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ABSTRACT

Foundational development and derivations for a Representative-scalar, Gradient-
based, Vertical Mixing (RGVM) model are presented in detail. The new model is
formulated to address issues of vertical numerical diffusion (i.e. non-physical
vertical transport and mixing) in three-dimensional models of environmental
flows in lakes, rivers and estuaries. The RGVM approach uses a translation
between the average scalar and a representative scalar in a model grid cell along
with use of top and bottom grid-cell gradients. The methodology is presented in
detail, but full implementation of the model has not yet been achieved. The key
difficulty appears to be an instability in a stratified flow when the gradient mixing
length is transported.
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1 INTRODUCTION

1.1 Goals and achievements

The goal of this research project is development of a new approach to vertical mixing in three-
dimensional (3D) models of stratified waters (see Appendix A for contract Statement of Work).
The standard approaches for vertical mixing and advective transport in existing models develops
excessive numerical diffusion or requires excessively fine vertical grid spacing. We proposed
and investigated a new idea that had the potential to overcome numerical diffusion without fine
grid resolution. The new approach was founded on the concept of a “representative scalar,”
which provides an alternative value to the “average scalar” value that is stored in a grid cell. The
representative scalar works in conjunction with definition of a linear gradient region at the
vertical face between grid cells. We call this a Representative-scalar, Gradient-based, Vertical
Mixing (RGVM) model.

There were three interdependent products of this project:

1. Development of the representative to average scalar conversion;

2. Development of gradient-based vertical mixing model;

3. Implementation of 1 and 2 as RGVM model in a 3D hydrostatic model.

Products 1 and 2 have been completed as described in this report. Product 3 was only partially
completed due to instabilities that were discovered when testing the transport of gradient mixing
regions. Thus, the theory for RGVM is well developed within the project, but implementation
was unsuccessful within the scope of the funding. The key roadblock proved to be stability of
the transport scheme when the combined representative and average scalar approach was used
(see section 1.5.2). As of completion of this contract, it is not clear whether the instabilities are
the result of a bug in a fairly complex numerical algorithm, or associated with a fundamental
instability that precludes this method from being practical.

1.2 Overview of RGVM model

The key difficulties for 3D numerical models of lakes and estuaries are the relationships between
surface thermodynamics, density stratification, and vertical mixing. We unify these three features
using an energy balance approach (e.g. Hodges et al 2000) with a subgrid-scale vertical gradient
representation. The use of the gradient between vertically adjacent cells required development of
the new concept for representative scalars.

11
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The idea that sets the present model apart from standard diffusion-based or transport-
based approaches is the definition of a gradient region at the boundary between two vertically-
adjacent grid cells. This boundary region is characterized by layer thicknesses. Mixing
increases the mixing layer thickness until the center of a grid cell is reached. That is, mixing will
transport fluid only into the gradient regions, which does not affect the representative scalar
value at the cell center (although it does affect the average scalar value integrated over the cell).

The RGVM model is designed to work in a single step of any existing time-marching 3D
model as follows:

1. Compute hydrodynamics from time ‘n’ to time ‘n+1’ using the existing 3D model

approach.

2. Compute transport of cell-average concentrations for conservative scalars from time
‘n’ to time ‘n+1’ using the existing model approach.

3. Compute RGVM

a. Compute transport of grid-cell top and bottom gradient thicknesses, h,,, and

h as discussed herein.

B(k) >

b. Compute the representative scalar fields from the average scalar fields and
gradient region thicknesses.

c. Compute vertical mixing (changing gradient thicknesses and representative
scalar fields) integrated with surface thermodynamics.

d. Compute new average scalar fields.

4. End time step

The above method allows the RGVM to be adapted to any 3D model by including transport of
the two gradient thickness variables and solution of the vertical mixing algorithm. Note that the
representative scalar values require only temporary storage (i.e. within the time step) as the
values are created, used and discarded during the mixing. Thus, the increased computational
storage is only two additional scalars over the solution domain.

1.3 Use of representative and mean concentrations
We characterize every conserved scalar volume concentration (generally denoted by ¢ ) with
both the mean value ¢ and a representative value, ¢, - The representative value allows us to

provide a better approximation of gradients between cells to help remove the grid-cell
dependence of characterizing mixing by mean value gradients. For each grid cell (k) in a water

12
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column, there may be top and bottom mixing layers of thickness h., and hy,, respectively.

The mixing layer thicknesses must meet the requirement that

hy, +hy,, <Az, (1.1)

T(k) B(k)

so that there can be considered to exist a region of fluid with ¢, in the center of the cell. When

the inequality of eq. (1.1) is violated during the mixing process, the entire cell is considered well-
mixed and we set

hT(k) = hB(k) =0 (1.2)
and
6(1() = ¢R(k) (1.3)

In effect, this resetting as well-mixed implies that the processes are being adequately resolved on
the model grid scale. Where mixing results in eq. (1.1) being satisfied, an approach referred to
as “thin-layer” mixing will be used (i.e. the mixing layer is thin compared to the grid cell).
Where conditions of eq. (1.1) are not satisfied, a “thick-layer” mixing approach is used.

1.4 Components of new vertical mixing modeling approach

1.4.1 Mixing energies

The modeling approach quantifies the rates at which different mixing energies are supplied. In
general, these are of the form 0E /9t where E is an energy per unit area (w/m>), so that oE / ot
has the units (kg m%/s®) / (m” s), which reduces to (kg /s”). In some derivations, we use the
energy per unit volume, which reduces to (kg /s> m), so that de /ot has the units (kg /s> m). The
sources of mixing energy are: 1) wind stirring, 2) convective overturns, and 3) shear mixing by
Kelvin-Helmholtz (K-H) billows, and 4) boundary mixing. The following general approach is
used for mixing in each water column: shear mixing is a separate computation either prior to
bottom and surface boundary mixing. Bottom mixing uses a bottom-up sweep and surface
mixing in a top-down sweep. Where sweeps overlap, the region of overlap is computed
separately.

1.4.2 Integration of surface thermodynamics and mixing

In contrast to the ELCOM approach (Hodges et al 2000), we integrate the surface
thermodynamics directly in the mixing rather than developing separate algorithms. That is, in
ELCOM the surface thermodynamics creates a new density profile (due to heating, cooling, and
evaporation), then the mixing routine mixes energy through the water column. In the new
approach, the surface thermodynamics provides the rate of energy supplied to the water column,
which may be either stabilizing (increasing temperature so as to provide a larger negative density

13
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gradient), or destabilizing through cooling that leads to overturns. Note that this approach allows
us to calculate the rate at which destabilizing energy is supplied (which should affect
dissipation). That is, we might imagine a case where the heating and cooling are exactly in
balance so that the net rate of stabilizing energy exactly equals the net rate of destabilizing
energy. In the ELCOM approach, this would be considered a system with zero “available
energy”’ for mixing. Since the ELCOM dissipation rate was based solely on the net available
energy for mixing, the parameterization has no ability to distinguish between zero
heating/cooling (i.e. quiescence), or an active interplay between heating/cooling that leads to no
available energy for mixing, but still engenders turbulence.

1.4.3 Dissipation rates

In Hodges et al (2000), dissipation is simply a function of available mixing energy. We apply
three concepts beyond the ELCOM approach: 1) dissipation is a function of the overall thickness
of the mixing layer; 2) time-dependency of dissipation is allowed so that higher dissipation rates
occur when the wind is just getting started and perhaps lower dissipation rates when it is
dropping; and 3) dissipation is a function of the overall level of turbulence, rather than just the
available mixing energy. Note that dissipation is considered principally in the surface and
bottom boundary mixing layers. For shear regions, the dissipation is built into the mixing
efficiency of the K-H billows.

1.4.4 Partial mixing of a cell
Partial mixing in a grid cell is developed for all parts of the mixing scheme to obtain the
maximum practical time and grid-spacing independence of the model. The mixing layer
thickness (bottom and surface mixing boundaries) is carried as a variable that will influence the
dissipation rate and the rate of deepening. This approach allows the mixing scheme to be used
with a homogenous fluid, which was a problem for the Hodges et al (2000) approach.

1.4.5 Unstable density gradients

Unstable density gradient are expected to be physically developed in the surface mixing layer,
where they will be removed in the mixing process. Where unstable density gradients are
developed in other parts of the flow through transport (e.g. where a gravity current flows over a
step), the unstable gradient is resolved by flipping the fluid volumes.

1.4.6 Achieving time step and grid size independence
The model is characterized by a model time step At,;, grid layers of Az, for k =k, k., ..k,

being the integers from the bottom layer to the surface in any water column. There is no a priori
requirement for a strictly uniform z-layer grid. To make the scheme relatively independent of
both Az and At,, we need to invoke sub-time steps. The process of mixing will occur in sub-

time steps across a grid face, so we keep track of the time remaining (or the time left) for mixing

14
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on the k+1/2 face of a grid cell as At, , ., , . The subtime steps are applied separately in each

part of the mixing routine.

1.4.7 Standard notation

In general we will put grid indexes such as (k) in parenthesis so that it is easier to distinguish
from a necessary plethora of subscripts. To avoid double subscripts, the ‘k’ index of the bottom
will be represented as a subscript ‘(D)’. The ‘k’ index of the free surface will be given as
subscript (S). The ‘k’ index of the partially-mixed cell at the bottom of the surface mixed layer
will be subscript (P), while the ‘k’ index of the partially-mixed cell at the top of the lower layer
will be (C). Note that subscripts ‘T’ ‘B’ and ‘R without parenthesis are not ‘k’ indexes.

In many places in this paper, it is convenient to represent the difference between the
scalar concentrations on the ‘k’ and ‘k+1’ grid layers by

A¢(k+1/2) = ¢(k+l) - ¢(k) (1.4)

Thus, when ¢ represents the density, a stable density gradient always requires Ap <0.

1.5 Open issues

1.5.1 Large-scale overturns (i.e. fine grid resolution behavior)

An issue that still needs resolution is the relationship between the large-scale overturn time in a
mixing layer and the time step. If we follow the ELCOM paradigm, a mixing layer is
homogeneous in all properties. However, one can readily imagine a model time step that is
smaller than the vertical turbulent transport time through a mixing layer. In such a case,
introduction of a tracer at the base of the mixing layer will physically require a finite time to
reach the surface, but the model would represent instantaneous mixing. At the larger time and
space scales that are typically desired this is unlikely to be a major issue.

1.5.2 Instability of representative density in transport routine.

The RGVM approach requires transport of the top and bottom gradient layer thicknesses (see
Section 2) for each grid cell. As our target 3D hydrodynamic models use an Arakawa C grid, the
fluxes are defined in each direction only at the grid cell face. We experimented with using
simple conservative upwind transport through each face and with using an interpolation method
to obtain all velocities co-located on top and bottom grid cell faces for transport. In both cases,
the transport of the gradient region thickness led to development of instability in the density
field. Within the scope of this project, we were unable to determine the direct cause of the
instability or develop a method to address it. Until this issue is solved, the RGVM model is
cannot be adequately implemented.

15
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2 RELATIONSHIPS BETWEEN REPRESENTATIVE AND AVERAGE
SCALARS

2.1 Introduction

In any finite-volume numerical model, the value of a scalar in a grid cell is taken as the average
(arithmetic mean) of the unresolved, subgrid, scalar distribution across the cell. It follows that
any numerical diffusion through the bottom of the grid cell becomes available (on the next time
step) for numerical diffusion through the top of the grid cell. An approach to counter this
problem is in the definition of “representative” scalars and gradient regions as sub-grid scale
features of the vertical distribution in a grid cell. Let us consider Figure 1 that represents a
density profile in two grid layers wherein the representative density p, is the uniform density in
the center of each grid layer. Between the regions of uniform density are linear gradient regions
specified thicknesses ‘h’. The subscript on h indicates the ‘“Top’ and ‘Bottom’ gradient region of
a grid cell. Subscripts in parentheses indicate the grid cell layer.

AZz

7 A

Az

[y

grid layer 1

Figure 1. Piecewise linear density profile in two grid layers.
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2.2 Average density as a function of representative density

The average density in the ‘k’th cell can be computed by the weighted sum of the average
densities in the top and bottom gradient regions and the uniform region as

- (Az(k) - hT(k) - hB(t) )pR(k) + hT(k)ﬁT(k) + hB(k)ﬁB(k) 21
P(k) - Az ( . )

The average density in the upper (Top) gradient region is derived in Appendix A, and is given by

— hT(k) pR(k+l) - pR(k)
Pray =Prao T (2.2)
T o 2 hT(k) + hB(k+1)

Similarly, the average density in the lower (Bottom) gradient region is

h

— B(k) pR(k) - pR(k—l)
= — 2.3
Pk = Pre) 5 {hB(k) +hT(kl)} (2.3)

where eq. (2.3) receives a negative sign instead of the positive in eq. (2.2) to account for the
gradient direction. Substituting eqgs. (2.2) and (2.3) into (2.1) provides

_ 1
Paoy = (AZu«) —hyg) —hg, )pR(k)
Az(k)
h _
4 1 By 4 Pre + 110 | PR}ty ™ Preky (2.4)
AZ(k) 2 hT(k) + hB(k+1)

1 hB(k) pR(k) - pR(k—l)
g, O PO T
Z(k) B(k) + T(k-1)

which can be written as (see Appendix B.2)

— hT(k)2 hB(k)2
Py = 1- - Pro
24z, (hT<k) +hyge ) 2Az,,, (hB(k) + hT(k—l)) 2.5)
h 2 h 2 '
4 T(k) 0 4 B(K) 0
R(k+1) R(k-1)
24z, (hT<k) + hB(k+1)) 24z, (hB<k) +hyg )
Define coefficients as:
Yoo = hrg’ !
T(k) —

2Az, hT(k) + hB(k+1)

(2.6)

W, = hyg,” 1
Bk) =
Az | gy +hyg,
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Note that Wy, =0for h;,, =0 and hg, , >0. However, y,, — 0 in the limitas h;,, -0,

evenif hy,,, =0. Thus, in general y,,, =0for hy, =0 and yg,, =0 for hy, =0.

Substituting egs. (2.6) into eq. (2.5) we obtain the expression for the average density from
the representative densities as

ﬁ(k) = (1 - WT(k) - lIfB(k) )pR(k) + WT(k)pR(kH) + WB(k)pR(k_l) (2-7)
2.3 Obtaining representative density from average density
Defining the coefficients
Ay =Wra
B(k) =1- Vg ~ Ve (2.8)
Cio = Vs

we can then write the matrix equation linking the grid cells in a water column from eq. (2.7) as

i i 1= _ 1 (2.9)
B(k max) C(k max) 0 0 0 0 0 pR(k max) p(k max)
A(k max—1) B(k max—1) C(kmax—l) 0 pR(kmax—l) ﬁ(kmax—l)
0 A(kmax—Z) B(kmax—Z) C(kmax—Z) 0 pR(kmax—Z) 5(kmax—2)
0 0 0 As  Bg G 0 PrG) Po)
0 0 0 0 An Ba Cuo |l Pre P
| 0 0 0 0 0 Agy Byl Pro | Pay

Solution of eq. (2.9) provides reconstruction of the representative density from the mean density
field and the thickness of the gradient region.

2.4 Representative and average conservative scalars
The above approach can be extended to any conservative scalar, ¢ as
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[ T 1=[ _ 1 (2.10)
Bimay  Cocmax) 0 0 0 0 0 Orpcmax) [o—
Amax—1)  Bkmax-1)  Clkmax-1) 0 0 0 0 || Pr(k max-1) 6(1( max—1)
0 Akmax-2) Bmax-2) Ckmax-2)y 0 0 0 || Orkmax-2) 5(1( max—2)
0 0 0 Ag Bg G 0 Or@3) )
0 0 0 0 Ag) B Co |l e 90
0 0 0 0 0 Ay Byl %aey | | ¢o

with definitions of eq. (2.8) and (2.6). The computation of the average scalar is similar to eq.
(2.7)

6(1() = (1 - WT(k) - lVB(k) ) ¢R(k) + WT(k)q)R(kH) + WB(k)q)R(k—l) (2-1 1)

Thus, the transformation from representative scalars and gradient layer thickness to
average scalars is given explicitly by eq. (2.11) for each grid cell; whereas the transformation
from average scalars and gradient layer thicknesses is given by solution of the tridiagonal eq.
(2.10) for each water column.
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3 INTERIOR SHEAR MIXING

3.1 Introduction

Away from the boundary layers, we take the principal mixing mechanism in the stratified system
to be Kelvin-Helmholtz (KH) billowing driven by vertical velocity shear. As a model process,
billows are a means of changing the mixing layer thicknesses across the grid cell interface.

As long as the shear mixing does not take up more than 50% of a grid cell, it does not
affect the representative scalar values in the cell (only the mean value is affected). Thus,
algorithms for shear mixing that involves more than 50% of a grid cell must be different from
algorithms that involve less than 50% of a grid cell. Similarly, a KH billow may either take
more than a time step or less than a time step, again implying different algorithms are needed.
More details of the derivation are provided in Appendix D. A pseudo-code representation of the
interior shear-mixing algorithm is provided in Appendix M

3.2 Time-step and grid-size independent KH mixing

We characterize shear mixing at the ‘k+1/2’ grid cell face by a billow thickness 8 ,,,, and a

time scale Ty, > given as

Csp 2 2
8KH<1<+1/2) = _AS—O{(AUR(kH/z)) +(AVR(k+1/2)) } (3-1)
g APgk+1/2)
CrpP 2 2
TKH(k+1/2) = _m\/(AUR(kH/z)) + (AVR(kH/Z)) (3-2)

where Sherman et al. (1978) recommends c¢; = 0.3, but this could arguably be set in the range as

high as 0.6 or as low as 0.2 to represent “at least 70%, and sometimes more than 90% of the
kinetic energy given up by the shear flow is simply lost to viscosity.”

With a model time step of At,, and grid scale of Az, , , there are four possible

conditions:

LAty 2Ty and c,AZg ) > 61<H(1<+1/2)
2. Aty < T and CAAZ 10 > 8m(k+1/2)

3. AtM 2 TKH(k+l/2) and CAZAZ(k+l/2) S 8KH(k+1/2)
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4. Aty < Tenaen and CAAZy 10y S 8m(k+1/2)

where 8., is the partial mixing of a KH billow whose time scale is longer than the model
time step, and c,, is a fractional coefficient in the range [0,1] to account for non-uniform grid

spacing and ensure no more than 50% of the smallest grid cell is involved in a Case 1 or Case 2
mixing event. If the vertical grid spacing is uniform, then c,, =1 is appropriate. However, for a

non-uniform grid, we define the grid cell thickness at the cell faces as

1
AZ(k+1/2) = E(Az(k) + Az(k+1)) (3.3)
To ensure that a Case 1 or Case 2 mixing event does not involve more than 50% of a grid cell,
we define
Az, ., —Az
(k+1) (k)
Cazk+1/2) = 1- (3.4)
2AZ(1<+1/2)

Using c,, in the above definitions provides the cutoff between multi-step and single step mixing
based on the smaller of two vertically-adjacent grid cells.

1. For Case 1, we have a complete KH billow during the time step across the cell
boundary that can be represented in only the two cells. This case is the simplest thin-layer
mixing as it does not affect the representative values, but only increases the gradient layer. Note

that the time used in mixing is less than the time step, so it is possible to have multiple Case 1
billows in a time step through an interaction of processes.

2. For Case 2, only a portion of the KH billow will actually occur during a time step as
the billow time is longer than At,,. Because this occurs over the entire time step and is defined

as a billow that will not move further than 50% of the cells above and below, it may only occur
once in a time step.

3. For Case 3, the entire KH billow occurs during the time step, but the result is felt over
more than two grid cells, so it must be completed in stages.

4. For Case 4, only a portion of the KH billow occurs during the time step, but the result
is still felt over more than two grid cells, so it must be compledted in stages, with the mixing
layer thickness given as in case 2.

The mixing cases can be simplified by defining the time used for KH mixing as

Aty =min{At,, T} (3.5)

and the billow mixing height over the mixing time as
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At
O, =—=d (3.6)
AT,
Single-step mixing will occur as long as
)
AZ ) > 22 (3.7)
Az(k+1/2)
whereas multi-step mixing will occur for
8m(k+1/2)
AZy oy S——— (3.8)
Az(k+1/2)

3.3 Single-step mixing
The single-step mixing is straightforward — the mixing layer thickness is the new gradient region
on either side of the cell face, and is split equally between the top and bottom grid cells as

)
h(Trl(ek\f;) — _mk+l/2) (3.9)
2
)
hgl(ck\x;) — m(k2—1/2) (310)

The mean values of all scalars will be changed based on the mixing as

2 2
IR e L S L4
202 I,
h(new) 2 h(old) 2 (311)
_Aq)(old) [ T(k—l)] _ [ T(k—l):|

R(k-1/2) (new) (new) (old) (old)
hT(k—l) + hB(k) hT(k—l) + hB(k)

At the end of single-step mixing, there will be cells that still have some potential mixing time
left. These may undergo further single-step mixing after the multi-step mixing.

3.4 Multi-step mixing

Multi-step mixing occurs when the vertical grid resolution is fine compared to the KH mixing
heights. As such, the representative velocities used in single-step mixing cannot be used. We
recompute the KH billow time scale and mixing layer thicknesses from mean cell values as
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03p — 2 — 2
8Kﬂ(k+1/2) = __—0{<AU(k+1/2)) +<AV(1<+1/2)) } (3-12)
g Ap(k+1/2)
20p — 2 — 2
TKH(k+1/2) :__—0\/ AU(k+1/2) + AV(k+1/2) (3~13)
g(Ap(kH/Z)) ( ) ( )

We consider that multi-step shear mixing will only occur if

8KH(1<+1/2) > AZ(kH/Z) (3.14)

otherwise, the gradient is already at the “collapsed” size of Sherman et al (1978). As multi-step
mixing occurs separately from single-step mixing, the time-left billowing value must be defined.
Initially this is

TLKH(k+1/2) = TKH(k+1/2) (3.15)

Similarly, a “thickness left” value is defined as

6LKH(1<+1/2) = 6KH(k+l/2) (3-16)

Finally, a “thickness accumulated” value is initialized as
8c(k+1/2) =0 (3.17)

It is convenient to define a mixing height anomaly as the difference between the mixing
height accumulated and the local grid cell as

6a(k+1/2) = 60(k+1/2) - CAz(k+l/2)AZ(k+1/2) (3.18)
We can consider two possible cases:

6a(k+1/2) < CAz(k+1/2)AZ(k+1/2) (3.19)

8 > AZy 1, (3.20)

a(k+1/2) Az(k+1/2)

As long as eq. (3.19) is satisfied, the multi-step mixing is working within the two grid cells on
either side of the mixing cell face. As soon as eq. (3.20) is satisfied, the mixing would be
extending into addition grid cells. Rather than trying to extend the mixing from the k+1/2 face
above the k+3/2 face (which causes conceptual problems if the k+3/2 face was already mixing),
we instead consider the condition

8a(k+1/2) = CAz(k+1/2)AZ(k+l/2) (3.21)

as a cutoff between an “inner loop” and an “outer loop” multi-step scheme. As long as the
mixing is between two grid cells, then 6, ,,/5) < Cp111/2/AZ 1112, and we cycle the inner loop

(discussed below). Once 8, ,,/2) = Cryicr1/2/AZ 112 » the inner loop is complete and we conduct

an “outer loop” that computes new KH billow characteristics at each grid cell face. With these
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new data, we then conduct additional inner loop mixing between grid cells. Once the outer loop
iterations are complete, if there are any grid cell faces with At; >0, we continue with another

single-step mixing algorithm and additional multi-step mixing until At, =0 for all cell faces.

Multi-step mixing is required because the mixing possibly covers more than 50% of the
grid cell, such that interaction between an upper mixing layer and and lower mixing layer may
affect the same cell (and thus modify the representative values). To allow the upper and lower
mixing layers to interact, we use subtime-steps that allow no more than % of the upper grid cell
volume to be transported into the lower cell (and vice versa); i.e. /2 of each grid cell is mixed
fluid around each cell face. We consider this form of mixing an “inner loop” as we maintain a
fixed set of KH billow characteristics (i.e. Ty ,1/2)> Oxnes1/2)) @nd conduct successive fractional

mixing steps until the KH mixing time and thickness are exhausted. Each mixing subtime-step
will use some mixing time (At ), so that after mixing has occured there is some time left in the
KH billow time scale (T, ,, ) and some time left in the time step (At, ). For multi-step mixing,

we compute the time required to mix to some height ‘h’ by a KH billow as

_ 51732

A_ j—
’ M{<AU(I<+1/2) )2 + (AV(k+1/2)) I

(:(jﬁ)o

We are interested in an inner-loop step where mixing involves no more than % the grid cell, so
the maximum mixing height across the ‘k+1/2’ cell face is h =c,,,,,,,Az.,,,- It follows that

the mixing time required for this height in an inner loop fractional mixing step is

-3/2

2 APy, — 2 — 2
AtR(k+1/2) :_g<cAz(k+l/2)AZ(k+l/2)) ﬁ{(AU(kH/Z)) +(AV(k+l/2)) } (3.22)
cPo

Thus, multi-step inner loop mixing occurs over mixing sub-time steps defined by the minimum
of the time required to mix over %2 the grid cell, the time left in the KH billow time scale, or the
time left in the model time step, i.e.

Aty = min{AtR(kH/Z)’TLKH(k+1/2)’AtL(k+1/2)} (3.23)

The fractional mixing layer thickness, J,, over this time interval is computed from

_CCpoAtU(kH/Z) = 2 S 2172
8f<k+1/2) = \/ gAﬁ(k+l/2) {(AU(k+l/2)) + (AV(k+l/2)) } (3.24)

The mean grid cell values of scalars are updated as
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1/2 12 3/4
D) — gleld) 1 Cepo AGCID AtU(k+1/2) ATCW 2 LAY 2
k) P (k+1/2) ) T A5 (0ld) (k+1/2) (k+1/2)

ZAZ(k) g (k+1/2)
s (3.25)
~AO, {_A;U_((%} {[Aﬁgilfl)/z) ]2 + [A\_f((lfldl)/z):lz}3/4
(k-1/2)
The times left are updated
AL = ALY — At (3.26)
Tiar =T — Aty (3.27)
The thickness left is updated as
6(&2321”1/2) = Sgggzkﬂ/z) - 6f(k+1/2) (3.28)
The accumulated mixing thickness is updated
6?(116:3/2) = 62??11/2) + 6f(k+1/2) (3.29)
The mixing thickness anomaly is computed as
622?3/2) = f:r(lig/z) _CAz(k+1/2)AZ(k+1/2) (3.30)
The inner loop continues back at eq. (3.22) as long as
AtL(k+l/2) >0
TLKH(k+1/2) >0 (3.31)
8LKH(k+1/2) >0
6a(k+1/2) < CAz(k+1/2)AZ(k+]/2)

If any one of eq. (3.31) is not satisfied, then the inner loop must end.

If eq. (3.20) is satisfied, then the mixing layer extends into additional grid cells. In this
case, it is possible that at the start of the time step a cell only has a mixing layer at the k-1/2 face,
but that the multi-step mixing must account for the k+1/2 face becoming involved. In effect, eq.
(3.20) implies the grid is small enough that multiple grid cells are involved in a KH billow. To
account for this in a simple manner, we provide an “outer loop”. Once the inner loop exits, we
compute new KH billow characteristics, i.e. eq. (3.12) and (3.13) and proceed back through the
inner loop. Note that although the T, , 8,,,,and d_ counters are all reset, the At; counter

must not be reset, as mixing must stop when At, =0. The outer loop stops when either of the

KH > “~LKH *

following conditions are met
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At 0

L(k+1/2) —

(3.32)
6KH(k+l/2) < Az(k+l/2)

When a full set of single step and multi-step mixing is completed, we check to see if
At, 412 >0 anywhere in the system. If mixing time is still available, we conduct another full

set of single-step and multi-step mixing until At , ., =0 for all cell faces.
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4 SURFACE AND BOTTOM MIXING LAYERS

4.1 Introduction

In contrast to interior shear mixing layers, the surface and bottom mixing layers are considered to
have thicknesses (H and G) which typically exceed the model grid cell thickness. The larger-
scale coherent motions in these layers are considered to be relatively persistent compared to the
time step, so the thickness of the mixing layer must be tracked and changed with the time step.
The surface mixing layer is more complex than the bottom mixing layer because it must include
the effects of surface thermodynamics and unstable convective mixing.

4.2 Integrating thermodynamics, convective mixing an surface mixed layer

The surface thermodynamics can either stabilize or destabilize the surface mixing layer. The
first task of the vertical algorithm is to determine whether the near-surface layers are stabilized
or destabilized by thermodynamics. We define a thin layer 8, such that N —90, <z <m where

evaporative mass fluxes and sensible/evaporative heat transfer uniformly affect the water
column. A second thin layer 0, is defined where n—98, <z <n, where penetrative solar

radiation is preferentially absorbed in the near surface region. We assume that 8, <9 . It can be

shown, see derivation of eq. (H.14) in Appendix H, that the rate that TKE is made available for
mixing if the thermodynamics is convectively unstable in the near-surface regionn—9, <z <mn

1S:
oE

P L _5,)leppvs, —g 4.1
at 2( T e) ng e™n ngQh ( . )

where o, are the thermal and salinity expansion coefficients, V, is the evaporative flux rate,

S, s the salinity at the free surface and Q, is the is the net heating/cooling due to

sensible/evaporative sources (i.e. without solar radiation). Note that solar radiation does not
appear in the above as it is assumed to be linearly absorbed across the entire region
n-9,<z<n.
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4.3 Layer definitions

The surface and bottom mixing layers are somewhat more complex than the simple mixing layer
shown in Figure 1. In general, these mixing layers will extend over multiple grid cells and then

will end in a gradient region where entrainment and billowing may occur. We will denote the
surface and bottom mixing layer thicknesses by H, and Hjrespectively. It is also useful to keep

track of the number of complete cells in the mixing layers as N and M . We will first look at
only the surface mixing layer. For simplicity in notation (and avoiding double superscripting),
we define the ‘k’ index of the partially mixed cell at the base of the surface layer as

P=S-N (4.2)
From the above definitions, it follows that
S
H, =8, + > A7 (4.3)
q=P+1

where 6, ,,is the well-mixed upper portion of cell k = Pthat is only partially in the surface

mixed layer. Thus, it is required that

Ouep) < AZp) (4.4)

We may then consider the existence of a gradient region below the surface-mixing layer that has
a length scale of G, . There are three possible conditions for this gradient region:

o (4.5)
G,+8,, < Az, gradient in 1 cell
Az, < G 48, < Az, +Az, gradient in 2 cells
Az +Az, < G +8,, : gradient in more than 2 cells

In the first case provided in eq. (4.5), the gradient region and any entrainment/billowing is
entirely within the partial mixed-layer grid cell. In the second case, the gradient region extends
into the next grid layer, and so may be characterized by a mixing height regions of

hyp andhy, ). In the third case, the gradient region is considered “resolved” by the grid,

resulting in the simplest treatment.

4.4 Surface/bottom mixing layer equations

The surface and bottom mixing layer algorithms provide the means of predicting the
increase/decrease in the thicknesses of H and G. At the most basic level, H remains constant
when turbulent production is exactly balanced by dissipation. H increases when production is
greater than dissipation, and decreases when production is less than dissipation. The thickness of
G will depend on whether H is actively entraining, holding steady, or decreasing. In the case of
an entraining mixed layer, G will decrease as H increases until the shear is sufficient at the base
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of the mixed layer to develop KH billows (which increases G). When H is holding steady, KH
billows may occasionally form and increase G. When H is decreasing, G will increase and
eventually become well-resolved by the model grid.

The approach will be to track the “background” TKE, designated (per unit volume) as
ey . This is the TKE that is sustained in the mixing layer. Using scaling arguments, we derive an
equilibrium TKE, (e, ) that represents the background TKE that would be expected if production

and dissipation are in balance. The extent to which they are out of balance and the time scale of
overturns in the mixing layer leads to a rate at which the background TKE increases or
decreases. Using this rate of increase/decrease along with the dissipation rate and the rate of
mixing energy supplied, we develop an energy balance that predicts the rate of increase/decrease
of the mixing layer thickness.

We define the time used for mixing to equilibrium as
At, = min{At, C,T,} (4.6)
where T, is the eddy turnover time scale, given by
T,=H |2 4.7)
2e,

and C; is the proportion of eddy turnover time scales required to mix the background TKE to

equilibrium TKE. The change in background TKE and depth of the mixing layer are given by
de

el =el +At, a—tB (4.8)
H™ =H" + At aa—}i (4.9)

where the rate of change of the background TKE is found as

de, e;—¢, |2¢,

= 4.10
ot C:H \ p (410
which is obtained as eq. (F.39) in Appendix F.5. The equilibrium TKE is computed from
2/3
L] 1p (l_csz)aE
e. =— — 4.11
R A e @

which is derived as eq. (F.10) in Appendix F.2, where dE / dt is the rate of water column
production for stirring TKE from all sources. The C,, and C,, are coefficients relating the

dissipation rate due to the existing turbulence level and the dissipation rate due to the supply of
mixing energy (respectively), see eq. (F.3) in Appendix F.1.
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The rate of change of the mixed layer depth is found as
2 e
a_H ) E {zcsl [(eE )3/2 — (e )3/2} - \é? (ex = eB)}
o eB(1+2hC£3)+thU2 —thpI;I

(4.12)

which is obtained as eq. (F.42) in Appendix F.5. The Ap is computed as in eq. (F.28) in
Appendix F.4. The coefficient C_;is introduced for dissipation that occurs in the entrainment

process in eq. (F.24) in Appendix F.3. Ineq. (4.12), # is a Heaviside step function, evaluated
as

Sk
I

(4.13)

1 2Cel|:(eE)3/2_(eB)3/2} > \/g(eE_eB)

IA

0 ¢ 2C,[(er)" ~(ea)"”]

so that 7 =1only occurs with a positive value of dH/dt (i.e. deepening of mixed layer). Thus,
egs. (4.10) and (4.12) provide the prediction of the change in the background TKE and the
change in the mixed layer thickness.

The following behaviors may be noted for the coefficients in eqgs. (4.10) through (4.12)
that will control their values:

1. C,, principally affects the equilibrium TKE level. Increasing C,, will
increase the dissipation rate of the background TKE and so reduces the equilibrium level
of TKE. The value of this coefficient may be able to be set from prior work and
arguments, but unity should be a good starting place.

2. C,, affects the dissipation rate associated with the production rate. Note that
if C,, =1, then all energy production is dissipated before it can cause any stirring, so it
will cause e, =0. In contrast, when C_, =0, none of the stirring energy is dissipated, so

the dissipation rate is only dependent on the background TKE and not the production
rate, which leads to the minimum dissipation and the maximum value for e . It is not

clear how to best set this coefficient, but 0.5 would probably be a good place to start.

3. C,, may be fairly important in entrainment under neutral stability in reducing
the rate of deepening. Increasing C.; will reduce the rate of deepening by increasing the

dissipation rate in the entrainment process. It is not clear how to best set this coefficient,
but probably should start from unity.
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4. C, will increase the time it takes to mix to equilibrium, so will make more

energy available for deepening. Arguably this should be set to unity.

4.5 Surface/bottom mixing layer algorithm

The solution of the surface mixing layer proceeds after solution of the convective mixing
algorithm so that the convective mixing energy can be included with wind stirring or bottom
shear energy in obtaining the value for production,
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5 EVOLUTION OF TURBULENT KINETIC ENERGY

5.1 Introduction

Over long time-scales, turbulence tends to a balance between production and dissipation.
However, enforcing this equilibrium over a model time step is generally unrealistic. Instead, we
track the increase in the local TKE based on scaling of production and dissipation along with the
energy consumed in mixing.

5.2 The basic energy balance
The TKE per unit mass is e, . The dissipation rate per unit mass is €. The production rate per
unit mass is 7. The characteristic TKE at an equilibrium condition is e_. The increase in

background potential energy for mixing of thickness o into a layer of thickness h is given by
de, /dh. An energy balance is then given by

de, _p_, dedh 5
dt dh dt '
The dissipation to scales as
3/2
e= % ei (5.2)
The turbulent velocity scale is given by
U ~e 2 (5.3)
A time scale of the turbulence can be defined by
L L
T~ o = o 12 54
k
However, where turbulence is being produced, we might also consider a time scale of
1/3
LZ
Tp ~ [Fj (55)

If we consider equilibrium to be where de, /dt =0, then we have
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deb@_0
dh dt

(5.6)

Over some small time interval, the mixing energy available is e, + PAt the energy dissipated is

eAt. The increase in the background potential energy is Ae, and the increase in the TKE is

Ae, . The mixing efficiency is given by the ratio of the change in the BPE and the energy used

for mixing:
O U
PAt—Ae,
or, on a rate basis
de,,
dt
R, =—dt__
L op_de
dt

or, as a differential equation:

% = (P _dﬁij
dt dt

We can also write eq. (5.6) for a discrete change of 0 as

Ae, &

S At
which could be written as

dt

or, using eq. (5.9)

which is rearranged as

de
(I—Rf)P—e+Rfd—t“:0

Using eq. (5.2), the basic energy balance then becomes

3/2
(1-R,)P - +r, 9o
2 L dt

€

=0

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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The above gives is an equation for the rate of change of turbulent kinetic energy as a function of
the stratification and the existing TKE.

5.3 TKE at an equilibrium condition
For equilibrium, we have de, /dt=0 and e, =e_ and R, =R , which allows eq. (5.14) to be

written as
e = 2Le (1-R.)P (5.15)
CE
or
2L 2/3
ecz{ 8C(l—RfC)P} (5.16)
C£
Writing the equilibrium turbulent time scale, from eq. (5.4) as
L
T ~—= 5.17
C e‘:1/2 ( )
We have
L, ~e ', (5.18)
So eq. (5.15) is also written as
ec3/2 2TC
= (1-Re)P (5.19)

so that the characteristic TKE scale at equilibrium is given by

e, = {%c (1-R,) P} (5.20)

C

€

5.4 Modeling the rate of change of TKE

Our model is based on the idea that TKE is tending toward equilibrium. Thus, the difference
between the TKE stored and the characteristic equilibrium TKE affects the rate of change of
TKE. We can write this as

% G ) (5.21)
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where c_is an empirical coefficient and 7T is the shortest time scale of either production or TKE,

defined as

T=min(7,,7,) : L>0 (5.22)

2 1/3
r:minﬁ%} ’eI:”] : L>0 (5.23)
k

Note thatas P =0, T, = and as e, = 0, T, — oo, so this formulation ensures a finite time

or

scale. For a layer of thickness ‘h’, the time scale is

2 1/3
T= mm[{%} =ek11/2 J : h>0 (5.24)
k

Substituting eq. (5.20) into eq. (5.21) provides

de, c. (2
d_tk:?’[c—(l—Rfc)P'cc —ekj (5.25)
which can be rearranged as
de, 2c T e
=2 (=R )P - —¢c Xk 5.26
dt c ( fC) T T T ( )

€

Using eq. (5.17) for the turbulent time scale provides

de, 2c, L, e
d_tk: . (I_RfC)Pe”z’c_ctTk (5.27)
Note that eq. (5.15) can be written as
2L 1/3
e, :{ < (1- RfC)P} (5.28)
C€
so substituting eq. (5.28) int eq. (5.27) provides
de _2%(1_R,)P 1 Lo S (5.29)
d fc 1/3
t C, oL T T
2eq-r, )|
CS

Rearranging results in
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de,
dt

2/3
{—ZCL“ (1-RfC)P} o (530)

€

or

dt T C

€

di:&{[zL“ (I—RfC)P} ek} (5:31)

For entrainment into a layer of thickness ‘h’, we approximate
L.~h (5.32)

In contrast to eq. (5.32), we might actually expect that for initiation of turbulence, L, >h, i.e.

the equilibrium length scale is larger than the existing layer thickness. In decaying turbulence,
we might expect that L_ <h. However, the subtleties would require developing a model that

makes L, =L_ (de, /dt), which would require an unknown coefficient. Thus, we will make the

simple approximation in eq. (5.32), and note that performance of the model for initiation and
decay of turbulence remains a question for investigation.

From the above, the rate of change of TKE is given by

ﬁ:&{{&(l_Rfc)P} _ek} (5.33)

dt T || c

€

where 7T is given by eq. (5.24). Eq. (5.33) provides for both increases in e, and decreases in

e, , depending on the relationship between the production rate (~) and the stored TKE (e, ).
Note that the mixing efficiency is at an equilibrium condition (R, ), so can generally be specified
as ~ 0.2. The dissipation coefficient can be set as ¢, ~1.15 (Spigel et al. 1986). Thus, given the
stored TKE (e, ), layer thickness (h) and production rate ( 7 ), we can readily compute the rate of
change of TKE.

5.5 Mixing for non-stratified system
5.5.1 TKE at equilibrium for non-stratified system

For a non-stratified system, the energy balance is

de,

=P-¢ 5.34
i (5.34)

For an equilibrium condition we have

P=¢ (5.35)
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using eq. (5.2) with the equilibrium TKE

P=—t-r¢?" 5.36
2L, °© (5-36)
which is manipulated into
CS

Using eq. (5.18) we find

P (5.38)

which becomes

e, =22 p (5.39)

We can compare eq. (5.20) to (5.39) and note the only difference is the factor 1-R, in the

former. Thus, the characteristic TKE for non-stratified is consistent with the stratified system
using a mixing efficiency of zero.

5.5.2 Rate of change of TKE for non-stratified system
We use eq. (5.21), so that

de, c (21
_:_‘C _c P—e 5.40
dt = ( c kj ( )

We follow the same pattern as eq. (5.25) through (5.33), but obtain a result without the mixing

efficiency
d 2h 2/3
&:&{[_p} } 541
d 1T |lc

€

Thus, eq. (5.33), is viable for a non-stratified system by setting R, =0

37



Hodges (2008): Representative Scalar Transport and Vertical Mixing

6 CONCLUSIONS AND RECOMMENDATIONS

The fundamental difficulty for large-scale modeling of Texas estuaries is in episodically
developing, maintaining and destroying the localized vertical stratification that leads to hypoxia.
Although this research project was not as successful as envisioned in the Statement of Work (see
Appendix A), we have layed the foundations for a new approach that may yet prove valuable in
developing 3D models of estuaries and lakes. The underlying idea appears to be viable; i.e. use
of representative scalars and energy scaling to prevent unphysical vertical mixing. For
completeness, the mathematics in this report are fairly dense; however the actual implementation
is not beyond the typical complexity of existing hydrodynamic models (see Appendix M).

The principal roadblock encountered in this project was developing a transport algorithm
for the cell gradient thickness that does not destabilize the system (see section 1.5.2). We
believe that this is not an insurmountable problem. For follow-on work, we recommend
considering a research effort that is focused solely on the relationship between the representative
scalar and the gradient transport. Our working hypothesis is that the instability arises from one
of three sources: 1) the interpolation of velocities to the cell faces for gradient transport, 2) non-
conservative (face-based) transport of gradients, or 3) a bug in the code. We believe that
isolating the source of the instability can be done by a careful examination of local changes in
the representative scalars during the inversion from the transported gradients and average scalars.
It is likely that an inconsistency in the numerical formulation will be apparent upon closer
examination of this issue. Once the gradient transport issue is solved, the energy scaling and
mixing methods developed herein can be readily applied using the algorithm developed in
Appendix M.
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Appendix A CONTRACT SCOPE OF WORK

Numerical Implementation of an Advanced Vertical Mixing Model

Project Summary:

As part of work recently funded by TWDB and USACE on desalination brine discharge
modeling, Dr. Ben Hodges of UT-CRWR developed a new, theoretical vertical mixing model for
distributing energy over water-column depths within 3D-hydrodynamic models. This new
mixing model attempts to better represent vertical mixing processes that distribute dissolved
oxygen, nutrients, and contaminants throughout the water column. Existing vertical mixing
algorithms treat individual grid cells as well mixed units, thereby producing potential “stair-
stepped” profiles of scalars (salinity, temperature, etc) in the water column. The new vertical
mixing theory attempts to smooth such stair-stepped profiles through the allowance of mixing
layers between individual grid cells, while at the same time retains mean-value information
required for mass-conservation in the hydrodynamic model solution procedure. Hydrodynamic
modeling using this new vertical mixing model should provide the following model
improvements:

e More accurate representation of the surface mixed layer and benthic boundary
layer, including entrainment processes and Kelvin-Helmholtz billows,

e More accurate distribution of wind energy in the water column, thereby
producing a more accurate velocity field and scalar transport pathways than
achieved using other vertical mixing models,

e More accurate representation of salinity/temperature stratification that may lead
to hypoxia. This is critical to properly model the effects of potential (and
existing) desalination brine discharges on the benthos.

The recent modeling work performed by Dr. Hodges indicates that all of these improvements
may be obtained using the standard Mellor-Yamada vertical mixing model currently employed
within models such as EFDC, TX-ELCIRC, and UTBEST3D. However to achieve such
improvements, the vertical grid resolution must be increased to levels impractical for typical
modeling applications/computers available to TWDB. The vertical mixing model developed and
implemented in this project will allow for these above improvements without the needed high-
resolution vertical grid, thereby making the modeling practical for TWDB purposes.

39



Hodges (2008): Representative Scalar Transport and Vertical Mixing

Project Tasks:
Task #1: Vertical Mixing Model Theory Development & Refinement

Dr. Hodges will refine the vertical mixing model theory as included in the final report for
TWDB contract 2005-001-059. Refinements will be made for clarity and consistency, and
additional theoretical development of “meeting processes” between benthic and surface layer
mixing processes will be made. TWDB will review and approve the refined model before
numerical algorithm development is completed. Dr. Hodges will also select an appropriate name
for the new vertical mixing model.

Task #2: Vertical Mixing Model Implementation

Dr. Hodges will implement the new mixing model into TX-ELCIRC (a version of the
ELCIRC model already modified by TWDB staff). The mixing module will be developed as a
“portable” module, thus providing the ability of implementing the algorithm into other
hydrodynamic models with only slight code revision.

Task #3: Algorithm Testing

Dr. Hodges will conduct extensive initial algorithm tests on model test cases developed in
consultation with TWDB. Upon achieving satisfactory algorithm performance on the simple test
cases, a final test case will be developed incorporating Corpus Christi Bay and the outflow from
Oso Bay, TX where thin-layer density stratification has been observed (see figures below). The
model setup will be similar to that used in running the EFDC model of the Corpus Christi
Bay/Oso Bay system as discussed in the final report for TWDB contract 2005-001-059. The
effectiveness of the vertical mixing model will be assessed in comparing results and code
performance when TX-ELCIRC is implemented using the Mellor-Yamada vertical mixing
model. Comparisons between model simulations using the Mellor-Yamada and new mixing
model will be both quantifiable and qualitative. Time and resource permitting, comparisons with
output from the EFDC model of the Corpus Christi Bay/Oso Bay system (as discussed in the
final report for TWDB contract 2005-001-059) will also be made.

Task #4: Report Development

Dr. Hodges will provide a detailed report of all activities conducted to satisfy tasks #1-#3
listed above. In consultation with TWDB staff, the report will be formatted per TWDB
requirements and for publication in a peer-reviewed journal.

Project Timeframe: 1 year (September 1, 2007-August 31, 2007)
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Figure 1 — Field Data from Corpus Christi Bay collected July, 2006. The sharp benthic
stratification is not modelable using the Mellor-Yamada vertical mixing model without a
prohibitively expensive vertical grid resolution. The vertical mixing model proposed herein
should produce better representations of this observed stratification and much coarser (and
more practical) vertical grid resolutions. (Figures from Dr. Ben Hodges)
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Appendix B VOLUME-BASED DERIVATIONS

B.1 Derivation of the average density in the upper (Top) gradient
region of layer k

The average density in an upper (Top) gradient region is analytically defined as

_ 1
Pra =h_ J pT(k)dZ (B.1)
T()
T(k)
For a linear gradient, this is
hT(k) d
ET(k) = K(k) J {pR(k) + ZEPT(k)}dZ (B.2)
0
or
1 e p p
— R(k+1) ~ MR(k)
Pray =PraytTT—— | 29— ——dz (B.3)
e ¢ hT(k) hT(k) + hB(k+1)
or
U [ Prgen =Prw | [2 ]
— R(k+1) R(k)
Pracy =Praog t {_} (B.4)
' “ hT(k) hT(k) +hB(k+l) 2 0
or
— hT(k) pR(k+1) - pR(k)
Pray = Prao + (B.5)
B ‘ 2 hT(k) + hB(k+1)
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B.2 Derivation of the average density in a grid cell

Substituting egs. (2.2) and (2.3) into (2.1) provides

1

Puy = Az, (AZ(k) —hyg _hB(t))pR(k)

h —
+ 1 hT(k) pRm + T(k) pR(k+1) pR(k) (B.6)
AZ(k) 2 hT(k) + hB(k+1)

1 h hB(k) Pra) ~ Prex-1
+ A B(k) pR(k) - 7 h h
Z (1) B T Do

Az Py = (AZ(k) —hyg) —hg, )pR(k)
hT(k)2 {
pR(k+1) - pR(k)} (B'7)
2 (hT(k) + hB(k+1) )
h 2

B(k)

2(hB(k) + hT(k—l)

Regroup the above as

+ hT(k)pR(k) +

+ hB(k)pR(k) - ) {pR(k) - pR(k—l)}

Continue regrouping

AZ Py = (A2<k> —hyg) —hg, )pR<k)

ho. 2 h,. 2
+ hT(k)pR(k) + ! pR(k+1) - T pR(k) (B'8)
2(hT<k> + hB<k+1>) 2(hT<k) + hB<k+1>)
h,. > h,. >
+ hB(k)pR(k) - 20 Prao t 2 Prx-1)
2(h8<k> + hT(k—l)) 2(hB<k) + hT(k—l))
or
Az, P, =| A hyg,” By’
ZaPao = Z(k)‘M_M+M_2(h h )”%*_2(11 tho ) Pra
T(K) B(k+1) B(k) T(k=1) (B.9)
h. 2 h, 2 '
T(k) B(k)
+ Prk+1) + Prk-1)
z(hmo * hB<k+1>) z(th + hm—l))
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or
2 2
ﬁ(k) =|1- hT(k) - hB(k) Pr)
2Az,,, (hT<k) +hp, ) 2Az,,, (hB(k) + hT(k—l)) (B.10)
2 2 ’
4 hT(k) 0 + hB(k) 0
R(k+1) R(k-1)
24z, (hT<k) + hB(k+1)) 24z, (hB<k) + hT(k—l))

which is the average density in grid cell ‘k’ based on the representative densities and layer
thicknesses.

B.3 Derivation of entrainment of a lower uniform region into an upper
uniform region

We begin with an upper uniform property region of thickness ‘h’ and an entraining region of
uniform properties and thickness 8. The elevation of the bottom of the & levelis z=b. The
potential energy before mixing is

b+d b+8+h

E o) = 2P0 J zdz + gpy, o J zdz (B.11)
b b+8
or
2 b+d 5 b+8+h
Z Z
E o) = 2Ps0) (?j + 8Pno) [?] (B.12)
b b+
or
2E(O) 2 2 2 2
= =i [ (b8 =07 J#py [ (0+8+h)" - (b+3) ] (B.13)
or
2E
f =Py | 208 +8" |+, 0, [N+ 2(b+8)h+h* - (b3Q)’ } (B.14)
or
2E(0) 2 2
=P [28+8 |+p, [ 2bh +25h +h’ | (B.15)
or
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2E
g(O) = Ps0) 268+ P30 + Py 2bh + Py g, 28 +p, )0
or
2E
—g(O) = 2b( P03+ Proy ) + Pyoyh” + Py 280 + P )’

Define

AP =Py 9y = Psoy
which provides

Ps) = Pro) ~AP

so that eq. (B.17) can be expanded as

% = 2b<|:ph(0) - AP}S + ph(O)h) +Pyoyh’ + Py 20h + [ph(o) _ ADJSZ

which can be written as

2E
g(O) = 2b(Py 0,8+ Puoh) + (Puoh” +Puo) 28N +p, )87 ) — ApS” — 2bAp3
or
2E
@ = 2bp, ) (8+h)+p, (h* +28h + 5 ) - ApS(3+2b)
g
or
2P0 g, (145 h+3)" ~Apd(8+2b
2 = ph(O)( + )+ph(0)( + ) p ( + )
The potential energy after mixing is given by
b+d+h
E.) =8P I zdz
b
or
22 b+3+h
M h(1)
2 b
or

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)
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2E

f:phm [(b+3+h) = (b)’] (B.26)
or
%:ph(l)[\&ub(ma)ﬂm&)z—N} (B.27)
or
%:ph(l)[2b(h+8)+(h+8)2} (B.28)
For conservation, we require
Phciy (h+9)= Phoyh +Ps0)0 (B.29)
or
Praty = ph(ﬁ—ig;”@ (B.30)
or
Pry =22 +(Epi(§§)_ P (B.31)
or
Pray = Prof —i(_}?ioéé; ~4e0 (B.32)
or
Puay = Puco (?h++86))_ ApS (B.33)
or
Pray = Pho) — Ap(h—iS) (B.34)
So eq. (B.28) is expanded as
2Eg<” - {ph(o) - Ap(h—is):l[%(h +8)+(h+3) | (B.35)

or
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2E
_“):ph(o)[2b(h+8)+(h+6)2}—Ap(h+8)[2b(h+8)+(h+8)2} (B.36)
or
2E, 2 o 5 N
= 2b(h+0)+ h+8) —Ap=——2b d) —Ap<——(h+9d)" (B.37
g Paoy2b(h +8)+py ) (h +3) pN N DN( )" (B.37)
or

2E
— =Py 2b(h +8) +p, ) (h + 6)2 —Ap2bS—Apd(h +3) (B.38)

So the increase in potential energy is given by subtracting eq. (B.38) from eq. (B.28), resulting in

2E, _

= Doy 2b{ht 8) + pthsd) —Ap2bS—Ap3(h+8) (B.39)
~ Pr2b(ed) - pyothcd)’ +Ap3(3+20)

2E,

or
2B, _2E 2 8
00 - _Ap2h§ — Apdh — A& + Ap& + Ap2hd (B.40)
g
or
2E 2E
OO0 — _Apsh (B.41)
g g
or
1
AE, =L a(p, ;) (B.42)
Units are
LM M

which is the increase in BPE per unit area (i.e. ML'T™ /L*). To get a change per unit mass per
unit volume, we divide by the density and the mixing layer thickness

Ae, =~ gwg\h (B.44)

2 ph
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where p can reasonably be any of the densities. Units are

L I
Ae, = L= = (B.45)
which is (ML’T?)/M .
The rate of change with increasing thickness is given by
dﬁ:_lgwi(g) (B.46)
dd 2 p, dd
In a more general sense, we can write
doy _ 1 [Py=Ps (B.47)
dh 2 Py

B.4 Derivation of entrainment of a lower gradient region into an upper
uniform region

We begin with an upper uniform property region of thickness ‘h’ and an entraining region of
linear gradient properties and thickness 6. The elevation of the bottom of the o levelis z=b.

The potential energy before mixing is

b+d b+8+h

Egp=g j Ps(2)zdz + gp, j zdz (B.48)
b

b+d

Without a loss of generality, we can take b=0 and write

d+h

)
E(O) = gJ‘pz‘)(Z)ZdZ + gph(o) J zdz (B49)
0

5
If the lower gradient region is continuous with the uniform region, then we can write

dp

Ps(2) =Py —(8—-2) == (B.50)
dz
Thus we have
5 5 5 q 5 q
jps(z)zdz = jph(o)dz — J‘Sﬁzdz + Iﬁzzdz (B.51)
d f ) dz f dz

so that eq. (B.49) can be written as
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d+h

5 5 8
dp dp;
E, = zdz + J. dz - J-E—szdzﬁ- J‘—Sz dz
©) = 8Pxno) J. g 0 P g 0 iz g O 4z

3

or
8+h d $ d 5
E ) = 8P _[ zdz - g5ﬁj‘zdz + gfj‘zzdz
0 0 0
or
2V dpy (22 dpy(Z2)
E =gp (_] —gS—B — +g—5 —
(0) h(0)
2 ), dz \ 2 ), dz \ 3 ),
or
1 > 1 dp 1 dp
Eo== h+d) ——gd’ =8 + — & 2
© 2gph(0)( ) 58 & 3g 4
or
1 1 dp
E =Egph(0)(h+8) —ggd—;53

The potential energy after mixing is given by
8+h

E(l) = 8Pnqy J zdz

or

1 2
Ey= Egphm (h+3)

The density after mixing is given by

8
1
Py = (h—_i_SJ{ph(O)h + Jps(z)dz}
0

using eq. (B.51), we obtain

5 5 5
1 dp dp
Poy = [h—-l-ﬁj{ph(o)h + jph(o)dz - J.Ed—;dz + J.zd—;dz}
0 0 0

or

(B.52)

(B.53)

(B.54)

(B.55)

(B.56)

(B.57)

(B.58)

(B.59)

(B.60)
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5 5
Phay =(h;wj{ph(o)h+ph(0)8—%ﬁjdz+%jzdz} (B.61)
0 0
or
Pnay = (ﬁj{phm) (h+3)- %82 + %%2} (B.62)
or
Puay = (%ﬁj{ph(o) (h+8)- %%52} (B.63)
or
Py = Phoy _2(}?—15)% (B.64)
Substituting eq. (B.64) into eq. (B.58) provides
E, = % g{ph(o) _2(116—15)%}(11 +8)’ (B.65)
or
E,, =%gph(0)(h+6)2 —%gSz(h+6)% (B.66)

To get the change in energy, we subtract the initial from the final, i.e. eq. (B.56) is subtracted
from eq. (B.66) to obtain

1 2 1 dp
Ep—Ee = > 8Pho) +9) —Zg52(h+8)d—5

Z
2 1 dp
Ty Eathed) oY

(B.67)

or
1 dp; 1 dps 1 dp
E . —E, =——o0h—23_——9§ 8 4 —_o 8§ B.68
M @ 4g dz 4g dz 6g dz ( )
or
1 dps 1 dp
E, —E, b6 =——gdh—=2_— —og-T3§ B.69
0T RO T T RO T (B.69)
or
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1 dp 1
AE, =——08 3 h+=38 B.70
8=, 8 dz{ 3} (B.70)
Units are:
M
L,p. M
AEB = —FLZTL :F (B71)

On a per unit mass basis, we divide by p(h+9d/3). Note that we are assuming o is small

compared to h

Ao, = —— —ed’ dps {h +15} (B.72)
4p {h + 8} dz 3
3
1 dp
Ae, =——gd*—2 B.73
i 8o~ (B.73)
where p can reasonably be any of the densities. Units are
L I
Ae, = — L= = (B.74)
which is (ML*T™)/ M.
We can write eq. (B.73) as
dey __ 1490 (5) (B.75)
dd 4p " dz
or
dey __1,dpsg (B.76)

% 2pt dz

B.5 Layer thickness for non-stratified system with boundary
production

For a non-stratified system, eq. (L.5) becomes infinite. Thus, we need a simple scaling for the
rate in which it can entrain

dh o

el B.77
el (B.77)
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We might otherwise consider

de, dh p de,

dh dt dt

(B.78)

where de, / dhis the energy loss associated with entraining fluid over the distance dh. This issue

requires further investigation.
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Appendix C DERIVATION OF ENTRAINMENT ENERGY

C.1 Potential energy required for entrainment

Let us consider the general case of some energy available form mixing AE _per unit area that is
entraining fluid of thickness 0 with stable density gradient dp(z)/dz < 0. The entrained fluid
will be completely mixed in a layer of initial thickness h(t) with density p_(t) and will form a
layer of thickness h + 6 with density p,_(t+ At). Note that much of the following is not used in
the method proposed above. The approach below appears to complicated for simple

implementation with the surface mixed-layer approach. However, the fundamentals here are
useful to document for future development.

How much energy is required to mix this system at 100% efficiency? For this
computation, let us consider z=0 is where the mixing stops. It follows that the potential energy
before mixing is

h+8 ) 8 a
E (t)=gpm(t)J. zdz+gJ. 5| 27| P4, (C.1)
P 2 0z
5 0
where p is the average density in the linear region. This could be written as
h+d 5 5 5
E () =gp, (1) j 242+ gp J 2dz— 2% j 2dz+g 22 j 22dz (C.2)
P 20z 0z
) 0 0 0
or
h+8 3 8
E_ (t)=gp. () J' 2dz+)gp— g 2% J 20z + ga—pjzzdz (C.3)
P 20z 0z
) 0 0
After mixing, the potential energy is
h+8
E,(t+At)=gp, (t+At) j 2dz (C.4)
0
The density after mixing is found from
op +hp_ (t)
t+At)=——2— CS5
P (t+At)==——" (C.5)

53



Hodges (2008): Representative Scalar Transport and Vertical Mixing

So eq. (C.4) becomes
®+mA0
E (t+At)=g———— j zdz

The energy required for mixing is given by

AE, =E (t+At)—E, (1)

or

h+3

§p+hp (t Sap) | d
AEm:ngpg()jzdz {gp (t)J' zdz+g{p——8—2}jzdz+ a_p
0

O'—.On

Which can be written

— h+d — 3
AE = g—Sp ;hpé“ ® J' zdz +g—5p ;hpsm © jZdZ
+ +

h+d

—ng(t)jZdZ g{P—§—}IZdZ g— Izdz

combining terms gives

§p+hp_ () }M {8§+hp ) _ ésap}6
AE, =g P T WPl ()L [ 14+ g PTPlY 5 OIS 4
" g{ h+d PV -!'ZZ 8 h+d P 2 0z -([ZZ

ap 2
z-d:
“8%, az z

or

— h+d
AE. :g{ﬁpw%(ﬁ—g%(fi—épm(t)} f »

h+9d
)

§§‘+hp ()— 56 —hp 88pJ‘ B @jzzdz
gazo

h+9 0z

or
h+d8

E, —g—{p pm(t)}jzdz

)

+g{—[p (t)_5]+§a£}jzdz L 7’dz
h+8" " 20z)9 >

0

d{

(C.6)

(C.7)

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)
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We evaluate the integrals as

h+3

AE,, —g—{p P (t )}{ ZL

b sop|[2 ]
+g{h+8[pm(t) ]+28H l

(h+8)"~(3)°

Using

AE, —g—{p pm<t)}h( j
vl ol 0 -pl+ 22|

2

or
Sh (h )
AE =¢-2 |24 5lo=p (t
. gh+8(2+ j[p P (D]

82

— g—[%}[p Pn(D] +g— 0

4

or

or

1 8h? 82h 1 &h
2h+6 h+6 2h+o

}[p Pn(D]+g

AE —g{

or

At

or the mixing energy required to entrain a density gradient into an existing mixing layer is

JE, /ot

It follows that mixing energy must be available at the rate

ap
oz

op
>

ap
az

ap [

Sz

op &
gaz 3

5

3

38’

12

2]

=h?+2hd+&*-&° :2h(%+8)

48
12

|

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)
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AE hd g8’ ap
=g— C.21
jviiat yw Ol ryves (c.21)
We could write this as the mixing energy rate that will entrain the gradient layer
aE _ 08 g8 dp 95
_ _[ ]__g__P_ (C.22)
ot 12 dz ot
Noting that
2 14
& — 5’ C.23
o 3 at( ) (€23)
We could write
oE _ 00 g opad .
- —Z_5F7(s C.24
a =2 [ POl =353, 3% (€29

As a check, let us compare to the energy that would be required if there the entraining
region did not have a density gradient. In which case, the potential energy after mixing is the
same, but the potential energy before mixing is

1_
9 p(z)=— o(1-7) Q, ke M _co<z<N-3, (C.25)
ot c,
or
2 h+d 2 )
E, () = gpm(o{ﬂ T ga{ﬂ
5 0 (C.26)
h _&
= gpm (t)h( + SJ + gp_
It follows that the energy required to mix is
2
AE, = g{SP%PS(t)} S+ 5) {gpm(t)h(h + 5) L } (C.27)
or
1 . h? _&
AE, = Eg[ﬁp +hp, ()] (h+8)- gpm(t)7 +—gp,, (t)dh — g (C.28)
or
AE_ = % g{ShE +8p+h%p, (t)+hdp_(t)—hp,_(t)—2p_(t)dh - 582} (C.29)
or
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I [~
AE, =—g{p[8h+5 =5 |+p, (0] W48 — 1 28h |} (C.30)
or, the energy required to entrain a uniform density layer is
oh _
AE, = g?{P —Pu(®)} (C.31)

which is only different from eq. (C.20) by the &’ term. So we have confidence in the derivation
for the mixing energy required to entrain a density gradient.

C.2 Entrainment layer thickening
C.2.i Basic theory for entrainment layer thickening

Note that the above requires mixing energy to be supplied at the rate

JoE h _ 20
D —g—ip—p._ (t)}— C.32
B gz{p P} . (C.32)
Which can be written as
25 2 JE (C.33)

A gh{p-p.(0)} at

We consider a mixing layer at time (t) with a thickness (h). The deepening of the mixing layer is
given by eq. (C.33). Thus we step successively through the grid cells. For example, let us
consider a model grid with uniform Az, values except for the free surface (which is Az, ). At

time ‘t’, the mixing layer thickness is h(t), which puts the entrainment in grid layer ‘n’, where
D Az,<h(t)< ) Az (C.34)

So the fraction of the entraining grid cell occupied by the mixing layer is

k max
8, =h(t)— Z Az, (C.35)

1=n

For mass balance consistency, the average density in the entraining grid cell is given by the

p, value that is carried as the grid cell density. If we consider the grid cell partially full of the
mixed layer fluid, it follows that
_ 1 (.
P, = E{pn [Az, -8, ]+p,0.,} (C.36)

where P 1s the fluid in cell ‘n’ that may still be entrained. Solving for this we have
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.  pAz —p,0
= Pu=Z 7 Pun C.37
P Az -3 ( )

We then represent the rate of entrainment as

3 2 9B

N____ m (C.38)
ot gh{p,—p,(t)} ot
or
% _ 2 o, (C.39)
8 Az —9d, Pm
or
CLNR— °E, (C.40)
ot p, Az, —p Az | Ot
gh n n m n
Az -0,
or

95 2(Az,-8,) 9E,
ot ghiz, (p,-p,) ot

(C.41)

C.2.ii Application of entrainment layer thickening

As demonstrated above the rate at which a mixing layer (h) that is entraining in grid layer ‘n’,
deepens for the grid cell of average density p, and a mixing layer density of p,, can be found

from the with the rate of supply of mixing energy (per unit area), JE_ /dtas

95 2(Az,-38,) OE
ot ghdz,(p,-p,) o

(C.42)

where the mixing layer thickness is h(t), which puts the entrainment in grid layer ‘n’, where
Z Az, <h(t) < Z Az, (C.43)
So the fraction of the entraining grid cell occupied by the mixing layer is
k max

5, =h(t)- Y Az, (C.44)

1=n
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The above forms the basis for deepening the surface mixing layer. Assuming that
oE,_ /dt>0we can write

2At(Az, -3,,) OE, (C.45)

d0=h(t+At)—h(t) =
( ) () ghAZn(En_pm) at

It is required that

0<Az -3, (C.406)
If the above condition is not met, we set

d=Az -39 _ (C.47)

and consider that only a portion of the time step was used in this mixing, At , so the mixing

behavior is obtained by substituting eq. (C.47) into the LHS of (C.45) and recognizing that the
Atis replaced by A t when only a portion of the time step is required to mix the grid cell:

2(At,)(Az, -3,,) OE

Az -0 _ = C.48
" ghAz (P, —p.) Ot ( )
SO
-1
g _ oE
At, ==hAz - = C.49
. =2 haz, (p, pm)( o ) (C.49)
We can then define the time remaining as
At =At—At, (C.50)
The new density will be
dp+hp
t+At )=—T"™= C.sl
pm ( u ) h + 8 ( )

where P is the density of the fluid in cell ‘n’ that was entrained, and is required to meet the

average density of that cell when partitioned with the mixing layer, i.e.

. p,Az —p, 0

=—2 n "~mm C.52
P = e (C.52)
from which it follows that
8 pnAZn B pm8m + hpm
(t+1,)=— 2% O (C.53)
Pm v h+d '

or
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h+9d

Az —9d,,

pm(t+Atu)=;{hpm+

If the entire grid layer entrains and still has time remaining (i.e. At, >0), we then increment to

the next grid cell down (n-1) and compute a o from a modification of eq. (C.45)
6 _ 2(Atr)(AZn—l - 8:11) aEm
ghIAanl (En—l - p;n) at

where At is used in place of At and the primes indicate that the terms are updated to t+ At .

(C.55)

Using this approach, we can sweep down through the domain until all the time is used.
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Appendix D MIXING BY K-H BILLOWS

D.1 Shear mixing by Kelvin-Helmholtz billows using the ELCOM
approach

D.1.i Overview

The maximum amount of mixing energy released by shear can be computed by the difference
between the kinetic energy of the shear layer before mixing and the kinetic energy of the shear
layer after mixing. That is, if you take two layers of different velocities and mix them together,
the mixed velocity will have a lower kinetic energy than in the original two layers. This process
is generally seen in free shear flows through K-H billows. It is typically argued that only about
20% of the energy available through the mixing of momentum is typically effective at mixing
density.

D.1.ii Kinetic energy change for arbitrary thickness layers in 1D

We will derive the shear term based on two arbitrary thickness layers, (1) and (2) with uniform
velocities. For simplicity, let us consider only the kinetic energy in the ‘x’ direction. For an
unmixed system

E, = %plhl (u?) +%th2 (U (D.1)
For the mixed system we have
E, = %pmhm (U.}) (D.2)
The change in Ey is
E.-E,= %pmhm (U,’) —%plhl (u?) —%pzhz (Uy) (D.3)

We note that conservation of mass between the mixed and the unmixed systems requires
p,.h. =ph, +p,h, (D.4)
Furthermore, conservation of momentum requires that
p,h. U =phU +p,h,U, (D.5)

It follows that
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2 2
p,h,U, +p,h,U, J _ (p.h,U, +p,h,U,) (D.6)

P.h. (U7 )=(ph, +p,h (
(Un) = (Pl +p:ha) ph, +p,h, ph, +p,h,

So eq. (D.3) could be written over a common denominator as

(E E ) B (plhlUl +p,h,U, )2 - (plhl +p,h, ){plhl (Ulz) +p,h, (U22 )} D7)
o “ 2(p1h1 + pzhz) .

Expanding the numerator
(p,h,U, +p,h,U, )2 —(p;h, +p,h, ){plh1 (Ul2 ) +p,h, (U22 )}
= (BT +20,0,Uip,h,U, + (p st ) — (pcts,)
—phph, (U7)=pihyp,h, (U,7) = (pohst) (D.8)
=+2p,h,p,h,U,U, —p,h,p,h, (Ul2 ) —p,h,p,h, (Uzz)
=—(p,p,h,h,){U> -2U,U, + U’}
So eq. (D.7) can be written as

(p1pzh1h2 )(Ul -U, )2

(B —Ep ) =— (D.9)

‘ ‘ 2(p1h1 +p2h2)

D.1.iii Kinetic energy change for arbitrary thickness layers in 2D
Now consider the more general
1 1
E. =Zph, (U +V)) +Pah, (U +V,?) (D.10)
1

Ekm = Epmhm (Um2 + sz) (Dl 1)

The change in Ey is
1 1 1
Ekm - Ekl = Epmhm (U1n2 + sz) - Eplhl (U12 + V12) _Epzhz (U22 + sz ) (D.12)
Conservation of mass still requires
P, =ph +p5h, (D.13)

Momentum must be conserved separately in each direction

Pnh, Uy, =ph U, +p,h,U, (D.14)
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P.h,. V., =phV, +p,h,V, (D.15)

m m m

So we obtain both

2 2
h h
pmhm (UmZ) — (Plhl + p2h2 )(plhlUl + p2h2U2 J — (pl lUl + p2 2U2) (D 16)
pih, +p5h, pih; +p,h,
2 2
h.V h,V.
pmhm (sz) _ (p1h1 n pzhz)[plhlvl + pzhzvzj _ (pl V1 TP, 2) (D.17)
pih; +ph, pihy +p,h,
So eq. (D.12)
(Ek —-E, ) = 1 [(p1h1U1 +p,h,U, )2
" ' 2(plh1 +p2h2)
_(plhl +p2h2){plh1 (U12)+p2h2(U22 )} (D.18)

2
(Pih,V, +p,h, V)
~(psh, +p5h, ){plhl (V12 ) +p,h, (V22 )H
The pieces must expand just the same, so without further messing around we can simply write

(Ekm ~E,, ) __ (p1p2h1h2 )(Ul - U, )2 _ (plpzhlhz )(Vl -V, )2 (D.19)

2(p,h, +p,h,) 2(p,h, +p,h,)

or

(E

km

PPy, 2 2
-E )=- U -U,) +(V, -V D.20
ku) 2(p1]1 pzlz){( 1 2) ( 1 2) } ( )

or, more simply

p1p2h1h2 2 2
(B =By ) = ———212__IAU? £ AV (D.21)
oo 2(plh1+pzhz){ j

This could be written as
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(plhl + pzhz) _ 9{1{1 + P/Zl‘g
pip,hyh, P{pz%hz plPZ/hth\

1 1
=t
p.h, phy
Jon,
— /P (D.22)
(pl Apj ph,
L + L
P P
S 0(4ap?)
ph,  pihy
Shth L o(ap?)
pihh,
So we can write eq. (D.21) as
pihyh, 2 2
E E - AU” + AV D.23
( km ku) 2(hl+ 2){ } ( )
Note that if h, =h, =2Az We arrive at
(E,, —E, )= —‘)ITAZ{AU2 +AV?) (D.24)

which is the basis of the shear parameterization in Hodges et al (2000) and prior work.

D.2 Rate of energy production using the K-H time scale for arbitrary
thickness layers

As a total rate of energy production, we can write

aEk _ (Ekm _Eku) _ p1h1h2

ot T, 2T, (h +h,)

{AU® +AV?] (D.25)

where Ty, is the time-scale of shear production and we have applied eq. (D.23) for the energy

change based on complete mixing of two layers. We use the time-scale for K-H billows (Thorpe,
1973, as used by Laval et al. 2003).

T, = 2—9\/ AU® + AV? (D.26)
g
where
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g=gP2 TPt (D.27)
P

Thus,

oE, _ g(p, _pl)b\hth \/m (D.28)
ot 2(20)p/(h, +h,)

Note that we could write this as

JE, :l(—gAphlhz J\/AUZ +AV? (D.29)

ot 2| 20(h, +h,)

If we use a coefficient Cg to represent the efficiency of shear production, we can write the

linear rate that energy is made available for mixing through shear associated with two layers over
the time t, <t<t,+T,

aii[c_m] A (D30)

ot 2( 20 (h,+h,)

Note that if At =T, , then the shear production from a single billow collapse is
oE 1 CsgAphh
At—S =T, —| =12 |JAU” + AV? D31
ot kl‘2[20(hl+hz)] (>3
However, if At<T,,

at %8s — L] Csgaphih, | /iy (D.32)
ot 2(20(h,+h,)

D.3 K-H billows using a parameterization from Sherman et al. (1978)
D.3.i Energy production using uniform layers and Sherman et al (1978)

Unfortunately, simple implementation of eq. (D.30) the above makes the mixing fundamentally
dependent on the definition of the h; and h; thicknesses. If we use the grid cells for these, then
the mixing will inherently be grid-dependent. Instead, let consider that Sherman et al. (1978)
gave a length scale for the interface after billowing of
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2
6b=0'3A,U (D.33)
g
If we let
h1=h2:§£ (D.34)
2
Then eq. (D.30) becomes
Ap(3,)
9B 1] Co8tp(8) | oAy (D.35)
at  2{20 4(§,)
or
9Es _ l(g gAp Sbe/AUz +AV? (D.36)
ot 2\80
or
ok _1 Ss gppd3 (AU +av3)” (D.37)
ot 2080 g
or
9Es L1 Cs oap 2300 | (a2 4 av2)”? (D.38)
ot 2080 gAp
or
0B, 1(3Cq ) X ,\3/2
=_ AU? + AV D.39
ot 2(800p° ( ) (D-39)

Note that if At >T,, , then the shear production for collapse of a single billow is

s L, S0 (au% +av?)” (D.40)

At—
Jao 2 800

However, if At <T,, then a full billow is not collapsed, and linear approximation is

aEs = Lp 25
2 800

AU? + AV D.41
o P ) (D.41)

The above equation could be a basic approximation of the rate that energy is made available for
mixing due to shear. To generalize this approach, let us write this as
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E, |
%:ECTCSpO(AU2+AV2)3/2 L t<T, (D.42)

where Cr is the coefficient that results from use of the Thorpe time scale and the Sherman
approximation of interface thickness

C, ~3.75x107° (D.43)

D.3.ii Energy production based on fully-mixed layer thickness for a given shear

As another approach, let us go back to eq. (D.25), but write for h, =h, =h/2and then include

the mixing efficiency to write

s 1o oih [AU* +AV?) (D.44)
o 2 4T,

In notes for CE380S (need to put into appendix), I demonstrate that

h< L,CSAU2 (D.45)
2g

This is based upon matching the energy produced by mixing (i.e. the fraction Cg) with the
potential energy required to mix when starting from two layers with different velocities and
densities and mixing into a single layer of uniform density and viscosity. If we use the
maximum possible thickness from eq. (D.45), we can write

s _1_p, c{AU? +av?) (D.46)
ot 28g'T,
Using
T, :2—(,)\/AU2 +AV? (D.47)
g
we obtain
2
JE _1( P 2j{AU2 +AV?] .45
ot 21160 JAU? + AV? .
or
9Es _ l(&c;j{wz NG (D.49)
ot 21160
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If weuse C; ~1/5 we obtain

aEs 1( p, 2 2132

—s——| FLc [{au? +AV D.50

ot 2[800 3| j (D-30)
which is 1/3 of

9E, _ l[ﬁcs ](AUZ +av?)” (D.51)

ot 21800

obtained using Sherman’s approximation in eq. (D.41). Thus both approaches obtain energy
approximations of similar magnitude. It is reasonable that Sherman’s approach predicts more
energy released because the final state is a linear profile of density rather than a uniform density.
Producing the uniform density, i.e. eq. (D.50) requires more mixing energy than producing the
linear profile, i.e. eq. (D.51). Thus, it might be reasonable to write the general case as

E, 1
aats =2 C.C{au +avE? L t<T, and 125x10°<C, <3.75x10°  (D.52)
Alternatively, we might take eq. (D.49) as the key equation and write

% B %CHCszpo (AUZ +AV? )3/2 0 t<T, and Cy,~625 X107 (D.53)

Note that eq. (D.51) may overstate the energy available for mixing since it is based on an
Ex that is calculated from complete mixing of momentum to a uniform value across the mixing
layer rather than to a gradient. In appendices, sections L.3 and 0, I look at what it requires to
parameterize shear mixing from two uniform velocity layers into a linear velocity distribution,
but the derivation is a mess and doesn’t seem usable. Thus, it would seem like either eq. (D.53)
is preferred, or eq. (D.52) with a low value for Cr.

D.4 Thoughts on application of shear mixing for K-H billows
D.4.i General considerations

The basic approach to shear will be to look at the boundary between each layer in a water
column and separately compute the energy available, using eq. (D.41) or (D.40), depending on
the time scale.

Note that if At <T,, , then we may need to do multiple sweeps. That is, one can imagine

the case where there exists multiple K-H billow layers, e.g., a mixing layer at the boundary k-1/2
and another mixing layer between k+3/2. After the mixing across these two boundaries,
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occurring over time T, = Max (Tkh(k+1 129> Lenis3 /2)) , there now may be sufficient shear across

boundary k+1/2 to cause mixing. We would now need to apply eq. (D.40) to boundary k+1/2 if
At2T + T, (D.54)

or we would apply eq. (D.41) if inequality (D.54) is not met. An alternative way of writing this
would be to consider

AtrZ(k+1/2) =At-T, (D.55)

and the equivalent criterion is then

At, 2 TZ(k+1/2) (D.56)

The sweeps through the domain for K-H billow mixing should be done separately from
other mixing routines and should be based upon the Ty, at the individual grid cell boundaries.
That is, rather than sweeping surface down through the domain, and adding the K-H billow
mixing energy to the other mixing energy (as in Hodges et al. 2000, or Laval et al., 2003), we
compute the Ty, at each grid cell boundary and start mixing from the shortest Ty, and move to
successively longer Tin. All short Ty, (i.e. At =T, ) should be done before any long Ty (i.e.

At <T,, ) is completed.

D.4.ii Is the stuff in sections D.1 to D.3 useful or necessary?

Note the above does seem to have a bit of a circular argument. That is, we compute the kinetic
energy released by shear mixing using an approximation developed by Sherman, then we use
that energy to vertically mix fluid. Why not simply use the Sherman approach directly? That is,
let us begin from two ideas the time scale of billowing

thEQ AU’ + AV® (D.57)
g

and the thickness of the linear layer after collapse.

_0.3AU°

’

g

S,

(D.58)

Both T,, and §, are directly calculable at the interface between any two grid cells.

We assume that in layer ‘2’ (below) and layer ‘1’ above, the velocity is uniform with
values of U, and U,. Similarly, we presume uniform densities of p, and p,, or for that matter,

any species ¢ . If Sherman et al. (1978) is deemed to hold, then the mixing of species over the
distance 9, is required to meet

69



Hodges (2008): Representative Scalar Transport and Vertical Mixing

(z-z)
5,

02) =27 +(0,-0,)

(D.59)

where z; is the z value of the original interface between the layers. Thus, when z=z +98,/2 we
obtain ¢(z, + 90, /2) =¢,. Similarly, when z=z -9, /2 we obtain ¢(z, -9, / 2) =0, . For
simplicity, let us consider a local coordinate system where z'(0) = z,, so that

’

o) =" %+ (9, -0, )% (D.60)
or
o) =0+ A¢§—; (D.61)
where
0= %(cp1 +0,) (D.62)
and
AO=(0, - 9,) (D.63)

If layer thickness’ are given as Az, and we meet the condition that 6, <2Az then the
value of ¢ in the upper layer after mixing is

Az\¢,, =Az,0, _%(q)l -0, )% (D.64)
or
_ g D03,
01 = 9, . (D.65)

In the same way we find that for the lower layer

_ ho, 1
Y= Az, |hy +hg

(D.66)
h 1
. Az, |hy +hg
or
- hp, hy,
P =Pru| - A TVWn |7 — Wk || Prest Wik — Pr1 Wk (D.67)
Z, Az,
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A =+yg
Let us consider what is required when B, =1— B +y, |- L Y, |- Insucha
Az, Az,
Cy =Yy
case, only a fraction of the thickness will mix, which we parameterize as
i 1k 1= _ 1 (D.68)
Bk max Ck max O O O O 0 ka max p k max
k max—1 Bkmax—l Ckmax—l 0 0 0 0 kamax—l ﬁkmax—l
0 Ak max—2 Bk max—2 Ck max—2 0 0 0 ka max—2 ﬁk max—2
O O O A3 B3 C3 0 pR3 53
O O O O A2 BZ C2 pRZ 52
L O O O O O Al Bl AL pRl _ L 51
Thus, for any scalar we have
0.3AU”
5, = oAU (D.69)
g
0.3p,

where the above is only correct for 8, ., = {(URk+l ~Up )" + (Ve = Vi )2} :

g(ka ~Pricst )
Thus, the above approach provides direct estimation of the mixing caused by K-H billows
using the approach of Sherman et al. (1978) and the K-H time scales of Thorpe (1973).

D.4.iii Problems for shear mixing

The principle problem for shear mixing is that we are actually mixing a small region (assuming
AU,y .12 = Ugyy; — Uy, ) near the grid boundary to a linear profile. However, this affects the
overall density (or other species) throughout the cell. We might consider what happens if we try
to store a value ‘h’ on each cell interface that characterizes the mixing between the cells. This
mixing ‘h’ could be considered a transportable variable (but is not cell-centered, which could
cause problems). It might be possible to consider a cell to have a “representative” density as p. .
At the start, let us consider a simple layered system where p, is the actual density throughout the
cell, i.e. p(z), as well as the average density p in the cell. We then have K-H billows on both
the upper and lower faces of the cell, such that mass is transferred upwards in both cases. Across
the upper face, we have loss mass such that there is a mass deficit (per unit area) of

Apk+1/26b(k+l/2)
4

Am,,,, =-

(D.70)
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where 9, is given by eq. (D.68) and

APy = Py = Precs)

In the same way, we have a mass gain through the lower boundary as

Apk—l/ZSb(k—l/Z)

Am,_,, =+ 4
Thus, the average density is given by

~ _Azp +Am,,, +Am,_,,

k
Az,

or

- _Apk+l/28b(k+l/2) +Apk—1/26b(k—1/2)
4Az, 4Az,

k — Mr

If we use a more general mixing height ‘h’ to represent the gradient, we have

hi =
. At 9
th+7g(th+hgk+l) ©OAL<T,
T d

h%k +%§(hﬂ< + th+1) DOAt> TKHk+1/2

As long as we meet the requirement

hn+1 _

Bk-+1
., At 0
hg . +?a<th + th+1) DOALS T
T, d

2 ot

it can be argued that h}' =

n
hy, +—

At [8KHk+l/2 - (hh +hg, )]
2

TKHk+1/2

R 4 —KHk+1/2
Tk
T

2 KHk+1/2

T {SKHkH/Z - (h%( + hgk+l)

— “KHk+1/2

n KHk+1/2 .
th+1 + _<th + th+1) DOAt> TKHk+1/2

} DOAt> Ty

(D.71)

(D.72)

(D.73)

(D.74)

(D.75)

(D.76)

is a better

representative of the density at the center of the cell than is the average density p, . This concept

can be extended to other scalars as well. However, transport of scalars must use the average

value rather than the representative value to maintain conservation. If we apply eq. (D.71) in eq.

(D.74) we obtain
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_ h,. h,_
P = pr(k) - 42;1(2 (pr(k) - pr(k+1) ) +ﬁ;kzpr(k—1) - pr(k) (D~77)
which could be written as
hy heo by, h —
4o —E= +4] - —F= == + = D.78
{4A2k Pk 4hz,  4Az, Prao 4Az, Pr-1y = Px ( )
or
+Akpr(k+l) + kar(k) + Ckpr(k—l) =Py (D.79)
so that we have the matrix equation
- 1k 1= _ ] (D.80)
B, C 0 0 Pra P
A, B, C, 0 Pre2y P,
0 0 :
L O 0 Ak max Bk max _| _pr(kmax) i _ak max _|

which can be solved by a tridiagonal inversion. The above can be extended to any scalar.

If we use this approach, we consider ‘h’ initially to be zero at all cell faces at time t=0.
As such all variables satisfy ¢, = ¢ at any grid cell. We then conduct shear mixing to compute ‘h’

0.3p,
g APyt
The new average densities are computed using eq. (D.77) and the mixing layer thickness. We

then check for mixing layers that are large compared to the local grid cell thickness. That is,
where

at each interface as &,,,,, =— (AUpe1n) +(AVigar)s )2} according to eq. (D.58).

20p,
2APki12

2

\/(AURk+1/2 )2 + (AVRk+1/2) (D.81)

T =—

we set a new value for the representative density on either side of the interface using

AP ohin
Prey = Prgoy — (D.82)
4Az,
APl
Prksny = Pracen T — (D.83)
4Az, ,

and then set h,,, , =0. Note that if both the upper and lower mixing layers of a grid cell have
large ‘h’, then the density will satisty p,,, =P, . For the moment, let us ignore other parts of the

mixing routine. Using the above scheme we have mixing that produces the average density
(which is conservative) and a representative density, which is not conservative but provides a
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better characterization of the gradients. We then transport all scalars and ‘h’. Note that only the
average density is transportable, since the representative density is not conservative. Once
transport is finished, we use solution of eq. (D.80) to update the reference densities. We use a
similar solution to update reference values for all the scalars. We then begin a new time step
where we have a field that has average and reference values for all scalars. We now consider the
computation of the K-H billow thickness that scales as

0.3AU”
5, =240 (D.84)
g
can be computed for each cell interface as
pO 2 2
8b(k+1/2) =0.3 {(Ur(k) - Ur(k+l)) + (Vr(k) - Vr(k+1)) } (D~85)
g (pr(k) - pr(k+1))

We then check if

8b(k+1/2) < hk+l/2 (D.86)
then no further billowing will occur at that time step. Where

6b(k+1/2) > hk+1/2 (D.87)

we consider billowing to occur so that there is an increase in the mixing layer thickness by an
upward transport of mass. We model this process as changing the gradient between the
representative densities.

D.5 K-H billows using a separately defined gradient regions at top
and bottom of each grid cell

Let us consider the diagram shown below. Note that the nomenclature is somewhat different
than above to try to keep the derivation as simple as possible. Let p, be the representative

density of each layer, which corresponds to the uniform density in the middle of the layer. It
follows that the average density, p is given by

b, = (Az, —hy — th)ka +(ka” ~ Pre J by +[ka ~ Pris ) hy, (D.88)
Az, hyy +hy,, JAz, hy, +hy ) Az,

The average density along with hri and hgyx will be transported scalars, so we will need an
equation that can reconstruct the representative densities from the layer thicknesses and the
average densities. We can write the above as

h

h
¢} + (ka ~ Pri-1 )—Bk (D.89)

Az, p =(Az, —h., —h + -
zP = (A2 —hy —hy )Pry + (Prica ka)[th+th+1 hy +hy
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Az, grid layer 2
7 A
Az, grid layer 1
which regroups as
h h
Az, p, = Az, —hy —hy - " * H
kP ka|: ko DTk Bk (th +th+1] [th +hy H

(D.90)

h
s _hy Bk

Pric+1 [th +th+1j Pri-1 [th +th—1)

or
P, =p 1_(th+th{ 1 }]_[th—th{ : }J
k = Prk
Az, Az, |hg +hg Az, Az, [hy +hy (D.91)
+p th ( 1 J_p th [ 1 j
Rk+1 Rk—1

Az, \ hyy +hg, Az, \ hy +hyy

Let
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_hy 1
Y= Az, {th +th+1}

(D.92)
_ th 1
Vo= Az, {th +th—1}
then we have
B, =Py |1-| M L - D.93
P = Pri A, T ¥n Wi | |+ PreeiWrk — Pri-t Wk (D.93)
Z, Az,
Define
A, =4y
h h
B, =1-| X+ - B — D.94
() (22 o
Ci =Wy
We can then write the matrix equation
i 1k 1=[ _ i (D.95)
Bk max Ck max O O O 0 0 ka max pk max
Akmax—l Bkmax—l Ckmax—l O O 0 O kamax—l ﬁkmax—l
O Akmax—2 Bkmax—2 Ckmax—Z O 0 O kamax—Z ﬁkmax—Z
0 0 0 A, B, ¢ 0 Prs Ps
0 0 0 0 Az Bz Cz Pro 52
_O 0 0 0 OA] Bl__pRl__ﬁl

which allows us to reconstruct the representative density from the mean density field and the
thickness of the gradient region.

Let us examine how the figure above will provide for a K-H billow mixing scheme. We
go back to the Sherman et al (1978) approximation for the thickness of the layer after billowing:

_0.3AU°

’

g

Sy (D.96)

Which we will model in 3D as
0.3p,
g(ka - ka+1)

6I<Hk+1/2 =

{(URkH - URk )2 + (VRk+1 - VRk )2} (D~97)
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So that we will always define differences such as

AUpgi12 = Uiy = Ugy (D.98)

it follows that eq. (D.97) should be written as

0.3p,
g APrisinn

8KHk+1/2 -

{(AUg2 )+ (AV )7 (D.99)

Billowing will not occur at interface k +1/2 if
8KHk+l/2 < th + th+l (D 100)

In the case that O, ,,, >hy +hy,,,, it follows that billowing should occur. If the billowing

continues to completion, we would then require
n+l n+l
hi +hge = Sk (D.101)

it follows that

%(hTk thy )= SKHk*‘/zT_Kiik; i) L 0St< T, (D.102)
where the limitation is that the rate of change only applies for times less that T, , where
Tyy = ? AU® + AV? (D.103)
so that
Tamorn = =P (AU, +(AVyrs) (D.104)
EAPkk1/2

We will assume that the thickening of the interface occurs symmetrically, so that at time n+1, the
new interface thicknesses are

hirt = AL S (D.105)

hy, + 7g(th + th+1) DA S T,
n - Tiearn O

I EN +%§<hﬂ< + th+1) bOAt> Ty,

hir, = AL (D.106)
hg . +?a<th + th+1) DOALS T
. Teresrn O
hen +%g(hﬂ< + th+1) DOAE> T
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Thus, using eq. (D.102) and eq. (D.105) we have

hit = ( ) (D.107)
. At Oypriz — (P +hiy,
th +— - - At< TKHk+1/2
2 Ttz
T ) —(h% +h;
h?, Sk KHk-+1/2 ( Tk Bk+1) At Ton s
2 Titicer
or
hit = At (D.108)
hy +2T—{8KHk+l/2 - (h¥k +hp, )} DA S T
KHk-+1/2
n 1 n n
ha, +E{6KHk+l/2 - (th +hy )} DOAE> T
or
hi = (D.109)
1 | Atd Ath? Ath; n
_{ KHk+1/2 Tk Bk+1 + Zth} - At< TKHk+l/2
2 TKHk+1/2 TKHk+1/2 TKHk+1/2
1 n n
E{SKHkH/Z +hy, - th+1} DOA> T
or
hi = (D.110)
1| Atd At At
_{ RS — hr];kﬂ + h;k [2 - J:I DA< TKHk+1/2
2| Tameir KHk+1/2 KHk-+1/2
1 n n
EI:SKHkH/Z +hy - th+1] DOAL> T
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or
W= n ]
0 3 2 2
At { Rk+1/2 + (AVRk+1/2) }
l \g\ M ~h%, L.F h, [2 — At j D At ST
2 20?)\5\ \/ AV )z KHK+1/2 KHk+1/2
i é\% Rk+1/2 Rk+1/2 |
1| 03 R
5__WZ)+W{(AURIM/2 )2 + (AVRkH/Z )2} +hy — th+1} © A>T
(D.111)
e = 1] 0.3At At At
—| = (AURkJrl/Z )2 + (AVRk+l/2 )2 - hgkﬂ —+ h;k (2 - ﬂ DA< TKH1<+1/2
2_ 20 KHk+1/2 KHk+1/2
1 03 i
E__ o APE:H/z {(AURk+1/2 )2 + (AVRk+1/2 )2} +hy, th+1} A>T

(D.112)

Note that the above is not substantially easier to deal with, so it seems best to stick with eq.
(D.99), (D.104) and (D.108) defining the change in the thickness. It will be convenient to repeat
these here as

0.3
8KHk-H/Z :_¢ (AURIH—I/Z)Z +(AVRk+l/2 )2} (D.113)
g APryiinn
20
Tt :_¢\/(AURJ(+1/2)2 +(AVRk+1/2)2 (D.114)
AP
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Ah 7 =hit —hl, = At (D.115)
2T—{8KHk+l/2 - (h¥k + hgkﬂ )} DA STy
KHk+1/2
1 n n
E{SKHkH/Z - (th +hy )} DOA> T

where it is convenient to write the latter in terms of the change in the thickness. We note that the
assumption of symmetry in the mixing allows only one value of Ah,,, ,, so it follows that

hgl - hn hg;:rl hrl;k+1 (D~1 16)

and there it is not necessary to solve eq. (D.106).

D.5.i Obtaining the volume transfer for a change in the interface thickness

We consider the change in the gradient region Ah, ,,,as shown in the figure below for k=1. We

are interested in the mass exchange between the cells. We assume a conservation of volume such
that the volume of fluid of density p,, that moves into grid layer 2 is exactly the same as the

volume of fluid of density p, that moves into layer 1. If we consider only the upper half of grid
layer 1, we can say that before mixing it has the average density p,,so that the total mass can be

written by the average density in the upper half or by the gradients of the representative density:

Az, _ Az ) 1 . .
TlplepRl[Tl_hn]"'E pm"{PRl (EE Egjjhn} (th) (D.117)

density at 1/2
L ]
average density in top gradient region of 1

which can be written as

Az, _ Az, | . (h%)
TIQH =Pri (Tl - thJ + pRIth + mApRl/z (D.118)

where the form of eq. (D.98) is used to define Apy,,,. Further simplification provides

AZ1 h;l
1 D.119
—Pn = ( m\ E\j h;I +h]';2) APgi ( )

so that we have

Pt o=ph + (hﬁ‘)z Ap" (D.120)
T1 R1 AZI (h¥1 + hgz) R1/2 ‘
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grid layer 2

7 A

grid layer 1

In a similar fashion, after mixing we would have

(hn+l )2
—n+1 n+1 Tl n+l

Pri =Pri t+ Az, (07 4 ) APri (D.121)
As long as
ho! S% and hj' < % (D.122)
the representative density does not change, so that
Pri =Pr and PRy =pp, and  Apg, =Apg, (D.123)

It follows that the average density in the upper half of the layer 1 is given by

n+l 2 n 2
5?;1 _5% — Ap%l/z (th ) _ (th)
Az, | (hy'+hy') (b +hy,)

(D.124)
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In a similar manner to eq. (D.117), the average density in the lower half of layer 2 is
given by

Az, _ Az ) 1 .
szszszz(Tz_hszj"'E Pr2 "’{p[{z (igi{_igj}hm} (th) (D.125)

density at 1/2
1 ]
average density in bottom gradient region of 2

which becomes

2
Az2 Az (th)

——hn +Ppohp, t—/—————A D.126

— Py = pRZ( 5 j Pr2 Z(hrTll +h§2) Pri/2 ( )

or
)2
Az, _ (
— Pm2= \x\ \%xj " " T APrin (D.127)
2 2(hy, +hj,)
or, at time ‘n’

PR, =ph, + (h) Ap} (D.128)
B2 B2 A22 (hl;l +hr];2) R1/2

The change due to mixing is then

Pl Bt = APry (nyy) _ (1) (D.129)
2T Az, (03 +hy) (G, +hy,) '

The net mass transfer (per unit area) upward out of grid cell 1 is given based on the layer
1 cell as

Am, Az (—n+l

AxAy 2

pn) (D.130)

which will be negative since the average density will decrease. Similarly, the net mass transfer
(per unit area) downward out of grid cell 2 is given based on the layer 2 cell as

Am, Az, _,.., —

=—2=(Pss —Ps D.131
a2 =2 (pps' — Pha) (D.131)
which will be positive since the average density is increasing in layer 2, so we have Am, = —-Am,
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We assume that the above mass transfer is accomplished by the exchange of equal
volumes of fluids of density p,, and p,,, which can be represented by a volume V Thus we

require that the net mass into layer 2 be given by the mass arriving from layer 1 and the mass
leaving layer 2,

Am, =V, ,pg; = Vi Pr> (D.132)
Similarly, the change in mass in layer 1 is given by
Am; ==V, ,pg; +V))5Prs (D.133)

so that Am, =—Am,, and mass is exactly conserved.
Using eq. (D.130) and eq. (D.133) we find

%(—n.ﬂ - ): —ViaPri + VioPro (D.134)
2 Ax Ay

T1 pTl

So we can solve for the volume exchange as

—n+1 —=n
A —
=V, = AxAy - (pTl pTl) = (D.135)

2 (pﬁl - plliz)

which can be written as the volume exchange due to mixing.

—n+l

Az, (pTl —Pri )
APy

V,,, = Ax Ay (D.136)

Applying eq. (D.124), we end up with
¥ 2 n 2
m{ (thl) (th) (D.137)

Vm:AXAyM -

1
2 Aph. M |(hi+hp)  (h% +h,)

or
v, xdy () (b)) D.135)

2 |(hy"+hpy') (b, +hp,)

Similar to eq. (D.134), if we use eq. (D.131) and (D.132), we obtain
2, (5ot~ ) = o = VP (D.139)

2 Ax Ay

From which it follows that
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n+1

Az, (sz 61];2)

V,, = Ax Ay .
2 PR —Pra

(D.140)

or

n+l

Az, (sz 5;2)
Apris

V,, =—-Ax Ay D.141
1/2

Applying eq. (D.129)

\Y =—AxAy\A7\Z\ E’“m; (hr‘;l)z - (hg2)2 (D.142)
2 e, Aph |(BH+h5)  (bf, +hi,)

or

axay| (hg) (hp)
2 |(h}'+hyy') (b}, +hp,)

Vip=- (D.143)

Since the volume flux upward must be identical to the volume flux downward, eq. (D.138) and
(D.143) can be equated and
+1)2 n 2 n+ 2 n 2
by ) [ ) () 128
(hi' +h3y') (hi +hg,) | (hi'+hiy) (b +hi,)

To generalize the above, it follows that the change in the average volume concentration
of any conserved scalar, ¢, in the upper half of layer 1 due to mixing by K-H billows is given by

a the volume fluxes and the representative scalar concentrations as

AXAy_lq)nH = AXAY%E% = V505, + Vi 50k, (D.145)
or
2 2
v A=y (o By ] (b)) (k)
By B = B S+ (e~ ) e T | OO
or
n+1)2 n \2
= gy, + 0 (i) (hi) (D.147)

Az, (h;rl + hgl) (h% + hgz)
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which is (not surprisingly) the same as eq. (D.124) with the density replaced by the general
scalar volume concentration ¢ .

In the same way, for the lower half of the layer 2 grid cell we obtain

AXAY = q)l];;rl =Ax Ay = ¢B2 + V1/2(1)121 1/2¢11:2 (D.148)

or, using eq. (D.143)

hi) ()
Iy R - MAZZ%Z—(%—%)\AW Ui) (K

n+ n+ n n (D149)
2 (thl +thl) (th +hB2)
which provides
_ _ n n+l hn
Ogs' = 0p, + Ay H(H‘” )Ml - ( Bz)n (D.150)
Az, (th +hy, ) (th + th)
Noting eq. (D.144), eq. (D.150) can be written as
2 2
_ _ n hn+l hn
oo = i, — 2o H(HTI )M - ( “)n (D.151)
Az, (th +hg, ) (th + th)
Thus, for a general grid cell ‘k’, eq. (D.147) is written as
_ _ n n+l hn
T WY L9 B L) (D.152)
Az, (th th+1) (th + th+1)
and eq. (D.151) is
2
_ _ n hn+l hn
q)];;l — q);k _ Adry_1/2 ( kal) ( Tk~ 1) (D.153)

Az, (h;]tll hg?) (h¥k1+hgk)

Considering a general cell at grid level ‘k’ which may have changes at both top and
bottom interfaces, we can write

Az, 9" = (¢¥E L+ on) (D.154)

So substituting eq. (D.152) and (D.153) we obtain
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n+1)2 n\2
T+l :l 611 + Adrici1/ (th ) _ (th)
‘ 2| ™ Az, (h¥f + hg;:rl) (h¥k +hgk+l)
) ) (D.155)
£ o0 — Abgy 1/ (h;;) 3 (hik—l)
. Az, (hﬁﬁl + hgf ) (h¥k71 +hg, )
We note that
o = %(5}1 + 0 ) (D.156)
so that we obtain
2 2
ez L (b)) (bi)
B e ) (i)
. , (D.157)
() (w)

—AOx_1/n (h;fq +hg§l) (h¥k—l +hgk)

Thus, eq. (D.157) provides the K-H billow mixing of the average volume concentration of any
conserved scalar (including components of momentum).

D.5.ii Summary of the K-H billow where the billow thickness is small compared
to the grid cell

The K-H billow thickness is predicted from eq. (D.99), (D.104) and (D.108), rewritten here as:

0.3
Oiricr1/n = ——Po (AURk+1/2 )2 + (AVRkH/z )2} (D.158)
g APrisir
20p
TKHk+l/2 = _—0\/(AURk+l/2 )2 + (AVRk+1/2 )2 (D.159)
8APR1/2
hi' =hi + Al (D.160)
—{SKHkH/Z - (h%( +hp )} POAS T
2Tics112
1 n n
E{SKHkH/Z - (th +hy )} DOAE> Ty

along with the definition that
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AR =hi —hl (D.161)
and the requirement of symmetry in the interface growth
AR = A2 (D.162)

The change in the average volume concentration of any scalar is then found from eq.
(D.157), rewritten here as:

Sn+l _ n A n (h%:l)z (h{}k )2
T M I
2 2 (D.163)
e )
Rk-1/2

n+l n+l n n
th—l +th h +th

Tk-1
Once the mixing of the average volume concentrations and the interface thicknesses have been
calculated as above, the hydrodynamic code is used to transport all values of ¢, h,, h,. Thus, in

addition to the mixing algorithm above, we need to compute the transport of two additional
scalars. Note that the algorithm for transporting h’s remains to be carefully derived. After the
transport, we need to reconstruct the values of the representative concentrations, ¢, .

Generalizing from the derivation for density in eqgs. (D.92), (D.93), (2.8) and (2.9), we need to
solve a tridiagonal for each scalar as

— h h
O = Opy {1 - (ﬁ + wTk] - [ﬁ — Wk ﬂ + Opi Wk — Oric1 Wk (D.164)
K K
where
By { 1 }
Y =
Az, |h, +h
K (e T 0gyyy (D.165)
hy, { I }
Yy =
. Az, [hy +hg
Using
A =4y
h h
B, =1-| X4+ N e - S D.166
b)) o
Ci =—Vy

We can write the matrix equation
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r T 1= _ 1 m@.167)
Bk max Ck max O O O 0 O ¢Rk max q)k max
Akmax—l Bkmax—l Ckmax—l 0 0 0 0 ¢kaax—l 6kmax—l
0 Akmax—2 Bkmax—2 Ckmax—2 0 0 0 ¢kaax—2 ¢kmax—2
0 0 0 A, B, C, 0 O 63
0 0 0 0 A, B, C, (038 62
i 0 0 0 0 0 A B, AL g, i 61

which is inverted to provide the representative values in the cells.

D.6 K-H billows for small grid cells

A difficulty arises with the approach in D.5 when h, >Az/2 or hy >Az/2. In such cases, the

method fails because there is a possible interaction between the T and B layers. As shown in the
sketch below, if we were to keep with the idea of two gradient regions and a center region, a
large increase in the thickness of the two gradient regions leads to inconsistency at the center of
the grid cell. Arguably, the method might actually be considered to provide correct results as
long as

h 4 hi' < Az, (D.168)

The simplest fix might be to consider that for any cell wherein eq. (D.168) is violated, the cell
has mixing layers from both the bottom to the top. The gradient layer thicknesses would be set
to zero, 1.€.

h =hit =h2" =hi! =0 where hl'+hli!'>Az (D.169)

Note that because we define a continuous gradient across the cell faces, the adjacent gradient
heights in the adjacent cells are also zero. The above definitions will then require that

or' =o' where hX'+hL! > Az, (D.170)
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It does not appear that eq. (D.163) could be correctly used to compute the updated ¢. We need

to re-derive a method for computing the flux across the k+1/2 boundary where the mixing
thickness connects across the grid cell. We may want to go back to the approach derived as
eq.(D.53), namely, across the k+1/2 boundary we have

e §_ )

Ahyp 1 Az, grid layer 2

hBZJ: |

-4 Al $ 1A T Az grid layer 1

__________ hgt .

Az grid layer 1
p
g, |1 N L
STI/Z:ECHC;;)O{(AUMZ) H(AVLL) ] s, (D.171)

And we can calculate a similar supply of energy across the k-1/2 boundary. To keep things
general, let us write eq. (D.171) as

aESk+l/2 1 1] : 2"
T=5ccpo{(AUkH/2) IO T B RN ES (D.172)

where C.=C,C’ returns eq. (D.171) and C. =C,C returns eq. (D.52). Thus, the choice of

form does not affect the following results.

Where h}' +h}r' > Az, the top and bottom mixing layers are deemed to have met in the

middle of the grid cell, so the representative density, p,, is no longer a reasonable
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approximation of the cell density for use in mixing computations. Instead, we will use the
average density in the cell as our baseline for mixing. With mixing possible at both the top and
bottom boundaries of a cell, the volume flux exchanged through each boundary should be limited
to no more than half the grid cell volume. If a volume flux greater than half the volume is
implied, then the mixing should be done in stages.

If we use eq. (D.172) for the rate at which mixing energy is supplied, we can compute the
rate at which mixing occurs between based on potential energy arguments. We argue that
mixing occurs at the rate

JE; OE,

el 3 D.173
ot ot ( )

The potential energy per unit area in two layers of arbitrary thickness h; and h; on either side of
an interface at elevation z, is obtained as

z;+h,

E, =pg j 2d2+P,g j 2dz (D.174)
z;—h; Z;
or (dropping the overbar for simplicity)
Zz z; Zz z;+h,
E..=pg [_] +P,8 [_] (D.175)
2 z;—h; 2 7
or
EPu = %{pl (le - [ZI - hl ]2 ) TP, ([ZI + h2]2 - le )} (D- 176)
or
E,, = %{pl (7 =2 #2200 =07 )+ (2 —2zh, + 02 =) (@77)
or

E, = %{plhl (22, —h,)+p5h, (27, +h,)} (D.178)

After mixing, the potential energy is

z;+h,
E, =p.g j 2dz (D.179)

z;—h

or
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EPm :gpm ([ZI +h2]2 _[ZI _hl]z) (D180)

or
E, =%pm(>}2\+221h2 +h)? - 22 +2zh, —hlz) (D.181)

or
E, :%pm{hz(Zzl +h,)+h, (27, ~h,)} (D.182)

We require that mass should be conserved during mixing, so

— plhl + p2h2 (D183)
" h, +h,
Thus, eq. (D.182) becomes
g( ph, +p,h
. :E{WJ{hz (2z,+h,)+h,(2z, - h,)} (D.184)

The change in PE over the course of mixing is found by subtracting eq. (D.178) from (D.184)

—-E =§(Mj{hz (2Z1 +h2)+h1 (2Z1 _hl)}

T 20 hth, (D.185)
—%{plhl (22, —h,) +p;h, (27, +h,)}
which expands to
2 1 , , \
E(Epm ~E,,)= (hl vy j{Zplhlhzzl +phh,’ +2ph’z —ph’}
+ ( hl Jlr 0 J{2p2h2hzzl +p,h,h,* +2p,h,h z, —p,h,h ] (D.186)

—2phz, + plhlz —2p,h,z, - pzhz2

or
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é(EPm _EPu) :(h _'l_h j{z\plhThaZL"‘plhlhzz +2\pthZél\_/9fhlA/}
1 2

1
+ h +h {M"'p\zh;\"' 20,hqi1Z, _pzhlzhz}
e (D.187)
1
| - 2Pz~ itz + i +pihh,
1 T,
1
+ h +h {_W_M_pzhlhzz —p2h23}
1T
or
2
E(Epm _EPu)(hl +h2) = hlhzz(p1 _p2)+h12h2(p1 _pz) (D.188)
or
2gh h,’
E. — =—2=12 (5 — D.189
Pm Pu Z(hl +h2)(p1 p2) ( )
or
hh,’
Epn~Ep =55 (P P2) (D.190)
1 T
Note thatif hy =h, =h we obtain
1
EPm _EPu = _gh2 (pl _p2> (D191)

2

We will model the mixing as an exchange of equal volumes across the grid cell interface,
so the rate of increase of potential energy is given by

d 1 d
—(E, —E, J)=— —p,)—1h’ D.192
at( pm —Epy) 2g(p1 pz)at{ } ( )
or
oE, oh
= -p,)h— D.193
In terms of some general grid cell at level ‘k’
aE’Pk 1/2 ah
2Pk - h— D.194
o g(Py —Pisr) It ( )
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Setting eq. (D.194) and (D.172)

1
2

oh

_ 2 573/2
Ccpo{(AUk+1/2) +(AVk+l/2) } :g(pk _pk+1)h§ : tSTkh (D.195)

However, it will probably work better to proceed with a discrete version of (D.191) over some
increment of time as

aEP1<+1/2 1

A= = —gh” (P, —Pin) (D.196)
Now we consider eq. (D.172) as
JE, . At — 2 = 212
At sakt 1/2 :zccpo{(AUkﬂ/z) +(AVk+1/2) } DAt STkh (D'197)

so that equating (D.196) and (D.197) provides

At
2

2 _ N1,
+(AVk+1/2)} ——gh’(p, ~Po.) @ AL<T, (D.198)

CePy {(A[_Jkﬂ/z ) B

Thus, the thickness of the mixing region on either side of the grid cell interface is given by

_ _ 3/2
h= \/M{(AUM2 ) +(AV,,,, )2} . AT, (D.199)
g(pk - pk+l)

Which can be written as a time interval to mix to a given height as

_ ,1-3/2

(P =Pin) {( AT, ) +(aV,.,0) | ARST, (D.200)

At, =gh’
¢ CcPy

Since ‘h’ is the height on either side of the interface and is identical on both sides, it
follows that the volume flux transported upward from grid cell ‘k’ into grid cell k+1 is exactly
equal to the volume flux transported downward from grid cell ‘k+1’ into ‘k’ and must be exactly
equal to

\Y% :%AXAy (D.201)

Thus, the volume flux rate of the mixing exchange is given by

\Y% h

—=—AxA D.202
At 2At Y ( )

It follows that the volume exchanged is 25% of the grid cell thickness when

V = %Ax Ay (D.203)
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or

Az
2

h (D.204)

The time at which 7 of the volume of the cell has been exchanged is found by solving eq.
(D.200) using (D.204), or

~2(A2) APoin [( v (ae 01
At, = g(Az, )" Ap, 1/2{(AUk+1/2) +(Avk+l/2)} (D.205)
4CCpO

If T,, <At then the KH mixing is conducted in a single step such that the mixing thickness in a

single cell is

T.,.Ccp — 2 — 213/2
hk+1/2 = \/%{(AU](_H/z) + (AVk+l/2) J (D.206)
g(pe - pk+l)
and the volume flux (per unit area) is given by
— _ 3/2
o 1\/ TaCPo {(AT,.,.) + (A, | (.207)
AxAy 2 g(pk - pk+1)

It follows that the change of any conservative scalar average volume concentration, ¢, is given
by

_ V= V= Vo= Vo -
n+1AZ — nAZ _ _"k+1/2 41 + k+1/2 4n  Vk-1/2 4n + k—1/2 xn D.208
Oy OeAz=— Ay O+ Ay Do =, Ay O+ Ay Oy ( )
or
on+ n V + n n V - n an
0;"'Az = gjAz+ o X; (00, — 07 )- ﬁ(% -op) (D.209)

Substituting eq. (D.207) when both Ty, ., <Aty .., and Ty, -, < Atp,,,, We obtain

g —Ap,

k+1/2

1/2
_ T _ _ 3/4
a8t B | [(aD, ) () }

k-1/2

12 1/2
—n4 - 1{Cp - Ters — 2 — 2P
Oy 1AZ=¢kAZ+5[&j {Aq)kﬂ/z (MJ |:(AUk+1/2) +(Avk+1/2) j|
(D.210)

However, in the case where Ty, ,,/, = Aty ., OF Ty, = Aty , then we must proceed in several
steps. That is, as defined in eq. (D.205), At, is the time required for fully 2 of the grid cell

volume to be involved in mixing. At this point, it is reasonable to assume that similar mixing at
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the k-1/2 boundary may affect the mixing at the k+1/2 boundary. Thus, where T, .,, = At, or
Tew_1» = At we will slightly modify eq. (D.210) as

1/2 1/2

— —r 1 Cep - At — 2= e

¢EIAZZ¢kAZ+E(%j {A(bkﬂ/z (?j [(AUkH/z) +(Avk+1/2) :|
k+1/2

(D.211)

B AL 1/2 3 ) 3 v
_Aq)l?—l/z ? |:<AUk—l/2) +(AV1<—1/2) }
k-1/2

where At =min[Aty,,,,,Atg,_,,] and ¢*' is the new value of ¢ after a single step of Aty .
Once we have computed new values for the set [[_JSI,\_fSI,ESI@SI] we can compute a new value

of At} for both the k+1/2 and k-1/2 faces from (for example)

_o(A 2A—51 _ _ -3/2
AL = g(Az, ) APy, {(AUEIH/Z )2 n (Avilﬂ/z )2} (D.212)
4Ccpo

We then define At® = min [Atilkﬂ/z,Atsle_l/z]. If Tepyporn 2 A + A or Ty, = ALY + ALY,

then it will be necessary to perform both a second step similar to eq. (D.211) and a third step as
well. To write this in a more general form, we will have to take note that the last step will need

to be limited by At™ =T, - > At

i=l,n

95



Hodges (2008): Representative Scalar Transport and Vertical Mixing

Appendix E DERIVATION OF GRADIENT MIXING
E.1 Introduction

We are interested in determining the change in kinetic energy and the change in potential energy
when a gradient region increases in thickness. Let us consider a simple system that begins with
two uniform density (and velocity) regions separated by a linearly-varying region. We will call
the initial state o. After some mixing, the gradient region is now thicker, but still provides a

linear gradient between unchanged uniform density and velocity regions (i.e. the mixing does not
affect properties outside the gradient region. The final state after mixing is . The initial linear

region has thickness h, and the final state linear region has thickness h,. We require
0<h, <h, (E.1)

and define the thickness difference as
S, = hB —h (E.2)

Let z, =0 be the base of the linear gradient region in the final state. Let p,,U, represent the

lower layer characteristics and p,,U, represent the upper layer.

E.2 Summary of the derivation

The following sections show that the inital potential energy (before mixing) is given by eq.
(E.58). The final potential energy (after mixing) is given by eq. (E.10). The initial kinetic energy
is given by eq. (E.103). The final kinetic energy is given by eq. (E.20). The change in potential
energy is given by eq. (E.62), and the change in kinetic energy is given by eq. (E.128).

E.3 Potential energy in final state

The potential energy in the final state is

hy
E, = j ep, (2)2dz (E.3)
0
The density in the linear region at the final state is given by

pB(Z):pl _hi(pl _pz) (E.4)
B

To be consistent with taking differences from the upper to the lower level we define
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Ap=p,—p,
such that Ap <0. We then have

V4
Pp(2) =p, +-—Ap
hB

So the potential energy is

hy
Z
EPB = gJ‘(pl +h—ApJZdZ
0

B

or
= gp,J.zdz+g—j
or
E;= %gplhﬁ2 +§gi—l:hﬁ3
or

(11
Epﬁ _ghB (Epl'i'gAp

E.4 Kinetic energy in final state

The kinetic energy in the final state is given by

hy
1 2

By = [Sp@f{U,@} ¢z

0
We have
z
Us(2) =1, +h—AU

where
AU=U, -U,

so we obtain

(E.5)

(E.6)

(E.7)

(E.8)

(E.9)

(E.10)

(E.11)

(E.12)

(E.13)
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hg 2
EkB:jl P +—Ap U, +-=AU} dz (E.14)
2 h, hg
0
expanding
hg 1 )
V4 V4 Z
E :J'E{p1 +h—ApHU12 +2h—AUUl +FAU2}dz (E.15)
0 B B B

more expanding
1 "y 2 1A "y 2 3
E, :—plj U +2-2AUU, +——AU? dz+——pI U,z +2-—AUU, +——AU* { dz (E.16)
2 h, hg 2 hy hg hy
0 0
more expanding

h

hy hy

1 1 1

E,= plUlzj.dz +—p1AUU]J'zdz +Tp1AU2J'zzdz
0 0 0

KB~ A
2 h
p p
by . b (E.17)
1 2 1 2 1 2 3
+—ApU, szer—zApAUUlIZ dz+—ApAU J.z dz
2h, h, 2h,
0 0
integrating
1 1 hy’ 1 o[ hg’
Ep=5pU, (hB)+h—Bp1AUU1 (7 +2h132 pAUT| =
(E.18)
1 [ hg?) 1 hg’ 1 o[ hgt
+—ApU,"| — [+ —5ApAUU,| — |+ —5ApAU"| —
2h, 2 h, 3 2h, 4
canceling
1 5 1 1 5
Ekf’ :EplU1 hB +EplAUU1hB +gp1AU hB
. . . (E.19)
+ZApU3hﬁ +§ApAUU1hB +§ApAU2hB
combining
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1 1 1 1 1 1
EkB = Ulth [Epl + ZApj + AUUlhB (Epl + EAPJ + AUth (gpl + gApj

(E.20)

So eq. (E.10) and (E.20) provide the potential and kinetic energy of the section of fluid in state

B.

E.5 Potential energy in initial state

where

The first term of eq. (E.21) is

or

The third term of eq. (E.21) is

or

or

hg
j gpzzdz:%gpz {h; —{h; ~8,h,+ 3,

hy =3, /2

8, /2

1
gp1ZdZ = ggplﬁhz

gp,zdz

5,/2 hy +8, /2 hg
E.= j gp,zdz + I gp,(z)zdz +
0 5,/2 hg =8, /2

Now let us consider the potential energy in state o, which is more complex due to the
need to treat the uniform sections above and below the linear section of thickness h,

(E21)

(E.22)

(E.23)

(E.24)

(E.25)

(E.26)
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hy
1 1
J. gp,zdz = Egpz (Shhﬁ _Zshzj (E.27)
hp—3y /2
or
hy
1 1
gp,zdz = Egpzahhﬁ _ggpzshz (E.28)
h—8y /2
The second term of eq. (E.21) is
h, +6, /2 h, +8,/2 1
o T0h o TOon Z _78]1
g{p,(2)}zdz = J. gip, + Ap tzdz (E.29)
8,/2 3,/2 o
or
he +8, /2 ho +8, /2 . ho +8, /2 .
g{p.(2)}zdz = gp, I zdz +h—gAp {Z _ESh}ZdZ (E.30)
8y /2 8 /2 ¢ 8, /2
or
h,, +8, /2 h,, +8, /2 . h,, +8, /2 . b +8, /2
j g{p.(2)}zdz = gp, J zdz+h—gAp j 7°dz —IgApSh j zdz  (E.31)
5, /2 5, /2 o 5,/2 o 5, /2
or
hy +8, /2 1 hy +8, /2 1 hy +8, /2
g{p,(2)}zdz= [gp1 —EgApShj ‘[ zdz +h—gAp j 7’dz (E.32)
5,/2 « 8,/2 o 8,/2
The first term of eq. (E.32) is
hg +8, /2 )
1 1 1 1.,
op. '[ e =) 8= 58808, |y B, +38, | =28, (E.33)
3, /2
or
h,, +8, /2 . . . |
e, j 2dz = E[gpl =T gApShJ{[haz +8,h, +Zsh2} —Zah2} (E34)
8, /2
or
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he +5, /2
1 1
e, j 2dz=~| gp, ———gAp, |h,{h, +8,] (E35)
2 2h,
& /2
or
hy +8, /2 1 1
o, I 24z =—gph,h, ~2APS,h, (E.36)
& /2
The second term of eq. (E.32) is
hy +8, /2 3
1oa I 2dz=——gApd|h, +15, | - 15 (E.37)
h(xg p 3hag p o 2 h 8 h .
8, /2
or
he +8, /2
Loa j 2dz=——gA [h >4 8.h +162}[h +16}—163 (E.38)
hagp 3hagp o hla T On a5 T .
82
or
hy +8,/2
LgAp J szzngAp{h 4 8.h+18h +8h 2+—8 +163—183}(E39)
hu o 3ha o h™ o 4h(x2hoc2hoc8h 8h :
or
h +8, /2
LN j 2dz=—gApih *+28 h +28 " (E.40)
hagp 3hagp(x2hoc 4h(x :
8, /2
or
1 hy +8, /2 1 3 3
—gA I z’dz=—gApih *+=8,h_ +=§ 2} E.41
hagp Sgp{(xzh(x4h ( )
52
or
1 hy +8,/2 1 1 1
h—gAp I szzzggAph(xz+§gAp8hhoc+ZgAp8h2 (E42)
« 8,/2

Putting together eq. (E.36), and (E.42), we have eq. (E.32), which is the second term in
eq. (E.21) as
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ho +8y, /2

1 1 1 1 1
g{p,(2)}zdz= Egplhahﬁ —ZgApSth + ggAphm2 +EgAp8hha +ZgAp8h2 (E.43)

3, /2

Putting together eq. (E.24), (E.28) and (E.43) to provide eq. (E.21), as
1 5 1 1 1 , 1 1 2
E,. = ggP15h + Egplhahﬁ —ZgAPSth +§gAPha +5gAp8hh(x +ZgAp8h
. : (E.44)
+ {Egpzshhﬁ - ggpzshz}
or
1 1 1 1 1o, 1 1 1.,
Epoc =gp, (gshz + Ehahﬁj + gAp{ghaz + Eshha + Zsh — Zshhﬁ} +£p, (Eshhﬁ - gah j(E45)
using eq. (E.5), the last term of eq. (E.45) is
1 1o, 1 1o,
gp, Eshhﬁ _gsh = g(p1 +Ap) Eshhﬁ _gsh (E.46)
or
1 1o,) 1 1 , 1 1 2
gp, §5th _gsh = Egplshh[} _ggp18h + EgApﬁth _ggAPSh (E.47)

so that eq. (E.45) is now

1., 1 1,1 1., 1
Epa:gpl(gsh +Ehah5]+gAp{§h(x +56hha+26h —Zshhﬁ}

(E.48)
Ls LS, +eApL8,h, —gAp 5,
80150y — 8Py 20,7 + AP0, hy —gAp T,
combining terms provides:
1 1 1 1
E,= gp{gﬁé‘kghahﬁ +58th Y% J
(E.49)

+ gAp{%hof +%8hha +%8h2 —%ShhB +%8hhﬁ —%Shz}

or
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or

@{lhh+ Shj

+gAp{§ha2 +58th +%8h2 +26hhﬁ}

1
Epa=§gplh5(ha+6)+gAp{ h’+= 6h += 8 +— Sh}

using the definitions implied by eq. (E.2)

or

or

or

or

or

1 1 1
.= Lepi, +gAp{ (hy—5,) +58h(h5—8h)+§8h2+26hh5}

1 1 1 1 1
EW:Egmmf+gm{§@;—2QMﬁﬁf)+E@J$—Qﬂ+g&f+zmh*

1 1 2 1 1
Epot = Egplhﬁ2 + gAp{ghBZ —Eshhﬁ +§8h2 +58th —56}]2 +
E,== h,” +gA h +9, ( 1 j +9,h (
gpl gAp 3 3 2 3
E_=lgph’+gAplin’ 5, 5. h
o =5 8Py + AP T4 87| —mr =48,

1 1
B, = Egplh[} + gAP{Eh

1
1

8 12 3
24 24 24

1 ]
2~ 52+—8h
Bgg™ P

So the potential energy at the initial state is

E

1 1 1 1
- = Egplhﬁz + ggAp {hﬁz - gShz + Zshhﬁ}

1

2

e

8
12

6 8
Pl12

1

234

1

o, h

)

3
12

)

+ 5 Suby

!

(E.50)

(E.51)

(E.52)

(E.53)

(E.54)

(E.55)

(E.56)

(E.57)

(E.58)
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E.6 Change in potential energy

So the change in the potential energy from state o to 3 is obtained by subtracting eq. (E.58)
from eq. (E.10)

E,—E  =gh/’ [%pl + %Ap) — %gplhﬁ2 — %gAp(hB2 —%Shz + %Shhﬁj (E.59)
or
E,—E,, =gh,’ EMJ —é gAp(—%Shz t %ahhﬁj (E.60)
or
E,,~E,, =—>gAp5, (lhﬁ —lshj (E.61)
3 PR

or, the increase in PE due to gradient mixing is:

1 1
Ep—E,= - gApd, (hﬁ - Eghj (E.62)
or
1
E,-E, =—£gAp8h(hB +h,) (E.63)
or
1
Ew—Ewm=-7; gAp(hy —h,)(hy +h,) (E.64)
or
1 2 2
E;—E, = 0 gAp(hy* —h,?) (E.65)
or
1 ’ 2 2
=B =P (g’ =) (E.66)
write this as either
1 ,
E, = 2C5Pus (hy’ —h,) (E.67)

or, using eq. (E.63)
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, M L M energy
E e St ML, _M_ cnergy E.68
P spPave® Onlavg | T?  unit area ( :
where we use
, A
O Ap (E.69)
Po

To check eq. (E.62), let us consider the case where h, =0 so that §, =h,. We obtain

1 1
Epﬁ _Ep(x :—EgAphB (hﬁ —Ehﬁj (E70)
or
— 1 2
Eyy ~ By =~ 80P, (E71)

The above is identical to that of Sherman et al. (1978), attributed to Turner (1973, pp. 322,323).

For h, =0, we have the potential energy in state o as

hy /2 hy
Epa(o) = J gp,zdz + J. gp,zdz (E.72)
0 hy /2
or
1 (hyY 1 , (hyY
Epa(O)ZEgpl[gj +5gpz {hg - 7 (E.73)
or
1 2,3 2
E o) =ggplh[3 +§gpzh5 (E.74)
or
1 2, 3 2, 3 2
Eouo) =g 8Py +o8Phy” +2 gAphy (E.75)
or
1 2,3 2
E 0 :Egplhﬁ +§gAphﬁ (E.76)

So the subtracting eq. (E.76) from eq, (E.10) provides
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11 1 3
E s —E o0 = ghy’ [—01 +—Apj ——gp;hy® —=gAph’ (E.77)
27173 2 8
or
, 1 1. 3
Es—Epuo =ghy"| ZP>sp +Ap——Ap (E.78)
2 378
or
, (8 9
E.s —E o) = 8hg"Ap (ﬂ Y (E.79)
or
_ 2 1
Epp ~ Epuoy = -0y Ap| — (E.80)
or
1 2
Ep—Eo = —ﬂgAphB (E.81)

As eq. (E.81) matches eq. (E.71), we have some confidence that eq. (E.62) is correctly derived.

Also, as a further check, let us consider the change in PE derived in class note for
CE380S which considers only uniform layers. We there obtain

1 hY
AE =——gAp| — E.82
» 2g p{zj (E.82)

where h is the mixing layer thickness. We then obtain

1
AE = —ggAphz (E.83)

Note that eq. (E.81) is significantly smaller change in PE than eq. (E.83), which is as expected as
the latter implies mixing into a uniform layer.

E.7 Kinetic energy at initial state

Next let us consider the kinetic energy in the case of the o state

5, /2 hy—8, /2 hy
E,= j lplUlde + ‘[ lpa(z){Ua (Z)}2 dz + j lszzde (E.84)
0 2 8y /2 2 hﬁ—ah/z2

Considering the first term in eq. (E.84)
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8, /2
1 1 o
j Ep]Ulde = EplUlz (Thj
0
or

8, /2

1 1
‘!. Ep1U12dZ = ZP1U125}1

The third term in eq. (E.84) is

(E.85)

(E.86)

(E.87)

(E.88)

(E.89)

(E.90)

hy
1, 1, S
Eszz dz = Eszz {hﬁ - {hﬁ _?h:l}
h —8; /2
or
hy
Lo 1 )
Eszz dz :szUz 5,
hg =8, /2
or
hy
| )
J. Eszz dz :Zple 5, +ZAPU2 5,
hg =8, /2
or
hy
1 2 1 2 1 2
7PV dz:Zpl(Ul +AU)' 3, +ZAp(U1+AU) 3,
hg =8, /2
or
hy
%szzde = %pl (U +2AUU, +AU? )3, + iAp(Ulz +2AUU, +AU?)8,  (E91)
h —8, /2
or
hy

1 1 1 1
_[ SP.Uy"dz=2U78, {p, + App+—AUU S, {p, +Ap} + - AUS, {p, +Ap}  (B.92)

hy =8, /2

The second term in eq. (E.84) could be re-written as
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hu
1
j Epy(z){Ux(z)}z dz (E.93)
0
where
p.(2)=p, +hiAp . 0<z<h, (E.94)
and
U, (2)=1, +hiAU . 0<z<h, (E.95)
so that we have
h, 1 lh(x 2
j 0, @{U, @} dz= j (pl +hiApHU1 +hiAU} dz (E.96)
0 0 o o

which is of the same form as eq. (E.14), repeated here for convenience, except that
h, everywhere replaces h,

hy 2
1 z z
EkB = J.E{pl + h—Ap}{Ul +h—AU} dz (E97)
0

p B

Thus, without further derivation, the integration of eq. (E.96) can be based on the integration of
eq. (E.97), which is given as eq. (E.20) — the result is

h(l
1 2 1 1 1 1 1 1
—p,(2){U,(z)} dz=U’h,| =p, +—Ap |+ AUU h,| —p, +=Ap [+ AU’h (— +-—A j E.98
‘([ZPY( )1{U,(2)} | a(zpl 1 pj 1(,(201 3 p} oGP+ AP |(E98)
Putting together eq. (E.86), (E.92) and (E.98) to provide the integration of eq. (E.84)
1
E,= ZplUIZSh
+U’h (l +1A j+AUUh (l +1A j+AU2h (l +1A J (E.99)
1a2p14p 10c2p13p a6p18p .
1 1 1
+7UB{p +Ap} +—AUUS, {p, +Ap}+7 AUS, {p, +Ap}

or
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Eo = U126h (iplj
+U*(h, —ésh){lp1 +1Ap}+AUU1 (hy —Sh)(lpl +1Ap]+AU2 (hy —ésh)(lp1 +1Apj (E.100)
2 4 2 3 6 8
+U,%5, (lpl + lApj +AUU,S, (lpl + lApj +AU?, (lpl + lApj
4 4 2 2 4 4
or

1
Ek(x = Ulzsh (Zplj

+U12hﬁ {lpl + lAp} - U128h {lpl + lAp} + AUUlll[3 (lpl + lApj _ AUUISh (lpl + lApJ
1 1 1 1 (E.101)
+AU2hB (gpl + gApj — AU?§, (g p, + gApj

+U,%5, (%pl + %Ap] +AUU 3, (%pl + %Apj + AU, (ipl + iApj

or

1 1 1 1 1
E, =U, (Zpl —Pim AP +ZAPJ

+U12hl3 {%pl +%Ap} +AUU h, (%pl +§Ap]
L (E.102)
+AUh, | —p, +—A

[5(691 2 Pj

1
2

1

+AUU 3, (%pl +-Ap —%pl —%APJMU%}. Gpl TAP —%pl —%APJ

so the kinetic energy in the initial state can be written in terms of the final state as

1 1 1 1
Eka = +U12hﬁ {5 pl + ZAP} + AUUlhﬁ (Epl + EAPJ
(E.103)

1 ) 1 1 5 1 1
+AUU,9, (gApj+AU hg (gpl +§Apj+AU d, [Epl +§Apj

As a check, let us consider the case of h, =0 such that hy =6, , so that eq. (E.103) should

reduce to

1 1 1 1
j EplUlde+ I Esz;dz:ZplUftsh +Zp2U228h (E.104)
5, /2

5,/2
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To demonstrate, substituting hy =8, in eq. (E.103) provides

or

or

or

or

or

or

or

or

1 1 11
E,=+US3, {Epl +ZAp}+ AUU,3, (Epl +§Apj

1 1 1 1 1
+AUU,S, (gApj +AU’S, (691 + gApj +AU’S, (691 + gApj

1 1 1 1 1
Ek(x = +U126h {Epl + ZAP} + AUUISh (5 pl + gAp + EAP]

1 1 1 1
+AU%S, | —p, +=Ap+—p, +=A
h(6p1 3 p 12p1 2 P]

1 1 1 1 1 1
Ek(x = +U128h {5 pl + ZAP} + AUUISh (Epl + EApj + AUZSh (Z pl + ZApj

1

1 1 1
E,= ZU125h +ZU126h {p, +Ap} +5AUU16h (p, +4p) +ZAU28h (p, +4p)

1
E = Zsh {Ulzp1 +U,*{p, +Ap}+2AUU, (p, +Ap) + AU’ (p, + Ap)}

E

o = ish{Ufpl +(p, +4p)(U;* +2AUU, +AU? )}

E,

o

1
:Zzsh{Ufp1 +(py+4p)(U, +AU)’}

1
E.= ZSh {Ulzpl +(p,)(U, )2}

1 1
Ek(x = ZP1U128h +szU226h

(E.105)

(E.106)

(E.107)

(E.108)

(E.109)

(E.110)

(E.111)

(E.112)

(E.113)
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which is the same as eq. (E.104), so eq. (E.103) appears to be the correct initial kinetic energy
state.

E.8 Change in kinetic energy

Now let us consider what happens when we subtract eq. (E.103) from eq. (E.20)
_ UM 1 1 h 1 1 3 1 1
Ekf’ _Ekoc —U1 B Epl +ZAp +AUU1 B Epl +§Ap + AU B gp] +§Ap

1 1 1 1
- U/’h, {Epl +ZAp}—AUU1hB(Ep1 +§ApJ (E.114)

1 1 1 1 1
- AUUB, (EAPJ ~AU’hy (g P+ gApj - AU?§, (E P, + gApJ

or

1

1 1 1
Eg—E =U/’hy (Ep] +ZAp —2P ——Ap)

4

1

1 1 1 1 1 1 1
+AUUh,| —=p, +=Ap——p, ——Ap |+ AU?h,| —p, +—Ap——p, ——A E.115
13(291 3 p 201 3 pj 3(691 2 p 601 2 pj ( )

1 1 1
— AUUISh (EApj — AU26h (Bp] + gApj

or
1 (11
EkB - Ek(x = —AUUISh gAp - AU 6h Epl +§Ap (El 16)

so the change in kinetic energy is

1 1 1
E—E,, =—-AUUS, | —Ap |[-AU3, | —p, +—=Ap (E.117)
6 1278
or
E. —F, =AUS {—U 4 Ap—AUZ —AUiA} (E.118)
KB kat h Y Y 24p1 24 p .

2 2 1 1 2

1
E..—E, =AU9, {-UAp——U Ap——AUp,— — AUp, — — AUAp— - AUAp—; (E.119
KB kat h{ 1 024 1 P24 p124 p124 924 p24}( )

or
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E—E,, =-AUS, {Ap%(U1 +AU)+ UlAp% +AUp, 2—14 + AUL(p1 + Ap)} (E.120)

24
or
1
Ey—E = —EAUésh{zAp(U1 +AU)+2UAp+AUp, +AU(p, +Ap)}  (E.121)
or
1
Es—E = —ZAUSh {2ApU, +2ApU, +p,AU +p,AU} (E.122)
or
1 1 , 1 )
Ey—E Z_Esh ApU,AU +4pU,AU +—p AU” +—p,AU (E.123)
1 1 2 1 2
E—E :—Eéh{ApUz(Uz—U1)+ApU1(U2—U1)+5p1(U2—Ul) +Ep2(U2—U1) }(E.124)
1 2 2 1 2 1 2
Eg—Ey, :_ES}‘ Ap(U -UU,)+4p(U U, - U, )+Ep1(U2 -U,)) +5p2(U2 ~U,) }(E.125)
1 1 2
Ep—E, = _Esh {Ap(Uz2 -U,U,+UU, —U12)+E(p1 +p,)(U,-U)) } (E.1206)
or
1 1 2
Ey-E,= —Eﬁh {Ap(UZ2 _U12)_|.E(p1 +p2)(U2 —Ul) } (E.127)

So the change in kinetic energy can be written as

1 1
E—Eq = —Eah {E(p1 +p,) AU + Ap(U22 - Uﬁ)} (E.128)

Note that if the density difference is small, the change in KE can be written as

1 3,p,AU’ (E.129)

EkB - Eka ~ _E

Which is identical to that gviven in Sherman et al (1978) and attributed to Turner (1973, pp. 322,
323).

However, let us write the above as

AE; = ~(Eg — Eg, ) = 58, {p,.,AU” + Ap(U,* - U}?)} (E.130)

Sp
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where
&, =hy —h, (E.131)
and
Pane E%(pl +p,) (E.132)
and
Ap=p,—p, (E.133)

which is negative for a stably-stratified fluid (index 2 is above index 1). The cs coefficient

represents the bulk energy relationship between the velocity shear and the change in kinetic
energy for mixing over the thickness mixing. Using c, =1/12 is the theoretical value for

mixing from a linear shear layer of thickness h,, to a linear shear layer of thickness h,. Eq.

(E.128) can be written as

Ap (U22 B Ulz)
AES — cskShpangUz {1 + pavg AUZ (E134)
Noting further that
(U -U?) _(U,-U)(U,+U,) _(U,+U,) _(U,+U,) _2U,, (E.135)
AU (U,-U,) (U.-U,) AU AU |

Thus, eq. (E.134) becomes

Ap 2U ML M E
ABg=c,8,p, AU {1420 et ML M EnCEY (E.136)
o AU LT T° unitarea
Note that we cannot, in general, neglect the second term as small!
The above compares to the value of
1 hh
E;—E,, ~———2p,AU’ E.137
kB kot 2 h1 n h2 Po ( )

derived in the CE380S class notes for two uniform layers of different thicknesses that are mixed
into a single layer of uniform thickness. If we let h, =h, =9, /2, the above becomes

%, 8,

1
~E,, ~ —EﬁpOAU2 (E.138)

E

B

or
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! 3, p,AU” (E.139)

EkB - Eka ~ _g

which is reasonably close (but slightly larger) than eq. (E.129). Thus, we have some confidence
that the derivation is correct.
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Appendix F SURFACE/BOTTOM MIXING LAYER ENTRAINMENT

F.1 Equilibrium TKE

We take any mixing layer to provide a source of stirring energy (per unit surface area) that can
be represented as Es, with units of J/m® The rate at which this energy is supplied is given as
oE, / dt. There is a background level of turbulence in the mixed layer that is given as an energy

per unit volume of e,. We can define an “equilibrium” of background TKE, again per unit
volume, that we will define as e, . The mixed layer is characterized by large-scale eddies of a

length scale H. A mixing layer where dH / dt = 0 will be one in which the dissipation and supply
of TKE are exactly balanced, i.e. for a uniformly distributed dissipation rate over H, we can write

% = Hpe, (F.1)

Checking the units here we have

m-—2-— (F.2)

which matches.

We consider the equilibrium dissipation rate (per unit mass) to scale on the background
turbulence in the layer, the thickness of the layer, and the rate of energy supply, thus

u_;+&%

g, =C F3
" "H  pH ot E3)
where u; is the equilibrium TKE velocity scale. Checking units
Nm g™
2 3 2 2 5 2
LU L . (F.4)
s sm kg k& s’
m-—=8§ m—:s
m 3
m
The relationship between the equilibrium TKE and velocity scale is given by
€ =lpuE2 = up= 2 (F.5)
2 p

so that eq. (F.3) becomes
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3/2
. - Caf2e ), Coy O F6)
H{ p pH ot

Thus, a balance of production and dissipation for a constant thickness layer, eq. (F.1) requires

3/2
9Es _yp| Cauf 20 ] Coa 9Es (F.7)
ot H\ p pH ot
or
JE, C, 32 oE
at = pl/; (2CE) + nga—ts (F8)
or, the equilibrium TKE is modeled as
1-C,,) 0E
Je 32 _ (12 ( e2) 9L F9
(2e:) " =p . a (F.9)
which is also
2/3
L] 1 (l—ng)aE
e =— —_— F.10
: z{p T (F.10)

Eq. (F.10) will be used to determine the equilibrium TKE in a mixed layer. Note that as the
forcing changes, the equilibrium TKE changes, which will force the background to respond.

F.2 Neutral stability conditions

An energy balance requires the rate at which the energy in the mixing layer per unit area (He,)

increases must be equal to the rate of energy supply minus the dissipation in the mixing layer
(&, ) minus the rate of work required to entrain the fluid below the mixing layer into the mixing

layer (We ). In neutral stratification, we take this work as composed of 1) the work required to

accelerate the fluid to the velocity of the mixed layer plus 2) the work required to overcome
increased dissipation associated with the entraining layer. Note that increase in TKE required
for the entraining layer will be directly included in the differential equation through the
d(Hey)/ ot term. Also note that the work term is positive definite and applies only we

entraining; i.e. there is no work gain by detrainment.
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J
—(He, )=
at( ») ot
LML*  ML* MLL 1(Mj£
TZ

aES—pHeH—W : W20

€

(F.11)

T TLT? LT T
M M M

L3

T T T
It would seem that the appropriate to make the entrainment work

W, = h%pAUzaa—}tI+thAee (F.12)

where 7 is a Heaviside step function
h= F.13
H (F.13)
—>0
ot
0 o <0
ot
and where AU’ represents the change in the mean kinetic energy of the entraining fluid for
simplicity in exposition, but we recognize that the full term is AU”> + AV>. The dissipation term,
Ag_ is the additional dissipation rate that results from the entrainment process, whose scaling is

still to be determined.

Eq. (F.11) with eq. (F.12) provides

0 oE ) oH
—(He,)=—2—-pH hAe )—h—AU> — F.14
at( eB) at p (8H + 86) 2 at ( )
or
aeB oH E)ES P zaH
L te,—= —pH(e, +hAe ) —h=AU" — F.15
a B o P (e e) 2 ot (F.15)
or
P .., )OH OE deg
hEAU? |=— =225 _pH hAe,)-H—2 F.16
(eB+ 2 jat ax P (e + 7, ot (F-16)

which provides the basic balance between entrainment, mixing energy supply, dissipation and
background TKE.
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F.3 Scaling dissipation

Similar to eq. (F.6) for the equilibrium dissipation, we argue that the actual dissipation rate over
the mixed layer scales as

3/2
g, =Sl 2 | Cu 9 (F.17)
H\ p pH ot

soeq. (F.16) is

3/2
(eB +thU2ja_H: ok —pH{Q(zeB] + Lo 9 +hAee}— aaitB (F.18)

ot ot H{ p pH ot
or
P ..o 0H JE; C, 32 de,
+h—AU" |—=(1-C_,)———(2 —hpHAe, —-H— F.19
(eB 2 )at ( 82) at \/E( eB) p Se at ( )

We model the additional dissipation rate associated with entrainment based on the rate of
deepening, the velocity scale u, and overturn time scale, T, as

Ae, ~ 9H uy (F.20)
ot T,
where
u, = /2& (F21)
p
and
T, = H (F.22)
uB
It follows that
Ag, = C83a_H Up = Ces uB2a_H :&ZEB_H (F.23)
ot H/u, H ot H p ot
or
Ag, =2 Cu s o (F.24)
pH = ot

so that eq. (F.19) becomes
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(eB + hBAUzja—H (1) s S Y2 Zonc e, T e (F.25)
2 ot at Jp ot ot
or
P ..o|0H JE; C, 312 deg
ey (1+27C )+ h—AU* {—=(1-C,,)—>—-—%(2¢,) -H—2 F.26
{eu(t+21,) #0840 | SE=(1-C,) T - Cp(aey " T @29
F.4 Mixed-layer under stratification conditions
The energy required for mixing the density can be obtained, see eq. (C.31) , as
oE_. H oH
mX = —gAp—— F.27
ot &P 2 ot (F-27)
where
AP =P — P (F.28)

with p as the mean density in the surface cell (k=S), which is also the density throughout the
mixed layer. The p, is the mean density of the entrained fluid, is approximated by the density of

the fluid in the grid cell below the mixed layer and the lower portion of the grid cell that partially
contains the mixed layer.

— pB(P)hB(P) + p(P—l)AZ(P—l)
. h, ., +Az

(F.29)

B(P) (P-1)

Note that eq. (F.27) is based on mixing of two uniform density layers rather than a uniform
density layer and a gradient layer. Thus, eq. (F.27) combined with eq. (F.29) may somewhat
overestimate the mixing energy required for gradient layers that only progress to the next grid
cell. However, p, is taken from the density in the partially mixed layer and the density in the
first complete cell below the mixed layer, so in the case of a rapidly deepening layer (compared
to the grid scale), this will underestimate the density that is lifted. This approach therefore
includes a grid and time step dependency. While it is possible to improve this estimate
somewhat by considering a linear gradient in the entraining region, it would then require Ap as a
function of dH / dt , which would then create a quadratic in the dH / dt equation developed
below as eq. (F.42). Such an approach would still fail when the entrainment is large and moves
beyond a simple gradient region. Arguably, a more correct approach would be to use the above

as an approach to get an estimated dH / dt , then use this value to find the entrainment region
upper (P) and lower (Q) bounds and obtain a better approximation of p, as
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= 1 =n n =n n < =

Pe =1 PirOsr) + Ploydrio) + Z PrAZ) (F.30)
H™ -H r=Q+1

which can be better interpreted by consulting section F.6. This approach would require at least

two computations of dH /dt when entraining in a stably-stratified region.

The energy overall energy equation starts from eq. (F.26) with an additional term for the
RHS,

L (2¢,)"” _n % 4 heap %a—H (F.31)

ot Jp ot

where the last term is added to the RHS since Ap is negative. This equation becomes

H_ oFs Csl(2eB)”—Haait (F.32)

ER R
The above provides the basic relationship between deepening, energy supply, dissipation and
TKE background levels. Note that we identify the meaning of each term as:

oH _(1-c, )aE s C
ot

{eB(1+2hC8 )+h2AU2}

{eB (1+21C,,) + h%AU2 thpE}

ey aa_t — power to entrain fluid to mixed-layer turbulence level
oH o . .
2C,— — rate of dissipation for entrained fluid
ot
P ....0H ) ) ) .
TAU o — power required to accelerate entrained fluid to mean velocity
H oH : . .
—gAp—— — power required for mixing stable density profile
2 ot (F.33)
(1-C,, )% — net rate of mixing energy supply (after dissipation)
C, 32 P
N (2¢y) — dissipation rate of background TKE
p
de, : o
= — rate of TKE increase in mixed layer

F.5 Change in eg and H
Let us note that eq. (F.9) provides

(2eE )3/2 _ p1/2 (I_Caz)ﬁ

F.34
C ot ( )

el

or
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C OE,
T (2e )3/2 =(1-C,,) ats (F.35)

so that eq. (F.32)is

oH RN O (2, )3/2 3 a& (F 36)

ot _\/%(26‘5) Jp ot

The TKE either increases or decreases towards equilibrium at a rate that may be modeled as

{eB (1+2hC,,)+ h%AUZ - thp%} oH_C

%y _ oG
ot T,

(F.37)

where Tg is the time scale for mixing the background TKE. Let us model this time scale using
the overturn time scale, eq. (F.22)

T, ~C,T, =C; L) (F.38)
uB
where Cr is a coefficient that sets the proportion of the overturn time scale required for mixing to
TKE equilibrium. Using eq. (F.21), we obtain eq. (F.37) is

de, e, —e, [2e,
o¢ CH Y\ p

(F.39)

It follows that eq. (F.36) is

p H|oH C, s G 32 e —€y [2e
{GB(1+2hCS3)+h5AU2—thpE}gzpl/; (2GE) —Tpl(263) — EC B pB (F40)

/263 (F.41)
p

or, resorting the first two terms on RHS

P H|oH _ 2 3/2 321 € —€p
{GB (1+2hc83)+h5AU —thp?}E—zcgl E{(GE) _(eB) }_ CT

We can solve for the rate of change of the mixing layer as

2{2@ [(eg”—(egf”}—Jg (eE—eB>}

a_H_ p C;
ot

= (F.42)
e, (1+2hC,, )+ thU2 ~hghp~

The above should be correct for all conditions. Note that the denominator is positive for any

stable density gradient (i.e. Ap <0), so the Heaviside step function can be evaluated from the

sign of the bracketed portion in the numerator
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2C£1|:(GE)3/2—(63)3/2:| > @(GE_%) = h= (F.43)
2G| (e)" = ()| < {f_ (e,—ey) = h=0 (F.44)

T

Note that if 7 =1 the additional terms in the denominator can only serve to reduce the rate of
increase of H, but cannot cause a change in sign.

F.6 Implementation of changing mixed layer thickness

We have arrived at eq. (F.42), in concert with (F.43) and (F.44) that can be used to find dH /ot ,
and eq. (F.39) that can be used to find de, / dt To implement over a time step of At, we must

apply the limitation that the background TKE may only increase or decrease towards the
equilibrium value, but cannot move across it. Thus,

e, + AtaaitB <e, (F.45)

or
ot At
It follows that there are three possible conditions: At < C,Ty; At=C,T;; At >C.T;. In the first

(F.46)

and second cases, egs. (F.39) and (F.42) may be applied over the entire time step as

e = et 4 A% (F.47)
ot
H

H™ = H" + At% (F.48)

However, for the case where At > C, T, then use of eq. (F.47) and (F.48) would move the

energy past equilibrium. Thus, we require the definition of a time used for mixing to equilibrium
as

At, = min{At, C, T, } (F.49)

where the change in background TKE and depth of the mixing layer are given by

el =e} +At, aaitB (F.50)

122



Hodges (2008): Representative Scalar Transport and Vertical Mixing

H™ =H" +AtUaa—}i (F.51)

Once we have established the new mixed-layer depth (H™), it is necessary to find the
new value for any scalar in the mixed layer. The number of full grid cells in the surface layer
before mixing is noted as N", while the number of full grid cells after mixing is N™ . The ‘k’
index of the partially-mixed cell in the surface layer before mixing is (P), while the index after
mixing will be given as (Q). Determining the new cells in the surface mixed layer for a grid with
nonuniform Az grid requires a sweep, whose iteration step is indicated by a superscript in
parentheses. The mixed-layer height remaining to be allocated is AH, so that at the start of the

sweep
AH” =H™ - H" (F.52)

For simplicity in exposition, we will consider the case where the surface mixed layer is
deepening, such that H™ >H". We then have

AH{" = max{0, AH{” - 5, | (F.53)

where 8y, is the thickness of the region below the mixed layer in the partially-mixed grid cell
k=P. Eq. (F.53) is followed by a decision algorithm.

Let i=1, then

if AH" =0 then (mixing does not move to next grid cell)

Q=P

NnM — Nn

83\(’[0) =0Ohp) + AH

Shi) = Ay (g~ Siig)

stop (F.54)
else (mixing moves to next grid cell)

Siipy =0

Spy =0

i=i+1
endif

Once the first step is taken, the remaining of the sweep proceeds as
AH = max{0, AH{"" - Az, ] (F.55)

followed by the decision algorithm that is iterated for 1 >1
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if AH{” =0 then (mixing does not move to next grid cell)

Q=P—(i-1)
M (i1
S = AHY
M (i-1)
Shio) = A%~ AHY
NM=N"+i-1
stop (F.56)
else (mixing moves to next grid cell)
M _
S =0
M _
Oy =0
i=i+1
endif

Once the cycle is completed, we have P as the ‘k’ index of the original partially-mixed cell at the

bottom of the surface mixed layer, and Q as the ‘k’ index of the new bottom of the partially-
mixed layer. The above algorithm is only correct for the case where Q <P. Once Q and P are

identified, the new mixed layer concentration of any scalar is given by

1 |- 3\ _
nM _ n nM
O(szrz0) = HnM_{q)(Q)SH(Q) + § : ¢<r>AZ<r)} (F.57)

r=Q+1

124



Hodges (2008): Representative Scalar Transport and Vertical Mixing

Appendix G CONVECTIVE MIXING BASICS

G.1 Introduction

The surface mixed layer can be treated as a control volume that may expand or contract with
time. At some time (t), the mixed layer is characterized by H(t), dH/dt, and a single density
Pm(t)-

G.2 Solar radiation

We introduce solar radiation Q, > 0. That is, let Q, represent the solar radiation flux (watts/m”)
with Q,, as the solar radiation that penetrates the free surface of elevation 1. Based on TVA,

the solar radiation profile below the free surface can be given as

Q,(2)=Q,,(1-7)e™ ™ : —co<z<M-3, (G.1)

where 6, is some small thickness of an upper layer in which yQ , solar radiation is rapidly

absorbed. While no data appears to be available, it will be convenient to assume that the solar
radiation is absorbed linearly over the thickness so that

Qr(z):Qro[l—y%] . n-8, <z<n (G.2)

T

We will represent the solar radiation energy per unit volume as e;, where the rate at which it is
absorbed in a layer of thickness Az is found from

ier(za+zbj:Qr(Za)_Qr(Zb) (G.3)
ot 2 Az

where z, =z, + Az . In the limit as Az — 0 we can write this as

0 0
ger(z) = gQr (2) (G4)

It follows that
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Se=

SlrQrO

Q. (1 - Y) ke ™)

(G.5)
n-9,<z<n

—c0<z<MN-0,

Following this thread, let us consider the effect this energy has on temperature, which we will

represent as 0.

d_ W
ot PS ot
so it follows that
L oz)=
ot Y Q
Srpcp r0
(1 - 'Y) Q ok efk(nfz)
pc,
Relating temperature to density by
ap —ap a0
ot ot
We then arrive at
0
—p.(2) =
ot _
SGC r0
_MQ ke X2
Cp r0

G.3 Evaporative mass loss

(G.6)
(G.7)
n-9,<z<n
—0<z<MN-0,
(G.8)
(G.9)
n-9,<z<n
—c0<z<MN-0,

Next, let us consider the effect of mass removal by evaporation, which is given by a velocity V,

that represents the rate at which pure water is evaporated. We will consider there is some thin
layer, 9, , over which the evaporation leaves behind higher salinity water (generally we expect

that 8, <9d,). We will assume that in the layer -6, <z <0, the salt is uniformly mixed. It
follows that the rate of increase of salinity in the thin layer is given by
vV
s Vg
a o

€

(G.10)
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where S, is the salinity at the free surface. Thus, using

op oS
—=pPp— G.11
" Bp " (G.11)

the density relationship due to evaporation is given by

0 BpV.
- = g
" P.(2) 5 on

¢

n-9,<z<n (G.12)

G.4 Effects of precipitation

Not completed. This should require both mass gain due to precipitation volume and possibly
stabilizing/destabilizing thermal effects depending on precipitation temperature.

G.5 Surface heat fluxes

Next, we consider the addition of longwave, sensible and latent heating and cooling. The net
will be given by Qn where Q, >0 is heating and Q, <0 is cooling. For convenience, we

consider this heating/cooling to occur over the same small layer as the evaporation, so that the
rate of change of thermal energy due to the heating/cooling is given by

9, = Qu (G.13)
ot 9,
it follows that
de, 29,
—h —pe —h G.14
o P (619
It is useful (for later) to note that eq. (G.14) and (G.13) can be combined to write
M _ Qs <ren (G.15)
ot pc,d,
The density change due to the heating/cooling is
By __y 90 ey (G.16)

ot p? c, ot

so that
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0 o
gph(Z)=—§th . M-98,<z<n (G.17)

G.6 Handling grid sizes in the near-surface region

The equations used for mixing in the near surface regions will result in one of several
possibilities:

1. The system is well-mixed from 1 down to 9,

2. The system is well-mixed down to §, <h <3 , and has a different (but modeled as

uniform value over the interval -8, <z<mn-h.

3. The system has a uniform value over 8, <z <1 and a different uniform value over the

interval N -9, <z<n-39,.

Thus, we imagine the near surface layer having up to two steps whose thickness varies with the
surface forcing. For convenience, we will define these as

A8, =1-9, (G.18)
A8 =8 -9, (G.19)

There are the following possibilities for the relationship between the upper layer thicknesses and
the model grid cell at the surface (k = S)

1. A8, > Az
2. A}, =Az,
3. A8, <Az,

We will consider A, and AJ, to be constant, whose values need to be set after further research.

That is, these layer thicknesses represent the region over which sensible heating/cooling and
relatively uniform absorption of solar radiation take place. As starting points, we can use

AS, ~0.5m and AS, =0.5m. Note that we are arguing that 8, <9, ; that is, the uniform region
of solar radiation penetration is always at least as deep as the uniform penetration of sensible
heating/cooling.

Let us consider the case where A, + Ad, < Az, , so that both thin layers are in the

)
uppermost cell of the model grid. Let us define the region in cell (S) that is outside the near-
surface layers as

Ay, = Az, — A3, — AS, (G.20)
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At the beginning of the mixing routine in time step ‘n’, we will have stored the mean
concentrations of all transported variables (i.e. ¢" ) along with the values of the concentrations in

the Ad]and AJ’ regions after transport, Thus, we will need to perform separate transport

algorithms for the scalars in the near-surface regions. Having a dual transport algorithm
applying to scalars in a single grid cell will require a method to adjust the scalar values in the
Ad, and A9, to satisfy the 3D transported scalar mean.

In a more general sense, we will always have one of four types of cells in the near surface
region

1. A cell that is entirely either A, or AJ,
2. A cell that contains only AS, and A,
3. A cell that contains only A3 and Ady,

4. A cell that contains A3, , Ad, and Ady,,

For the first case, after transport we require that a cell that is entirely AJ, at the ‘k’ level must

satisfy
(I)e(k) = 6(1() (G.21)

where the RHS represents the (mean) scalar value from the 3D transport for the cell (k).
Similarly, a cell that is entirely AJ, at the ‘k’ level must satisfy

O = 6(1() (G.22)

That is, we ignore the independent 2D transport results of the ¢, and ¢, when the layers are

resolved by the grid.

For a cell that contains only Ad_and AS,, we define the portion of the ‘k’ level grid cell
in the AJ, region as

S
Az =A8, = D Az, (G.23)

q=k+1
It follows that the portion of the ‘k’ level grid in the ‘r’ region is

Az, =4z, — Az (G.24)

e(k)

we have an estimated mean that satisfies
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— S oAZ o+ AZ
q)(k) — ¢e(k) e(k) ¢r(k) r(k) (G25)
Az,

However, we need to make the mean of the layers equal the mean obtained in the 3D transport.
The scalar difference is defined as

Adyy = by — g, (G.26)
The scalar adjustments are defined as

02t = Deqi + A0, (G.27)

Dy = by + Ay (G.28)

If the above works, then the mean should be satisfied by the scalar values in the two portions of
the near surface region as
o AZe(k)q)Z(k) + AZr(k)q)?(k)

Py = (G.29)
Az,

To check, substitute eq. (G.27) and (G.28) into (G.29)
AZ 3 0y = AZ o Ouy + AZ o AD+ AZ, ( Or )+ AZ, ( AD (G.30)

Using eq. (G.25) as
AZ(k)&(*k) = q):(k)AZe(k) + (I)j(k)AZr(k) (G.31)
we obtain eq. (G.30) as

Az 0 = Az 0, + {Aze(k) + Azr(k)} Ad (G.32)

which is simply eq. (G.26)
By = By = A0 (G.33)
so the approach is mass conservative.
We could have looked in this in a more general way, we still require eq. (G.29) as
AZ 0y = D24 0oy + AZ, 1 Ol (G.34)
We then define a general form as
ey = Doy + EAD, (G.35)

¢:(k) = q)j(k) + FrAq)(k) (G.36)
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so that
Az = Dz (q):(k) +EAQ, ) +4z, (q):(k) +EAQ, ) (G.37)
Using eq. (G.25) as
AZ 0y = Vot DZoqsy + Or1y A2, (G.38)
then eq. (G.37) becomes
Az 0 = AZy Op) + Az A, + Az, FAG (G.39)
So we obtain
Az {0 = 0 ) = H{ Az . + 82, F | A, (G.40)
Noting eq. (G.26) , this requires
Az, =Az,F + Az F (G.41)
Thus, we can use F, =F =1, and obtain
Az =Az . (1) + Az, (1) (G.42)

Which is what we used for eq. (G.27) and (G.28). However, the above could be used to obtain
some different apportionments of the scalar difference. For now, we will stick with the simplest.
Next we consider the case of a cell that has only A6, and Ady,,. Again, we have a
transported scalar in the ‘r’ layer given as q>j(k) , and we have a transported mean value of the
scalar given as 6(1() . We also have a value of the scalar in the layer below as 6(1(_1) . We require

values for 0y, and ¢y, such that

n n
- AZr(k)q)r(k) + AZB(k)q)B(k)

= G.43)
) (
Az,
and the value for ¢y, must be bounded by the surroundings, such that either
By < P <Ol (G44)
or
6(1«1) 2 q)g(k) 2 q)?(k) (G.45)

1s satisfied
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Let us consider the possibility that ¢}, = q;f(k) will satisfy the conditions. It follows from eq.
(G.43) that

. Az, O, —Az )
q)B(k) — (k)q)(k) r(k)q)r(k) (G46)
AZB(k)

If the result satisfies either eq. (G.44) or (G.45), it follows that
q)lr](k) = (I):(k)

. , (G.47)
¢B(k) = ¢B(k)
However, if the result of eq. (G.46) fails to satisfy eq. (G.44) or (G.45), then we require
q)lr;(k) = 6(1(—1) (G.43)
and
O, = AZ 3 Q) — A3 Pa0 (G.49)
Az,

Next, for the case where a cell that contains A, , A6, and Ady,,. We have a transported
scalar in the ‘r’ layer given as (1):(]() , a transported scalar in the ‘e’ layer given as q>’;(k) and we

have a transported mean value of the scalar given as 6(1() . We require

- AZe(k>¢§(k> + AZr(k)q):(k) + AZB(k)(D;(k) G50
Oy = Az (G.50)
(k)

Again, we require the value for ¢y, must be bounded by the surroundings, such that either

6(1(—1) < Oy < 97 (G.51)
or
Bury = Oy = Ory (G.52)

is satisfied. There are two possibilities for a cell such as this: 1) if this is the surface cell, then
there is no cell above it; 2) if this is not the surface cell, then the cell above it must be entirely
within the §_ layer. Let us require the first case meets the condition ¢}, = 9, s, , and the second

case meets the condition ¢;,, = ¢;S). It follows that
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6 AZe(k)q)e(S) + AZr(k)q)r(k) + AZB(k)(DB(k)
(k) —
Az(k)

(G.53)

or

AZr(k)q):(k) + AZB(k)(I)g(k) = AZ(k)E(k) - Aze(k)q)Z(S) (G.54)

G.7 Mixing of scalars in the near-surface region

Scalars other than temperature, salinity and density in the region N —9, <z <m are computed

from
=—{q>5 +¢,(h-3,)} (G.55)

However, for the temperature and salinity we must consider both starting values in regions ‘e’
and ‘r’ and the change do to thermodynamics.

For temperature (0 ), we note that eq. (G.7) models the solar radiation in the near surface
region providing a uniform temperature change

00, _ v
at  d.pc

r=-p

Q, : M-06 <z<n (G.56)

Similarly, the surface heating/cooling is considered uniform and is given by eq. (G.15) as
Or) = q):(k) + A, (G.57)

It follows that the temperature in the near-surface mixed region is given by

n n
o AZe(k)q)e(k) + AZr(k)q)r(k)

w0 = (G.58)
Az,
Using eq. (G.56) and (G.57) this becomes
o =10, + 2% |5 4o (h-5,)+ 2 ¢, (G.59)
h pcp € 8r p
For salinity, we have effective gain in concentration in the upper layer by
Sy = ;{(S +Ataa—fj8 +S (h—Se)} (G.60)

Using eq. (G.10), we obtain
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S :%{(se +At%se}86 +8,(h —86)} (G.61)
or
Sy :%{(1+AtVE)SeSe +8S, (h -3, )} (G.62)
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Appendix H ENERGY IN THE NEAR-SURFACE REGION

H.1 An energy rate approach

The rate of change of density due to the surface forcing is given by

0 d d 0
il = +—= +— H.1
o p(2) ” p.(2) o P.(2) o Py (2) (H.1)
which is given by
So0=[ oo, (H2)
— + €S - : N-90,<z<
6rcp QrO 6e n Secp Qh n e Z n
1 0 : M—90,<z<n-9,
d.c,
_Oc(_l_y)one—km‘Z) ;. —o<z<N-96

p

Let us consider only the two regions from n—93, <z <m. Note that in both the upper
region N—9, <z < and the lower region -9, <z<m-3J, the density will change uniformly

over each layer. Let us define
P.=pM-h<z<n-3) and P, =p(3, <z<M) (H3)

and

APy =P, — P (H.4)

If we do not allow large-scale advection to create unstable density gradients, then at the
beginning of the mixing algorithm, the density field will meet the condition

Ap.()<0 (H.5)
From eq. (H.2) we can write the rate of change of the difference between the densities will be
0 0 _BpV., g __©

Z (0. -0 )==—(Ap_.)=
~ (P =P:)=—-(4p.) 5. o Ee

Q, (H.6)

Thus, the density gradient at any point in time is found as
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Ap,, (t+At) = Ap, (1) + At%(Aper) (H.7)

Since Ap,, >0 is unstable, we are interested in the time to instability, At, when Ap_ (t+At;) >0

Aper (t) + Atl %(Aper) > 0 (H8)
or
0
At = (Ape ) > ~Ap. (1) (H.9)
or
PpV. a
Atl{ 5 S e Qh} >—Ap,,(1) (H.10)

Note that if the term in the brackets is negative, then At, =<0, since eq. (H.5) requires a neutral

or negative density gradient at the start of mixing and a negative term in the brackets would
indicate stabilization by thermodynamics. If the initial density gradient is neutral and the
bracketed term is positive, then At, =0 and instability immediately occurs. Thus

At = (H.11)
undefined : Ap,(1)>0
0 L Ap,(H)=0
-1
ap PRV %ol BRVeg | © S0 and Ap,(H)<0
d, d.c, 3, d.c,
o : presn— ® Q,<0 and Ap_(t)<0
d, d.c,

If At, < At, then unstable mixing will occur. That is, the surface thermodynamics can force the

density profile to neutral over time At,, and then further surface thermodynamics lead to

instability. It can be shown that the energy made available by unstable mixing of the two layers
over time At is found as in eq. (H.61) below, repeated here in slightly modified form as

" S

e e’p

AE o (1 +AL) = %g?‘)e (8, - 56)(Apﬂ(t) + At%pve g _ At Qh] (H.12)

where p_. (t) is the density gradient at the start of mixing and AE indicates the maximum

A max

energy that can be made available due to unstable mixing (i.e. it does not include dissipation).
Once time At, is reached, we have p_ (t+At,) =0, so we can write
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AtBpV, At,o
€S, - H.13
8 n 8 c Qh ( )

e e’p

AE, (At—-At) :%gﬁe (5, —86)(

Thus, if the thickness of the layers and the forcing is considered constant, the rate at which
energy is provided by the surface thermodynamics over the time t,+ At, <t <t + At is

oE 1 o
—gtmax:Eg(ﬁr—Se)(BpVeSn—c—Qh] C oty AL StE<t, + At (H.14)

p

So, to handle the two thin layers, we start by computing At, from eq. (H.11). If 0 <At, < At then

unstable mixing occurs and provides the maximum mixing energy at the rate from eq. (H.14).

However, we should reduce the unstable mixing energy to account for dissipation that
occurs during the mixing of the initial stable density gradient Ap_ (t) <0. We note that the

energy required to mix Ap, (t) <0 (i.e. without any thermodynamics) is
1
AEM(t +At) = _Egse (8r _Se)Aper(t) (H15)

This mixing occurs over time At,, so the rate that mixing energy is consumed is

OE,, 1
—L=——gd.(8, -5, )Ap,.(t H.16
at 2Atlg e( T e) per( ) ( )

Similar to eq. (F.17), we scale dissipation as

3/2
e, =Caf 2% Co OBy (H.17)
5 p pod ot

The energy that is available at the end of At, is then

AE, =AE, . —At,pde; (H.18)

A max

which is required to be non-negative. Substituting eq.(H.13), (H.16) and (H.17) into (H.18)

AEA = %gae (8r _Se)[AtIpre Sn - At(l:(x QhJ
e e’p

o d

3/2
C. [ 2e C 1
—Atpdy | —B | =2 5,(8,—98,)Ap,.(t
Ip { 6 ( p ] p6 |:2Atlg e( r e) per( )i|}

which must be non-negative. If the value is computed as negative, it must be set to zero as it

(H.19)

implies that all the energy that would have been available for convective mixing was instead
used up in dissipation. Eq. (H.19) can be written as
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At o
AEA = TIg(Sr - 86 )(presn _C_th
’ (H.20)
—At,2C,, (e;)"” \P + %nggﬁe (8,-8,)Ap.(t) : AE, >0
p
Thus, the rate at which mixing energy is made available from t, + At, <t <t, + Atis
JE, 1 o
=—g(5, -9 VS, ——
at 2g( r e)LBp e n Cp Qh]
(H.21)

2 1 JoE
—2C, (e,)" |5 +——C88,(8.—8,)Ap,.(t) : =220 and At >0
sl(eB) \/; 2At szg e( r e) per( ) at I

1

Note that At, =0, if and only if Ap_ =0, in which case the last term has the form 0/0. In effect

if the initial gradient is neutral, then we can consider the available mixing energy is supplied at
the maximum rate, i.e.
JE, 1

at ZEg(Sr _Se)[BpVeSﬂ _%Qh] : a?tA 20 and AtI =0 (H22)

p

and all dissipation is handled in the surface mixing algorithm

H.2 Energy released/required for mixing in the near surface region

Let’s look at some small time step At . The change in the density profile is given by

p(z,t+At) =p(z,t) + At%—‘t’ (H.23)
So we have
p(z,t+ At) =p(z,t) + At%p(z) = oy BpV. o o (H.24)
—?C])Qr(ﬁ 5, S“_Sechh : M-9,<z<n
—%Qro n—-9,<z<n-9,
_MQrok g k-2 : —eo<z<M-9,
p

Thus, we obtain
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Atoy AtBpV, Ato

p(z,t+At) =p(z,t) - Qo + Sy—=—Q, : Mm-§,<z<n (H.25)
8¢, 5 " B¢,
Atoy
Pz t+A)=p(z.)="==Qy -9, <z<n-3§, (H.26)
rp
At()((l ~ Y) -k(n-z)
p(z,t+At) = p(z,t) ————2Q ke ™ ™? : —co<z<N-9, (H.27)

p

Note that eq. (H.25) and (H.26) have uniform density profiles, so it is convenient to introduce the
notation

p.()=pM-h<z<n-3,t) and P ()=p(5, <z<n,t) (H.28)
so we have

_ _ At AtBpV Ato
pe (t + At) = pe (t) - ,YQrO + Bp 2 Sn - Qh (H'29)

d.c, d, d.c,

_ _ Atory
rp
AtOL(l - Y) —k(n-2)

p(z,t+At) =p(z,t) —————Q, ke n : —c><><z£11—8r (H.31)

p

The unmixed potential energy from some point ‘h’ where 8, <h <9,

n n-3,
E, (t+At) = gp, J' 2dz + gp. j 2dz (H.32)
n-9, n-h
which is
Atory AtBpV, Ator n Atory i
By ={p.(0- 30 Qq+ =28, =20, f [ adz+gip(0-30Q, | [ 2dz(H33)
5 p 0 50p d.c
r e e n-3, rp neh
or
_ Ato AtBpV Ato 2"
EU:g pe(t)_S—YQrO-i_ Bp eSn_ Qh {Z_}
5 d, Secp 2 e
s : (H.34)
_ Ator 7’ ¢
+g{pr<t)——6 YQrOH—}
Cp 2 n-h
or
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E, { (- Atzw +AthVS Ath}{nz—(n—Se)z}

. J, d.c
’ ’ (H.35)
Atoy 2 2
{ (t)——cQ }{(n_ae) —(n—h) }
rp
We could write this as
1 1
E, =se{AHn ~(n-8.)}+ Je{Bl{(n-8.) ~(n-nY] (H36)
where
Ato AtBpV Ato
=pi)-T2q, + BB g, (137)
d, . d, 0 »
=p.(1) —M (H.38)
r P
If we consider the mixed density
1 n n-3,
Py, (t+At) =—1p (t+At) j dz+D,(t+At) j dz (H.39)
h n-93, n-h
or
n
5.() Atow - AtBpV, S, - Ato Q, J‘ dy
rcp J, d.c, s
s : (H.40)
+Ll5.0-2% chz
h pr Srcp r0
n-h
or
Ato AtBpV. Ata
pM(t"'At):_{ (t _—Y ot [;p : Sn - S Qh}{z}z—sc
% ) i (H.41)
Ato -
{ (== }{Z}E_?
rcp
or

) Atocy ABpV, .,  Ata h-39, B M
Pm = (hj{ (- 50 20t s S, Sechh}+( 0 ){ (1) 5c o}(H-42)

r’p e r’p
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The potential energy after mixing is

n
E, (t+At) = gp,, (t+ At) j 2dz (H.43)
n-h
So that we get
1
E\ =2 epy {0* ~(n-h)’] (H44)

or

1 ) 21( 0 Atocy AtBpV, Atol
By =Lefn-(n-n) }[ﬂ{ (-2, ABRYe Qh}

rp J, Secp
(H.45)
1 ) 21( h -39, Atory
+§g{n —(n-h) }( h ]{ ()— 5.0 Qrﬂ}
or
) 2( 6.
By = e -(n-n7)( & Jia)
(H.46)

el el T

where A and B are defined as eq. (H.37) and (H.38). Using eq. (H.46) and (H.36), so that we can

write
. 2] +1 21 h-3d,
e N LR
—elatfn (-5}~ e{BHn-8.)" - (n-n)]
Grouping some terms, we obtain
1 )
Ey —Ey=—gA|| 2|0’ ~(m-h)}-n"+(n-3,)
’ Khj } (H.48)

Expanding terms, we obtain
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or

or

or

or

or

or

Note that

Ey -Ey =%gA[(%]{gz//nf+2nh —hz}—N—znse +5e2}

1 )
Ey—-Ey =—gA[2Tﬁx -

8 8.
Rk
[%ﬂx (h=d.) h\i

E

2

3,
h
(h-

2 u—>rz\+2n?3€—862+}12\—2nh+h2}

1
Ey—Ey ZEgA{(

I
+EgB{{2nh—h }

j{Znh h’}- 2n86+862}

)+2n5 -8 - 2nh+h2}

ch? —2n86+8£}

+2n8 -38,”—2nh+h’ }

v~ Ey =lgA[M—86h—M+862}

+ gB[M M3~ IR +hd, + M3 -8 - M+k}

E, —E, =

EM _EU

EM _EU

S8AB.[5, ~h]+ ¢85, [h-5,)

e, {B[h-5]-A[h-3.]}

Sed.{[B-AJlh-5.]

(H.49)

(H.50)

(H.51)

(H.52)

(H.53)

(H.54)

(H.55)
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B-A=+p,()-2Hq,
Atr p AtBpV. At (H.56)
_ o o
P+ T TQ - TS, 42,
<, d. 6eCp
or
B-A=+p,()-p.()-200Veg 4 2%q (157)
d. d.c,
It is convenient to define
Ap,. =P, — P, (H.58)
so that
B A=—ap, —APRV. 5, + 2%, (H.59)
d, d.c,
we then obtain the change in potential energy due to mixing as
B, —E, =g | —ap, —ABEV. 5, + 2%, [h-5.] (H.60)
2 d, d.c,

or

u— 5 n
2 . d.c,

EM - E = 1 gse (h - 86)£Aper + Atl?épve S - At(x Qh\] (H61)

If E,, —E 20 then it requires energy to mix the two upper layers down to depth h. If n, for
d, , then energy is made available by the mixing down to the depth h.

We can solve for h as

o, <h<39, (H.62)

which can be interpreted as the h that is reached when some mixing energy N—906, <z<mn-h is

applied. Note that since the layer §, <z <mis of uniform density, it must all mix (i.e.
n-96,<z<n-9,)if A5, =m-39,.

We note that the maximum value for his A§. =98, —9,, so going back to eq. (H.61) we

obtain the energy made available (or required) for mixing the surface layers as
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1 AtBpV Atou
Ey—Ey :—EgSS(Sr—56)£Aper+ Eép esn_Sc QhJ (H.63)
ep

€
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Appendix | MIXING IN THE SOLAR PENETRATION REGION

The thermodynamic analysis of the near surface region either produces either 1) stabilizing
change in the density field, 2) destabilizing change in the density field, or 3) neutral change in
the density field. In contrast, the thermodynamics below the near-surface region are entirely
stabilizing due to the penetration only of stabilizing solar radiation. Thus, any destabilizing
forcing in this region must be propagating down from the near-surface region.

After mixing the near surface region, we find that one of two cases will exist: 1) all the
wind stirring energy will have been depleted in mixing to a depth of H<§, and unstable mixing
energy will not exist or 2) there will be some remaining wind-stirring energy and/or some
unstable mixing energy for application in mixing below the near-surface region.

Let us deal with the second case, i.e. where wind-stirring production or unstable
production exists after mixing to 6, . The mixing energy remaining in the time step after near-

surface mixing is either

oE,, VL TNC) SN o
(At)—at +(At—At,) vl vt 0 (instability in ) (L.1)
or
(At— Ats)al;—tw : a;—tA <0 (stable stratification in ) (1.2)

where At, is the time to mix to instability and At;is the time for wind mixing to mix a stabilized
near-surface layer. We obtain JE, /ot from eq. (H.21) or (H.22), depending on At,, which is
computed from eq. (H.11). We obtain JE,, / dt from the parameterization of the wind (section

K.3). The reduction of wind energy by dissipation and overcoming stable stratification in the
near surface region is characterized by the reduction of time for mixing using At,, computed
from eq. (J.10) . Thus, using the above we have the total mixing energy available at z=n-39,,

the top of the solar penetration region, which we will write as

oE, = : (1.3)

ot -
0By , (A=A4)OE, 0By 0 Ginstability in 8)
ot At ot ot
(At—AtS)aEW . OE,
At ot '

<0 (stable stratification in 0)

In the solar penetration region, we have a profile in the rate of increase of density,
obtained from eq. (H.2) as
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Zo0r) - W g ke 00 o<, (14)
C

p

So we will need top proceed downward by sweeping a single cell at a time.
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Appendix J STABILIZING THERMODYNAMICS AND WIND MIXING

If E,, —E, 20, (stabilizing thermodynamics), we must look at the rate at which wind-stirring
energy is applied at the surface, dE,, / dt, along with the dissipation rate and the background

TKE. If the wind energy is sufficient to overcome the stabilizing force, then we can continue
with the prior mixing height as the basis for the mixing computations. However, if the wind is
insufficient to mix the near-surface region, then the mixing height is determined by the
stabilizing gradient. The time required for the wind stirring to completely mix the stabilizing
gradient over the layer n—98, <z <m can be found from

Aty [aE—W —pd.e5— 9, aaitB

- j:EM—EU (3.1

where we take JE, / ot as the only source of mixing energy in the near-surface region and we
use At to indicate the time used for mixing in the 1 —98, <z <n near-surface region. We have

previously shown that dissipation can be scaled as in eq. (F.17), which can be modified for the
near-surface region as

3/2
e, Cuf2e) ", Ca JE,, 42
o\ p pd, ot

r

Similarly, the rate of change of the background TKE is modeled as a modification of eq. (F.39)
as

de, e,—¢ey |2e,

ar Co, \p (3)
where similar to eq. (F.10)
213
o= %{p %ag—y} (14)
and similar to eq. (F.9)
AS! J.5)
It follows that eq. (H.63) can be written as
A9, (J.6)

which expands on the LHS to
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A8 (J.7)

r

Using eq. (J.5) this becomes

Cof =)} 5| P

p Cr p
Bov (J.8)
1 Ap p o
=——gd, (h-9 <+ €S, —
2g e( e){AtU Se n SeCp Qh]
We can write eq. (J.8) as an equation for the time used in the mixing process as
3/2 3/2
Mo BoVeg L o W2C{(e) " ()] 20, (e, -e,) o)
At5 66 ! SCCP ' \/Bgse (h - 8e) CT \/Bgse (h - 86) .
or
32 32 -!
Bov. o . W20 {(er) ()] 226, (e —cy)
Aty =Ap,. < — =S, + Q, - + (J.10)
5 " b, Jped, (h-3,) CrJped, (h-38,)

If Aty > Atfor h =9 _, then complete mixing of the two layers does not occur. In which

case, we need to solve for h in eq. (J.8) using At; = At

8 3/2 3/2 €. —¢ 2e
O O R e
h=5 —— P G P (.11

lgse(Aper+BpVeS _ o Qh]
p

2 At 8 " 8¢

e (S

or, with some algebra

Cut2{(e) =(e0) "} = 2o (e )

h=3§, - T (J.12)
Ap o
Jog| & “Fer 4 BV S —

pg[ “ AL +BpV.S, . QhJ

p

In this case (i.e. Aty > At), all the wind-stirring energy is used in the near-surface region so the

mixed layer is set to ¢, = 6(1(), where h is found from eq. (J.12).
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If At; = At, then all the wind-stirring energy is used in the near-surface region to mix

downto H™M =35 .

T

If Aty < At, then the wind-stirring energy mixes down to 8, in time A9, . Thus, the next

part of the mixing sweep will begin with only At, = At —At;.

149



Hodges (2008): Representative Scalar Transport and Vertical Mixing

Appendix K SOME SCALING RELATIONSHIPS

K.1 Time scales for billowing

In the case of KH billows, Thorpe (1973a) defines the non-dimensional time for a KH billows as
t=(g)(A)(t)/U,, where the Uy velocity scale is half the difference between the two layers, so
that U, = AU /2 and the density scale is A=(p,—p,)/(p, +p,). For the present work, we note
that (g)(A)=g"/2,s0

Trhorpe = (e)(a) =i’t (K.1)
™ U, AU

Thorpe did not conduct experiments for T > 20. It is not clear how Laval et al decided to use 20
as a good number for the end of billowing. I would argue from Thorpe’s results that 15 would be
better. Indeed, in Thorpe (1973b, JFM) he use ©>12 as the defining “long time’. In either
case, let us define

Cong
T, =-—KiS K.2
NS (K.2)

K.2 Time scale for shear mixing (without billows)

However, we need to figure out the time scale for general shear mixing that is applicable in
homogeneous flows and stratified flows without KH billowing. It would seem that the most
simple time scale would depend on the TKE and the mixing length scale, i.e.

hB
T, <—75 (K.3)
Sy

However, what we are really interested in is the rate at which the mixing layer thickens, i.e.

dh By ),
—oc——oc@ K.4
ad T " &4
We can argue that
dh ,
— =W K.5
" (K.5)

and the essentially isotropic turbulence in a shear layer provides
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\M:(ﬂJ (K.6)

Thus, the time scale to increase the shear layer by thickness 6, is given by

S S
T — h o h
™ dh/dt e?

(K.7)

K.3 Mixing energy from wind
In Hodges et al. (2000) followed Spigel et al. (1986) in modeling the production due to wind
stirring as
1 3.3
ECN u, (K.8)

We note that this has the units m*/s>. If we multiply by density, we obtain (kg/m’) (m’/s*), which
is simply (kg /s*), and so is then a value of JE /ot. Let us continue with this form and write

0B, C.  ;
= . K.9
% - o P (K.9)
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Appendix L ALTERNATIVE APPROACHES

In sections 3 and 4, we introduced energy scaling methods for modeling the mixing layer
thickness. In developing these ideas, we also formulated some alternative approaches that are
presented here, but require further exploration before implementation and testing.

L.1 Alternative layer thickness approach

Eq. (5.1) can also be written as

P—e—&
dh__ de (L.1)
dt de, '
dh

From Appendix B.3, entraining a uniform density region of thickness & into another uniform
density region of thickness h provides

d& = lg Ps P (L.2)
dh 2 Py
So eq. (L.1) can be written as
d__ 2%, {p_g_di} (L.3)
dt  g(ps—pn) dt
Using eq. (5.2)
ﬁ — 2ph {P _ cs ek3/2 _ ﬁ} (L.4)
dt g(ps_ph) 2L£ dt
Using the layer thickness as the length scale
dh _~ 2p, {p _ C_sekm _ d&} (L.5)
dt  g(ps—ps) 2h dt

Thus, once we have solved for de, /dt from eq. (5.33), we can then readily solve for
dh / dt from eq. (L.5).

Let us consider what happens if we consider mixing from a gradient region. From
Appendix B.4 the change in BPE is given for this case by
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dh ~ 2p, dz

dey __ 8 dp58

Substituting into eq. (L.1) we find

dt 05 dps dt
dz

dn _ dp, (P_S dekj

L.2 Alternative approach for wind-mixing

For wind mixing, the production rate is given by
1

P~ E(CNu* )3

sl 2engiom] |

€

So eq. (5.33) becomes

where 7T is given by eq. (L.8) substituted into eq. (5.24) as

h2/3 h
T=min I »—7> | + h>0

21/3 h1/3 (CNu* ) i

which reduces to

3
szin{h\/z, h ] : h>0

1/2
Cyu. e,

The time scale is a length scale over a velocity scale, i.e.

where

As aresult, eq. (L.9) can be written as

(L.6)

(L.7)

(L.8)

(L.9)

(L.10)

(L.11)

(L.12)

(L.13)
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2/3
de, cau|ll1-R,
d_tkz : ﬂc—f} (CNu*)2—ek} (L.14)

€

For the rate of change of layer thickness, we have eq. (L.8) substituted into eq. (L.5), which
provides

dh 2ph 1 3 C 3/2 dek}
QP I cu)y-Le L.15
dt g(ps—ph){ () = (L1

L.3 Is it worthwhile using a linear density shear layer approximation?

The mixing by billowing is typically considered (Sherman et al?) to result in a diffuse mixing
layer rather than a uniform layer as derived above. Let us consider the somewhat more
complicated case where in the initial conditions are still as eq. (D.1), but the mixed conditions
are

Ap
h, +h,

Pn(2)=p,— z (L.16)

where z=0 is at the bottom of the two layers. Let us check that this satisfies continuity by
integrating the total mass

I P, (z)dz= I P, — ‘[ Ap zdz

h, +h,
h; +h, h; +h, h, +h,

( l

=p,(h, +h,)

=p,(h,+h,) ( j (L.17)
=p,(h, +h,) ( ] (h, +h,)
1
:§p2(hl+h2>+§pl(hl+h2)
if h=h, = Az
J' p.(2)dz =(p,Az+pAz) (L.18)

Az+Az
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Thus, the above is consistent for uniform thickness layers only. We will require a conservation

of momentum that can be written as

Umjpm (z)dz =p,hU, +p,hU,

(L.19)

where we make the modeling approximation that the momentum ends up completely mixed and
we have invoked the uniform thickness layer approximation required for eq. (L.16). It follows

that

or

or

or

or

or

so that

Noting that

A
U, j {pz —2—Ez}dz =p,hU, +p,hU,

2h

Ap( Z*
Um {thz - 7{:(?] } = pthl + pthz
2h

Ap [ 4h?
U, {thz - Z_E( ) j} = pthl + pthz

Umh(2p2 - Ap) = pthl + pthz

Umh(2p2 - [pz — P ]) =p,hU, +p,hU,
Umh(pz + pl) =p,hU, +p,hU,

_phU, +p,hU,

Um
h(p, +p,)

1
B =5 (Un) Jh p. (2)dz

—(U)h(p, +p2)

(L.20)

(L.21)

(L.22)

(L.23)

(L.24)

(L.25)

(L.26)

(L.27)
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we note that

2 2
h h
(U,2)h(p, +p,) =| 2EVL*P:NT; h(p1+pz)=(p' U, +pahU,) (L.28)
h(p2+p1) h(p2+pl)

Now we write the change in the kinetic energy, i.e. eq. (D.7)

hU, +p,hU, )’ (p1h+p2h) plh(U12)+p2h(U22)
(E _E ): pau, +p,ht, ) (L29)
.o 2h(p, +p,) 2(p/h+p;h) .

where again we have taken advantage of the uniform layer approximation. Simplifying provides

h(p,U, +p,U, “~h P, P2 ) Py Ul2 +P, U22
(Eiw —Ei) = ( ) 2((p +p)){ (070 (U7) (L.30)

expanding the numerator

WﬁplUlszz +W—M—plpz(Uf)—plpz(Uf)— p,E77) (L31)

or
2
_plpz(Ul _Uz) (L.32)
so we obtain the linear gradient result as

_ _plp2h(Ul B Uz )2

(Ew —Ep) = (L.33)
- ‘ 2(p, +p,)
Note that we previously derived for uniform density result
—(p,p,hh, ) (U, -U ?
(B —Ey)= (Ppah.h,)(U, ~Us) (L.34)
2(pih; +p5h,)
Using h =h, =h,, the uniform gradient result is
7 2
—(pp,h” )(U, - 1,)
(Ekm _Eku): ( ) (L35)

4}(([)1 +p2)

comparing eq. (L.33) and (L.35) indicates that mixing only to a linear gradient releases more
kinetic energy; i.e. eq. (L.33) is larger. However, this is somewhat inconsistent as it requires the
momentum to be fully mixed by the density to be only linearly mixed. Thus, we prefer to use the
original result, eq. (L.35), developed for complete mixing.
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L.4 Is it worthwhile using linear gradient approximations for both
density and velocity in shear model?

Now, if both momentum and density are only linearly mixed, and we use

AU

U.(z2)=U,——2z L.36
m(2) = h (L.36)
where
AU=U,-U, (L.37)
Then the integrated kinetic energy after mixing is
1 2
Ey = | (U )pn(2)dz (L.38)
22}1
or
Ap AU )’
Bu= [{p =527 U - =22 dz L.39
[, 80,) v

So

2 (L.40)

Thus, we have the change in energy as

Ap Ap AU Ap | AU”
E,_ —E :j W olyr-2 U, d
ko sz 2h } : {pz 2h } 2h {p > 2h }4112 ‘ (L.41)

2h

- pth12 - pthzz

Then integrated momentum conservation requires is
[ U (X2 =phU, +p,hU, (L42)

or
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Ap } { AU }
I p,— 2P Uy, ~ 2 i, = p hU, +p,hU, (L.43)
2h{ 2h 2h
The LHS can be written as
I p,——z;U,—3p,——2z——2z |dz=phU, +p,hU, (L.44)
2hH 2h 2h ] 2h
Multiplying through by U,
Ap } ) { Ap } AU } )
j p, - lurdp, - 2Py 22 ldz = p,hU,U, +p,hU, (L.45)
ZhH 2h 2h 2h

This can be substituted into eq. (L.41) to obtain

Ap AU Ap | AU* ,
E, —E, =phUU,+ 2+I— e S U e d
km — P =PIV U, p\zhu\z\ { {pz oh Z} 2 5h z {pz >h Z} e z |4z

2h

- pthlz ~ P2 ’
Next, we apply eq. (L.37) to say
p,hU,U, =p,hU, (U, + AU) (L.47)

so that
Ap AU Ap | AU’
B —E = 2 + hUAU+I Pz Uy —z e Py — -z 2"z
o~ B = PR +p;hU, Hp 2h } *2h {pz 2h }4112 (L.48)

_mz\ 2h
1

The integral term

5[1 [—sz2 é—gz + %{ApUZ +p,AU}Z - A‘; ﬁ?z Z } dz (L.49)
which evaluates as
—p,U, élhj (41212 j + j}g {ApU, + pzAU}(Slj ] - Azﬁ}f [16j4 J (L.50)
or
—hp,U,AU + %hAU{ApUZ +p,AU} - %hApAUZ (L.51)

or
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—hp,U,AU + %hApUzAU + %hpzAUz — %hApAUz (L.52)
or
2 2 , 1 )
—hp,U,AU + 5hApUzAU + EhpzAU —~ EhApAU (L.53)

so that eq. (L.48) is

1

2
E,, —E,, =hp,UAU-hp,U,AU + %hApUzAU + +§hp2AU2 — EhApAUZ (L.54)

km

This can be expanded as

E,, —E,, =h(p, - Ap)(U, - AU)AU — hp,U,AU + %hApUzAU + %thAUZ - %hApAUZ (L.55)
or
B ~ P l; B _ p,U,AU - p,AU” — ApU,AU + ApAU”* —p,U,AU
2 2 1 (L.56)
+ZApU,AU +=p,AU> — = ApAU?
3 3 2
Grouping

E, -E 1 1 1
—kmh = o UAT —gpzAUz—EApUZAU+EApAU2—p\2U7AQ (L.57)

or

E, -E.,= %hApAUZ —%hpZAUZ —%hApUzAU (L.58)
or
1 ) 1, 5 1
E,,—E,= —ghpzAU +Ap EhAU —ghUzAU (L.59)
or
1 ) 1 1
Ekm - Eku = —ghpzAU + hApAU —gUZ + EAU (L60)

If U, ~ AU then
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E., -E.= —%hpzAUz +0(Ap) (L.61)

m

Without approximation, we might write

E,

m

~-E,, = —%hpzAUz + AphAU {%AU - %Uz} (L.62)

Note that for the uniform slab mixing, we had

—(p,p,h)(AU)
(Ewn —EW)= (P,p:h)(AU) (L.63)
4(pi+p.)
which is approximately
1
(Bun =By ) =7 p;hAU” (L.64)

Thus, since eq. (L.61) is larger (negatively) than eq. (L.64), this implies that there will be slightly
more kinetic energy released when computed from mixing to linear gradients. However, this
might not be correct since if U, < AU, i.e. for a low velocity layer, then the leading additional

term is hApAU® / 2, which reduces the energy released.

This approach does not seem to be significantly better given the nature of the
approximations involved.
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Appendix M PSEUDO-CODE OF SHEAR MIXING

%% required data at start of mixing

At

M

n n n n n
UR(i,j,k) ’ VR(i,j,k) 2 pR(i,j,k) 2 hT(i,j,k) ’ hB(i,j,k)

%% compute shear mixing

%% initialize mixing time remaining

@) _
AtL(k+1/2) - AtM

%% initialize representative gradients
AUy, =Ug - Uy
R(i,j,k+1/2) R(i,j,k+1) R(i,j,k)

Av(l)

R(i,j,k+1/2)

=V

n
R(@,jk+1) VR(i,j,k)
1 A n
ApR(i,j,k+l/2) - pR(i,j,k+1) - pR(i,j,k)
%% time for KH billows, eq.

20p,
gAngkH/Z)

TD

KH(k+1/2) —

JBUD o ) + AV )

%% time left for KH billow computation

T =TW

LKH(k+1/2) KH(k+1/2)

%% KH billow thickness

0.3p 2 2
521){(1@1/2) = _ﬁ{(Angsz)) + (AVI(il()kH/z)) }
R(k+1/2)

%% define initial mixing time step

Atg)(kﬂ/z) = min{At(Ll()kH),T]((?I(kH/z)} %% over all cells

%% define the mixing thickness during the time step
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1)
_ AtU(k+1/2) 50

8(1)
m(k+1/2) 1 KH(k+1/2)
- T( )
KH(k+1/2)

%% define the mixing anomaly (the amount greater than local dz)
) N
aSm(k+1/2) = 8m(k+1/2) - AZ(k+1/2)
%% define the set of cell faces for single-step mixing and multistep mixing

aa = where (aéiffl)(k+l 1 =0) %% single step

ff = where not (aa) faces %% multi-step
%% set the time used to zero for multi-step (ff) cell faces so that they are not altered by the
%% single-step mixing

At 10 =0 %% over ff cell faces

%% the additional mixing completed

1

(O _ M n n
Ahl,y) = E{Sm(k+1/2) - [hT(k) + hB(k+1)]} %% over (aa) faces

%% define the cells where the existing gradient was larger than the KH billow gradient
bb =k or k+1 where Ah{/,, , >0

%% apportion the mixing change equally on both sides
h) =h{) +Ahy, %% over (bb) cells

h® =hW +Ah®

B(k+1) B(k+1) (k=1/2)

%% over (bb) cells
%% adjust for mixing regions greater than grid cell size — height anomaly
ah,, =h{, +hy), — Az, %% over (bb) cells
%% identify the areas where the net top and bottom mixing is larger than the grid cell

cc = where (ah, >0) %% over (bb) cells

%% reset mixing thickness for cells that mixing is greater than grid cell size

%% this neglects an interaction between upper and lower boundaries of a cell, but this should be
%% a small term

%% To make this conservative, we must change the mixing layer equally on both sides.
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1
h(Tz()k) = h(Tz()k) _Emax{ah(k),ah(kﬂ)} %% over (cc) cells

1
h§32()k) = hg()k) _Emax{ah(k)aah(k_l)} %% over (CC) Cells

%% error checking
if hi), <0 or h?,, <0 and error has occurred (investigate)

%% update grid-cell average values

h® 2 P
(2 __(2)+ 1 A" T(k) T(k)
- ¢R(k+1/2) he -

(k) ~ Y(k) ) @ n n
2AZ(k) T(k) + hB(kH) hT(k) + hB(k+l)
%% over (bb) cells
2 T ne T
T(k-1) T(k-1)

_Aq)r];(k—l/z) h(z) h(z) K" K"
k-1 T g k-1 T g

%% define the time left for mixing

At(Lz()kJr1 2y = At(Ll()kJr1 2y~ A‘[S)(kJr1 5, over all cells (requires At =0 for ff faces)

~ At

(2) _ 7170
TLKH(k+1/2) = TLKH(k+l/20 U(k+1/2)

%% finished with single-step mixing.

%% Begin multi-step mixing over cell boundaries (ff)
%% set the loop counter
m=3
%% count the number of cells with multi-step mixing
neens = number of cell faces in (ff)
%% main loop for multi-step mixing
while nees > 0 %% outer iteration
%% compute mean gradients over cell faces (ff)
Aag?ﬂllm = I_lenj_lll) - GETJ_B

v7(m-1) _ x7(m-1) y7(m-1)
A\/(i,j,k+1/2) - V(i,j,k+1) - V(i,j,k)
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—(m-1) _ =(m-1) —(m-1)
A (i,j,k+1/2) — p(i,j,k+1) - p(i,j,k)

%% time for KH billows using mean gradients over cell faces (ff)

20p — 2 — 2
(m) _ 0 (m-1) (m-1)
TKH(k+1/2) S —— (AU(k+1/2)) + (AV(k+1/2))
A (m-1)
gAP+1/2)

%% time left for KH billow computation over cell faces (ff)

T(m) — T(m)

LKH(k+1/2) KH(k+1/2)

%% KH billow thickness using mean gradients over cell faces (ff)

m 0.3p =Dy \2 — o) \2
6§<H)(1<+1/2) = _——(mo,l){(AUEkﬂl/)z)) + (AV((kH})Z)) }
g Ap(kH/Z)

%% Reset the cumulative thickness counter and billow time over cell faces (ff)
(m-1)  _
Atc(k+1/2) =0
(m-1)  _
80(k+1/2) =0
%% Define new faces (ff) for the multi-step

- (m) (m)
ff = where T, .1/, >0 and At} >0

%% set the neeys

Neepis = number of cell faces in (ff)

%% begin inner iteration
while nees > 0 %% inner iteration
%% find the dz anomaly; the amount of a grid cell that has not been mixed by the

%% billow. If this is negative, then mixing must go to an outer iteration.

1
(m) _
aAZU(kH/Z) = AZ(kH) _Eac(k+l/2)

1
(m) _
aAZL(1<+1/2) = AZ(k) _Esc(k+l/2)

%% compute the allowed mixing height in the sub-time step

Az Az
(m) _ - (k) (k+1) (m) (m)
oy = mm{ 5 T 5 aAZU(k+l/2)’ aAZL(k+1/2)
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%% find where a negative might have occurred (indicating that no further mixing
%% 1in the cell is possible in this step)

(m) m =
where (87,5, <0) set (87, =0)

%% compute the time required for a fraction of the cell volume to flux across a

%% boundary
m T Agm-D
_g[sf(ml/z)J APicaia) [f = 2 = 21732
(m) __ (m-1) (m-1)
AtR(k) - C P {(AU(kH/Z)) +(AV(1<+1/2)) }
cPo

%% ... above is over (ff) cell faces
%% compute the allowable mixing time used in this mixing sub-time step

(m) — mi (m-1) (m-1) (m)
Aty (is1/2) = MIN I:AtL(kH/Z) Tikngenr2)> AtR(kH)’:I %% over (ff) cell faces

%% compute the actual height mixed based on the time used over (ff) cell faces

(m=1) 1

—C.p Att™ — 2 — 2132

(m) _ cko U(k+1/2)f (m-1) (m-1)

8f(k+1/2) = AD (AU(kH/Z)) +(AV(1<+1/2)) }
ZAPk+1/2)

%% compute the cumulative mixing time for this billow
AL, = AL ) + AL ) %% over (1) cell faces
%% compute the cumulative mixing height for this inner iteration
8&?&1/2) = 88(?:1)/2) + Si‘r(nk)ﬂ/z)
%% define cell centers where a face is in (ff)
gg = where (k+1/2 in ff or k-1/2 in ff)
%% update the cell mean values. Note that this will also compute over cells with

%% faces

%% where (Ei(f’(“k)+1 ;) =0). This extra computation shouldn’t be an issue since

%% At = 0will be required for these cells
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1/2

1/2
- —m_ 1 C.p - At _ . _
m _ 3m-l m-1 (k+1/2) m-1 m-1
By = Oy + 207, ( ; OJ A1) _AE(II:—II/Z) {[AU(IH—I/Z)] + [Av(k+l/2):| }

1/2

—n Atlll}(k—l/Z) Smol 2 —ma 217
_Aq)kq/z F {I:AU(k—l/z)] +[AV(k71/2):|}

(k-1/2)

%% ...the above is over (gg) cells

%% update the time left for the KH billow and the mixing over (ff) cell faces

(m) _ m(m-1) (m-1)
TLKH(k+]/2) - TLKH(k+1/2) - AtU(k+l/2)

Atix?12+l/2) = Atg?l:ﬂ/z) - At%?l:-li—)l/Z)
%% find cells to continue with another iteration. These cells must have time left
%% in the time step, in the billow evolution, and must not have “run out” of grid
%% cells space.

_ (m) (m) (m)
ff = where Tjy .1, >0 and At} ,, >0 and (Sf(k+1/2) >0)

%% loop counter
m=m-+1
%% loop control
neens = number of cell faces in (ff)
%% compute mean gradients for next loop over faces (ff)

T 7(m-1) _ 11(m=1) 1 1(m-1)
AU(i,j,k+]/2) - U(i,j,k+1) - U(i,j,k)
v 7(m-1) _ x7(m-1) y7(m-1)
AV(i,j,k+1/2) - V(i,j,k+1) - V(i,j,k)
—(m-1) _ —=(m-1) —(m-1)

A G,j.k+1/2) — p(i,j,k+1) - p(i,j,k)

end while %% inner ncells > 0

end while %% outer ncells > 0
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