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FOCUSING IN LINEAR ACCELERATORS 

Edwin M„ McMillan 

Radiation Laboratory, Department of Physics 
University of California 
Berkeley, California 

August 24, 1950 

It is well known that phase stability and first-order focusing are incom

patible in a simple linear accelerator without foils or grids in the path of 
(1) 

the particles^ ' However, various attempts have been made to design more com
plicated field shapes and time variations that will circumvent this limitation. 
A general proof that- the limitation exists in all cases was made by the author 
in 1945 but was not published at thai; time. This proof is given below. 

A particle of charge e moves parallel to the z-axis with velocity v and 

is acted on by fields E and H, which are periodic in time and nearly periodic 

along the z-axis. The time period is T and the corresponding repeat length 

L is equal to vT„ Changes in velocity and direction during one repeat length 

will be neglected^ this is what we mean by the term "first order." The time 

corresponding to the position z is then given by t + z/v, where tQ is an 

arbitrary starting time. 

The focusing effect depends on the x and y force components F and Fy, 

whose mean values are given by? 

F_ . (e/vT) / \jtx - (Ve)Hy] dz, x 
'' 0 s 

Fy 
L 

(e/vT) J [By. + (v/o)Ej dz, 

(1) 

the f ie ld components being evaluated a t the posi t ion and corresponding time 

( l ) See for example J 0 0o S la te r , Rev„ Mod. Phys. 20, 473 (1948) 



k- - - dFy/dy 

rL 

X 

Final ly , since *d/dz « d/dz - ( l / v ) © / r t , we can wr i t e : 
.L 

k x + k y = (*/**} [Ez] ~ ( % 2 T ) ( 1 " V V ° 2 ) / ( a B a / ^ t ) dz. 
° 

(2) 
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of the moving p a r t i c l e . If the l ine of motion i s chosen so tha t both these 

forces vanish, the res tor ing force constants toward t h i s l i ne a re : 

kx - - dF^/dx, 

c 
y 

From (1) and (2) we gets 

kx + k y * (e/vT) / [ - O E j / O x t ^ B y / e y ) 
Jo 

+ ( v / c ) ( ' 9 H / ^ x - a H ^ / Q y ) ] dz. (3) 

With the aid of the Maxwell equations div E = 0, curl H = ( l / c ) S E / 3 t , 

t h i s becomes: » 

k_ + k m (e/vT) / [ 9 E Z / B Z + ( v / c 2 ) 9 E z / a t ] dz (4) 

(5) 

Next consider the energy gain Aw during one period, given by: 

A w = e / Ez dz. (6) 
o 

This depends on the s ta r t ing time t , and i t s ra te of change with t i s : 

d(Aw)/dtQ « e / ( S E z / 3 t ) dz. (7) 

Combining (5) and (7 ) , we obtain the re la t ions 

k x + k y - (e/vT) [E z ] L - ( l /v2T)( l - v2/c2)d(AW)/dt0 ( 8 ) 
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Now, i n o rder to have phase s t a b i l i t y , d ( A w ) / d t must be p o s i t i v e , s ince 

an i n c r e a s i n g t means t h a t the p a r t i c l e i s too slow and t h e r e f o r e has an 

energy d e f i c i e n c y . In o rder to have focus ing , both k x and k y must be p o s i t i v e ; 

t h i s i s c l e a r l y incompat ib le with t h e above requirement u n l e s s some h e l p i s ob

t a i n e d from t h e f i r s t term on t h e r i g h t of ( 8 ) . This term depends on t h e d i f 

fe rence i n Ez exper ienced by t h e p a r t i c l e on l e av ing and e n t e r i n g t h e r epea t 

l e n g t h , and i s obviously zero i n t h e absence of f o i l s or g r i d s . With a f o i l 

p laced so t h a t t he f i e l d s t r e n g t h on one s ide i s z e r o , i t i s determined by t h e 

f i e l d s t r e n g t h on t h e o t h e r s ide a t t h e i n s t a n t the p a r t i c l e e n t e r s t h e f o i l . 

(The r epea t l e n g t h must be taken as ending a t t h e f o i l , s ince the f i e l d equa

t i o n s used a r e not v a l i d i n s i d e a conduc to r . ) I n t h e case of a g r i d , t h e ef

f e c t i s e s s e n t i a l l y t h e same, even though t h e r e i s no f i e l d d i s c o n t i n u i t y 

through a g r i d opening; t h e focusing force can then be cons idered as a r i s i n g 

from t h e charge l y ing between t h e equ i l ib r ium pa th and t h e d i sp l aced p a t h . 
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