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TIME, DYNAMICS AND CHADS"
Inseprating Polncaré’s “Noa-Integrable Sysiems™

itya Prigogine**=""}
L Owestioning Time

Thne haa abwayd haumed waom.  Time b6 Ssdeed oor fundamezaral
exisicadial démwengion. i has fascinaeed philosophers as well as
gedentleis.  Tn bax often bheen staied shal peience has solved ke problem
of 1ime. 11 thizs really muee?  Indeed, 3 wery fundamemsal propeny :ul.'
the basic equations of physlcs, be M claasical physics or qull'lllt:!
physica, Is tlme reveesibliity. We may, In teese cquarlom, replece o by
-t withow changing e form of thase oquations, Tn comwast, én the
machHopic workd, we deal whh irreversible peocesses: +1 and 1 do nor
Play s dame role. Thers eaisit 2a “srrow of time.* Wo come,
therefore, %o the sirange comclusion shal In the mi:r?uuplt dyramit
world, there would be no maturt] time ordering in concrast of whao
hagpens in the macroscopic 'lmﬂd For example, il we consider wo
posltions of a3 pendelum, Ay represonicd in Figors 1, we caunst say
which position comes eadling,
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Witk classical dynamice, fime has boot Ia divectlon,  Similady, in
quantum mechanhcs, we cammol speak about “odder™ of “yomnper” wave
fonctions,  But can this be tha whole story? How camn the time sreetpe
from a tme-reversithe world?  Thic conflict Bas become quide evidens
since the formulstion by Clawsies in 1865 of the well-knows yecond faw
of thermodyssmlcs. Clandue piaed, “The enoapy of 1the wniverss is
incredsing.” This wes the binh of avelwionacy cosmalegy.

Figure 2

For every iolated syciem, sMropy ot oaly increase,  Eniropy
ciproases, a5 Eddingion waed to say, “ibo xrow of dme.” [The
Tormwldion of thermodymamics wos the rexalt of she wark of engineers
and physical chomisg, The prear mathemicians and phyzicizss' of 1his
ims compidared §t w3 des best a2 waelel practical sonl Bowever wilkoul
sy fenctibnal significance. The first so a3k (he guenion of the Felalion
berweem artropy and ke mlerarcople squatlons of motlon was

Oalizmuny,  Solizmaon wus onc of the maie fousders of kimelic theory. | .
He tried to explain the increate of earopy as the result of molecatar f-?i
colligions leading to molecofat disosder (the Maxwell velocily :
dizmhutdon bw), Eohzmana's approach i Ml of gres  importance
today s3 il dexds for dilute poses (o receds dhat are in excellent
wgmcewent with capenment,  SHll, Bolizmann was defeated, 35 poopke
wete quick 10 poinl owt s Mim thd i rezulic clathed with dynumic
time roversibility (scr e},  Bolizmann wat likc a mom s love with

two womecn, 1k coubd nod choose botween hix conviction that i
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irreversible evolulios war an cssentinl aspeci of matwre, awd his
confidemce in the classtcal equalinns of motlos which serm 10 prevemt
the gabitence of & privieged dircction of e, ] camnat go indoe detalls
aboer teis guention, bur ler e ptrese Ve one of the zime of Ikde fecten
is W swow that Aobizmasn wan right, bt this involves quite recent
vewshy b which madern chaoy theory pliye am exsemtinl role. Fu
Bohzmama's genorstion, as well a3 fnr whe nmhu fhe ﬁolhﬂl‘l e
conclution of this debats wis ﬁu the :mnw of l.-lrmt wie n-ul h Mll-lrl.
tx in our mind. Einsicin’s saying., Gdime [a lm:uuihilllr] i
“iMuzion," i1 well kaowsa 1}

L always foumd & curious that this conchesion did mon dgger 2
crisit dn wienes. Mow can we dony the exbstence of & privibeged
direction of Hme* As Popper wrode “ihls wawsld beand sai-direciionat
change ax an illosion.  Thia would puke cur world e illwalon and whh
W, il oor memps w find mome sbodl oar world™  The smbiion of
clissicad sclence was to dexcribe the bebavior of aadute in terms of
waiversal, sime-seversible laws. o it Tateremting to refiect on the
relation berween 1hks ambition and the teenlogical concepta that
prevailed i thy ITih cennury. For God, shere I3, of couree, no ditinction
between pasl, present, anf fuywre. 13 scicace nor brieging ua closer io
God's lite wiew of rhe saivivse?2}  This ambition of olussical schence wac
neves feslized. Dfcn, xciomce seemed cloe (o iy poal, amd svery tame
somathing failed. Thiz gives & dracnatic form v tbe hisiory of western
science.  As you know, quarum mechinics i hased on Scheiddinger's
cqustion, which js time soversthbe, bt 1l Bad o imiroduce ihe
measgrement process and with it fo sioHboke 2 Tusdumemasl sale W he

chserver to obtain a consismemt descripion.  Gemeral telalivity saned as
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a geomewical, “timedess™ dheory, W0 discover she meed for some dniriad
singulority or Insiabily to obisin a condissead deseripodos of the
cosmidopical evalulion of our waiverse. To describe BMur, we need
both lawa snd evenis, and ibis, in durh, knplies 3 eporsl slement.
whiich was wissng W v vaditionsl presesiatton of dysamicy includiag
quanivm Wheoty sed selsibviy. Lau yoar's Hobel comference in
Minnetorn had Hha provocadve dele, “The End of Sciescs?™. 1 dox™
beliove we cwn apeak about the end of seience, bl indeed wo come 10
the end of a censin form of matiomalily apociated 10 the claszhend
jdeolopy of sehence, A3 L want to show here, In the boilding wp of ilus
mew zcientific rionabty, non-oquilibcinm phydcs asd “chaps™ cenamly
will play am eszentisl rofe.

1. Yhe Yons Paodox Builds Wp - - -

The 2Mh cenmey i3 chaactoricod by the discovery of guile
whcxpected features in which The amvow of lies & wisesial.  Examples
are Ihe discovery of wastable clemeniory particles and of évcluliopary
coptalopy. 1 would like, Wowever, first 1o smphatize o dhis beciors
proceszes invalvieg 3 macroscopie scale such as awdicd in son-
equilibrium physicr. A firt vemack:  Comarary to what Bokizeams
believed, Irreversibillty plays a consirsctixe role. Tt a4 only is
involved in procoawcs Iending b diserder, bm abe can kead W onder
This abexdy appeass i very simple cxamples stch as presented in
Figure 1. Conghler iwo boxes ¢oneslning two components, sy hydoogen
pod nilropen. I the hones wive al the same 1emporalure, the
proponihm of Ihese two compomcpis wiwld be ahe same B the e
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compartnents,  1F, on M conta'y, we &ilablith & beupérature
difference, we obiwervy that the corceatration of one of the compoacals,
sny hydrogen, becamms larger in 1be compiriment that . st the higher

[emperature.

Figure 3

The disorder associased whh whe fAow of hest iy wand in this experienen)
W e “order™, This b quite chorsclanidic.  Imeversibilivy lezds bok
to order and disorder. A wriking szsmple it the cace of chemical
escillaions.  Suppose we Rave & cheocal resction vt may tmeaaform
“red” moltsoley oo “bloe™ oeks dnd vice vemaa It hax bees chowm both
thooretlcally and experimestaily (sat, far fom equilbriun, such B
reaciion may preseat o tlme-periodic bebavior. The maction vesisl
becomes in imcoession red, them bive, and 5o os. Lzt me cmphocize kow
unespecied ths appearance of chemleal coberemcs is.  We upually
imagine chemicsl raacricns xx she resud of ramdom collisiont berween
the moteculer.  Obviousty, this carmot be the case far fvome equilibriem.
We need long-range corselations o produce chemical sscillations. When
we push such sysims fwrither awiy feome equoilibriees, the oscilimians
mizy become guile irr=gular im ime. Ope fhes speaka about “disvipative
ohaos™; however, | chall non go §ma more deiails sboul this gehjecs,
which ir ireated adegualely in many 1ex13. 3™ What i wmporlast is
thay Immeversibiliny ieade 1o sew spacetlme sirociures (which 1 have
called “dissipative atructures™), and which are essentinl for the
undersianding af (he world woond ug,  Thesefore, irrevescibility is
“eal”’, I canniM b In oor mind, and we bave w0 ICONporae L in on
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way of another in the fevoe of microscopic dymamics.  Recenly, thore
have been many woncgraphs dealing with shis problem, be 1 like 10
meeniion here the excellend Infrodection dus to Prer Covensy and Roger
Highfield, The Arrow of Time3) In ahis book, they called this problem,
“vme's preasest oy siery.”

Bul bow to go beyond 1hin parados?

fn vz work done by my colleagues and me, we have followed the
4822 that the arrow of thme muzt be ascocisied with Jypamisal
imciabibhiy, Ler s Bese present 3 veey Eimple cxample of as wegrable
dynamic sysiem, Lhe so-called Baker tranyformation. Ses Figore 4. Woe
coatider 3 syuare.  We squak # and ps the right part on the top of the
Iedv a9 3em om Figers 4. Thas bemds b & progressive Niagmeniation of
the swrisce of 1hs square. This is obvicnsly 2m unziable dynamic
Fysiton, & bed pobitt &3 close as one wanls will finaly show e in
distamn siripes.  Swch 3 syatem cam be characterized by a Lyapounoy

EXponenl;

{8z}, = {dxly expiin)

Figure 4

The disisiens  (Bx), betwesh 1wo neighbonng wajectorics focreases
cuponentialy with tinte. The coelficieat, X, is called the Lympounav
expenent, and is, is vhe cose of she Baker inesformation, fyual 10 fp2.
The cristence of a positive Lyapounow exporent 35 characteristic of
"chooidc™ sysicms. Thore exists, then, 3 tomporal horizor beyond which
the concepr of wrojeciory frils, ond a probabitisike deserphon is 1o be
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ured,  Thit is all ewll Lacwn, Whm ] waat to eophacize, bowdvar, I3
that in addilion Lo the kimcmatic time 1, wé ook inWodece for suck
sysieme a “second, latermal™ time, T, which meatures ihe number of
SNl requived to prodece & glvew pamivion.  For exsmpls, staring fomm
the stake [a] of Figure &, we need two shifts o obtsin  stsie [c]. As bas
been thown by owr prowp, especially in the work of Prof. Misrs thix
Internel thaae s represented by mn opormor thad leads o o son
commuilive dgebry very e Tike omd we are stlng o qoastem
mechanice. Onee yoo bave the istamed Gme, i is ey 10 comstrurt an
gniropy and tharefore (0 ssocime to the Baker wampformalion am arrow
of time, _

It iz importssd to molkca thes e internal dlmae rederr to 2 global
propeny ab capresked by the paciniony of o squans, L5 »
“wpological”® property, 1n W only in onckkering the squas ga 8 whols
that you cam aysociaps 10 It n gplvem itowsd doe or an “sge”™ k05 Niks
whan you Jook st some person.  The age you will siibsie o him doos
o depend on 3 apscific dewrit of b body, bt retelu from 2 ghobal
jedgment. A detailed presemiation of the Baker iransformation snd i
relathon 1o O amorw of Gooe cen b found in my book wih Prof.
Hicolis.® EHowever, the Baker joamaformations covrsponds wo u highly
idestized giruarion, amd M iz nof clesr on Dein batic why the amow of
time would be zo prevalemn is maare a3 wesiificd by the univeraal
validity of | gecond Inw of thermodynamics. .1‘hl is the problera 1o

which | want o wIn Bow.

ta 1589, Poimcaré asked a Fumdamentnl guestion.? B 1 shouk
mention ihat Wi questiol wat mod forsslased in Dhera perms, bad this iz
the fosmutsiian | shall wad {or she ks of the dicwssion. Poincand
sked if tbe phyricsl wobvens It lsoanorphic o & sysieim of Son-
imomctling saiis. A1 it b well kmoww, Ve oy [ Hamihonlan" H)
W gevamally Forwwed by the yom of 1wo termd, thi-kisgse eottgy of the
wnits Involved amd the potemiial energy comespomdleg o their

© imeraciions.  Therefors, Polscpnt's questos was, “Can we climinate the

intoraction T

This ia imdeed a very ‘important quesibon.  If Poincadt amtwed
had beom yen, There could be mo coberence in W wndverss.  Thore would
be a0 Hie, and no Nobel Conferemces. 5o i 1y vixy Torunute tha he
proved thadl you canmot, in geseral, ofimiasle beractions; woreovor, he
pve the reasom for this ressl.  The reason i the exlsscnce of
fesomancet betwets e vifion: usite

Figere 5

Everybody™s Familte widh the adca of mcroapace, Thia 15 the way 1he
children fewrn 10 swing. Let's fermulsie more preciiety Poincard's

queckion, We sign with w Hamdlsowion of the Tom,

H = Wpag (3.1}



where pe]  are the memenis smd the coondinobs.  We thom wsk the
question if we oxn fedure 1t o the Torm

H = HM .2

where J  are the new momemin (e so-called sition warisbles)  En thia
form, 1he Hamiltomian depeads oaly om the momene.  To perfon de
tramformagion frers (3.1) o (3.2) Poincard considersd the claas of
transformutions which conserve #he siruciure of fhe Hamlbomian theory
(so-callod canomical or weitary tramsforvmations)  Movs poscisely,
Poincard conzidered Hamiltomjsna of B form

H o= Ho(l e 1 V{la) (3.3

where ) is the coupling conmtant and Vi the poteatisl apcrgy which
depends bath on the momeny ] aod e coordinmes & (called dhe
angle variabler). For two degrees of frecdom e poniigkal can be
expanded in o Fourier series

¥ifJoo,md 2 L v.l!llijl-‘]z} alimpaagagh {3.4)
bl Ll §

where  n,.my  are imizpers.  The applicaiion of perturbation tcchwigues

lends then 1o expreasicos of the form

¥

By F ity
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wilh the freguencies o, defined a7 o, = 300, . Here we see the
dsagemus roke of resomsnces (or “smal demomumarors™)

oy +imeg = 0 (1.6}

Dbviously we sxpect difficultien when [1.6) vankhur white the
mumerutor §n {3.5) docs mor.  This bas beon calted by PoincarE™h ke
“fundamestal difficully of dymamics®. We come in thizs way 10
Pomcart's classification of dymamical sysiems, M0 §f fhere are
*enough” resonanoes, the wysiom i “mon-Isiegrable”. A decishe
propress in our understandisg of the roln of (he Fesomnces has been
achizved in e’ 50%s by Kolmogoror, Aold, amd Moser lthe so-called
KAM sheoeil. (Sea, o, ) They have shown that if the coupling
conatsat im (1.3} 4, iv smsdl caough, [und slso ober comdiions which I
Sl Ak discuss bere s satisfied) "mest® iajecioniet Temnain petiodic
=1 in imsegrable wystems. Thir i1 not ssionbshing. Formula (3.6) can be
wriltes a8

Mow rationals arz “rare” o3 ¢compared to iorailooals.  Howewer. wlaeves
the value of the coupling comtast A , ihers appear now in addilion,
Tandomy frupeclovies chasacierized by a potitive Lyapounoy eiponem
wikl ihgrefope by “cham®.  Thiz 13 wwdeed a fondamemnl roswil, sioce o iy
guike wnexpecied to Ml rasdomincis ot e head of dynionics, which

n



waE abways concidered 1o hs dhe siromghold of & deserminiatic
description.  However, It showdd be cmphasized than the EAM sheory hax
ot Soivad the problam of the msegration of Poiecard™s ceim-tascprably
swypiems.  The oawement by Armold thet dysamical syitems with even
only two degreer of freedom, e beyosd obr preseal wmathemanics has
been widely gooed.

But thera is x class of d;l-ﬂkil cysiewa we call large Poincard
syssead ILFS1, for whickh we may decd cliodoae cntirely Foinoand™s
divergemces and therefore bedesd “imegrate® a clusy of Pedncard's “mon-
ineaprahle gpoizest.  This fesult 16 e gueeome of yeurs of Fesesrch with
my colleagues in Broisels amd Austin?; however, i is only recemly that
the problem of the imtegration of large Poincand systema e heen
aoived. 1 waa 10 schknowledge from ihe man e fondamenial
sonriblons of Tomnio Pewosky st wmil an of Hivosbl Hasogpros and
Shuicht Tazaki 1014

Fiest, what i3 3 Tarpe Poincand pysiem? Tt Ls u systerm wiik &
"coptimuaes” spestrom.  For ¢ammple, the Fowvior serist in formuie (3.4)
bar now s be yeploced by A Pourler imiepral, The recomance comdiions
takes them & wew fovm. The momance comditdans Tor a small syyem
with ss arhisrary sewber of degrees of freedom sre [tee 1.4)

Wyl M My 4= O 3.7}
where the m, aro imtegers.  As swwibowed, the regpnonce combittons

express the onisicnes of rational relalions behwsen frequemcies.  Tior
large Polncard sysiemy, cosditlon {3.4) hae w be repluced by

kb #Rpieg Hkyog ¢ . 1) {3.8)
where tha k) e peal sueders,  Mow resonamesd s “everpwhese™.  The
siimaiion becomes simitar -t that in 1he Baker' mapsformations, whees
sfea almost’' il motioss are rimdors motions.  Morsover, large Poincaré
symems e charscurized by FMeracrions involving inlegravions of
resoasmcis {oxamples foMew)  Before [ shall comsider exampies, bt me
emphazize Wl e blea of large Foincoré fyutems remadns meanispfl
in quanmm mechamics. The froquemcies w;  bocome then encagy levels.
For zmall fymems, the meonance condition (1.7) woeld cooresposd tn
actidental “degeseraches.™ Bt for larga Poincusé syslems, we bave
continuous’ spectrunt and the shuation becomes quite similsr 10 1hal ia
chrpsicl mochsaicy,  [Lwpe Poimcwd sysioms hive & saTprising
ponerabity. W'e meol them overywhore both im cligsical sad i Quaniucy
physics. Lot wmo presemt two exampler.  The intemciion between oratier
and eloctromagnetic ficlds Inadx 1o e eminsion of radistion (see Figure
L

Figwre &
The life rime of e axcited Wares s piven firg spproximaden by whal

physicipg coll Fermd's polden rwie which involves an integration over

FOSCHIRCES

_Il.ﬁl'l.l'tﬁ Slleuy 04y ) (3.9}
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where wyp are frequenches sesociaed o the radiglion sad o) b the
eredpy level mcsoclsred ra the wasisble state. This ic an zcsmphe of
inicgration of rcyanances, All saoy-body sysiemg involving “collisions®
are 1PS {see Fig. 1) 2z colliviont also involve mon;m: (e Section V).

Figure 7

Lavge Poincizd systems sow ot labegrable fa the wiual szasz becawte of
the Folncaré resonsnces, bt whet we wand 10 polet oul in whis leture Is
that we cam Incecgrase chem shrowgh mew methods eliminating all
Poincand divergencet.  Thia fesds 10 & new “plobal™ formubxtion of
dynamics fclaasical or quanium]. A we deal bere with chaoic rysiems,
we may expec) new features in this formulaiion of dywamics. Imdeed,
we shall find, as compared with the dymamics of integrable syoems, an
incressed ol of camdomness, and above all o breaking of ms
syraneiry aad therefons the emrgence of irreversibiliy a1 the beamt of
thit rew dysamics. We, in & semce, invert the asusd Formalstion of e
tac parados. The wual s wad W Uy (0 deduce e mrow of ime
from 3 dynmmics based on time reversible equmione, [w condrasi, we
now peneralize dymamics 0 include imeversibilily.

We may sommarize the silesibon as follows,

Diagram |

On wp we have 1he class af Inscgrabbe sysioms (classical or yuaniuwm).
This is ths main Gield explorcd by dynomics. The backe structure of the
dynamic iwcprable syseems is expres<ed by celebrated Yaws {or
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poncipics) seck a3 tho sction primciple which wates teal the Irajeciory
iz swch that tome functional (the aciion) it minimans.  This strociore lus
been Bhe dwarling poisd bak for guanium micchasics and pencral
rekalivily.

B Poincanfs theorem limwis e class of inlegrabls sysiems.  The
hopic grestion i e what hl@pemlmt? How watere zolves the

pobdem of the snall desomlamers. Compwicr cslcelsions do o lead
to hfinleg!

A3 modioned, a firm sep was the KAM theary, The physicpl
effect of resompmces i Whe appearsnce of random motics. For LP3
b Wil anotion: zre ramdom. The remavkable fact s that we deen
Again <am Cisegraie™ tha eqmarions of molom,  Bar wow the Siracivce of
dymamics becomes madicslly differemt frook thal of integrable sysiems,
I is fascinadimg I we pow have i devisde foom e giTucturs
inherznl in the dysamic schemim b5 avioeined with vhe classical
1radivion,

t¥. Eiscoé's Theeorem and ibe Quastnm Mechanics)
Eigenvaluc _ Prohjcm

Thi firel caample | want ic conskier refers o quanluen mechanics,
Ar in well Enreorn, quamieny marchssics bas b=d w8 kind of revolution in
our Thimkimp. In claszical mechasics, “observables™ are represanied by
mumbers.  The new poimt of view, 1akem by gquantwm mechanics, iy

represeni  observables by operplocs. For enmmple, e HamiHonian H
now becomes Ihe Ilamilicniss aperator Mo, . To dhis operator we

asschae cigenlunctions  w, amd cigenvalues £,



L

Hiug> = £ luy= “w.n

The operator, H,, . ating on the sigon functiow, >, reprodeces this
fenction multiplisd by the eigenvales, ¢, The ei;murutl camespond
o ths numerical valwsd of Wt physicat qnmhrl asociated w the
operstor,  Hy, . Once we bave lcmuﬂmmﬂeimnmﬁu:'md
cigenvalues, we Bare the “ipecrral”™ meprescnaiion (ww drop the
subserips "op™) associsted to H

H o= Ea 0, a.n

Pinding the wpecizal represemation {or solving 1he zigenvalue problem)
is it venorat problem of Joaniwes mechanics; however, 1hin peoblesa
hea onby been ackved in 2 few aimple siiusions sad wmost of tee time wo
have 10 resorl o peritbarion echnigoes. We may sian, o s the
Poipcaré theorem, with & Wemiliosian of ths form

H = Hy sV 4.3)

wherg we suppote thad 1he cigenvaloe problem can be zolved For Hee
“anperwrhed” Hamdtinaian  Hy . Wa ook them For vipenstaies and

sigenvMues of H . which we cosdd expand in powsers of Ike coupling
cossemt A, T v Mewe vhin comace with Poincaré™s clrasificonion com be
made. For aon-integrable Momcand gysietis, the expanson al
cigenfunciiony and eigenvalecs in powers of ' couplisg comatant lculs
1 the Poincard camasrophe den to ke divergemcs associsted 10 the
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unall denomimators. The relwbon beiween Polncard's theorsm and 1ha
quasiuym cigenvalpe probicm hax been simdied in o recem papey by T
T. Petrosky kad tht wwhor103,

Let w again cossider the problem of quamium tmamaikions (3ee Fip
61" When we by o solve Uiz problem by conventionsd periusbation
theary, we comme 10 Polecynd's divergoaca assochated In e puamphke 10
deswtinsiniatory of b foriy

’ ;E (4.4}
where o, iz the encogy of lw exciled suares and @y ihe energy of a2
mode of the rsdiction :nrrr.sp:mdin; i wave veohdr k. To aveld she
divergence, we have 1o give a measing to the denombmaior in (4.4).

Hewe sosten thie batic eheiont which mabas Poiscacd son-
micgrdds sysrma “Imcgrable” ia a new exended zcs3e.  Wa inivoducc
a "nateral timee ordesing” of the dysamic sates  To make chear whar we
meam, comsider & wivig] cxnsdpic. A sione oan (A 00 o waier poud sk
[wodoce owiprime wavas, We may dAlse bave the inverse sinsaiion in
which incoming waves would gject o stone.  (See Fip. 3.)

Figurs 1

In facl, owly one of e sWuaticss is foabzed:  the wamwral dime srdenng
i thc falling wone Dirsd, dhe owagoing waves sepl.  Smmilarly, w give a

* We b Tl comaler (ke dmple verios cdled ke Frediis modod b which
winual perciwsy e emilled 5y

ik



magring 10 Pomeard's denomisarses, we bikve 0 tme-order |r.m
dynamical ziates ~ res wealable stomic acete fieme, the omémionm of
radintion Laker.  This comesponds 1o Bohr's piciare in which the
fadtation &mliied by the alcm sorvesponds oo 8 redarded wave, More
precisely, oo the transiiion 1T =k we spsocise the denombssior

|
0yt -in

{4.5)

and 8> b Iandition k — 1 the demowinator

;
oyt

.63

As we have thown!V2), this cimple rule Jeads 10 the climinuson of 21l
Poincard divergence when we indegrare over ihe wave Eengihc of dhe
radiaiion. It i1 & standard procedess in sheoestical physics to expeess
the difference besween pamt and Bwiure thrcogh “analytic conlioation”,
The geseral reader may just sceepl ool we owoadify e Podncad
denominators differenidy according 1o the 1ypr of procecs % which they
are asencialed.  We obimim in this way complex solutions of
Schradlogers siyation, The clpesvaluyes coatain Bow an imaginery Sarl
cocresponding s0 dampieg and the efgeostales have a bBroken-dme
symmenwy, Wo have chosca thid simple example because i tis cric
there ealsre & spandard solution which is, bowever, pgt anabytic i e
caupling coamanl (the particke disappears (rom e spectrumd ),

We can therefore compare oof resulis with the siandasd

trtslment and see §F por approach makes semsa.  We indeed mecover all
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Entes eofulit, bur bn addbiion, &t we Wive Hatzd with broken fime
Symmobry, we cam imrodwce 3 funchomal which plays wbe refe of
Bolizmas's M fenciion and which decreasss woasionouily whes the
particle conlis e radislon and decays 10 e prowed sare.  (See Fig. W)

Figuse ¥

We e alan, of keatd ar o dedupe enperiment, perform 3 dime-bnversion
at time &, afier the sart of ke decay, The result s represeared
whenarically on Figere M0, Ax the time of the tnversion 1 the H-
quantily haz 8 jump ., expiy lg) whers 15 i the life-time of ihe
tmclable state. Them M stsniy so Jedvesce sgula, o Dy we hove

Hidig, = HH=0) and the docrexss of M comtinues waill the parilcle has
decayed.

Figure 10

As we can associae am H-fenction w0 e paniicle decay the decay
becoties an Infcirgrsible  process

We may semmanize whkat we have done a3 follows: 1o avoid
Poincard's catastrophe we have ewlwrged the type of transformaiicons
which lead froin 1he eigenfunciions of vhe uaperiurbed Hamilosion H,
{=t 4.3} 1o e cipravalues of the WY Homilomion,  Bnomose lechinical
lerms, Ihe silwabon 65 s Foltows:  Polneard considered only casomical {or
wmitary) transformations which omonp other properces keep the

cipenyaliey of 01 ezal. We isroduce mane generl ansfarmanion:

h



leading v compley zigenvalues. The specific choice of Mhexe
iramiformalion follews from our vk orderimg of the dymamical simos,

The vemult is abeady of geest inberest in (e perapective of the
episromological problems which plague quanium mechankes. Let wa Tarn
remind that the Batic equation of quamium mechamics ic ke
Schrodiaper cquatiom for the wave Tasciion ¥

av
I; = Hr 4.7

The equation 35 s in Ml wathooks on geidivoy mechanics 15 s
vevarsible amd deterinisic. (We saclede some “pathologicsl™ cazcs
related in weak imieracsions.) The physicel iniorprecahon of ¥ iz s
it represents w prabability “smplede In comai, the probabilivy
proper is given by

Wl u M {4.8)

W shall come back in the mext zeclion to thiz rassision from
probability amplimdes ¥ t0 probabildies proper By,

Quanium mechanicy is probably the secat swecessful theary of
physics, amd srill, e discussions shour iy conceponal Vowmdaticn hove
wever ceatéd, | vocommend & e book by 15, Beli, Spevitoble and
Unspeatable in Quomum Mechonice 1%} Ar they quumiue jeinps?  This
b yuitc a conicoversisl problem. Schrdinger's equation (4.7} doscriles
2 ootk evolmiion. How then o inclede gquanium jumps.  Tn addition,
(4.7) is vime eymmeinic: N thers 5 sposdameons criisaion, there showkd

(R

be alse sposascoss abaoeptioe.  The convemiiomal Copenhagen
inmerprelmbon |5 il quamum pemps recult Crom OME mMERSErEMERL
Thizs would e raher steaege, Soce b of chamisiry and Jile arc the
resol of quantom jempd.  How ihen cowld W= be a3 a resull of owr
measurements?  Our method solves this problem s it atzachmes 1o the
quiminr juip & lrgversibde eveu which cae only occnr m (owr)
future,

Before we come back 10 Wi fascinating peoblemy waderlying tbhe
close coancction between the concepal foundasilems of quamum
mechaniet and dysamical Ingabiliy, et ur wake e Tollowing remark.

The cxnmple we bare wenicd 65 & rery simphe owe a8 weo could
introduce & mvursl time orderimg in e Tovme of e oteal quastum
descriguioa (e so-calked “Hlbcrt space™), Bun o goucral, s is
impozsible (ihink sbowt zcatierlag where sl staier play a symmeirical
cole).  Then wat shall se¢ in she mesn soction, we bave W infroduce 3
watwral twoe ordering om the level of the wanistical deseription.  This
teads to dee Mabepralion of LS In quile geoers) slhastions and to & new
Formm of dypanskcs, which breaks radically with she pam.

From che cxample swwdicd I Secilon 1V, W should be clear v we
may avoid Poincwds camsirophe: W iy through introducing inie Lhe
theary o gline omdeving of dymamdcal atmes which besds s well-delined
“regalatizativg” procediie: Tor dhe snaall demormdnators (see 4.5-4.6),
Bl how W inteodoce sbis time orderinp?  Heee o we shall g2e paw, we
have o Iwen b0 e sfodiatica) deccripiion. Curioosly our approsch

0



vilidates the way Boliemann mode than & cenpary Ego approached
kinetic theory of gaies. Bat Bolomena ¢mld sl guess the emorgence
of the chaos theory snd ddd not fwow that be was aredying “non-
imzgrable Polrcard sysems.” (He, ax well ax Maxwell, placed vherefor:
hit hopes in ergodic theory which iz indeed wseful Tor dhe
undersianding of squilibrium, but nor for dynamical purposes.)

in 1he carly diys of statisticsl mechanice, Gibbs ingodwced 3 Quite
fundamental conceps, the "Oibbz tagembles.”  Inmesd of considering
single dynamical systems, be conshdered & Farge aumber of dymamical
systemt evolving in the phase space msocived o the coocdinares 4.4y
and moments pi.py of the paricler fosaring each dynamdeal $ysiem
{aee Fig. 113

Figure 11

The description is |hem, in terra of ke probabiliny distribetiom p in
[have fpace
Pty Dy PyorePpu (5.1}

This descriplion remaing afzo meoningful for quanlem sysiems.  The
probzbility discribotion g s then callod she C“dessity manii” Owce we
know p  we can cabculase both the welocity disicibution of the panicl::
33 well ax 1he comclations exisohg botween e panticles.

How then dozr time enter fmy this doseripiion?

Let us conskler a classical gas. Particles collide ood thesc
collisions give fdse 1w corelations. See Figwe L2 First we have binary

I

correlations, ke wimary comelatioms, asd time going on, comelations

lavolving more and more parucles.
Figmee L2
The formation of comelaiioss is somewhat reminiscent o ko of &

eouple whick has & convenation  [Thizs would comespond ¥ a collision].
Even whom the parbhers o sway, the msetiory of sl convessaiion

‘remaims.  The isfommation astociated 1o this cofveesaiion it vime going

o&, ipreading out o more amd more patlicipania.

Suppome we: book a1 » phesy of waser. [n vhis glaas of waner, chers
i an amow of yime sl will, io fact, pemist Torever and ;:urresponds n
the croation of ndw corclations fovolving an ever-ingeeasing numpber of
paricher.  Accorfisg 1w the correlmions which exist betweaen (he
molecules, we com Jdisinguitk “young™ water from “old!™ Compuicr
expesimente have besn porforimed recently that show [hat binary
cosrclations appear w‘w rapidly. Termary correlations inml-\-e longer
time scales and o on. Thic lime orenled (low of comelalions breaks the
symamelry involved im ke clagsical description. Let ws go from slalc A
(o o many-boudy syuem) with g0 corrclations s =0 w0 a2 sate B, o

time t involving maldple comrelatons (sec fig, 110,
Figmrz 13

Dbwviously, The trantitics froom A e B invalves guite difforent physical
processes, thon ahe inversc pansitam, fropy B w A,

-
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Ter dme godering of covzelation ka3 1o be istroduced ino
yuamict w sviid Pokscard's carmstrophes:  Bimary comelaiions come
before wrmary ones and 3o 0w, Wa hevae therefore 1o describe dynamics
in termy of the fime evolutiom of cormeluions.

This comespondi fo a4 differen) pobst of wiew fromm hat of classical
dynamice:  she questes i %0 miss 1o sludy the positions and momenns
of sach parcla timw going o8 bed 10 lollow the evolution of e relavons
beswstn the partictes.)7} In this comcepmal Framework we can avoid
Poincaré's caamrophe by woeating erassitions to higher eovelations ax
“futors oricsted” snd oaogitions w lewer comclaiions as *pam-orienced”
exacily ar we have doax M in 4.5.4.8.

Gibbs™ emsembie theomy leads to an cquaricn for whe time cvolution
of the dentdry maris p

i‘-’ﬁ -1p 5.2

which b focmally quite similar te Wk ScheOdingor equmion {4.7). Lk
ihe wo.called Liowville aperstor, which ¢an be expredsed in terms of the
Haméiltonian both in classcal amd guamum mechanicy,  As we
mentioned, Poincard’s ihecsem deals with Hamilonlamg of tha fors

H= L+ ¥ (5.3}
This corrcapandds 1o & decomposiiion of the Lioyvilie operanos

L=Ly+ily (5.4)

2%

To solve Liouvidie's nq,ulllnm {32) we seed a1 ks the Scheihdinger cawc 1o
solve the cigeavabee probloms (see 4.1)

Lif,> = i, (5.5)

For intcgrable sysiems, thers [ no probless.  The Lioavilld's eqution
(5.2 is hen of no speckal isicren a3 the problem reducer 10 the wemal
dynawwical problesa (fmding wujecioticy of wave Teavitoos),  However,
the peoblem changes tedicsly for muumue sysuems,  Then the
Liowville equation describes the emergence of chacs des to the
despruction of Ueb vanigue of solion spizochond o the uapesucbed
Iysiem.

Apyin, PoincyrE's fheorem prevesss w3 from ﬁl;lﬂlj, soludion: of
(5.5} through wnhary trassformations (prosorving the realiey of 1))
which we could expand is powert of the conpling comsant ) . As
wiveady mestioned, we solve this dfiewhy by lmroducing a
supplementary clement into Hee thoory:  the lime oidering of the

‘coreclmlon, We them obtwm a comples clgemvales problem than can be

solved and which lesds 1o damping sad s irrevorsibalily teoogh the
ocpatence of $-lunctions (s2e_ Seciion 1V Thiz paw dynamics has
some distinet fealurcs which picicmtl w bt deparkprs from  the
feaberes of e dyramice of inieprable myslems at deacribed im cloasicil
of quaniam Hesocy,

To widersiond ié qualitolive Teiem whol bappeas, b=t us adklyie
nvde closely whal i3 favalved in e idea of “collisions.” Be fecl, o
collision comresponds alrcody to @ complen process im which panicles

14



come close, exchange energy throagh mtonasce and depar.  We oun
sisunlize & aolilslon o 2 gyccesgion of Matea bound by n:mnlm {see
B)). In 4 Hamitonlsn system {the esse of hard spherer as & Hrolsing
cage which will mot bo considered heare] & collizion is mcl am
ingEantaneous pnial-;ﬂau event bt hes wn axtension botk in gpace amd
time.

A1 has bean showns I-'ﬂ:ll!]r by T. Poirogky and she sothoe, the
spectrum of Lhe Liouville operztor L @ smesially dewsivwined by the
dyramics of the collisions. This imphes » radical deviadica from the
nsoal mshods of dyramice valid for imregrable svarems where |h-¢l
evolution can be resolved lamo 8 saccexsion of imstanfaneous space-lime
events {remember Feynman diagrams).”  For ths macon dee dyaamick
of LPS can ooly be formulared om the stafuical level, a3 we canno
reduct §1 A o teajectories do ke ehsgical cate DoF 10 wave fumciions,
17 in the quamum caze. This devimion from the prem oaditions of
dynamic: mot &0 astenfuhing: we dexl here with ap aspecy of dynamics
teal 13 totally absemt in integrable 1ymewms. It b, however, alvendy
pretent in the KAM sheory bt there the behavior & g0 comples thar it
defizs any fuakeijative description (we have o ose gualicative crilerio
for the coflapze of scsonamt wori a3 vhe sesuli of the contescence of
resonances). [ i precisely (e main progress pealized by the study of
EFS 1o presem a simphe descripiion of ke physical peocessss dus o
regonances and wiich lead 10 PosncetE's non-iniegrabilivy,

" For the reawder (amisar wil bmssc Thoory, Iol oo memtion (bt
wraditional kinene squaaresy [t Fokker-Pleeck cquaisams) wonkan sceabd
derrvaiiwes, thiv o3 presscly due oo ke desceipoon of Hie collaiom ax m oawo-
SlaEE  procost

Our approach haz beem zonfirmed by domerical caleylpions
performed on simple exsmplos of LPS.  We may st with 2 acadwical
disiribption {a: cloze s we wasi from & polnt in phaze space). We e
then the BysicEn podeg M YREOus Hapes comespondlag W the
wppearmnc: of Lyspowsoy imisbility (see 1.0), foldlog s phass space
wnd thex dikfuvion 31 dee W "collisions.”

The: muine point | wasl 1o ¢mphaiize again i3 thot aeabilities
dezvoy the very oolom of ajeclory (o of wave Tumclion la guantum
mechanks} as the basic descripton i3 mow in s of avarisiend
enscmibles.

Let us  now preser some concluding remaks,

¥l. Cepcluding Bevvorks

The bstepration of Poiscaré’s acn-laiegrabla dynamiczl syzems
leads for P8 w2 new form of dymamilcs encompasslng Lergvessibikicy
{broken lime symmciryd and exhibitmy an imcreazed sde of probabiiny
both in classical and goamum mechanics. The tiom paradox we have
heseeihent I Secvios 2 it s this way climinsied (see Fig, 143,

Figure 14

In ihe "old" eWuation, we had w Boidpe e ancroscopss ime

vevprsible tovel ao the macmscopic evel cquippel with am priow of

lime (Fig. 14, &4 how can lime MWise frome ao-lime?



Fow (Fig. 1%y we have 3 wew micreicopic lovel with brokem Ltime
symmenty oul of which through averaging procedures emerpe ihe
macrascapie disspative tevel, The “ol” mil:l'ménpil kevel bas beromc

ungtable.

Figure 15

This bexdt 10 4 bemor underttanding of the role of chaos. T Facl,
there exisi two quise different m-lll'tuulhu of chaos. When we atady
macroscopic equatias which iaclude dimsipation, swch ax the reacthos-
ditfusion cquatiom, or the Stoket-Mevier cqoation for Muids, we wre
alrendy facing sicaatioms for which the knic microscopic descriplion
belosigs 1o LPS. Ta other wrords, the very exiemcs of suck equanioos
ptEswpposes “dymamic chaos®. ‘Thi: iz not mumnishing: inderd,
proporlics auch a1 Fricviom or diffusion in'mllu exchange of emorgy
through collisions. Thes macrtcoplc equatioss may kead w chios
{chemical chaps as turbuleace),  This dissipasive chaos lics “om top™ of
the dynamiz chaex. Az we mentioned, dissipative chaos I pan of zeh-
ofgueizalion aF it apptars in momsquilibrium and son-limear syuems.
Examplts of chemicat cobenmes e osciflating chemicdl roactioms, In
shart, therefore, macioecopic order a8 manifested in aon-equiliboan iy
e outcome of dynamhcal chaes. Byven the approach 10 sguilibrium
becomes 1he resnly of dysamical chaocs.  lu ol these cases, thercfore, we
have ~Owder put of Chaos™ (e,
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Fagure 16

Let wa aho mumiion et LFS are ¢volving syatemy.  Omece imital
conditipn: are given, ihey po (hroogh variout ittapes such a3 described
by Lyapowmoy ciposenis, Eiffptomal proceises ... Howover,
imevermibdiy 4 not related o Newsowian Time {on i Ebwrisinian
peoeralization} but m an “Rseroad™ timwe s cxpressed bnoswerms of e
Lalalicns Metwees the varbous whils wikich Fon s system {twch as the
correlation betwesn the pnicies). We caanot atop e flow of
correlations, 45 W epnlod peevienl the decay of wapwhle atoenle siaes.
Natwphor has wrilten: 'What i1 real cansod be comirolicd, whn can
by comrolled is mot real. Thiz Is also droe bere.  ln addidion to sobving
the e paradnx, the dymimical faws obiaimed eiomgh e Imezradon
of LPS bead 1o 3 mumber of osmsequenchs which go far bepond onr initial
motivalios. Wa have aMamly mesllosed tome rEldiont with the
spistomolopical problems of geanivm mechamics in Section 4, Wi can
now g0 berther.  Ax iy wedl Enoww, the besic gqmplity e quanium
mechanics is 1he probabiliny wapliude ¥ which satisfies Schrodinger's
equalion (4.7} bl we mealure probabilisies! Therefowe, we nesd an
adtitonal mechaniss K go [ron “poseniialiies™ az described by the
ware funcion 10 “aciualitics™ a3 described by probabilitice.  In bis
imroductios vo “The Mew Physics,” Pawl Pavies!™ wrote, "Al the vock
Lo, guaniuin mechakics provides s highly swccesalol procedure for
predicting the resodis of ohservations on microzysiems, bul whew we
ask what acieally happess whes an oleervation [akea phace. we et
nonzensct  AWempls R brcak om of this parados range Trom the !

*



bizarre, fuch as 1he masy usiverses iseeprnation of Hugh Everanr, 1o
Ihe mysiical ideas of Joba vos Mewmann aml Ewgene Wigner, who
invoks the observer's consciousmeis. Afier hall a cemlury of argumens,
1he quaniusy observaton debate remadns g lively as ever. The
problems of e phyrics of the wry small and the veiry lasge are
{formidable, but 71 may be wes Wiz frontier -- the imseriace. of mind amd
marsee - will worn ow to be the most challenging legacy of the Mew
Physics.” I i inreresimg thar the sohmion 1o this Pendapesiad peoblsm
may come frem dysamical inmabibity and chaos a2 [n owr new
dynamicyd descriplion we denl direcily with probabilities. In Lhis case,
the breaking down of the supecpodilon principie of quantwm meckanics
in LPS ic dve to dynamic incrability withowt any sppeal io esoderic
considerations, such asx the many-world theory or ibe exislemce of the
Bew universal consanr teadlmg so 2 collapte of the wave Tuaciion For
maceorcopikc sysems.  We come o 3 mealistle formefadoa of gquantam
mechanics eliminating the appeal o any obterver situated owiside
physicy.

This cennery bax besn dominated by two mew concepual
Traomewrorks:  quamium mechanicy avd celmiiviny, As bt been ofica
emphasized, {1ee, Le., M. 3achs?0% the imrusion of sbjectivisic
slements throogh (b gmeasuremett process leads o diffscedties when
wé wanl 10 comblne quaowm shemy and reladviy.  Howewey, oo
mizgrable dymamical tyslems are likely also b0 alier melalivity as ke
Dasic dynamical events (he collisiohdd do o more cotreapond
instanianecwy and Bocalized gpace-tane fvengs.

| believe 1hal we ar therefome indeed ar the beginning of a

“Mew Physics.” Knil pow, our view of nplure was domitased by the

Iy

theaty of Integrable systems, boih in claztical and quantem
mechanics. This comesponds 10 an wadus simplification. The world
arcrend wk imvolvey ingubiliics wnd chaps, and ihis requires 2 drasiic
revision of some of the bakic comcepis of physics.

Lea me conciuds by expressisg my couviclion that, in the
future, the son-istegrability theossm of Polecart will be considered
x & mmlay point somewhin similar to the discovery thar clacsical
mechanics lead o divergences whan applied 1o the black-hody
ridigtion. Theie diverpomces had W be ¢wcd by quasium deeory.
Similaaly, Poincart’s divergeties have to be ¢ured by & sew
formutation of dynamics in the semse | have wied o desemibe in 2
quakitative way la I&dy presesasion.
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