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1.0 CONTINUITY EQUATION

Both the vertically-integrated (ADCIRC-2DDI) and the fully three-dimensional (ADCIRC-3D)
versions of ADCIRC solve a vertically-integrated continuity equation for water surface elevation.
To avoid the spurious oscillations that are associated with a primitive Galerkin finite clement
formulation of this equation, ADCIRC utilizes the Generalized Wave Continuity Equation
(GWCE) formulation. Development of the weak weighted residual form of the GWCE used in
ADCIRC is briefly summarized below.

The vertically-integrated continuity equation is
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where

U,V = % E u,v dz = depth-averaged velocities in the x,y directions

u,v = vertically-varying velocities in the x,y directions
H = ¢ + h =total water column thickness

h = bathymetric depth

¢ = free surfuce departure from the geoid

Take 8/dt of Eq. (0.1), add to this Eg. (0.1) multiplied by the parameter 7. (which may be
variable in space), assume a bathymetric depth that does not change in time, (ie.
dH [8t = & /ot ) and rearrange using the chain rule '
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Q,.0.=UH,VH =x, y - directed flux per unit width
Note that Egs. (0.3), (0.4) and (0.5) are equivalent as are Egs. (0.6), (0.7) and (0.8).

The weighted residual method is applied to Eq. (0.2) by multiplying each term by a weighting
function ¢, and integrating over the horizontal computational domain €2 .
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where, the inner product notation ( ) is defined as

(r.4,)=[r¢,a0

Integrating the terms involving A. and A, by parts, using Egs. (0.4) and (0.7), yields a weak
form of this equation
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Eq. (0.10) includes an integral along the boundary, I", of the computational domain involving
the outward flux per unit width, @, - normal to this boundary.

(0.10)
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The GWCE derivation is completed by substituting the vertically-integrated momentum
equations in conservative form into Egs. (0.3), (0.6) or in non-conservative form into Eqgs. (0.5),
(0.8). ADCIRC is formulated using the non-conservative momentum equations. Making this
substitution and isolating the linear free surface gravity wave terms gives:
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Substituting Egs. (0.11), (0.12) into Eq. (0.10) and rearranging yields the weighted residual form
of the GWCE that is solved by ADCIRC:
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Term by term integration of Eq. (0.13) yields:
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where

A, = area of element n
NE
A, = Z A, = area of all elements containing node j

n=l1

NE ; = number of elements containing node J
L, = length of element leg n

.

3
h, = Zh, = average bathymetric water depth over element n
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Ton= me = gverage T. over element n
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¢, = horizontal weighting function, =1 at node j, =0 at all other nodes,

varies linearly between adjacent nodes
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x» ¥, = horizontal coordinates of node i

The definition of the weighting function ¢, reduces integration over the horizontal domain € to
integration over only the NE; elements containing nodej. Also, we assume a Galerkin finite
element formulation in which the basis and weighting functions vary linearly within an element.
Therefore, spatial derivatives are constant within an element and can be pulled out of elemental
integrations.

After integration, Eq. (0.13) becomes
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Equation (0.14) presents the spatially discretized solution for elevation at horizontal node used
by ADCIRC. This equation is discretized in time using a three time level scheme at the past {(s-
1), present (s) and future (s+1) times as described below:
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Substituting these time discretizations into Eq. (0.14) and re-arranging yields:

An 1 ?un : 5+
e LiZalsp 0
i=1

NESV12AF\ At

-1 gﬁ o } *opl 3 * 41
= +_,_"_..l {b.’zglj-‘- b,—+a’zg"‘+ a,}
i=l i=l

"

Au 1 %_on 3 *e
PRTRER N

12A8\ At

2 —gjﬂ[(aﬁaz)[[)izg:b.‘*a_;zg:a:]Jra3[5;24‘:—]b1+a;zg,\10:‘)} (0.15)

n=l it

+ %[anbj + ;‘iy,, a.l]

L | 909y y | .
—6—§¢l.;’ —_’Q‘A—t—’-'{’?un(al QN; +(12QN,+053QN',)




where
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The left side of Eq. (0.13) is a sparse symmetric matrix (number of nodes x number of nodes)

and the right side is a vector. The normal flux terms are only present in the equations
corresponding to boundary nodes.




2.0 2D MOMENTUM EQUATIONS
The vertically-integrated, non-conservative momentum equations are:
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M.=Es g Uf] + 4 Ufl = vertically-integrated horizontal stress gradienf
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M,=En 4 VI; + J V{{ = vertically-integrated horizontal stress gradient
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D.= ——ag“" + D _ momentum dispersion
X
D,= % + D _ momentum dispersion
X

D= [ (u-U)(u-U)dz

Du= [ (u-U)v-V)dz

D= [ (v-V)(v-V)dz

B.= [ b.dz=vertically-integrated baroclinic pressure gradient

B, = fh b, dz= vertically-integrated baroclinic pressure gradient

b.= gi Mdz = baroclinic pressure gradient
ox =P,

0 — P . :
b, =8 _— J{Mdz = baroclinic pressure gradient
=P,
p = time and spatially varying density of water due fo salinity and temperature variations
p, = reference density of water
Tw, Tw = imposed surface siresses

The, Ty = bottom stress components, suitably defined, e.g., using a linear or quadratic drag law
P, = atmospheric pressure at the sea surface

n = Newtonian equilibrium tide potential

E., = horizontal stress coefficient (often called the horizontal eddy viscosity)




3.0 3D MOMENTUM EQUATIONS

ADCIRC uses the shallow water form of the momentum equations (applying the Boussinesq and
hydrostatic pressure approximations).
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where,
u, v, w = velocity components in the coordinate directions x, y, z
LE. E:é?_u = vertical stress
) oz

Ty o E. o = vertical stress
D oz
E .= vertical eddy viscosity
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E, = lateral stress coefficient (often called the lateral eddy viscosity)
b.=g 9 fMdz = baroclinic pressure gradient
xE P,

b,=8 9 (p—_—dez = baroclinic pressure gradient
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All horizontal derivatives in Eq. (0.18) and the accompanying definitions are computed in a level

or “z” coordinate system. ADCIRC utilizes a generalized stretched vertical coordinate system

Z=n o=a

Figure 1. Schematic of level and stretched coordinates
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(Figure 1) in which the vertical dimension is transformed from 2, ranging from -Ato £ ,t0 G,
ranging from b to a, where b and ¢ are arbitrary constants. (Most models assume b=-1, a=0.
ADCIRC assumes b=-1, a=1.) While ADCIRC uses the vanable ¢ 10 represent the stretched
vertical coordinate, a traditional “c” coordinate system implies that the nodes are spaced
uniformly over the vertical at any given horizontal location. ADCIRC does not carry this

limitation, but rather nodes can be distributed over the vertical in any manner desired.

Using the chain rule we can relate derivatives along level () surfaces to derivatives along the
stretched (o) surfaces:
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where for clarity, ¢ subscripts have been used on the horizontal derivatives computed along the
stretched surfaces in Egs. (11).

Considerable discussion exists in the literature regarding the generation of spurious circulation

due to the use of stretched vertical coordinates. Most of this attention has focused on problems
arising from the baroclinic pressure gradient terms and to a lesser extent the lateral stress terms.
In ADCIRC we apply the stretched coordinate system to all but the baroclinic pressure gradient
terms resulting in the following transformed momentum equations:
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Note that the first term on the right hand side of each equation is not a function of depth and
therefore horizontal derivatives in level coordinates are identical to horizontal derivatives 1n
stretched coordinates.

Introduction of the stretched coordinate system in the advective terms produces similar-looking

advective terms in the stretched coordinate system, Egs. (12), provided a stretched-coordinate,
vertical velocity, w18 introduced that is related to the true vertical velocity by:

- — - _‘ - —a
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ADCIRC does not formally transform the lateral stress terms (. m, ) in Egs. (11) to obtain

equivalent terms in Eqgs. (12). Rather, the original lateral stress terms (along horizontal surfaces)
are approximated as lateral stresses “along stretched surfaces”, 1.e.,

ng'

= ‘ (E ’ —ai}r ﬂ( E: ou ): lateral stress gradients along stretched surface
e\ 3xe) Do e (14)
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T Xa o aya aycr

The generation of spurious circulation because of this assumption has also been discussed in the
literature. ADCIRC uses the lateral stress gradient terms purely to dampen numerical noise in
the solution and therefore assumes a |ateral stress coefficient that is as small as possible. This
should minimize the generation of spurious circulation by these terms.

The weighted residual method is applied to Egs. (12) by multiplying cach term by a horizontal
weighting function ¢, and integrating over the horizontal computational domain Q and then
multiplying the result by a vertical weighting function v/, and integrating over the vertical

domain, Z. By constructing the grid so that the vertical nodes line up vertically beneath each
horizontal node, the horizontal and vertical integrations can be performed independently.
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Horizontal integrations of each term in Eq. (15a) are presented below (Eq. (15b) is fully
analogous) and are carried out using one of two integration rules:

Rule 1: (nodal lumping, applied to terms that do not contain spatial gradients)

< ) %jwﬁd@ TZMdQ—A;”T

HIQ nIQ

Rule 2: (fully consistent, applied only to spatial gradient terms)

(2 0) 3 -3 foan -$4 )
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where,

A, = area of element n
NE,;
Ani; = Z An = area of all elements containing node |

n=l1

NE ; = number of elements containing node |
¢ ; = horizontal weighting function, =1 at node j, =0 at all other nodes,

varies linearly between adjacent nodes
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Note, that the definition of the weighting function ¢, reduces integration over the horizontal

domain € to integration over only the NEj elements containing node j. Also, Rule 2 assumes a
Galerkin finite element formulation in which the quantity being differentiated (Y in the
integration rules described above) varies linearly within an element. Therefore, the spatial
derivative is constant within an element and can be pulled out of the elemental integrations.

Horizontal integration of the transient term in Eq. (15a) utilizes Rule 1:
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Horizontal integration of the horizontal advection terms in Eq. (15a} utilizes Rule 2 and assumes

3 3
the un-differentiated velocity terms are elementally averaged (i.e., 4, = %Z y;andy, = %Z v )
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Horizontal integration of the vertical advection term in Eq. (15a) utilizes Rule 1:
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Horizontal integration of the Coriolis term in Eq. (15a) utilizes Rule 1:

() =50,

Horizontal integration of the combined barotropic pressure (i.e., the free surface elevation,
atmospheric pressure and tidal potential) gradient term in Eq. (15a) utilizes Rule 2:
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Horizontal integration of the vertical stress gradient term in Eq. (15a) utilizes Rule 1:
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Horizontal integration of the baroclinic pressure gradient terms in Eq. (15a) utilizes Rule 2:
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Horizontal integration of the lateral stress gradient term in Eq. (15a) initially utilizes integration
by parts
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where, T, = external boundary segment of element n. The term is further reduced by assuming
that the lateral stresses are zero along all external boundary segments and by lumping the lateral

stress coefficient
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Thus, following horizontal integration and multiplication by 3/4, v Egs. (15a,b) become:
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A standard one-dimensional, Galerkin FEM discretization is used in the vertical, yielding the
following integration rule,

(o (o)
Yo I W, W, do+Y, j v, do k=NV
Ok O k-1
(o] T icrl
(Y,'/fk>ZE T I W, W, Ao+ Y j W, do+ Yia I W, do 1<k <NV
Tk o] Ok
O i+ Tkl
Y« _[ W, Ao+ Y _‘- WiaW, do k=1
T O

In shorthand notation this can be written as:

3
(Ya Wk>z = Yk*l[nmk,l + Yk]f’lmk,z + Yk+!1nmk,3 = Z Yk+m—21’nmk.m

m=|

where,

w = vertical weighting function, =1 at node k. =0 at all other nodes,
varies linearly between adjacent nodes

k =1 at the bottom

k = NV at the free surface

NV = number of nodes in the vertical
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Note, that the definition of the weighting/basis function ¥, reduces integration over the vertical
domain Z to integration over only the two vertical elements containing node %, i.e., from node
k-1 tonode k+1. Also, because the basis functions are linear in space, their derivatives are
constant within an element and can be pulled out of elemental integrations.

Vertical integration of the transient term in Eq. (16a) yields
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Vertical integration of the horizontal advection terms in Eq. (16a) yields
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Vertical integration of the vertical advection term in Eq. (16a) yields
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where,
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Vertical integration of the Coriolis term in Eq. (16a) yields
<ﬁ;vwk> =
Z

Vertical integration of the barotropic pressure gradient term in Eq. (16a) yields
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Vertical integration of the baroclinic pressure gradient term in Eq. (16a) yields
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Vertical integration of the lateral stress terms in Eq. (16a) yields
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The vertical stress gradient term in Eq. (16a) is initially integrated by parts, yielding
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where the free surface stress, 7., (applied only for k&=N¥) and bottom stress 74, (applied only
for k=1) have been introduced. Expressing the vertical stress in terms of the vertical gradient of
velocity in the remaining integral term, yields:
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where
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KVnm  ea= ——[—ao_ ]H ]( oo ), .. E:x J Wy dO'+Ez,-,k+| I Wi, do
Ko+ L T Ty
+ }
__Ez_,,k+| E:jx for k= NV (19)
2(O'k+|_0'k)
0

fork =NV

ADCIRC utilizes a generalized slip formulation for the bottom stress term:
Thx ]

= K\'ii U js
s i
pu !

Th_l/ i
= K sip I'V i

o
where,
K stip ; —>©

= no slip bottom boundary condition
K gy =constant,
P’

K, = Cm/ua + vi,
In final form, the vertical stress gradient term is:

a=b)/ o (., a=b)\1u, a—b w a—bY
— , = ' = — |u,|, Kip,—
H,I ao_ pa Wk 7z HJ p” k=NV H/ i " H

/

linear slip bottom boundary condition, ( K sip = linear drag coefficent)

fl

quadratic slip hotiom boundary condition, (C, = quadratic drag coefficent)

3
Z U j k+m-2 KVnmJ,k,m

nr=I|
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Thus, following vertical integration Eqs. (16a,b) become:

3 3 | owE ‘
— Ou Jrm— 1 ! au ﬁ.u_
Z‘—‘Iakt 2 Inmim + 4 Z Z An[”n( ] + Vn[a ) i\ Innic
H H k+m=2

m=1 NI j m=1 n=1 axo’ el
a-b | ou ou;
+( i, ]l:[g;l]k_lk(wm,k-x+2wai,k)1nm"" * (a—(;)kk ](QWG f‘.k+Werk+1)Inm"‘3]
> 1 & o|f+P/gp,— @
—vaj,kﬂu—Z]nmk-'" == ZA" g [ / £ W] LVnk (203.)
=1 ANli’ n=i ax n

2
a-b a-b) <
- — |1 th‘ - Uu;. +m—_KVnm j km
K=V ( H ) ‘I\k:l " ( H ] Z e .

+ (a _ b ] :r;\'xJ,
H J p“ = J i m=1

1 3 | Nk, 3 k) NI, au a¢ a a¢ ‘
- Z\:z Anbr"} Inmiw——— Z{Ei,z An{ ! + —i : Inmk_m
k+m—2 B bkrm—2

ANI:" m=1] n=1 ANE,I m=1 n=1 aXU ax aya- ay
3 3 NI
ov jk+m=-2 1 ] [ 67\2 j v
———Inmm T — Al vl — | TVl T— Inmi.m
mzz; ot A, mz=:‘ HZI: \: Oxs /,, oy, -
+( H; ]{(_a;)k-l,k(wqhk_] 2w j'k) e (%]un(zwa'hk e MH) Inmk{\
: 1 & o\ +P.jgp,— &
+ qul,k+m—2]nmk.m = ZAﬂ[g [4’ /gp{ ?7]] LVnk (20b)
nr=1 NI on=l ay "
2
a-b\Ty, a—b] a-b) &
+ ) - |V K.\‘lf - Vjkrm— KVnm Pk
( H, ) Po k=NV ( H,i Jlk:l " H/‘ mzz; pm "

3 [k, 3 NE, o . 5}
- ! Z{Z Anby,,:\ Inm.k.m-_S—Z[Eﬁ;zAn[ i ¢j + P ¢’} } Inmym
k+m—2 n_lkvm=2

NEEj m=t | a= N om=1 n=l Oxo OX Gya 5y

Equations (20a,b) present the spatially discretized solution for velocity at horizontal node j and
vertical node k used by ADCIRC 3D. These equations are discretized in time using a two time
Jevel scheme at the present (s) and future (s+1) time levels as described below:

3 s+l 5
. Ujhrm-2" Ujktm=2
Transient term: Z Lk SRS T

m=1 At

Horizontal advection ! i % [ du’ [ du’ ;
: An| tn S o APk
"o, ) 8 ‘

" k+m=2

NEjm=ll gz o Y &
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Vertical advection:

a‘—b a ,s‘ ‘ a i v
[ . ] (u“i) (W‘:; 7.k—1 + 2W>r‘,r‘l"k) Inmk,l + (*u,) (2W'<‘r jk + W:r ,-_M)Inmk__z
H; oo k-l k oo ke e+l

3
3 1o s+1 R
COrthS. Zf[alv}fkﬂn—z + (l—al)vj,k-«-m—z] Inmk,m

m=\

s+1 5
a-b T T,
Free surface stress: —2— f;"l-z .V
S+ Ry
H,.r p.) H‘ip,, k= NV

) s+l __ ¥
Bottom stress: (a_b)K':hp[azu; N (1 az)u_,}
R
k

s+l G
H i H i

=1

Barotropic pressure gradient:

L 'S é’_ 6[§ + P“’/gpu - aﬂ]‘ a[é’ + P‘/gpa — an]ﬁﬂ
ANI:',‘MZIL 2 [g ox tE ax LVnx

s+1 )
. 2 U krm=2 Ujk+m-2 ¥
Vertical stress: (a—b) Z a, L (1 — U, ) L KVamkm

=L ) ()

3

o ) 1 NiZ, ‘
Baroclinic pressure gradient: Z{Z A,,b;n} Inmgm
k+m=21

NE i m=1} n=l

3 NE, ¥ a¢ ) 5 a¢
Lateral stress: > Z ES ’,z An Ou L+ ou ' Inmg
NI j =\ o= axo’ ax ayo— aJ'/ P P

Substituting these into Egs. (20a,b), multiplying by Arand grouping velocities at time levels s+1
and s yields:
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§+]
Zu/‘,k+m—2]nmk,m - Atz falv

m=1

s+1
H;

+ At(

(a-b)Ar(1-

(a~b)Ata,k
H.s’-v-]

s+1

Jhrm— 2]nmk nr +

k=1

&
dipy | g
U

3 3
Zu, k+m— 2KVnm1 k.m Z u;,k+m—2lnmk_m + Ath(l - aI)Vl;.kﬂn—Z lnmk,m

m=l

)3

B}

1

f,

U

m=I m=] ne=}1
2
A
aZ) K.s'lip_’ a— b : K] ¥
N Zu,j_umkz KVnm‘j_k.m
H

m=]

Ll ~-(1-a, )At(

Ar S| M .
- A, u}'{a—uJ + v, — ou’ Inmy
ANE;'”I=] n=1 o/, 6ya .
k+m-2
a-b ou; . ‘ ou'; .
"Af( (ﬁ) (Wir,,k-l"'ZWﬁr ,‘,k)fnmk_l + (*u,) (Zw;‘y ,‘,k+W'c‘;r_jrk+1)[}’£m1(,3
H; oo k-lk do kgl
_ B s+ Ky
+ A[ (a b) T\X, . + \'xj
2 H\+Ip H p
¥ s+1
At {4, + P, —an| ol + p, ,—a
ZA ¢ /gp, 77] ‘g [¢+pr/gp,—an] -
A n=l X Ox n (213)
AL ou' 0P, aw 99,
Anbx” Inmk.m An =+ - Inmy
ANI ;[nzl: j’kﬂn—z NE ;|: ‘I; [8}&; Ox 3ya ay -
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m=1

F+1
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(a- b)AtazK\,,P
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m=1 m=1 =1
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H;
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ZAH un[ q J + V;‘;[_qj
=1 OX o . 6}/0 .
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Inmk,m
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H; oo oo
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[ A+l s+1 5
N At(a~Db) Toy L Ty Ty, Ty,
2 HY'Pe HYP. | HY'Poe HWP
L k=N
. ¥ ; .5+1
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- S| & + g LVn,
ANI:'.j n=1 2 ax 6x .
. - ¥+
it &g, O[g+pjgp,—an] oS +P/gp,—an]
-2 g +g LV
AN”I n=l 2 ay 6}) n

AN[ jom= 1

3At
ANI jom= 1

=1

At 3 | NE
- Z{ZAn(bx,, +ib), )} Inm
K+m=2

oq° a¢./
Oxs Ox

aq" 09
+
&y, Oy

n=1

NE,
nz A"[

g
J :l Inmk_m
A _lk+m-2

3 3
Z ql;,k+m—2]nmk"" - lAt f (1 - al)zq;‘kﬂ,,_z]nmk,m

(22)

Re-arranging and consolidating terms yields the form of the 3D momentum equations solved in

ADCIRC V36.01:
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3 3
: . s+ —b ¥+
(1+iAt fa))D ", o dnmin + At(a ) > @ KVrm' ko
H

e+l
m=1

m=1 i

(a b)Ata’ Kmp’ »
+ H\+| q‘l k=l
i
s
Z{(l—mtf(l ANG 42— At[ladvec+..’Srress+bcpg]j‘k+m,2} Inmy m (23)
m=1

- Atvadvec,; ,— Atbipg , LVny ~(1-a, )Ar VSW@SS;J

(a—b)ar(l-a:)K, s(a-b)| [ o,
q,;|_+—“** — —— 4 ——
H k=l 2 H'Pe HPs | H'Po HPo
k

ship J .

=NV

where,

ladvec ik = A,, U Vil o
l A ;‘ n=| " 6yﬂ n X

a— b aq\ | | aq\
vadvec ; x 5[ ; J . (wé b1 T 2We ,;k)lnmk.l + | = (ZW;} kT we ,.k+|)1'nmk3
) oc KLk oo Kkt

bcpg_jﬂk = ZAH( x" ] )
NE j n=l &
[B[C +P/gp,—an] dS+riep,- aU]M]
NI ox Ox
bipg, = — Z g; : o
Ap ;w7 L|ds+pigp,—an] | os+prjep,—an|
oy oy

3E;, NI aq a¢ aq\ a¢
Istressju =| — 2 A
ik ANHI; ; aXG 5X ay ay

k

2
3
s _ja-by~ s 5
VStreSS.;_k = (_'_‘— Zq/‘kH””zKVnm;,k,m
H; '

m=1

Eq. (23) has a matrix structure, although due to the specific formulation that was used to obtain
this equation, the matrix is uncoupled in the horizontal direction and is tri-diagonal in the vertical
direction. Thus, Eq. (23) is solved separately for each horizontal nodej. Symbolically, Eq. (23)
can be written as:
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Mg=F,
where,
M = complex tridiagonal matrix
q = complex solution vector for velocity

F. =complex forcing vector

and M consists of:

y+1
i

2
M (k k1) = U+uymfﬁmmyHuA{a_b)K%mﬁm

0

s+1
J

\ 2
(1+iAta f) Inm, + @ Al(a-b) KVnmji.
M(kk) =

Jor k=1

Jor k=1

Jor k =1

s+l
i

2
: —b ‘
M(kk+1)= (1+idrer f) tnmy s+ At( Z[.\’ﬂ ) KVam s

0
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4.0 VERTICAL VELOCITY

The vertical component of velocity is obtained in ADCIRC by solving the 3D continuity
equation

_@:_[ELQJ 24)
éz ox: Oy,

for w after u and v have been determined from the solution of the 3D momentum equations. The
subscript “z” has been added to the horizontal derivatives to emphasize that these derivatives are
computed in a level coordinate system. Eq. (24) is solved subject to the free-surface and bottom

kinematic boundary conditions:

o or or
s = T s O at z= 25&
w Py +ut, vy +v . { (25a)
oh oh
Wh=—up———vp — at z=-h (25b)
x oy,

where ug, v, wg are the velocity components at the free surface (z=C) and up, vp, wp are the
velocity components at the bottom (z=-h) assuming a slip condition is applied there.

Eq. (24) is discretized in horizontal space as:

ow Ou o
ow (Mg 26
<aZ ’¢j>§) <ax: ¢’>Q <6y: ¢I>Q =

The horizontal integration utilizes Rule 1 for the left side and Rule 2 for the right side. After
multiplication by 3/4 N Eq. (26) becomes:

e 1 NE Su o
W =—- A Z A T + _‘i (27)
32 NEj =) ax: " ay:

Eq. (27) is discretized over the vertical using a simple finite-difference for the left side and
centering the right side:

Wik~ W) st 1 W [ﬁuJ (&v] (ﬁuj ( ﬁv]
RS o el DU 0 § [ (et S iy B O S N A 28
Zi— Ze 2ANI:',§A {[ ox:J), \o,) . ax:), \ov.) . (28)

Eq. (28) can be written in terms of the stretched coordinate system as:
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Discretizing the vertical derivative of horizontal velocity as:

Ou

O j
do

do
& k—1

and re-arranging yields:

_ (u,j,k _U/.k—i)
(o2 2anl o 98\

_(O‘k‘ak—l)H,

2
‘(=)

oy
ay T/

2(a—b)
I Cut o _
+[i€]+ 2

ox /, a-b
| Tkt O _
d19%) ] 2

»), | ab

28

(29)

(30)



Eq. (25b) is used to determine w1+ Eq. (30) can then be solved recursively for £=2, 3, | . up to

the surface. (Notice that the vertical differences of horizontal velocity in Eq. (3 0) are evaluated
at node j only.)

As discussed by Luettich et a]. (in review) and Muccing et al. (1997), the result obtained for the
vertical velocity at the free surface from Eq. (30), w i k=srface s MAY NOt Match the free surface
boundary condition, W,.v» 8s specified in Eq. (25a). This discrepancy is due to error in local fluid
mass conservation, (Luettich et al., in review). ADCIRC attempts to optimally correct the
vertical velocity obtained from Eq. (30) using an adjoint approach. This results in a correction to
Eq. (30) that is linear over the depth:

gjoinf corrected

W,k = Wik + (Wj,.\' - W/',k:.\'u.f[ac(r)

[n Eq. 31), ¥ 'f weights the relative importance of satisfying continuity in the interior of the fluid
vs satisfying the free surface boundary condition in the adjoint equation. Setting W, 'r=0 forces
the corrected vertical velocity to exactly satisty the free surface and bottom boundary conditions.
Setting W, f to be large (e.g., W f ~100) adds a uniform correction to the vertical velocity solution
that is equal to half the surface boundary error. ADCIRC uses a default value of Wr=0.
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5.0 LATERAL BOUNDARY CONDITIONS
Elevation specified boundary condition —ADCIRC 2DDJI and 3D

multiplied by the root mean square value mentioned previously, Symmetry is maintained in the
left side matrix by zeroing out the off diagonal terms in the column corresponding to each
elevation boundary node. To allow this, each off diagonal term in the colump corresponding to
an elevation boundary node is multiplied by the elevation boundary value and then subtracted
from the right side vector of the corresponding equation.

Specified flux boundary condition -ADCIRC 2DDJ

computed assuming free slip along the boundary. The specified normal flux per unit width is
inserted into the boundary integral term that appears in the right side of the GWCE, Eq. (0.1 5), at
each normal flux boundary node. (The convention used in ADCIRC for inputting normal flux
per unit width is that flux into the domain is positive and flux out of the domain is negative,

condition, the depth-average normal velocity, Uy, is forced to be equal to the normal flux per
unit width divided by the local depth and multipled by ~1 (to maintain the convention that {/p;is
positive in the direction of the outward pointing normal). Further details of the tmplementation
of the essential normal flux boundary condition in ADCIRC are presented below.

At any node in the horizontal, the momentum equations solved in ADCIRC 2DDI have the
structure:

[AUVI LAUVZJ[UJ:[QUJ (0.19)
AUV, 4uvy ||V oV

where AUV, AU V> are the matrix entries computed from the finite element assembly process,

and QU, OV comprise the right side forcing vector. At flux specified boundary nodes, the
equations are rotated into a normal - tangential coordinate system. The normal and tangential
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velocities, Up7 and U7, are defined as the dot product of the velocity vector and the normal and
tangential unit vectors, N = (NoN v) and 7 = (7T NE

UN,x + VN], = UN
(0.20)
Ur,. + W), =Uy

(N and T are defined in the APPENDIX.) At specified normal flux boundary nodes the »-
momentum equation in (0.19) is replaced by the expression for the normal velocity in (0.20) and
the x-momentum equation is replaced by the tangential momentum equation formed by
multiplying the x-momentum equation (0.19) by 7 and adding the y-momentum equation (0.19)
multiplied by T y- Since 7y = Nyand T v = -Nx (see APPENDIX), the resulting system is:

[AUV.N},— AUV N, —AUV,N, - AUV1NXJ[U:I _ [QU N, -gV NX]

(0.21)
Nx N) V UN

can be recovered by adding the tangential momentum equation and to the normal equation
multiplied by 4V, and dividing the result by AUV,

QU Ny—QV Nx-t-AUVz UN

N, =N.|[U
[N’ N J[V} AUV, (0.22)

L
N

For the case that the tangential flux is also specified (e.g., equal to zero), the right side of the first
equation in (0.22) is replaced by U7

Zero normal velocity gradient boundary condition — ADCIRC 2DD]

A zero normal velocity gradient boundary condition is implemented by imposing the condition

oUy

=0 0.23
6N (0.23)

at the boundary nodes. This condition can be expressed in terms of U Vand N as:

Uy _ o 8Ux Uy S(UN.+VN)) O(UN+VN,)
av Ve TN o N ox MR we——

(0.24)

Applying a Galerkin weighted residual formulation with linear basis functions to Eq. (0.24)
yields:
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OU v oU > oV 8U 14
= Nx—/—,@. )+ x -+t — s + viY y T
oN <NN A ¢, <N Ny( ox P, AN, dy ¢,

Il

& oU oV au ov
2| VN g a0 [y | 2 #,dx [ NN, T4, dO
pef iy Ox a ox  dy o ov

N U oV AU oV 1
- Ne—= (¢ d0+n N, 1Y) (4 don s da
o e (8 o 2 g

" o (0.25)
& A, ou v  au ov
= — NxNx“-*-NXNVV ~t-—— +NVN1_*
Ox x oy

n=| 3 @J
NI 1 3/ 3
_N A 29, o, . 04, 99,
—Z} ; [NXNX’_ZELU, . +NxNV§LV, o U J+N_}N,V;V, ByJ
NE, 1 3 3 3
= g[ NN QUbi+ NN, (Vibi+ Uias) + NN,y V,-a,-J =0
n=1 i=] i=z] i=t

where a; and b; are defined in the Appendix. Multiplying Eq. (0.25) by the constant 6 gives one
of the momentum equations solved at each zero normal velocity gradient boundary node, ;.

NI,

3 3 3
Z{ NN U+ NN (Vb + Uss) + NN, V,-a,J =0 (0.26)
i=1 i=1 i=l

n=l

In matrix form, (0.26) has the form:
BUV\U,4+ BUV Vi + BUV U ;+ BUV W, + BUVSU ja+ BUVV . = BF; (0.27)

where subscripts j-1, j, j+/ designate the consecutive node ordering along the boundary and
BUV;, BUV), BUV3, BU V4. BUVs and BUV are coefficients whose values are determined by
evaluating Eq. (0.26). BFj is the forcing generated by the contribution of non-boundary neighbor
nodes to node ; in Eq. (0.26).

The other equation consists of the tangential momentum equation formed by multiplying the x-
momentum equation (0.19) by 7 and adding the y-momentum equation (0.19) multiplied by 1y,
Since 7y = Ny and Ty, = -Ny (see the Appendix), the result is:

(4uviN, - aUv N ), ~(4UVN, + aUV N )Y, =QU N, -0V N, (0.28)

Together Eqgs. (0.27) and (0.28) form a banded matrix with bandwidth of 6 and length equal to
the number of nodes in the zero normal velocity gradient boundary. Once this system of
equations is solved for the velocities along the boundary, these velocities are used to compute the
normal flux across the boundary and the time derivative of normal flux across the boundary
required to solve the GWCE at the next time step.
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Specified flux boundary condition -ADCIRC 3D

ADCIRC allows the specification of boundary conditions consisting of normal flux per unit
width (e.g., zero flux across land boundary segments and nonzero flux across river boundary
segments). These normal fluxes can either be applied as natural or essential boundary conditions
and the user may specify whether the tangential velocity along these boundaries is set to zero or
computed assuming free slip along the boundary. The specified normal flux per unit width is
inserted into the boundary integral term that appears in the right side of the GWCE, Eq. (0.15), at
each normal flux boundary node. (The convention used in ADCIRC for inputting normal flux
per unit width is that flux into the domain is positive and flux out of the domain is negative.
Therefore, the sign must be changed on the normal flux prior to using it in the GWCE since the
derivation of this equation assumes that a positive flux is in the direction of the outward pointing
normal.) If the normal flux is applied as a natural boundary condition, no modifications are
made to the momentum equations. In this case the momentum equations will try to generate an
appropriate vertical distribution of velocity over the depth, although vertical integration of this
velocity may not exactly match the specitied normal boundary flux. If the normal flux is applied
as an essential boundary condition, the depth-average normal velocity, Upy, is forced to be equal
to the normal flux per unit width divided by the local depth and multipled by -1 (to maintain the
convention that U is positive in the direction of the outward pointing normal). In this case
ADCIRC assumes the normal velocity is distributed uniformly over the depth. This is probably
not a good assumption if the normal velocity is nonzero! If a free slip tangential boundary
condition is used, ADCIRC will attempt to compute a tangential velocity that is consistent with
the specified normal velocity. Implementation of the essential normal flux boundary condition in
ADCIRC is described below.

At any node in the horizontal, the momentum equations solved in the 3D version of ADCIRC
have the structure:

Mg=p, (0.29)
where, M is a complex tridiagonal matrix, ¢ (= u -+ iv) is the complex solution vector for velocity,

Fy 1s the complex forcing vector and recall that the real and imaginary parts of (0.29) correspond
to the x and y momentum equations, respectively. Row k in matrix Af consists of:

M(k,k—l)z Auvlﬂk_|+iAuv2~k7]
M(kk) = Auv,, +iduv,, (0.30)
M(k,k+1)= vaLM+1'Auv2’,(+

where:
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2
a—>b
Inmy +a, At( " ) KVinm' 4, Jor k #1
Auv,, | = 3 :
0 Jor k =1
Auv,, =
‘ 0 for k=1
2
Inmy >+« At(a _ Zl)) KVam' ., Jor k #1
H.§+
Auv,, = ! ,
‘ - (a _b)Afa:zK':np
Inm,+as Ar l IIJ KVnm's o+ _—ﬁ*—’ Jor k=1
Auv,, = Ate f Inmy Jor all k
Ay = It ay Al‘( Z{_f) KVim' s for k= NV
lk+1 — ;
0 Jor k=NV
Auv _ AtO-’]f]nmkg fOI‘ k#NV
1o Jor k=NV

At boundary nodes where normal flux is specified, the y-momentum equation is replaced by the
equation for the normal velocity:

ukNx+Vl(Ny :UN (031)
Because the vertical distribution of normal velocity is uniform, this applies locally at each node
in the vertical. The x-momentum equation is replaced by the tangential momentum equation

formed by multiplying the original x-momentum equation by 7Ty and adding the original y-

momentum equation multiplied by 7 y- Since 7y = Ny and Ty, = -Ny (see APPENDIX), the
resulting system is:

(Auvl_k-lNy - Auv;‘k‘pNx) Uk — (Auv;,;(_|N,,,- + Auv.,HNx)vH
HAwiiN, = AuvsiN, Vi — (duvauy + 4uviiN, Yo,
+ (Auv;,kHNy - Aqu,kHNx) Uie — (Aqu,mN,, + AuvLme) Vel
=Re{r.}n,~Im{F}y,

(0.32)

The left sides of (0.3 1) and (0.32) do not have the symmetry of the original momentum

equations. This can be recovered by multiplying (0.31) by Auv, at levels k-1, k, and k+1 and
adding these to (0.32):
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Auvip N ey — Auvig N v + A Wi Ny — Auvip Ny

tAW Nyt ~ Auvi i N vy, (0.33)
=Re{FIN, ~Im{F AN+ (duvsy, + Auvap+ Auva e )U s

Multiplying (0.31) by Auv, at levels k-1, k, and k+] and adding these together gives:

Auvi Ny + Auvii N i + Auvii NV, e+ Auvig N v

AUV N e + Auvipa N ve, = (Auv;,m + Ay, + ALIV],IHI)UN (0:34)
Equations (0.33) and (0.34) can now be written in the form of (0.29):

Mg=F (0.35)
where

M’ (k k- 1)= Auv;k*l +i Auv;k_[

M (k) = duv,, +i duv,

M’ (k,k + 1) = Auv:_kﬂ + iAuv;JHI

Auv;,(_, = Auv,, N,

Auv;:k_] =Auv, N,

Auv;‘k = Auv N,

Auv;k =Auv N,

Auv]‘JHl = AuvLMN‘y

Auv;_kﬂ =Auv, N,

F,= [Re {FiN,~Im {FIN,+ (Auvay + Auvyy+ Aqu,k+|)UAr:l

+il(Auvigs + Auv, + Auvien)Uy ]

For the case that the tangential flux is also specified (e.g., equal to zero), the X-momentum
equation is replaced by.

WlN,~wN.=U, (0.36)

and the y-momentum equation is replaced by (0.31). This also generates a system of equations of
the form of (0.35) where:

M'(k,k—l):O
M*(k,k) = Auv;_k +iAuv;_k
M*(k,k+l)=0
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Auvik =N,
Auv;‘k =N,
F::U1‘+iU,x’

Zero normal elevation gradient boundary condition — ADCIRC 2DDI and 3D

A zero normal elevation gradient boundary condition is implemented by replacing the GWCE
equation corresponding to each zero normal elevation gradient boundary node with the equation:

% _ ., % . oC _ 0
an—Nxax+Nyay 0 (0.37)

where the normal unit vector, N = (N N y) is defined in the APPENDIX. Applying the
Galerkin spatial discretization to Eq. (0.37) gives:

o N_[y &% o
<6n ’¢"> - <N‘ Bx ’¢’>+<N'v dy ’¢’>

NE
n=l1

£ oo oo

X Qn nQ,

_ NE, 4, a—g ] %
i [N( Bx j T N[ &y H

NE | 3

= _I:Nng'bi_FN’vigia':': 0

a=l 6 =

=i[N(‘;_4) I¢_de+Ny[%] Iqﬁ,dﬂ} (0.38)

Eq. (0.38) is evaluated implicitly in time using Eq. (0.16). Multiplying through by the constant
6, yields the final set of discrete equations for the zero normal elevation gradient boundary

condition.

NE,

3 3
Z[N 28T BN ,'-”'a} =0 (0.39)
i=1 =1

n=l

One problem with applying this boundary condition is that it renders the GWCE left side matrix
nonsymmetric. In contrast to the case of an elevation specified boundary condition where a
straightforward manipulation restores matrix symmetry, there is no exact method for restoring
the symmetry of this system. Consequently, this boundary condition has not been implemented

in ADCIRC at the present.
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Radiation boundary condition on elevation — ADCIRC 2DDI/3D

A radiation boundary condition on elevation is implemented by specifying a relationship
between the normal flux and the elevation field along the boundary. The most common of this
type of boundary condition is a Sommerfield radiation condition. A difficulty with applying any
type of boundary condition imposed on the GWCE, is that it renders the left side matrix
nonsymmetric and therefore is not supported in the present version of ADCIRC.
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BAROCLINIC PRESSURE GRADIENT CALCULATION NOTES

As presented previously, the baroclinic pressure gradient is defined by

N U D SR Eg_@_f(p—pu)dz

P8 L P, ¥y p,

These terms are evaluated in ADCIRC in two steps. In the initial step, the 3D baroclinic pressure
field is computed as:

BPress(z) = J( g(pp~ ,0,,) dz = p i:h:b) E(p pn)d

P (a b) J:(O‘i O-Ia)do-

where, density has been replace by the standard oceanographic “sigma t” variable
cr=p-1000, &, =p, —1000
This should not be confused with the variable, , representing the dimensionless vertical

coordinate system. In the second step, the horizontal baroclinic pressure gradients are computed
as horizontal derivatives (in level or z coordinates) of the baroclinic pressure field.

b= i BPress, p,= 9 BPress
ox ooy

For any horizontal node j and vertical node k, ADCIRC computes these gradients at the vertical
position of node £. This is accomplished for each element containing node ; by vertically
interpolating the baroclinic pressure field at the element vertices to the vertical position of node &
and then computing the horizontal gradients directly.
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APPENDIX - BASIC CALCULATIONS ON LINEAR TRIANGLES

Consider the triangular finite element with vertices numbered 1-3, counter-clockwise around the

element. Any variable, Y, can be expanded linearly within the element based on nodal values
as:

Y=Y, +Y.0,+ Yag, = z Y9,
i=|

where,

Y. Y2 Y3 = nodal values of Y at elemental verticies 1, 2, 3
P, 9,9, = linear basis functions defined as:

TV, teXtay o xayi—xiys thxtay _ XV, xol thX + g
# = 24 92 = 24 ok 24
AITX3iTXn 2TX X8 d3= X2 X
br=Y,— ¥, b=Yys—y; b_w:y]'—J’z

d= bhax— bay
2

=elemental area

Spatial derivatives are computed as:

where,

% _ b, % _a
& 247 @ 24

Spatial integrations are computed using:

e (e)!(e,)!
“geida =24 1)

L o _ 4 . N (2,4
Ifi#jand e;=e, =1, J¢,¢,dA_B. Ifi=jand ej=e;=1, J¢j¢/d,4 —J¢_,dA—g.

Because linear basis and expansion functions are used, their derivatives are constant across an
element and spatial integrations involving derivatives become:

I¢‘ a¢l d14__ 5¢I _A a¢/
1 Ox,0p

e s ey
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The component of a vector quantity, Y, ( Y=YoY y) , in any direction can be computed as the

dot product of the vector quantity and the unit vector in the specified direction. In ADCIRC this
is done at boundary nodes, where the horizontal velocity field may be rotated into components
that are normal and tangential to each boundary node or where the elevation gradient normal to
the boundary may be specified.

If a node is on the interior of a boundary (i.e., it is not the end node where two different types of
boundaries meet), unique normal and tangential directions are defined as shown in the figure
below.

3

Definition figure for normal and tangential directions at boundary node 2, provided
that this node does not mark the end of one boundary type and the beginning of
another. In this situation the normal direction is defined to be perpendicular to the
line connecting nodes 1 and 3. The ADCIRC grid file requires boundary nodes to be
specified with the domain interior on the left as one progresses along the boundary.

The normal and tangential components (YN,TV,-) of vector ¥ are:

Yv=Y-N=Y.N.+Y,N,
Yr=Y.T =Y.T,+Y,T,

and the normal and tangential spatial derivatives of a scalar function, Y, are:

or _ar o
oN ox " oy !
or _or  or
or ox * oy ?

The unit vectors, N and 7 , are:
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N,=cosa N, =sina
T, = cos(a —90) T, =sin{a —90)

Since f =« + 90, the unit vectors can be written more conveniently as:

N, =cos(f—90)=sin f = —-—y-*L_ 2 N, =sin(f—90)=—cos i = ———x‘L" 2
31 3!

7,.=cos(B~-180)=~cos f=N, 7,=sin(f-180)=—sinf=-N,

where (x,,). (x2,¥,) and (x:,,) are the horizontal coordinates of nodes 1, 2 and 3 and

L = \ﬁn - x])z +(y,- y])2 is the horizontal distance between nodes 1 and 3.

If a node is located where two different types of boundaries meet, two normal and tangential
directions are defined for the node, one for each boundary, as shown in the figure below.

Nz,s N 12

3

Definition figure for normal and tangential directions at boundary node 2, when this
node marks the end of one boundary type and the beginning of another. In this
situation two normal and two tangential directions are defined for node 2, one for
computations pertaining to the boundary type to the right of node 2 (i.e., for
boundary segment 1,2) and one for computations pertaining to the boundary type to
the left of node 2 (i.e., for boundary segment 2,3). The tangential direction for each
segment is 90 degrees to the right of the normal direction.

In this case
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YN],z :Y']\}IQEY::NI,ZX'*'Y},NLZJ,

YT],Z = Y‘ - T’:‘;‘z = YXTLZX + T}‘Tl.zy
Y‘sz = ? . sz = YXNE.SX + T‘VNZ..%'V
Yraa™ T . f‘zj = YxTEﬁx + YL‘T2‘3.V

and spatial derivatives are handled in an analogous way.

The unit vectors are:

Nl,zx:Sinﬁuz}h—y; N1~L,=—COS/B,2—X]—x2
La Lo
Ti2,=Nia, Ti:,=—Ni,
N2,3A:Sinﬂ2q3zw—2 NZ_};: COSﬂj}___xz_X_%
Lx» L
T23,= Nas, Ta3,=—Nas

where [, = \/(Xz - x1)2 +(y,— yl)2 and [, = \/(x3 - xE)2 +(y,— y2)2 are the distances between
nodes | and 2 and nodes 2 and 3, respectively.
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