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Abs t rac t 

A brief d iscuss ion is given of the long- te rm stabili ty of par t ic le 
motions through periodic focusing s t ruc tu res containing lumped nonlinear 
e lements . A method is presented whereby one can specify the nonlinear 
e lements in such a way as to generate a var ie ty of s t ruc tu res in which the 
motion has long- t e rm stabil i ty. 
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1, I n t r o d u c t i o n 

The s t a b i l i t y of the m o t i o n of a p a r t i c l e t h r o u g h a p e r i o d i c a l l y 
r e p e a t e d focus ing s y s t e m (or of a l ight r a y t h r o u g h a r e p e a t e d s e q u e n c e 
of l e n s e s ) p o s e s a diff icul t and f a s c i n a t i n g p r o b l e m . Le t us i m a g i n e a 
s e t of p l a n e s i n t e r s e c t i n g the pa th and s p a c e d wi th the s a m e p e r i o d i c i t y 
a s the s y s t e m , and e x a m i n e the c o o r d i n a t e s of the de f l ec t ion a t t h e s e 
p l a n e s . One d e g r e e of f r e e d o m wi l l be c o n s i d e r e d , -with the c o o r d i n a t e 
x and the conjuga te m o m e n t u m y. (The n e g l e c t of coupl ing -with o t h e r 
d e g r e e s of f r e e d o m is a l r e a d y an o v e r s i m p l i f i c a t i o n of the r e a l p h y s i c a l 
p r o b l e m . ) As we go f r o m one p l ane to the next , the nev/ v a l u e s x ' , y ' 
a r e g iven a s funct ions of x, y. If the e q u a t i o n s of m o t i o n a r e d e r i v a b l e 
f r o m a H a m i l t o n i a n , the J a c o b i a n of t h i s t r a n s f o r m a t i o n i s un i ty ; th i s i s 
a s s u m e d . (Effects of s c a t t e r i n g and r a d i a t i o n d a m p i n g a r e t h e r e b y ex ­
c luded . ) "We now look for fixed po in t s of the t r a n s f o r m a t i o n , t ha t i s , for 
v a l u e s of x, y for -which x ' = x, y' = y. In the i m m e d i a t e v i c in i t y of a 
f ixed point , the t r a n s f o r m a t i o n can be l i n e a r i z e d to 

x ' = ax + by, ( ad - be = 1). (1) 
y ' = ex + dy, 

The r e s u l t s of the cont inued i t e r a t i o n of (1) a r e w e l l known. 
S tab i l i ty i s d e t e r m i n e d by a + d, the t r a c e of the t r a n s f o r m a t i o n m a t r i x . 
T h r e e c a s e s can o c c u r : 

(a) If -Z < (a + d) < 2, the m o t i o n i s s t a b l e , and po in t s in the p h a s e 
p l ane t end to m o v e a r o u n d the f ixed po in t . If n is the n u m b e r of i t e r ­
a t i o n s , X and y can be e x p r e s s e d a s l i n e a r c o m b i n a t i o n s of cos |jLn and 
s in (jin, wi th 2 cos [j, = a + d. 

(b) If (a + d) > 2 , the m o t i o n i s u n s t a b l e , and po in t s tend to m o v e away 
f r o m o r t o w a r d the f ixed point . In th i s c a s e , x and y can be e x p r e s s e d 
a s l i n e a r c o m b i n a t i o n s of e ^ and e" ^, wi th 2 c o s h X. = a + d. 

(c) If (a + d) < - 2 , the m o t i o n i s a g a i n u n s t a b l e , but wi th a s u p e r i m ­
p o s e d o s c i l l a t i o n ; x and y can be e x p r e s s e d a s l i n e a r c o m b i n a t i o n s of 
( - l ) i ^ e ^ a n d ( - l ) ^ e , w i th - 2 c o s h X = a + d . T h i s wi l l be c a l l e d an 
o s c i l l a t o r y i n s t a b i l i t y . 

In c a s e s (b) and (c) two l i n e s c a n be d r a w n t h r o u g h the f ixed 
point , wh ich have the p r o p e r t y tha t po in t s on t h e s e l i n e s r e m a i n on t h e m , 
tha t i s , y ' / x ' = y / ^ - The s l o p e s of t h e s e l i ne s (i. e. , y / x ) a r e g iven by 
the two v a l u e s of 2TD "̂̂  " a ± Nf (a + d)^ - 4 ) ; the p r o d u c t of the t^vo v a l u e s 
i s - c / b . Looking a t the l i ne s a s b r o k e n into s e g m e n t s by the f ixed 
p o i n t s , we have four d i r e c t i o n s to c o n s i d e r : a long one p a i r of o p p o s i t e 
d i r e c t i o n s , p h a s e po in t s a r e m o v i n g aw^ay f r o m the f ixed point , and a long 
the o t h e r p a i r t hey a r e a p p r o a c h i n g i t a s y m p t o t i c a l l y . T h e s e l i n e s a r e 
c a l l e d i n v a r i a n t l i n e s . 
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When we move into the cold nonlinear world beyond the l inear ized 
region, the invariant lines p e r s i s t . Points along a short l inear segment 
t r ans fo rm into points beyond, allowing extension of the line; these go to 
st i l l fa r ther points, and so on. (Invariant lines on which the points move 
inward can be extended by using the inverse t ransformat ion . ) Because 
the t ransformat ion is single-valued, an invariant line can never c ro s s it­
self. It can proceed to infinity, or it can join sinoothly onto another in­
var iant line having the same sense of motion of phase points; this other 
line can originate from the same fixed point from which the f i rs t line 
s tar ted, or from a different one. Or it can c ros s a different invariant 
line; then something very complicated happens. The cross ing point is 
common to both l ines; the t ransformat ion must c a r r y this point to both 
l ines, so they must c ross again, and this must be repeatable indefinitely 
on both d i rec t ions . F u r t h e r m o r e , the lines at corresponding in tersec t ions 
miust c ross in the same sense; therefore there must be another cross ing 
point between, which must also be repeated. A dollar sign with a single 
bar gives a picture of the behavior for three success ive c ros s ings . The 
unity Jacobian requi res p rese rva t ion of a r e a s , therefore all the loops on 
the same side must have the same a r ea . A symmet ry which will be d i s ­
cussed la ter a s s u r e s that at one cross ing point the adjacent loops a r e 
m i r r o r images , therefore a l l loops have the same a rea . As the infinite 
sequence of cross ing points moves toward a fixed point, the c ross ing 
points get very close together, and the loops get very long and thin. 

What is the relation of al l this to stabil i ty? It can be shown that, if 
a stable fixed point is completely surrounded by smoothly joined invariant 
l ines, all points inside the enclosure will remain inside indefinitely, guar­
anteeing stability under an unlimited number of i te ra t ions of the t ransfor ­
mation. On the other hand, if the invariant lines c ros s , there will be a 
b reach in the wall. Loops which enter the in ter ior , where they cur l up in 
a complicated fashion as they get longer and thinner, will on la te r i t e r ­
ations find a way through the b reach and c a r r y points outside. This p r o ­
cess may, however, requi re a very large number of i te ra t ions , and si t­
uations which a re in principle unstable may be stable for p rac t i ca l pur ­
poses . 

Various questions can be asked; What de te rmines the smooth 
joining of invariant l ines? Can one find nonlinear focusing sys tems where 
the smooth joining is guaranteed? In case a smooth join is not achieved, 
do the loops always invade the whole in ter ior , or can a finite sanctuary 
remain? If it is achieved, will all or some of the points in the in te r io r be 
confined to motion on smooth closed cu rves? 

In the work that I have seen on this subject, the nonlinear t r a n s ­
formation has been simplified to a form which r ep resen t s physically a 
lumped nonlinear impulse applied at a single plane in each repeat unit of an 
otherwise l inear focusing sys tem. An example is the t ransformat ion in­
troduced by P ro fes so r de Vogelaere: 

x' = y + X , 2 
y' = -X + x '2 = - x + (y + x2) . (2) 
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E x t e n s i v e n u m e r i c a l c a l c u l a t i o n s wi th th i s t r a n s f o r m a t i o n have g iven 
v a l u a b l e i n s igh t into the b e h a v i o r of the i n v a r i a n t l i ne s when the i n v a r i ­
an t l i ne s c r o s s a t a l a r g e ang le , m a k i n g loops of c o n s i d e r a b l e a r e a . 
L. J a c k s o n L a s l e t t h a s i n v e s t i g a t e d a n o t h e r f o r m wi th a q u a d r a t i c non­
l i n e a r t e r m , wh ich g ives v e r y s m a l l l oops . I w i s h to thank both t h e s e 
m e n for i n t r o d u c i n g m e to t h i s sub jec t , and for m a n y d i s c u s s i o n s and 
a r g u m e n t s about i t . 

2. The T r a n s f o r m a t i o n U s e d 

I s t a r t e d -with the f o r m 

y' = - X + f (y) (3) 

m a i n l y on the g r o u n d s tha t i t is s i m p l e , and tha t it a l l ows the i n t r o d u c ­
t ion of an a r b i t r a r y funct ion f(y) wi thout d i s t u r b i n g the un i ty va lue of the 
J a c o b i a n . ( L a t e r I r e a l i z e d tha t de V o g e l a e r e ' s and L a s l e t t ' s f o r m s 
could be c o n v e r t e d to th i s f o r m by a c o o r d i n a t e t r a n s f o r m a t i o n . ) F o r 
p h y s i c a l j u s t i f i ca t ion , one can s t a r t wi th a l i n e a r s y s t e m r e p r e s e n t e d by 
(1). Le t the spac ing bet-ween m e a s u r e m e n t p l a n e s be t a k e n a s un i ty . 
Into t h i s s y s t e m the n o n l i n e a r i m p u l s e i s added by i n t r o d u c i n g a th in non­
l i n e a r l ens i m m e d i a t e l y b e f o r e e a c h m e a s u r e m e n t p l a n e . Th i s l en s i s 
spec i f i ed by the change in s lope of pa th y w h e n a p a r t i c l e p a s s e s t h r o u g h 
a t a d i s p l a c e m e n t x: 

A y = - (a + d) X + f (x). (4) 

In e a c h s ec t i on , the p a r t i c l e p a s s e s t h r o u g h the l en s j u s t b e f o r e i t l e a v e s 
the s ec t i on , so tha t the f i r s t equa t ion of (1) r e m a i n s u n c h a n g e d whi le 
A y f r o m (4) (as a funct ion of x ' ) i s added to the r i g h t s i de of the s e c o n d 
equa t ion . Now m a k e the c o o r d i n a t e t r a n s f o r m a t i o n X = x, Y = ax + by. 
This l e a d s to 

X' = Y, 
Y' = - X -f (a + d) Y - (a + d) X' + f (X ' ) . (5) 

Subs t i tu t ing X' f r o m the f i r s t into the s e c o n d equa t ion , and r e v e r t i n g to 
the l o -wer -case no t a t i on for the v a r i a b l e s , -we ge t Eq . (3). The i n v e r s e 
t r a n s f o r m a t i o n can be ob ta ined by r e p l a c i n g x ' wi th y, y' w i th x, x 
\vith y ' , and y wi th x ' in (3). 

[ F o r f u r t h e r p h y s i c a l ins igh t , note tha t (3) c a n r e p r e s e n t a l i n e a r 
th in l e n s -with A y = - x p l a c e d j u s t a f t e r t h e m e a s u r e m e n t p l a n e , p lus a 
l ens wi th A y = - x + f (x) p l a c e d j u s t b e f o r e i t . The c o m b i n e d effect of 
t h e s e l e n s e s i s A y =̂  - 2x + f (x). Thus f (x) = 2x c o r r e s p o n d s to f r e e 
m o t i o n of the p a r t i c l e . The r e s u l t i n g t r a n s f o r m a t i o n looks u n f a m i l i a r b e ­
c a u s e y i s m e a s u r e d b e t w e e n two c a n c e l i n g l e n s e s in i m m e d i a t e c o n t a c t . 

file:///vith
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If we introduce Y = slope outside the gap between lenses , then y - Y + x, 
and the t ransformat ion takes the famil iar form x' = x + Y, Y' = Y.] 

3. A Useful P roper ty of the Transformat ion 

The grea t vir tue of the t ransformat ion in the fornn (3) is the prop­
erty to be descr ibed, which allows one to construct lens functions f (x) 
leading to p resc r ibed invariant lines x = 4> (y). If a point lying on the 
line X = <!> (y) is subjected to the t ransformat ion, we get 

y ' = -'4>(y) + f ( y ) . (6) 

Now we require that x' = <t*(y'), the condition that the t rans formed point 
lies on the same line. Write this in the inverted form y' = <t>~ (x ' ) , 
and substitute x' and y' from (6), giving 

f ( y ) = 4.(y) + c j j -^y ) . (7) 

Therefore if we use for the lens function f the sum of any function and 
its inverse , both the function and i ts inverse a r e invar iant lines of the 
result ing t ransformat ion. 

This leads to a simple geometr ica l construct ion. The inverse of 
X = 4* (y) is obtained by interchanging x and y and solving for x. The 
interchange cor responds to a reflection about the positive diagonal x = y. 
An a r b i t r a r y monotonic curve cross ing the diagonal in two points can now 
be drawn and its reflection constructed. The midpoints of horizontal 
segments joining the curve and its reflection lie on x =^ f (y)- Because 
of the symmetry , y = ^ f (x) is given by the line of midpoints of ve r t i ca l 
segments . Fixed points a r e at f (x) == 2x, that i s , at the in te rsec t ions of 
•| f (x) with the diagonal. The t r ace of the ma t r ix of the l inear ized t r a n s ­
formation at an in tersec t ion is equal to df (x)/dx. If \ f (x) c r o s s e s the 
diagonal in the upward direction, the fixed point is unstable, if down­
ward, stable, unless the slope lies below that of the negative diagonal, 
when osci l la tory instabili ty occur s . 

An example based on the rec tangular hyperbolas 4> (x) = 1 -a/(x-f 1), 
4>'"^(x) = - 1 - a / ( x - 1), with f (x) = 2 a x / ( l - x ^ ) , is plotted in Fig. 1, for 
a = J. The a r rows show the resu l t s of the t ransformat ion applied to v a r ­
ious points. A point s tar t ing at the in te rsec t ion of y = f (x) with x = |^f (y) 
re turns to the same place after 8 i te ra t ions . Similar ly, a point s tar t ing 
at the in tersect ion of y = f (x) with the diagonal would re tu rn after 6 
i te ra t ions , but this point has moved to the origin with the choice of a = ^. 
The value of \i at the stable fixed point is TT/3. 
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4. A P r o o f of U n l i m i t e d S tab i l i ty 

The f o r m of (3) i s s u c h tha t a poin t lying on a g iven h o r i z o n t a l 
l ine t r a n s f o r m s to a poin t lying on a v e r t i c a l l ine i n t e r s e c t i n g the ho r i zon­
t a l l ine a t the d i agona l . D i s p l a c e m e n t of the f i r s t po in t to the r i g h t l e a d s 
to an equa l d o w n w a r d d i s p l a c e m e n t of the s e c o n d . In F i g . 1, A and B 
a r e t-wo such po in t s on an i n v a r i a n t l i ne . By the s y m m e t r y of the f i gu re , 
the s e g m e n t s AA' and B B ' a r e of equa l l eng th . T h e r e f o r e any poin t on 
AA' t r a n s f o r m s to a poin t on B B ' , and a l l po in t s lying in the r e g i o n en­
c l o s e d by the tw^o i n v a r i a n t l i n e s r e m a i n i n s i d e t h i s r e g i o n 

5. C l o s e d C u r v e s 

In Sec t ion 3 it w a s spec i f i ed tha t <^ should be a m o n o t o n i c funct ion. 
If th i s i s not t r u e , i t s i n v e r s e i s m u l t i v a l u e d . The cond i t ion f = cj) + <)) 
m u s t be s a t i s f i e d on both b r a n c h e s , wh ich r e q u i r e s the add i t ion of a n o t h e r 
b r a n c h to <\>. Th i s l e a d s to a s e c o n d i n t e r s e c t i o n b e t w e e n cj) and <|>~ , and 
we a r e d r a w n i n e x o r a b l y in to the c o m p l i c a t i o n of an inf in i te s e r i e s of in ­
t e r s e c t i o n s . Th i s diff icul ty does not o c c u r if <\> and cj)" jo in s m o o t h l y a t 
t h e i r i n t e r s e c t i o n on the d i a g o n a l . The p o r t i o n of <J3 on one s ide of the 
d i a g o n a l can then be c o m b i n e d wi th the p o r t i o n of <^~ on the o t h e r in to a 
s i ng l e c u r v e vv^hich i s i t s ow^n i n v e r s e , and the funct ion -| f (x) i s g iven by 
the l ine of m i d p o i n t s of s e g m e n t s b e t w e e n the u p p e r and l o w e r b r a n c h e s . 
( C u r v e s tha t a r e r e e t i t r a n t in such a way tha t they a r e m o r e than d o u b l e -
va lued r e q u i r e s a t i s f a c t i o n of f = <j) + cj)" on a l l b r a n c h e s . Such c u r v e s 
can e x i s t %vithout l ead ing to i n t e r s e c t i o n s , but they canno t be draw^n 
a r b i t r a r i l y . ) C a s e s l ike t h o s e i l l u s t r a t e d in F i g . 2 c a n o c c u r . In c a s e 
2b, the c l o s e d c u r v e does not p a s s t h r o u g h a fixed po in t and i s not a n in ­
v a r i a n t l ine in the " c l a s s i c a l " s e n s e . T h e r e i s no p l a c e w h e r e the t r a n s ­
f o r m a t i o n l e a d s to an i m m e d i a t e l y ad j acen t point , and t h e r e f o r e no w^ay 
to e s t a b l i s h an i n i t i a l d i r e c t i o n for compu t ing the f u r t h e r p r o g r e s s of the 
l i n e . N e v e r t h e l e s s , i t is i n v a r i a n t in the s e n s e tha t po in t s r e m a i n on i t 
indef in i te ly , and i t i s equa l ly ef fec t ive in e n s u r i n g t h a t i n t e r i o r po in t s 
r e m a i n i n s i d e , giving indef in i te s t a b i l i t y . 

A s an e x a m p l e , we c a n u s e the c e n t r a l c o n i e s . Le t X, Y be c o ­
o r d i n a t e s p a r a l l e l and p e r p e n d i c u l a r to the p o s i t i v e d i a g o n a l . The con ic 
Y = a + bX^, e x p r e s s e d in t e r m s of x and y, i s 

y (1 +b) X ± -\ / 4 bx^ + 2a (1 - b)j 
1 - b 

The funct ion y = f (x) i s g iven by the s u m of the two b r a n c h e s . 

l+b 
1-b y = 2 -;—f X. 
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y=<^(x) 

y=f(x) 

y = «^-'(x) 

XBL679-52I6 

Fig. 1 

I 
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y=if(x) 

(b) 

XBL679-52I7 

. 2 
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T h e s e c u r v e s t h e r e f o r e apply to the c a s e of l i n e a r f (x), a r e s u l t a l r e a d y 
w e l l known but i n t e r e s t i n g to d e r i v e in a new way . If b < 0, t he " i n ­
v a r i a n t l i n e s " a r e e l l i p s e s (or c i r c l e s a t b = -1) and the p a r a m e t e r a 
can have any p o s i t i v e v a l u e . If b >0 the l i ne s a r e h y p e r b o l a s , and the 
p a r a m e t e r a i s a l lowed both p o s i t i v e and n e g a t i v e v a l u e s , giving bo th 
s e t s of b r a n c h e s of the h y p e r b o l a s . Thus a f ami ly of " i n v a r i a n t l i ne s " 
r e s u l t i n g f r o m a s ing le f (x) i s g e n e r a t e d by the v a r i a t i o n of a s i ng l e 
p a r a m e t e r . W h e t h e r such f a m i l i e s can e x i s t in m o r e c o m p l i c a t e d c a s e s 
r e m a i n s an open q u e s t i o n . 

6. A G e n e r a l i z a t i o n 

If f (y) = cj) (y) + 4̂  (y) m (3), and x -^(y), the t r a n s f o r m a t i o n l e a d s 
to x' = 4'" (y')- jThis r e l a t i o n i s r e c i p r o c a l ; a poin t on x = ^ (y) goes to 
a point on x' = cj)" (y ' ) . The c a s e c o n s i d e r e d in (3) c o r r e s p o n d s to put t ing 
\\i = 4>~ • A n o t h e r c a s e of i n t e r e s t o c c u r s when cj)" = cj) and ^~ = ^ . 
G e o m e t r i c a l l y , th i s m e a n s tha t <j) and 4* a r e c u r v e s wi th r e f l e c t i o n s y m ­
m e t r y about the p o s i t i v e d i agona l , e a c h c r o s s i n g the d i a g o n a l once , as 
i l l u s t r a t e d in F i g . 3a. The t r a n s f o r m a t i o n m o v e s a poin t f r o m 4> to 4̂ , 
the next i t e r a t i o n r e t u r n s i t to cj), and so on. The two c u r v e s a r e now 
s e c o n d - o r d e r i n v a r i a n t l i nes and t h e i r i n t e r s e c t i o n s a r e s e c o n d - o r d e r 
fixed p o i n t s . T h e s e l i ne s a r e a g a i n a so l id b a r r i e r a g a i n s t the e s c a p e of 
po in t s f r om the i n t e r i o r . 

C l o s e d c u r v e s can a l s o be m a d e by r e q u i r i n g tha t ^ and 4̂  j o in 
s m o o t h l y at t h e i r i n t e r s e c t i o n s , a s in F i g . 3b. Now cj) and 4̂  c an be 
c o n s i d e r e d t o g e t h e r as fo rming a s ing le c u r v e , wh ich f o r m s a f i r s t - o r d e r 
" i n v a r i a n t l i n e " of the type of F i g . 2b. In 3b, i t h a s b e e n g iven a s h a p e 
such tha t J f (x) at the c e n t e r i s s loping d o w n w a r d f a s t e r t han the n e g a t i v e 
d iagona l , giving a fixed poin t wi th o s c i l l a r y i n s t a b i l i t y a t the o r i g i n . H e r e 
we have a p a r t i c l e confined f o r e v e r in a r e g i o n wi th no s t a b l e f i r s t - o r d e r 
fixed poin t ! When the f igure i s a l s o s y m m e t r i c a l about the n e g a t i v e d i ­
agona l , s e c o n d - o r d e r fixed po in t s o c c u r at t he i n t e r s e c t i o n of ^ f (x) v/ith 
the nega t ive d i agona l . In th i s c a s e , the o u t e r ones a r e s t a b l e (the s t a b l e 
m o t i o n c o n s i s t s of j ump ing back and fo r th b e t w e e n t h e s e po in t s ) whi le the 
c e n t r a l one i s u n s t a b l e . F r o m the o r i g i n t h e r e wi l l p r o c e e d four s e c o n d -
o r d e r i n v a r i a n t l i n e s , wh ich m u s t not c r o s s the s m o o t h o u t e r b o u n d a r y . 
W h e t h e r t h e s e wi l l s u c c e e d in jo in ing s m oo t h ly , o r w h e t h e r they wi l l f i l l 
the i n t e r i o r wi th a snaky t ang le , r e m a i n s an open q u e s t i o n . 

7. C o n s t r u c t i o n of I n v a r i a n t L i n e s 

We have s e e n tha t a s e t of i n v a r i a n t l i n e s h a s two s y m m e t r i e s , 'm i r ­
r o r s y m m e t r y about the p o s i t i v e d i a g o n a l and v e r t i c a l s y m m e t r y above and 
be low the c u r v e y - j f (x). (The t r a n s f o r m a t i o n i s e q u i v a l e n t to s u c c e s ­
s ive p e r f o r m a n c e of t h e s e s y m m e t r y o p e r a t i o n s . ) If the i n v a r i a n t l i n e s 
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a r e given, f (x) i s e a s i l y c o n s t r u c t e d . A c l o s e d i n v a r i a n t b o u n d a r y hav ing 
the d i agona l s y m m e t r y can be d r a w n a r b i t r a r i l y so long a s it i s not m o r e 
t han d o u b l e - v a l u e d ; if i t i s t h e r e i s a r e q u i r e m e n t of s e l f - c o n s i s t e n c y in 
tha t the v a r i o u s b r a n c h e s m u s t l ead to the s a m e ^ f (x), and the c u r v e s 
canno t be d r a w n a r b i t r a r i l y . 

The i n v e r s e p r o b l e m of finding the i n v a r i a n t l i n e s f r o m a g iven 
-| f ( x) is not so lub le in s u c h a s i m p l e way. The only a p p r o a c h s e e m s to be 
tha t u s e d in comput ing i n v a r i a n t l i n e s , to s t a r t at a fixed point and bui ld 
f rom t h e r e . The c o n s t r u c t i o n d e s c r i b e d h e r e i s c l o s e l y r e l a t e d to the 
c o m p u t a t i o n p r o c e d u r e , but i s use fu l in v i s u a l i z i n g the p r o c e s s . It is i l lus ­
t r a t e d in F i g . 4. One s t a r t s wi th a c o m p u t e d finite s e g m e n t , m a r k e d 1. 
(The c o n s t r u c t i o n in p r i n c i p l e could be s t a r t e d f rom a v e r y s m a l l s t r a i g h t 
s e g m e n t . ) D iagona l r e f l e c t i o n g ives s e g m e n t 2, V e r t i c a l r e f l e c t i o n of 2 
r e p e a t s 1 and adds 3. F r o m h e r e on, a l t e r n a t e p e r f o r m a n c e of the two 
k inds of r e f l e c t i ons l eads to s e g m e n t s 4, 5, 6; • - • . S e g m e n t 6, in the 
c a s e d r a w n , i n t e r s e c t s • | f (x ) . The next two r e f l e c t i o n s lead to 7 and 8, 
comple t i ng the f i r s t two loops . The s y m m e t r y m a k i n g t h e i r a r e a s equa l 
is a p p a r e n t . F o r f u r t h e r i t e r a t i o n s c o m p l e t e loops can be u s e d . Two ad­
d i t iona l loops a r e show^n as dot ted l i n e s . Both t y p e s of r e f l e c t i o n p r e ­
s e r v e a r e a s , in c o n s i s t e n c y wi th the uni ty J a c o b i a n of the t r a n s f o r m a t i o n . 
If it had happened tha t s e g m e n t s 7 and 6 had jo ined s m oo th l y , one would 
have had a c a s e l ike tha t m F i g . 2a . Th i s o c c u r s if s e g m e n t 6 h a s a v e r ­
t i c a l t angen t w h e r e it i n t e r s e c t s j f (x). The p r o p e r t y of jo in ing s m o o t h l y 
c l e a r l y d e p e n d s on an o v e r a l l p r o p e r t y of -| f (x), wh ich could in p r i n c i p l e 
be d e s c r i b e d by a s ing le p a r a m e t e r , but it i s not c l e a r how th is p a r a m ­
e t e r can be d e t e r m i n e d excep t by " e x p e r i m e n t " wi th a c o m p u t e r . 

If t h e r e a r e two u n s t a b l e fixed po in t s b r a c k e t i n g a s t a b l e fixed 
point , the c o n s t r u c t i o n should be s t a r t e d at both po in t s The i n v a r i a n t 
l i nes p r o c e e d i n g f r o m the two po in t s can jo in s m oo th l y , o r they can i n t e r ­
s e c t , then s y s t e m s of loops a r e s t a r t e d tha t m o v e t o w a r d bo th f ixed p o i n t s . 

8. D i s c u s s i o n 

Some of the q u e s t i o n s a s k e d in the I n t r o d u c t i o n have b e e n a n s w e r e d 
at l e a s t p a r t i a l l y . Me thods of finding lens funct ions that l ead to wide 
c l a s s e s of a r b i t r a r i l y c h o s e n i n v a r i a n t b o u n d a r i e s have b e e n found. The 
i n v e r s e p r o b l e m r e m a i n s at the m e r c y of the c o m p u t e r . H o w e v e r , i t 
s e e m s l ike ly tha t the a d j u s t m e n t of a s ing le p a r a m e t e r can c o n v e r t a s y s ­
t e m wi thout indef in i te s t ab i l i t y into one with indef in i t e s t ab i l i t y , wh ich fact 
m a y have p r a c t i c a l i m p o r t a n c e . It i s obvious tha t r e g i o n s of indef in i te 
s t ab i l i t y can e x i s t i n s i d e r e g i o n s wi th only s h o r t - t e r m s t ab i l i t y , s i n c e one 
can find a funct ion ^f (x) to give a p r e s c r i b e d s m o o t h c l o s e d b o u n d a r y , 
t hen ex tend i t beyond, t o w a r d f ixed p o i n t s , in s u c h a way t h a t the i n v a r i a n t 
l i nes do not m e e t s m o o t h l y . No p r e s c r i p t i o n i s g iven for f inding w h e t h e r , 
i n s i d e a c lo sed i n v a r i a n t b o u n d a r y , t h e r e e x i s t o t h e r c l o s e d i n v a r i a n t 
b o u n d a r i e s , o r w h e t h e r the m o t i o n i n s i d e i s e r g o d i c . 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com­
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 




