frequency and Q the loaded quality factor of the cavity 
without the beam. The electric field and polarization are exgyessed b^ the 
complex vector quantities E cos uit = i E e^"^ + i E e'^^ = E e i » ^ + E * e "i**" 

and P = P e •"• + P e "•'•' . Actually E and P are parallel in the case considered, 
so that vector rotation is not important. 

For a stationary state of oscillation the damping should be zero and Qĵ ^ 
should be infinity, so that (39) becomes 

^ c / E ' E * d v 

If the distribution of the polarization in the cross-section of the cavity is p ro 
portional to the field distribution of the resonant mode, the following equation 
is obtained from the TMJJ^J^Q mode. 

P (z) dz 
(41) 

JP-E^dv fj P(z)dz 

s E * Ejj dv E 

If the distributions of P and E in the cross-section are different, the above 
equation does not hold exactly, but the discrepancy of the distributions usually 
causes only a slight deviation from Eq. (41). Therefore the following result 
is obtained, assuming Q ^ " ^ c «^ 1 , 

0) 
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L 
i E = - i ^ ( 1 . 2 i Q . I - - : i i r ; jriz)dz. (42) 

Using Eq. (38), (42) may be written 

L 
(z) dz . (43) U-..^^a.2n±^yhi 

vAL ^ CJQ 

Since p(z) has been given as a function of x = / ^ , the condition of stationary 
oscillation is obtained from Eq. (43) and (37) as 

x ^ 4 T r ! ^ ( 1 . 2 i Q ^ - ^ c ) 
2 vhAL 4) 

c 

x 
V(^-&J, 2̂ „2 

for A 3 - ^ ^ « X. (44) 

From the real part of Eq. (44), the amplitude of oscillation E = ^ 
P TIT T X 

can be obtained. Remembering that 9 = -^^ , or 9 = ^ from equations 
W Q̂ ^ V 

(8) and (11), Eq. (31) can be thus obtained when CJ = 0)^ . 
If W - fc) is considerably smaller than the line width (6) - tJ© « -

U ^ ' • u • K" L 

OT U) ' €J « X since x is comparable with v/L) , ^ ( 4 J - < I ) Q ) ' ^ + X'^ can 
be approximated as x and the imaginary part of Eq. (44) gives 

L 
2Q ~ - " ^ c / sin ̂  zdz + o / (1 - cos ^ z)dz = 0. (45) 

Integration of Eq. (45) gives 

^ - ^ / x 6).(,y r X 
2. / sin - zdz + o / (1 - cos - z)dz = 0. 

V 
* ^ - ^ o o^ L 1 - cos 26 U)^-id 

If the Q of the line is defined by 



FIG. 2 

A curve for U = ^ " ' ^ ^ ^Q ' ^"^^^ ^̂ ® dependence of frequency 
1 - 29 

pulling by cavity tuning on the amplitude of oscillation 9, See equation 
(48). 
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L 
^ e ^ 2 ^ = (5789^ ' ^̂ '̂ ^ 

then Eq. (46) shows that the fractional deviation of the frequency of the molecular 
oscillation is 

^ - ^ 0 

^ 0 
Q£ 2-8 

1 - cos29 
I _ sin29 

29 

^ c - ^ 0 

^ 0 
(48) 

This is similar to the expression previously given for "pulling" of the oscillation 
by the cavity 2 , However, it is more complete in allowing for saturation of the 
molecular respcnse. If the oscillation is weak so that saturation does not occur, 
9 « 1 and Eq. (48) reduces to 

^ = 1 . 0 7 ^ ' 
4)n QP *~0 ' 0 

65 • (49a) 

Or, under more normal conditions where 9^^ — , Eq. (48) is 

The effect of saturation on frequency deviations of the above type is 
shown in Fig. 2. Since the factor ( i _ cos 2 9) ( 1 - a | ^ ) "•'• decreases with 
increasing 9 , the frequency deviation will decrease with increasing beam 
intensity. This may well be the origin of frequency variations with source p r e s 
sure and with focusing field which have been observed. Both of these vary the 
number of molecules entering the cavity, and hence vary 9. Qualitative features 
of the observed variations agree with what may be expected from Eq. (48). However, 
it must be remembered that in deriving the precise form of Eq. (48), it was assumed 
that molecules of uniform velocity flow through the cavity and that the saturation 
does not depend on the distance of the molecules from the axis. Neither of these 
assumptions are strictly correct . 

p. 
Bassov and Prokhorov have indicated that if the "natural frequency" of 

the resonator is tuned to the center frequency of the spectral line, the-frequency 
of molecular oscillation will be shifted by 

a)-£o. « ^ 
^ o 2.QQ, 
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It may be worthwhile to note that this type of frequency shift i s , however, just 
due to the change of resonant frequency of the cavity by damping, since 

1 
c nat ^̂  2Q'̂  ' ' 

where C^ ^^^^ is the "natural frequency" used by Bassov and Prokhorov, and Cd ^ 
is the actual resonant frequency as ordinarily measured. A frequency shift of 
j y — in the cavity pulls the frequency by the amount Sil— . Hence if the 
2 Q 2 2QQJ^ 

actual resonant frequency is tuned to the frequency of the spectral line, there is 
no shift of the frequency of oscillation as indicated by expression (48). 

There are several other tjrpes of systematic shifts in the frequency of 
oscillation. They include shifts due to unbalanced travelling waves in the cavity, 
changes in the resonant frequency of the cavity due to the polarization or dielectric 
constant of molecules in states other than those of interest, the effect of molecular 
collisions within the cavity, and also shifts due to Stark and Zeeman effects. Some 
of these will not be examined in much detail, since they are usually considerably 
less important than the "pulling" due to the cavity which was discussed above. 

The frequency shift caused by the presence of travelling waves in the 
cavity which produce a net flow of power in one direction may be regarded as a 
type of Doppler shift. Thus if there is net power flow along the length of the 
cavity in the direction of the molecular velocity, the oscillation frequency may 
be expected to increase, since the frequency experienced by the moving molecules 
tends to correspond to the fixed molecular resonance frequency. Conversely, if 
there is a net flow of power in a direction opposite that of the molecular motion, 
the oscillation frequency should be somewhat decreased. The amount of frequency 
change due to travelling waves can in fact be approximately calculated by making 
a Fourier analysis of the apparent frequencies seen by the moving molecules. 
However, in order to be consistent with the formulation developed here and to show 
roughly the effect of saturation, this frequency shift is calculated in another, per 
haps less transparent, manner. 

When a small fraction of unbalanced travelling waves are present in a 
TMQ-I Q cavity, the electric field may be written 

E = E cosdJt + E-ĵ  cos ((i>t - iS z) ^ (EQ + Ej^) c o s ^ t + E^/3z sinwt, (50) 

where E-|̂  « E Q , ^ L « 1, and E^ cos (**t - ^ z) represents a flow of microwave 
power along the cavity in the direction of the molecular velocity, i . e . the positive 
z direction if E-^p and EQ have the same sign. The oscillating dipole moment of 
the molecules in the cavity due to the stimulating field given by (50) may be ex
pressed as 
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A/ 10 i ^ i4i>t 
-fZ e +t^i ® + complex conj. 

Here -jt is the dipole moment produced by the field EQ and -/ii the small 
change in dipole moment due to E x • Allovdng the electric field produced by 
the polarization of molecules in the cavity to equal the presupposed field (50), 
one obtains in analogy with equation (43) 

H - ^ I - ^ A J = &[^-^'^^J/<k^fi)^ (51, 
* .o 

where X = ^(fi and X. = EiJ*- . 
IT "T^ 

The frequency of oscillation may be obtained from the imaginary part 
of equation (51). If tiie cavity frequency CO is tuned very close to the oscil
lating frequency CJ , the terms in 6) - Ci^ may be neglected and the imaginary 
part of (51) is, to a good approximation, 

L 

Now PQ is obtained from (37) as 

(52) 

Reif^) = JJL ^±1^ sin^ I (t - to) , (53) 

and p. can be calculated by a perturbation calculation similar to that given in 
m-C. For this purpose, equation (67) has to be replaced by (50); then p can 
be obtained from (78) by substituting xx and -X;̂  ^'^'^ ^°^ x^ and x^ respect
ively in that equation. One obtains 

77 X 
Re(f2^) = ^ r ' ^ v L ( t - t o ) s i n x ( t - t Q ) 

I s in2x(t - t Q ) j . (54) 
X 2 

Using (53) and (54), equation (52) can be rewritten as 

4 "̂ -th I? "^t^lM ° X r ^ V o' 

+ - i ^ v ( t - t o ) sinx(t-tQ)jdto 
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Lx After integration the following equation is obtained, using 9 = " ^ 

X ' HtVi •- ^ y X ' 

Using —— as given by equation (31), the fractional deviation of the frequency 
of oscilmion is 

^ - ^ o XX 2 £ v r 9 sin^9 -i ,... 
-77— = IT ^ L ^ ' 29 - sin29 J * ^̂ ^̂  o 

The travelling waves in the cavity may be considered to be due to the 
loss through an output coupling hole at one end of the cavity with a value of Q̂ . 
which can be shown to be 

r. " ^ 2ir2L X. 
^' S ' ^p XI • 

p 
because the stored energy is W = KLX , and the power flow S is given by 
S = 2K - ^ p - XX-, . Using this Q,. and Q- given in (47), (55) becomes 

' 0 

^-^0 2r 1 L^ f i Qsin^9 n 
fe[i-|#^2e]- <^« 

^o 0.89 QtQe ^ 

It should be noted from Eq. (55) that the sign of the shift reverses, if the 
velocity v of the beam changes the sign, or hence if the direction of power flow 
due to the travelling waves reverses with respect to the molecular velocity. For 
small saturations, 9 « 1 and the bracketed factor in (55) or (56) is 0. 25. For 
9 = Jni , it is 0. 5. In a real oscillator, there is of course a distribution of 

2 
molecular velocities and of effective values of 9. However, as an approximation, 
the bracketed factor may be assumed to equal 0. 5, which gives 

^ - ^ o ^ 3 ^ L 2 . 

^o QtQt ^ 

This equation shows that the closer the output coupling the larger will be the 
frequency shift. The shift given by (57) may be seen to have roughly the same 
form as the shift mentioned by Bassov and Prokhorov and discussed above. 
However, it has a quite different origin. 

(57) 
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Assuming the values, L = 10 cm, X = 1. 25 cm, and Qi^ = 4 x 10 , the 
fractional frequency shift produced by the travelling waves is about 2 x 10"^ for 
Q^ = 3 X 10 . If the loaclimpedance changes by 10 percent, a change in frequency 
of about two parts in 10 will be produced. The frequency shift caused by the 
output coupling can be very much reduced by placing the coupling hole just half
way between the two ends of the cavity, so tiiat travelling waves progress from 
both ends of the cavity symmetrically. 

In addition to the effect of the asymmetrical location of the output coupling 
holes described above the variation of the molecular emission along the length 
of the beam in the cavity will give r ise to corresponding unbalanced travelling 
waves and, therefore, a corresponding frequency shift. A shift of this kind will be 
of the same order of magnitude as that due to the asjnnmetrical coupling of the 
output hole since the power emitted from the molecules is of the same order of 
magnitude as the output power. The molecular transition probability is connected 
with p and P̂ ^ in Eq. (53) and (54) which vary along the length of the cavity. How
ever, m obtaining the result given in Eq. (56) the molecular emission is effectively 
averaged over the molecular path in the cavity. A detailed analysis of the frequency 
shift due to variation in beam emission has not been made. However, it should be 
noted that when little saturation occurs, the molecules deliver most of their energy 
toward the end of their path in the cavity, whereas for the highly saturated case, 
most of the energy is delivered near their entrance into the cavity. Thus the power 
delivered by the molecules flows in one direction for little saturation, and in the 
reverse direction for high saturation. In some intermediate condition, the fre
quency shift due to variation in molecular emission should be zero. A frequency 
shift due to this type of travelling waves could be reduced considerably by sending 
two similar molecular beams into opposite ends of the cavity. This method, with 
the output coupling at the middle of the cavity, woiild probably reduce frequency 
shifts due to travelling waves to considerably less than one part in lO-'-'-', depending 
on the accuracy of the summetry. 

Consider now the change in resonant frequency of the cavity due to the 
presence of ammonia molecules in states other than those between which the 
desired transition takes place. The change in dielectric constant at frequency 
y , due to the presence of other rotational state is given by 

Ae=z£!iaUii'T^ , (58) 
i 3h ' ' ^->^i 

where Ni is the density of the molecules in the i"^ rotational state in the cavity, 
JUL ^ the matrix element of the molecular dipole moment, and >̂  ^ the inversion 

frequency of the i^^ rotational state. Since the only molecules which are focused 
are those in the upper inversion state, the contribution of molecules in the lower 
inversion states is neglected in the above expression. The effect of the 2,2 line 
on the frequency of the 3, 3 line is considered as tjrpical, since it is the nearest 
strong line. For an intensity of the molecular beam which is about ten times the 
threshold value for molecular oscillation at the 3, 3 line, the change of dielectric 



24 

constant due to the 2, 2 line is estimated as A£(2 ,2 ) = 8 x 10"^ . In this 
estimate, / i - i = 1 debye, V - v'^ = 1. 5 x 10^ cps and N^ - ^ = 4 x 10^ 

cm" are used. Then the resonant frequency of the cavity is shifted by 
- i A £ , and the frequency of oscillation will be effected by about one part 

11 in 10 . A precise calculation of this frequency shift of course requires a 
summation over all rotational states. However, its approximate magnitude is 
indicated by considering only the 2, 2 state, which produces the largest shift. 

It is difficult to isolate the aforementioned frequency shift experimentally, 
since the simultaneous existence of various states in the cavity cannot be p r e 
vented. However, if the relative population of these states are changed, a 
small frequency shift might be expected. Since the focusing efficiency is a 
function of the rotational state as well as the focusing field, fluctuations in 
focuser voltage of ten percent may give r ise to frequency shifts of about one 
part in lO''-^ due to changes in dielectric constant of gases in the cavity. 

When ammonia molecules interact with each other the inversion spectrum 
is modified, which produces the usual pressure broadening. In addition to a 
broadening of the inversion transition, there may be a frequency shift of the 
center of the line which is proportional to the pressure broadening. Such a 
shift has not been observed for any microwave line, and for the inversion 
specttum of NH3 it has been shown to be less than a few percent of the line 
width . However, in principle some shift of this type must occur. An upper 
limit for the resulting effect on the frequency of a maser oscillator can be obtained 
by assuming that the resonance width of molecules in the cavity is broadened by 
about ten percent due to collisions with other molecules in the cavity. The 
pressure broadening is probably less than this in most cases , and the maser 
would ;not oscillate very well if it were much larger . Assuming a resonance 
width Q^ :2:i 5 x 10 , the upper limit for the fractional shift is then a few 
one-thousandth of -—L-rg , or a few parts in 10 •'•̂  . An additional type of 

frequency shift by molecular interaction which is proportional to the square 
of the pressure has been observed, but this is quite negligible for the p r e s 
sures used in the maser . 

Every spectroscopic frequency is affected to some extent by electric or 
magnetic fields; these effects are referred to as Stark or Zeeman effects respect
ively. Stark effects in the inversion spectrum of NH3 have been discussed in a 
number of places . They shift the inversion spectrum and disturb the coupling 
of the various nuclear spins to the molecular rotational motion. The uncoupling 
of nuclear spins is to a good approximation identical in the upper and lower in
version states, so that it does not shift the frequency of transitions which involve 
no change in the hyperfine states , and on which the oscillation frequQjicy depends. 
The fractional change in frequency is hence approximately ( ^ ^ "̂  where E • 

^ hv' -̂  
_ '•'^^ o 

is the field strength in e . s . u . , /^ the dipole matrix element, V^ the inversion 
frequency, and h is planck'-s constant. Specifically, the fractional frequency 
shift for the most sensitive component (Mj = 3) of the NH3 3, 3 line is very close 
to 10" E^2 ^ where E^ is in volts/cm. Thus if surface charges or varjnug contact 



25 

potentials within the cavity produce field strengths as large as 1/30 volt /cm., the 
resulting fractional change in frequency is about 10" 

"Firs t -order" Zeeman effects split each hyperfine component of the in
version spectrum of NH3 by approximately gj>^nH where gj is the molecular 
g-factor, jx.^ the nuclear magneton, and H the magnetic field in oerstads. In 
terms of frequency, this is about 1 kc/sec per oersted. The splitting is sym
metric about the undisplaced transition, and hence for small H it corresponds 
only to some broadening of the line without a shift of its center. 

"Second-order" Zeeman effecte do shift the l ine center by a fractional 
amount which is roughly ( ^ J ^ n ^ ^ ^ , or 2 x 10" •'-̂ H^ , where H is again in 

^ h y ^ ^ 
oersteds. Such a shift is usually negligible. It is about 10 times smaller than 
similar effects in atoms such as Cs, since the molecular magnetic moment is 
of the order of a nuclear magneton rather than a Bohr magneton. Part ial un
coupling of the nuclear spins from the molecular rotation occurs in molecules 
subjected to a magnetic field, but as in the case of Stark effect this does not 
change the frequency of oscillation because the transitions of interest involve 
no change in hyperfine energy. 

F i r s t -o rder Zeeman effects can shift the frequency of oscillation if the 
oscillation does not occur very near the resonance frequency. For, if the cavity 
is tuned off resonance to a frequency >>(,, the oscillation frequency is "pulled" 
by approximately 

from expression (49). If the magnetic field H changes a small amount, there is 
an incipient splitting which changes the line width slightly, and hence changes 
Q Q and A V . This effect can be minimized by tuning so that 2^^ = VQ , and 
ca% in fact be useful as a test for the condition V = ^ r>> when oscillation 
should occur very near resonance. o 

C. Random Noise in the Maser Oscillator 
Two kinds of effects give random fluctuations in the output of a maser 

oscillator: one comes from fluctuations in the number of molecules in the beam, 
which may be called "shot" noise, and the other from random fluctuations of the 
fields inside the cavity due to thermal noise and to "zero point" fluctuations. We 
shall consider first the shot noise. 

Let the number of molecules which may radiate and which enter the cavity 
in a time interval t be 

N =nt 



26 

The fluctuation in this number is then V/N = v/nt. The output of the maser 
oscillator is 

P o = K n h y , ^^^^ 

Ql where K depends on 0 and —i , but is normally of the order of unity. The shot 
effect may hence be expectecr to produce an average fluctuation in power during 
a time t of approximately 

y^2.K^.K.vyf 

The fractional fluctuation of amplitude of the electric field E is , from (59) and 
the above equation 

I. 

It must be remembered, however, that the field strength cannot change much 
more rapidly than the time required for a molecular transition to occur, or than 
the inverse of the frequency width of the molecular response. This time is 
approximately 

r = ^ - ^ . (61) 

In a typical case, it has a value 'C = \C) sec. and n = 10 sec "•'•, so that the 

fractional fluctuation is at most ^ " ^ c^ 5 x 10" which is small enough to 
E 

usually be negligible. The smallness of this fluctuation results from the large 
number, i . e . rim = lO-*- ,̂ of molecules in the cavity at all t imes. 

In addition to an amplitude fluctuation, there is a phase fluctuation during 
the correlation time tf of the oscillation which is approximately equal to the 
fractional change in amplitude, or 



27 

Such phase fluctuations which occur during each correlation time add together in 
a random way to produce a root mean square phase change of 

^ -MF'- 2̂ yF' 
after a time interval t . Hence the fluctuation of frequency is obtained by using 
(59) and (61) as 

(63) 

The magnitude of frequency fluctuations due to this effect will be shown below to 
be considerably smaller than that due to thermal noise at normal temperatures. 

The molecular oscillator builds up initially from the thermal noise fields 
present in the cavity. During the stationary state of oscillation, thermal noise 
in the cavity shifts the frequency and amplitude of oscillation in a random manner. 
Although the precise behavior of thermal fluctuations in the cavity depends on the 
presence of molecular beam amplification, a rough estimate which ignores the 
effect of saturation of the beam will first be described. 

Assuming that the noise power, kTAf, is independent of the oscillation in 
the cavity, the average fractional fluctuation of amplitude and phase of the molecular 
oscillation is approximately 

^^y^-y^, (64) 

where A f is determined by the length of the time t used for measuring the fre
quency of the oscillator. When the frequency is observed during a time interval 
t, the transfer function, that is the frequency characteristics for the frequency 
modulation noise fluctuating at a frequency f, is proportional to 

-XT sinT-^t 

This transfer function gives the effective bandwidth of 

1 
A/ ^ r (65) 
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From (64), (65), and (61) the fractional fluctuation of the frequency of oscillation 
due to thermal noise is 

VAo) 
^ ' '̂̂  (66) 

^o SQgVpot 

The maximum frequency fluctuation which can occur is iomd by setting tecn^al to 
the minimum response time t f in (66), which gives NKG^ ^ _ 1 — f^K. 

For typical conditions this quantity is approximately 10" •'•̂  , which is the fractional 
frequency change occuring in the time X ^ 10" sec. For t = 1 sec, this is r e 
duced to 10-12. 

Comparison of equations (63) and (66) shows that 

A 4)^ (shot noise) h>^ 
LiO'^ (thermal noise) kT 

At room temperature and microwave frequencies this ratio is about 3 x 10"^; 
hence shot noise can be neglected compared to thermal noise. 

It should be noted that spontaneous emission of radiation by the molecules 
also produces random fluctuations. Their nature is, however, precisely the same 
as that of fluctuations due to thermal radiation and considerably smaller. For 
our purposes, spontaneous emission may be ccmsidered as an added thermal 
fluctuation corresponding to a temperature of ~- , which for microwave fre
quencies is only one or two degrees absolute. 

The above simplified theory of fluctuations of the oscillator might lead 
one to suppose that successive changes in both phases and amplitude add in a 
random manner, so that the amplitude of the oscillating electric field would at 
times go through zero. This does not actually occur for the same reason that 
it does not occur in most other oscillators: the non-linearities in the oscillator's 
response ensure that the amplitude stays within certain narrow limits rather than 
increasing or decreasing in a random way. However, as in most other oscillators, 
the phase variation is quite random and may increase indefinitely as indicated by 
the above discussion in a way which is proportional to / T , 

To allow for the effect of molecular amplification and non-linearities on 
the thermal noise, a more complete theory is described. In the following dis
cussion the noise field, Ej^(t), due to thermal noise is calculated by a pertur
bation technique, assuming that Ejj(t) is small compared to the field E^ produced 
by emission of radiation from the molecules. 



29 

The electric field in the cavity resonator may be written 

E = EQ c o s ^ t + En(t), (67) 

where CJ is the frequency of oscillation, EQ is assumed to be constant, and Ej^(t) 
is a small field associated with thermal noise. Using 

Xn(t) = 2?n(tV*, (68) 
li 

the Schr'odinger equation for the wave function ^ =3,-|̂ <|) i + a o ' P o 
requires 

^2 = i {x [ e - " " - " ° " * e - « " * -^0 >*] , x^e^^^ot j a^ . (69) 

2 ? 
If the oscillation occurs near the molecular resonance, then ( ^ - ^ Q ) « x , 
and ( Cti - CJ ) t — 0 for the time of passage of the molecules through the cavity. 

ilCO+Ct})t 
Furthermore e ^ fluctuates very rapidly during the time of transition 
when a.-^ and a2 are changing more slowly, so that the terms in (69) including 
this exponential average to zero and may be neglected to a good approximation. 
Terms such as x^ e~'''^o cannot similarly be. omitted because x^ varies rapidly 
with time in sucliV way that the product x^e "•'•^ o does not necessarily average 
to zero during the transition. 

Let the solution of (69) for x̂ ^ = 0 be a-ĵ  ^̂ ^ and ag ^^^, which are given in 
expressions (4) and (5) as 

(0) X 
a.^ = - sin 2 ( t - t o ) , 

a2°^ = i c o s | ( t - t o ) . (70) 

2 2 
when {OJ - CO ) « x as assumed above. Here IQ is the time at which a 
molecule enters the cavity. The solution when x̂ ^ 4^0 may be written 



30 

(0) (1) 
H=\ + ^1 

(0) (1) (71) 
ar) — a^ + ap 

and then (69) becomes 

.(1) i (1) - i^ot (0) 
^ 1 = 2 ^^^2 +%® ^2 ) 

. ( l ) _ L ( , a ( l ) , x e^^ot a P ) 
ag = 2 ^^^1 +^n® ^1 ^ ' 

(72) 

if terms in the product of the two small quantities a-̂  ^ ' and x̂ ^ or a^^ and x̂ ^ 
are neglected. 

The quantity Xĵ  in (69) or (72) due to noise may be written 

Xĵ  = 2x;̂  cos^t - 2x'^ smiOi , (73) 

in which case expression (67) for the field becomes 

E = I (x + x'n) cos (a)t + ^ ) , (74) 

which makes it evident that x^ gives the amount of amplitude modulation and 
^ the phase modulation. Making the substitutions (73) and 
X 

(1) i | ( t - t o ) - i | ( t - t o ) 
a^ = A e ^ - B e ^ 

into equation (72), one finds 
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(76) 

Again in obtaining expression (76) it must be remembered that very rapidly 
varjring terms such as e •"•' + ^ o ' average to zero and may be omitted to 
a good approximation. 

Now the oscillating dipole moment of the molecule is given by 

^ - i^o^, (0) (0)* (1) (0)* (0) (1)* 
•72-=/te (a^ ^2 + ^l ^2 "^^1 2 )+complex conj. 

/v iCJt /v» 
= ̂ 2 e +y^(t) + complex conj. (77) 

Using equations (70) and (75) together with (76), one obtains 

-4̂ Q = g/^s in x t 

^{t) = . ^ e-^^H jx^ cos x(t-to) dt 

- i cos x(t - to) fx^ d t j . (78) 

The electric field produced by the polarization of molecules can be calculated in 
the same way as described in the former section, using (39), (41), and (43). The 
total field is the sum of fields produced by molecules in the beam and those 
generated by thermal agitation in the wall of the cavity. It may be written as 

Q —Ji£ « 1, to. 
c 

^ = - i ^ /f(z)dz-,^„, (79) 
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FIG. 3 

A curve for fg = i _ o cot 9 ' 'Jiv"^? ^® dependence of amplitude 

fluctuations due to thermal noise on the amplitude of oscillation 9. 
See equation (84). 
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where E is defined as in eqiiation (39) and (67), and e'̂ ê̂  o + e^ e " o 
is the primary thermal noise which would occur without the presence of the 
molecular beam. After some manipulation (79) can be rewritten as 

X x„ _ p„ 4Tr2^iS2 c r „ , - . , 

V 

"*" W L t ) •̂ " '^°^ ^^^ " ^o) dt - i cos x(t - tQ) / x'j^ dn dtg , 

rs^ r>J \ (jj f /o* - i to t ' ^ 

where x̂ ^ is defined by x^^e + x̂ ^ e , that is x̂ ^ = x" + ix" from 
(73). In addition. 

2e^A 
/ (t) = - V - = > (t) + i P(t) , 

The first integral in (80) which gives the field strength of precisely the 
frequency ^ o , and which is independent of the noise, yields the same results 

27r 
as were found above in section HI-B. The remaining terms represent the noise 
fluctuations and can be written as 

Hh i? 4 -
x' = 2 'n^ { ^Qg x(t- to) ) xi dt dto + g ' , 

V 

^2 ^t ^t 

(80) 

(81) 

(82) 

x". = -ruv, T.- / T . / X n C o s x ( t - t o ) d t d t o + ^^V (83) 
"-0 V 

x" From these equations, amplitude noise x' and phase noise ^— can be computed. 

Equation (82) may be simply solved for the important case of noise 
components which differ from the frequency of oscillation by an amount smaller 
than the line width. For these components x^ varies much more slowly than does 
cos x t , so that as a first approximation (82) can be integrated assuming x^ to be 
constant. Using expression (31) for-2_ and 9 = ^ , one obtains from this in
tegration ri-tĵ  2v 

2 ^ = 1 - e c o t e • <ŝ > 
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This expression shows that the magnitude of AM noise depends strongly on the 
amplitude of oscillation, as can be seen from Fig. 3. Since the primary noise, 
S ' , is independent of frequency, x' is also independent of frequency near the 
cejffter of the molecular transition where the approximations involved in obtaining 
(84) are valid. The frequency distribution of noise outside this range can also 
be estimated in a similar way by using a;^'^^ and a2' '^ ' as given by equation (4), 
and (5) as far as ^ - CJQ«a)Q , but such a calculation would be very tedious. 
Presumably the spectrum of amplitude noise is not far different from the line 
shape. 

Evaluation of the fluctuation of phase from equation (83) is somewhat more 
difficult. If the phase fluctuation is computed from (83) by assuming that x'^ in 
the integral is constant, then (83) becomes, after integration, x" = x" + g '̂  . 
This indicates that x" must approach infinity, corresponding to the indefinite 
increase in the phase e r ro r with increasing time as was found in the simpler 
discussion above. In order to obtain a finite result for x'^ and to examine the 
way in which it approaches large values with increasing time, it is necessary 
to allow variations of x" in the integrand. 

Consider the thermal noise ^ " (t) in a small bandwidth df about a fre
quency which differs from the oscillator frequency by f. Then & " which is a 
function of time can be written in the form 

CO 

f n " / / n (f) cos (2Tft +f) df, (85) 

where (f is a. phase angle, x" must have the similar form 
n 

•n = / ^ " n X" = / x"n(« cos ( 2 F f t + ^ ' ) df, 
n ^ 

where x" (t) and ff ' may be assumed to be constants with respect to time. 

Substitution of these expressions into equation (83) gives, with the 
assumption, f <^.j^r-

^n^'^=rJ'^¥i: r l w ' <86) 
26 

and i^ - ^ = — 
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Because S " represents a component in the primary thermal noise given by 
^ n 

(79) and (81) ^ "^(f) is actually independent of frequency f. From (85), (81), (68) 

and (64) one has 

.2 

x̂  ^ ? ~ - ^ ' ^ ' " ' 
where c „(f) and e^ii) represents the amplitude of Fourier components at the 

frequencies "^o +• f. Thus the mean square of x'^ is obtained as 
2 T 

— - p p /^^max 
''Ik QkT r V sin 6 1 M d t ,30. 
^ = ZTir-Li fL (1-SM29)J ,2 ' (88) x2 ^oW - - • 29 

'min 

where fmin ^^^ fmax ^-^e the minimum and maximum frequencies respectively 
for the range of values of f which are considered. Both f^ax ^^^ •̂ min ^^^^ ^® 
much less than the line width in order that equation (86) is approximately correct . 
Assuming f^ax ^^ ^min' expression (88) is 

x"^ _ QkT r V 29 sin^9 _ ] ^ 
? ~ (J wf LTTZ- 26 - sin29 J- ^^^^ 

0 min 

If fluctuations a re observed during a time interval t, the minimum fre
quency of fluctuation which can be observed is approximately 

i . ^2t ' (90) 
mm '̂ '-

From (74) the root mean square of the fractional fluctuation of frequency is 

^ o ^ o t 

Thus one obtains from (89), (90), and (91) 

JA^^ / X " V X 
- "̂  . (91) 
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fluctuations due to thermal noise on the amplitude of oscillation 9. 
See equation (92), 
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2 ^oL Using 6 = W/Wc, and Q - = — , the frequency fluctuations can be 
written ^ 0.89x2Trv 

sin^9 
29 - sin29 

(92) 

This is very similar to the approximate expression (66) obtained earlier, since 
**o is a typical value of emitted power from the molecular beam for 9 = 1. 

Q Dependence of the frequency fluctuation on power is given by the last factor in 
(92), which is plotted in Fig. 4. This figure shows that the amount of FM noise 
increases by a large factor when the osciUation is weak. It must be remembered 
that Eq. (92) is not exact because of the approximation used in its derivation. In 
addition, the distribution of molecular velocities and matrix elements over mole
cules in the beam tends to make expression (92) even less accurate. However, 
it probably represents the major features of noise fluctuations reasonably well. 

As a iypical example, let 9 = ^ , Wc = 2 x lO'^^ ergs, Q = 5000, and 
Qp = 5x 10^, then ^ 

-13 "^/2 ii?10^"^t 

This calculated fluctuation is somewhat smaller than the upper limit set by 
experimental observations . 
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