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Abstract

The paper reviews empirical best linear prediction (EBLUP) and the associated
jackknife MSE estimator of EBLUP. The bias of jackknife MSE estimator is of order
o(m−1), where m is the number of small areas. The jackknife works well both for
normal and nonnormal Fay-Herriot models. The proposed methodology is illustrated
using a real life example from the National Health and Interview Survey.

1 Introduction

Fay and Herriot (1979) put forward an empirical Bayes method to estimate per-cpita

income of small-places (population less than 1000) using a Bayesian model that combines

Current Population Survey data in conjunction with relevant administrative and census data.

Their empirical results demonstrate that their empirical Bayes estimator performed better

that both direct survey estimator and a synthetic estimator which is a direct estimator for

the corresponding county. The Fay-Herriot method is a popular small-area method because

of its simplicity and its demonstrated good empirical performances. It also produces design

consistent estimator, a desirable property which brings a model-based estimator closer to

direct estimator for large sample, irrespective of the true model.

Prasad and Rao (1990) developed a delta method for estimating mean square error (MSE)
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of empirical best linear unbiased predictor (EBLUP) of a general mixed effect in the context

of a mixed linear normal model which covers the Fay-Herriot model. Lahiri and Rao (1995)

robustified the Prasad-Rao method by allowing nonnormal random effects in the Fay-Herriot

model. However, both the papers are vaild only for ANOVA method of estimating the model

parameters. Datta and Lahiri (2000) considered the mixed linear normal model considered by

Prasad and Rao (1990) but generalized the Prasad-Rao’s method to include ML and REML

variance component estimators. More recently, Jiang et al. (2001) proposed a jackknife

method to estimate the MSE of empirical best predictor (EBP) for nonnormal and nonlinear

mixed models and for general M-estimators of model parameters. Their MSE estimator enjoys

the desirable property that the bias is of order o(m−1).

The main purpose of this paper is to spell out the jackknife method for the Fay-Herriot

model. For a very special case of the Fay-Herriot model, Lahiri (1995) noted that the jackknife

MSE estimator of an EBLUP involves estimated skewness and kurtosis terms. The jackknife

MSE estimtor is also asymptotically equivalent to Morris’ (see Morris 1983) formula which

was obtained as an approximation to the posterior variance under a uniform improper prior

distribution on the model parameters. Thus, the jackknife is very similar to a Bayesian

procedure, at least for this special case.

As for an illustration of our methodology, we carry out a data analysis to estimate the

proportion of people who did not visit a doctor’s office during the last twelve months for each

state and the District of Columbia (small areas). The Fay-Herriot model cannot be applied

directly to the survey estimates since one would expect its true sampling variances to be related

to the corresponding true small-area proportions. Note that the Fay-Herriot model assumes
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that the sampling variances to be known. Thus, we first make a suitable transformation of the

direct survey estimates to stabilize their sampling variances and then assumed known design

effects. We then simply apply the Fay-Herriot model on the transformed survey estimates

in order to combine information from various relevant census and administrative data. The

performances of the Fay-Herriot type of estimator and the associated jackknife MSE estimator

seem reasonable.

2 Estimation in a non-normal Fay-Herriot Model

We assume a non-normal version of the small area model considered by Fay and Herriot

(1979). According to the model, yi = θi +ei; θi = x′iβ +vi, where ei and vi are all uncorrelated

with E(ei) = E(vi) = 0 and V ar(ei) = Di, V ar(vi) = A (i = 1, · · · ,m). In the model, Di’s

(i = 1, · · · ,m) are assumed to be known. Let p be the dimension of xi and φ = (β, A).

When φ is known the best predictor (BP) of θi is simply the conditional mean of θi

given yi and is given by θ̂i(yi; φ) = (1 − γi)x
′
iβ + γiyi, where γi = A/(A + Di). Note that

the above BP can be also interpreted as a Bayes estimator When β is unknown but A is

known, one can estimate β by the generalized least square estimator of β, given by β̂(A) =

(
∑m

i=1 (A + Di)
−1xix

′
i)
−1 ∑m

i=1 (A + Di)
−1xiyi.

An EBP [or empirical Bayes (EB)] of θi is then obtained by replacing β in the BP by β̂(A).

Note that this is also the best linear unbiased predictor (BLUP), see Prasad and Rao (1990).

In practice A is rarely known and so it needs to be estimated from the data. Prasad and

Rao (1990) used a method of moments (MOM) estimator of A, defined by Â = max[0, Ã]

with Ã = (m− p)−1 ∑m
i=1{(yi− x′iβ̂OLS)2− (1− hi)Di}, where hi = x′i(

∑m
i=1 xix

′
i)
−1xi, β̂OLS =

HARRISKOJE_B
77



(
∑m

i=1 xix
′
i)
−1 ∑m

i=1 xiyi.

Researchers have used other methods of estimating A (see, e.g. Fay and Herriot 1979,

Jiang et al. 2001, among others). Plugging in an estimator of A in the BLUP yields EBLUP

θ̂i = θ̂i(yi; φ̂) = (1− γ̂i)x
′
iβ̂(Â) + γ̂iyi, where γ̂i = Â/(Â + Di) and

β̂(Â) = (
m∑

i=1

(Â + Di)
−1

xix
′
i)
−1 m∑

i=1

(Â + Di)
−1

xiyi.

Note that it can be also interpreted as an EB estimator.

In order to understand if EBLUP method is effective, we now develop a method of con-

structing confidence intervals of γi based on the point estimates γ̂i (i = 1, · · · ,m). Applying

Taylor series method, we obtain an estimator of V ar(γ̂i) as vJ(γ̂i) =
D2

i

(Â+Di)4
vJ(Â), where

vJ(Â) = m−1
m

∑m
u=1(Â−u − Â)2 is a jackknife estimator of V ar(Â). Here Â−u is calculated ex-

actly in the same way as A except that the data for the uth small area is deleted (u = 1, · · · ,m)

We can construct the confidence intervals of γi as {γ̂i−2
√

vJ(γ̂i), γ̂i +2
√

vJ(γ̂i)}, i = 1, · · · ,m.

If EBLUP is effective, the confidence intervals of γi for most of the states will not contain 1

or 0.

Next, we discuss the important assumption of known sampling variances Di’s. In Fay and

Herriot (1979), the following justification was given. They assumed that the coefficient of

variation for the i th small area direct estimate is approximately 3/
√

Ni, where Ni denotes

20 percent sample count. This approximation was made based on an empirical study which

found that above approximation works well for eight states. A log transformation was then

taken to stabilize the variance and the Fay-Herriot model was applied on the transformed

direct estimates with Di = 9/Ni.

In view of the above discussion, we are often encountered with the problem of estimation
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of h(θi), a function, possibly nonlinear, in θi. A simple estimator (e.g., Fay and Herriot 1979)

is h−1(θ̂i), where h−1(.) is the inverse transformation of h(.). This is not an EBP but should

work fine as long as sample size for the small areas are not very small. We, however, note

that it is possible to come up to the BP of h(θi) and hence EBP (see, Lahiri 1999).

3 Jackknifing in the Fay-Herriot Model

In this section, we spell out the jackknife MSE estimator of the Fay-Herriot type estimator

based on Jiang et al (2001). The MSE of θ̂i is defined as MSE(θ̂i) = E(θ̂i − θi)
2, where E

is with respect to the Fay-Herriot mixed model. Note that the MSE of the BP is given by

g1i(A) = A(1− γi). One can then naively propose a MSE estimator of EBLUP as g1i(Â). The

problem with this naive estimator is that it does not incorporate the extra variabilities due to

the estimation of φ and so underestimates the true MSE. Several researchers addressed this

important issue and came up with improved MSE estimators which account for these extra

variabilities (see, e.g., Prasad and Rao 1990, Lahiri and Rao 1995, Datta and Lahiri 2000,

among others). But they are all valid for mixed linear normal model.

Recently, Jiang et al. (2001) proposed a jackknife method which takes into account uncer-

tainties due to the estimation of φ. This method is valid for nonnormal and nonlinear mixed

models and for general M-estimators of model parameters. For the Fay-Herriot model, the

jackknife MSE estimator of EBLUP is given by

mseJ(θ̂i) = g1i(Â)− m− 1

m

m∑

u=1

[g1i(Â−u)− g1i(Â)] +
m− 1

m

m∑

u=1

(θ̂i,−u − θ̂i)
2,

where Â−u(β̂−u) is the estimator of A (β) after deleting the uth small-area data,

θ̂i,−u = γ̂i,−uyi + (1− γ̂i,−u)x
′
iβ̂−u,
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γ̂i,−u =
Â−u

Â−u + Di

,

g1i(Â−u) = Â−u(1− γ̂i,−u).

Lahiri (1995) examined the above jackknife MSE estimator for a very special case of the

Fay-Herriot model with Di = D and x′iβ = µ (i = 1, · · · ,m). He showed that

M̂SE(θ̂i) = g1(Â) + g2(Â) +
D2

m(Â + D)
(b2 − 1)

+
D2

m(Â + D)2
(b2 − 1)(yi − ȳ)2 − 2D2

m(Â + D)3/2

√
b1(yi − ȳ),

where b1 = m2
3/(Â + D)3, b2 = m4/(Â + D)2 and g2(A) =

D2
i

(A+Di)2
x′i(

∑m
u=1

xux′u
A+Du

)−1xi. Thus,

unlike the normality-based MSE estimators, the jackknife MSE estimator involves estimated

skewness and kurtosis terms. Lahiri (1995) also compared jackknife with the two normality-

based MSE estimators of the following EBP of θi. θ̂i = ȳ + (1 − B̂1)(yi − ȳ), where ȳ =

m−1 ∑m
i=1 yi and B̂ = D(m−3)∑m

i=1
(yi−ȳ)2

.

We present three formulae below for comparison:

Morris (1983):

(1− B̂1) +
DB̂1

m
+

2B̂1
2

m− 3
(yi − ȳ)2,

Prasad and Rao (1990):

(1− B̂1)D +
DB̂1

m
+

2DB̂1

m
,

The jackknife Formula:

(1− B̂1)D +
DB̂1

m
+

2B̂2
1

m
(yi − ȳ)2.

The jackknife estimator is equivalent to the Morris’ formula which was obtained as an

approximation to the posterior variance formula under uniform improper prior on the model
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parameters: µ and A. Also, the bias of our jackknife MSE estimator is of the order o(m−1).

Thus, our jackknife MSE estimator enjoys both good frequentist and Bayesian properties. It

is interesting to note that the Prasad-Rao MSE estimator, unlike Morris’ and ours, is the

same for all the areas in this balanced case.

The above results are for the transformed scale. We need to provide results in the original

scale. We approximate the MSE of h−1(θ̂i) by mse[h−1(θ̂i)] = [h−1′(θ̂i)]mse(θ̂i), where h−1′(x)

denotes the derivative of h−1(x) with respect to x and mse(θ̂i) is an estimate of MSE obtained

by jackknife method as described above.

4 Data Analysis

In this section, we demonstrate our methodology to estimate the proportion of individuals

who did not visit doctor’s office during the last twelve months for all the fifty states and

the District of Columbia (small areas) using the National Health Interview Survey (NHIS)

data in conjunction with relevant administrative and census data. Earlier Malec et al. (1997)

proposed a hierarchical Bayes method to address the same estimation problem. Unlike our

modeling, they used an individual level model and their method does not produce design

consistent small area estimators. Also, they did not use auxiliary data at the small area level.

Our method can be viewed as a first step in getting a simple minded design consistent small

area estimators. It has also a huge computational advantage over their procedure.

Let ni be the sample size for the ith state and wij be the sampling weight for the jth

individual in the ith state (i = 1, · · · ,m = 51; j = 1, · · · , ni). For the jth individual in the ith

state, we observe a binary response zij which takes on the value 1 if the individual did not
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visit a doctor’s office during the last 12 months and 0 otherwise (i = 1, · · · ,m; j = 1, · · · , ni).

Then, zi =
∑ni

j=1 wijzij/
∑ni

j=1 wij is the direct survey estimate of πi, the true proportion of

individuals who did not visit a doctor’s office during the last 12 months for the ith state

(i = 1, · · · ,m). Using SUDDAN, sample survey software, the NCHS has provided data on zi

and its sampling variance Vi for i = 1, · · · ,m.

Note that E(zi|πi) ≈ πi, and

V (zi|πi) = D?
i0 ·

πi(1− πi)

ni

where

D?
i0 =

V ∗
i

πi(1−πi)
ni

≈ Vi

zi(1−zi)
ni

Di0.

The factor D?
i0 is known as a design effect and adjusts the simple random sampling formula

by incorporating effects due to clustering and unequal probability selections. Consider the

transformation: yi = sin−1√zi. Thus, for this example, h(.) = sin−1(.). By Taylor series

argument, we have

E(yi|θi) ≈ sin−1√πi = θi,

and

V (yi|θi) = V [sin−1√zi|θi]

≈ V [sin−1√πi + (zi − πi) · 1

2
√

πi(1− πi)
]

=
1

4πi(1− πi)
·D?

i0 ·
πi(1− πi)

ni

=
D?

i0

4ni

.

HARRISKOJE_B
82



We will assume that Di = Di0

4ni
is the estimated sampling variance of yi (i = 1, · · · ,m).

In addition to zi and Vi provided to us by the NCHS, we collected data on 1990 urban

population (X1), 1995 Bachelor’s degree completion for 25+ population (X2), 1995 high school

completion for the 25+ population (X3), 1995 health insurance coverage (X4), and 1990

physician population (X5) for each of the 50 states and the District of Columbia. The covariate

information was obtained from the Census Bureau web site.

We first consider the issue of covariate selection. For this purpose, we considered the

largest 15 states (in terms of sample size) and used SAS to produce Tables 1 and 2. For these

states sampling variabilities are very low and so the usual SAS procedures are justified. Note

that correlations between Y and each of the three covariates X2, X3, and X4 are significant

(at 0.1 level). While X2 is significantly correlated with X3, it is not significantly correlated

with X4. Likewise, X4 is significantly correlated with X3, but not with X2. Thus, keeping the

aspect of multicollinearity in mind, Table 1 suggests to consider X2 and X4 in the model. The

selection of these two covariates is confirmed by Table 2. Both R2 and adjusted R2 are the

highest when we include X2 and X4 in the model. We would also select these two covariates

when we apply the Cp criterion.

The estimates of γ ranges between .09 (South Dakota) and .95 (California), depending

on the sampling variability of the corresponding state NCHS estimate. The γ values are

low for small states (indicating that the NCHS estimates are highly unreliable) and large for

large states (indicating the NCHS estimates are reliable). None of the confidence intervals

[(L.L.,U.L)] includes 0 or 1 suggesting the use of EBLUP. See Table 3 and Figure 3.

The estimator of πi is then given by π̂i = sin2(θ̂i). Thus, here h−1(.) = sin2(.). The MSE
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of π̂i is given by 4π̂i(1− π̂i)mse(θ̂i). A synthetic estimator of πi is given by π̂syn
i = sin2(x′iβ̂).

Table 4 reports the NCHS estimates (z), proposed composite estimates (π̂), and synthetic

estimates (π̂syn). For large states (e.g., California , Texas, etc.), our proposed composite

estimates are similar to the NCHS estimates. Figure 1 plots these estimates.

Finally, Tables 5 provides standard errors of the NCHS estimates (se(z) =
√

Vi), the jack-

knife MSE estimates of our proposed composite estimates (se(π̂) =
√

mseJ(π̂)), and percent

improvement defined by PCTIMP = 100× se(z)−se(π̂)
se(z)

. A corresponding plot of PCTIMP is

given in Figure 3. For small states (e.g., South Dakota, Vermont, etc.), improvement is quite

substantial.
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Table 1: Pearson Correlation Coefficients

Y X1 X2 X3 X4 X5

Y 1.00000 0.10733 0.59754 0.55709 0.51929 0.26759
0.0 0.7034 0.0187 0.0310 0.0473 0.3349

X1 0.10733 1.00000 0.56726 0.44259 -0.25401 -0.64715
0.7034 0.0 0.0274 0.0985 0.3610 0.0091

X2 0.59754 0.56726 1.00000 0.45595 0.02605 0.05537
0.0187 0.0274 0.0 0.0876 0.9266 0.8446

X3 0.55709 0.44259 0.45595 1.00000 0.62160 -0.09249
0.0310 0.0985 0.0876 0.0 0.0134 0.7430

X4 0.51929 -0.25401 0.02605 0.62160 1.00000 0.26579
0.0473 0.3610 0.9266 0.0134 0.0 0.3383

X5 0.26759 -0.64715 0.05537 -0.09249 0.26579 1.00000
0.3349 0.0091 0.8446 0.7430 0.3383 0.0

Table 2: Values of Cp statistic, R2, and Adjusted R2 for different possible models

Model Variables Cp R2 Adjusted R2

1 X2 7.23672 0.35705587 0.3076
2 X3 8.56150 0.31035017 0.2573
3 X4 9.71567 0.26965933 0.2135
4 X2, X3 6.33543 0.45934214 0.3692
5 X2, X4 2.03477 0.61096386 0.5461
6 X3, X4 9.17802 0.35912540 0.2523
7 X2, X3, X4 4.00000 0.61218982 0.5064
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Table 3: Direct survey estimates (y), synthetic estimates (x′β̂), EBLUP’s (θ̂), and confidence
Intervals of γ′s

STATE y x′β̂ γ̂ θ̂ L.L. U.L.
1 Alabama 1.08078 1.04874 0.85047 1.07599 0.72554 0.97539
2 Alaska 0.99007 1.08821 0.31453 1.05734 0.10274 0.52632
3 Arizona 1.05567 1.02178 0.73862 1.04681 0.54898 0.92827
4 Arkansas 1.05055 1.01292 0.72774 1.04031 0.53310 0.92237
5 California 1.04064 1.04298 0.95314 1.04075 0.90926 0.99701

6 Colorado 1.09146 1.11180 0.63604 1.09886 0.40864 0.86344
7 Connecticut 1.16463 1.13980 0.67252 1.15649 0.45618 0.88887
8 Delaware 1.12824 1.06208 0.29641 1.08169 0.09154 0.50127
9 D.C. 1.19544 1.12036 0.28924 1.14207 0.08729 0.49118
10 Florida 1.00245 1.04526 0.82933 1.00976 0.69029 0.96837

11 Georgia 1.06529 1.04995 0.70721 1.06080 0.50380 0.91061
12 Hawaii 1.10652 1.09525 0.45527 1.10038 0.21166 0.69889
13 Idaho 1.03265 1.06746 0.37944 1.05425 0.14814 0.61074
14 Illinois 1.03504 1.09350 0.84473 1.04412 0.71589 0.97357
15 Indiana 1.00212 1.05179 0.61762 1.02111 0.38563 0.84961

16 Iowa 1.13109 1.07058 0.47988 1.09962 0.23469 0.72506
17 Kansas 1.07790 1.09118 0.62394 1.08289 0.39345 0.85443
18 Kentucky 1.04731 1.05219 0.72660 1.04865 0.53145 0.92174
19 Louisiana 0.99794 1.02531 0.69639 1.00625 0.48870 0.90409
20 Maine 1.06623 1.06694 0.69604 1.06645 0.48821 0.90387

21 Maryland 1.11723 1.07953 0.76824 1.10849 0.59334 0.94314
22 Massachusetts 1.15534 1.12785 0.83892 1.15091 0.70618 0.97166
23 Michigan 1.06529 1.08287 0.80384 1.06874 0.64894 0.95873
24 Minnesota 1.08561 1.11693 0.85396 1.09019 0.73145 0.97647
25 Mississippi 0.99608 1.01842 0.71197 1.00251 0.51053 0.91342
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Table 3 continued

STATE y x′β̂ γ θ̂ L.L. U.L.
26 Missouri 1.05847 1.06318 0.80648 1.05938 0.65316 0.95979
27 Montana 1.05871 1.07378 0.52071 1.06593 0.27555 0.76587
28 Nebraska 1.07682 1.10131 0.50497 1.08894 0.25941 0.75053
29 Nevada 1.03356 1.02295 0.31109 1.02625 0.10056 0.52161
30 New Hampshire 1.13083 1.10371 0.52596 1.11797 0.28104 0.77088

31 New Jersey 1.07383 1.09149 0.80306 1.07731 0.64769 0.95842
32 New Mexico 0.92677 1.00499 0.45629 0.96930 0.21258 0.69999
33 New York 1.09796 1.07945 0.92424 1.09656 0.85545 0.99302
34 North Carolina 1.03038 1.05896 0.79596 1.03621 0.63642 0.95550
35 North Dakota 1.08139 1.08619 0.22328 1.08512 0.05292 0.39364

36 Ohio 1.10328 1.06747 0.84758 1.09783 0.72067 0.97448
37 Oklahoma 1.05532 1.02779 0.76275 1.04879 0.58499 0.94052
38 Oregon 1.04041 1.07866 0.62788 1.05464 0.39836 0.85740
39 Pennsylvania 1.10080 1.08103 0.82972 1.09744 0.69093 0.96851
40 Rhode Island 1.19764 1.09811 0.42828 1.14074 0.18775 0.66881

41 South Carolina 1.05392 1.04741 0.71028 1.05203 0.50814 0.91243
42 South Dakota 1.03038 1.07693 0.09482 1.07252 0.01051 0.17913
43 Tennessee 1.09024 1.04420 0.79321 1.08071 0.63208 0.95434
44 Texas 1.00598 1.01310 0.94163 1.00640 0.88764 0.99562
45 Utah 1.03243 1.08697 0.47525 1.06105 0.23027 0.72023

46 Vermont 1.06659 1.10686 0.19413 1.09904 0.04045 0.34781
47 Virginia 1.09292 1.08670 0.81669 1.09178 0.66964 0.96375
48 Washington 1.08513 1.09427 0.78455 1.08710 0.61850 0.95059
49 West Virginia 1.03618 1.01954 0.32898 1.02501 0.11213 0.54583
50 Wisconsin 1.08380 1.09456 0.81777 1.08576 0.67138 0.96416

51 Wyoming 1.08030 1.05342 0.52217 1.06746 0.27707 0.76727
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Table 4: Direct estimates (z), composite estimates (π̂), and synthetic estimates (π̂syn)

State z π̂ π̂syn

1 Alabama 0.7785 0.77451 0.75134
2 Alaska 0.6990 0.75873 0.78464
3 Arizona 0.7573 0.74967 0.72768
4 Arkansas 0.7529 0.74401 0.71975
5 California 0.7443 0.74440 0.74634

6 Colorado 0.7873 0.79333 0.80371
7 Connecticut 0.8439 0.83795 0.82546
8 Delaware 0.8166 0.77925 0.76277
9 District of Columbia 0.8656 0.82719 0.81046
10 Florida 0.7103 0.71691 0.74832

11 Georgia 0.7655 0.76168 0.75238
12 Hawaii 0.7995 0.79456 0.79040
13 Idaho 0.7373 0.75609 0.76734
14 Illinois 0.7394 0.74733 0.78897
15 Indiana 0.7100 0.72708 0.75397

16 Iowa 0.8188 0.79394 0.76997
17 Kansas 0.7761 0.78025 0.78707
18 Kentucky 0.7501 0.75125 0.75431
19 Louisiana 0.7062 0.71374 0.73082
20 Maine 0.7663 0.76648 0.76690

21 Maryland 0.8080 0.80107 0.77746
22 Massachusetts 0.8371 0.83382 0.81630
23 Michigan 0.7655 0.76842 0.78023
24 Minnesota 0.7825 0.78626 0.80777
25 Mississippi 0.7045 0.71036 0.72468
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Table 4 continued

State z π̂ π̂syn

26 Missouri 0.7597 0.76048 0.76371
27 Montana 0.7599 0.76604 0.77265
28 Nebraska 0.7752 0.78524 0.79531
29 Nevada 0.7381 0.73165 0.72872
30 New Hampshire 0.8186 0.80859 0.79724

31 New Jersey 0.7727 0.77561 0.78733
32 New Mexico 0.6395 0.67978 0.71260
33 New York 0.7926 0.79146 0.77739
34 North Carolina 0.7353 0.74043 0.76012
35 North Dakota 0.7790 0.78209 0.78297

36 Ohio 0.7969 0.79249 0.76735
37 Oklahoma 0.7570 0.75138 0.73301
38 Oregon 0.7441 0.75642 0.77673
39 Pennsylvania 0.7949 0.79217 0.77871
40 Rhode Island 0.8671 0.82618 0.79272

41 South Carolina 0.7558 0.75418 0.75018
42 South Dakota 0.7353 0.77160 0.77529
43 Tennessee 0.7863 0.77844 0.74740
44 Texas 0.7135 0.71388 0.71991
45 Utah 0.7371 0.76190 0.78362

46 Vermont 0.7666 0.79348 0.79977
47 Virginia 0.7885 0.78757 0.78339
48 Washington 0.7821 0.78372 0.78960
49 West Virginia 0.7404 0.73055 0.72568
50 Wisconsin 0.7810 0.78262 0.78983

51 Wyoming 0.7781 0.76733 0.75537
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Table 5: Design effects (D0), standard errors of direct estimates [se(z)], and jackknife standard
errors of composite estimates [se(π̂)], and the percent improvement (PCTIMP )

STATE D0 se(z) se(π̂) CV (z) CV (π̂) PCTIMP
1 0.94237 0.0099 0.009678 0.01272 0.012495 2.2442
2 1.00743 0.0385 0.027225 0.05508 0.035889 29.2862
3 1.77080 0.0145 0.013842 0.01915 0.018464 4.5357
4 0.97357 0.0150 0.014295 0.01992 0.019212 4.7026
5 2.33951 0.0055 0.005454 0.00739 0.007327 0.8372

6 2.28631 0.0176 0.015935 0.02235 0.020087 9.4589
7 2.15494 0.0144 0.013541 0.01706 0.016159 5.9646
8 1.89534 0.0339 0.027026 0.04151 0.034678 20.2782
9 1.86680 0.0304 0.024869 0.03512 0.030061 18.1926
10 3.67215 0.0117 0.011234 0.01647 0.015671 3.9842

11 3.32450 0.0155 0.014593 0.02025 0.019159 5.8500
12 2.07315 0.0249 0.021185 0.03114 0.026662 14.9180
13 2.14117 0.0320 0.025036 0.04340 0.033115 21.7635
14 2.47474 0.0107 0.010277 0.01447 0.013752 3.9540
15 4.29302 0.0203 0.018116 0.02859 0.024918 10.7605

16 2.97118 0.0228 0.020464 0.02785 0.025772 10.2464
17 1.82169 0.0184 0.016652 0.02371 0.021342 9.5004
18 1.76132 0.0151 0.014196 0.02013 0.018897 5.9837
19 2.16050 0.0171 0.015837 0.02421 0.022190 7.3858
20 0.61690 0.0159 0.014833 0.02075 0.019352 6.7100

21 1.63347 0.0123 0.011871 0.01522 0.014819 3.4840
22 1.38477 0.0092 0.008985 0.01099 0.010775 2.3375
23 2.77288 0.0119 0.011386 0.01555 0.014818 4.3202
24 0.93043 0.0097 0.009371 0.01240 0.011918 3.3941
25 1.11029 0.0165 0.015381 0.02342 0.021653 6.7832
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Table 5 continued

STATE D0 se(z) se(π̂) CV (z) CV (π̂) PCTIMP
26 1.61813 0.0119 0.011430 0.01566 0.015030 3.9498
27 1.06524 0.0233 0.020155 0.03066 0.026312 13.4962
28 1.85705 0.0235 0.020023 0.03031 0.025500 14.7958
29 3.22858 0.0372 0.028319 0.05040 0.038705 23.8739
30 1.13044 0.0208 0.018578 0.02541 0.022975 10.6826

31 2.57178 0.0118 0.011286 0.01527 0.014551 4.3583
32 4.22565 0.0298 0.024433 0.04660 0.035949 18.0113
33 1.91692 0.0066 0.006523 0.00833 0.008242 1.1667
34 2.07917 0.0127 0.012104 0.01727 0.016349 4.6896
35 2.41776 0.0440 0.029636 0.05648 0.037893 32.6465

36 2.18351 0.0097 0.009491 0.01217 0.011976 2.1512
37 1.41874 0.0136 0.013033 0.01797 0.017345 4.1681
38 2.39483 0.0191 0.017143 0.02567 0.022665 10.2484
39 2.74191 0.0104 0.010104 0.01308 0.012755 2.8445
40 1.56647 0.0223 0.020640 0.02572 0.024979 7.4418

41 1.58622 0.0156 0.014652 0.02064 0.019428 6.0756
42 8.20855 0.0775 0.035798 0.10540 0.046397 53.8087
43 1.65433 0.0119 0.011554 0.01513 0.014842 2.9060
44 1.84504 0.0064 0.006331 0.00897 0.008869 1.0754
45 2.30226 0.0263 0.021702 0.03568 0.028487 17.4841

46 3.52922 0.0490 0.030204 0.06392 0.038067 38.3593
47 1.68620 0.0110 0.010620 0.01395 0.013484 3.4547
48 1.64145 0.0123 0.011732 0.01573 0.014969 4.6200
49 3.36938 0.0356 0.027687 0.04808 0.037898 22.2287
50 1.37013 0.0111 0.010674 0.01421 0.013639 3.8400

51 0.36386 0.0226 0.020070 0.02905 0.026154 11.1955
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Table 6: States arranged in increasing order of Vi

Rank of Vi State State ID Vi

1 California 5 .0000303
2 Texas 44 .0000410
3 New York 33 .0000436
4 Massachusetts 22 .0000846
5 Minnesota 24 .0000941

6 Ohio 36 .0000941
7 Alabama 1 .0000980
8 Pennsylvania 39 .0001082
9 Illinois 14 .0001145
10 Virginia 47 .0001210

11 Wisconsin 50 .0001232
12 Florida 10 .0001369
13 New Jersey 31 .0001392
14 Michigan 23 .0001416
15 Missouri 26 .0001416

16 Tennessee 43 .0001416
17 Maryland 21 .0001513
18 Washington 48 .0001513
19 North Carolina 34 .0001613
20 Oklahoma 37 .0001850

21 Connecticut 7 .0002074
22 Arizona 3 .0002103
23 Arkansas 4 .0002250
24 Kentucky 18 .0002280
25 Georgia 11 .0002403
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Table 6 continued

Rank of Vi State State ID Vi

26 South Carolina 41 .0002434
27 Maine 20 .0002528
28 Mississippi 25 .0002723
29 Louisiana 19 .0002924
30 Colorado 6 .0003098

31 Kansas 17 .0003386
32 Oregon 38 .0003648
33 Indiana 15 .0004121
34 New Hampshire 30 .0004326
35 Rhode Island 40 .0004973

36 Wyoming 51 .0005108
37 Iowa 16 .0005198
38 Montana 27 .0005429
39 Nebraska 28 .0005523
40 Hawaii 12 .0006200

41 Utah 45 .0006917
42 New Mexico 32 .0008880
43 District of Columbia 9 .0009242
44 Idaho 13 .0010240
45 Delaware 8 .0011492

46 West Virginia 49 .0012674
47 Nevada 29 .0013838
48 Alaska 2 .0014823
49 North Dakota 35 .0019360
50 Vermont 46 .0024010

51 South Dakota 42 .0060063
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Figure 1: Estimates [direct (D), synthetic (S), and EBLUP (C)] Plotted against States Ar-
ranged in Increasing Order of Vi (see Table 6 for identifying the states)
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Figure 2: Percent Improvement Plotted against States Arranged in Increasing Order of Vi (see
Table 6 for identifying the states)
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Figure 3: Confidence Interval for γ Plotted against States Arranged in Increasing Order of Vi

(see Table 6 for identifying the states)
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Mdfnnql�qj lq wkh Id|0Khuulrww Prgho
zlwk Dq H{dpsoh

e| Mlplqj Mldqj/ Sduwkd Odklul/ Vkx0Phl Zdq/ dqg Fklhq0Kxd Zx

Glvfxvvlrq +fruuhfwhg yhuvlrq/ 4324<25334,
e| Zlooldp U1 Ehoo/ X1V1 Exuhdx ri wkh Fhqvxv

Wkh sdshu e| Mldqj/ Odklul/ Zdq/ dqg Zx +khuhdiwhu MOZZ, frqvlghuv xvh ri
wkh mdfnnqlih wr hvwlpdwh wkh phdq vtxduhg huuru +PVH, ri vpdoo duhd hvwlpdwhv iurp
Id|0Khuulrww +4<:<, prghov1 Wkh sdshu qrwhv wkdw Mldqj hw do1 +5334, glvfxvv xvh ri
wkh mdfnnqlih pruh jhqhudoo| iru hvwlpdwlqj PVH zlwk qrqolqhdu dqg qrqqrupdo vpdoo
duhd prghov1 Dv wkh suhvhqw sdshu uhvwulfwv frqvlghudwlrq wr wkh olqhdu prgho fdvh/
p| uhpdunv zloo irfxv rqo| rq wklv fdvh1 Lw vkrxog eh nhsw lq plqg/ krzhyhu/ wkdw
ljqrulqj wkh jhqhudolw| ri wkh mdfnnqlih pd| eh ljqrulqj rqh ri lwv sulph dgydqwdjhv1

Wkh prgho ri Id| dqg Khuulrww +4<:<, iru vpdoo duhd hvwlpdwlrq fdq eh zulwwhq

+� ' w� n e� � ' �c � � � c6 +4,

' E%�
�
q n ��� n e� +5,

MOZZjlyh ghwdlohg dvvxpswlrqv xqghuo|lqj wklv prgho1 Khuh L vlpso| uhshdw wkdw wkh
vdpsolqj yduldqfhv (� ' YduEe�� ri wkh gluhfw vxuyh| hvwlpdwhv +� duh dvvxphg nqrzq
+dfwxdoo| phdqlqj wkh| duh hvwlpdwhg xvlqj vxuyh| plfurgdwd,/ vr wkdw wkh xqnqrzq
sdudphwhuv ri wkh prgho jlyhq e| +4, dqg +5, duh wkh uhjuhvvlrq sdudphwhuv q dqg wkh
prgho huuru yduldqfh � ' YduE���1 Wr dsso| wklv prgho iurp d iuhtxhqwlvw shuvshfwlyh
rqh �uvw hvwlpdwhv wkh prgho sdudphwhuv q dqg � xvlqj wkh gluhfw hvwlpdwhv +�/ dqg
wkhq dssolhv vwdqgdug hpslulfdo Ed|hv suhglfwlrq irupxodv wr surgxfh srlqw hvwlpdwhv
ri wkh w�1 D Ed|hvldq dssurdfk fdq dovr eh xvhg +Ehujhu 4<;8/ Ehoo 4<<<,1

Dvvxplqj wkh prgho jlyhq e| +4, dqg +5, lv wuxh +pruh rq wklv odwhu,/ wkh huuru lq
wkh hvwlpdwhv ri wkh w� fdq eh eurnhq lqwr wkuhh whupv=

huuru ' huuru zkhq doo sdudphwhuv duh nqrzq

n frqwulexwlrq wr huuru iurp hvwlpdwlqj q +6,

n frqwulexwlrq wr huuru iurp hvwlpdwlqj �

Wkh phdq vtxduh ri wklv huuru iru duhd � lv/ xqghu vxlwdeoh dvvxpswlrqv/

�7.� ' }��E�� n }2�E�� n }��E��

' �E�� ��� n E�� ���
2%��Ydu

�eq�%� n }��E�� +7,

zkhuh
�� ' �*E� n(��
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Vlqfh � lv xqnqrzq wr hvwlpdwh PVH zh soxj dq hvwlpdwh ri � lqwr +7,1 Uhvxowv iru
wkh whup }��E�� duh glvfxvvhg vkruwo|1 Wkh �vxlwdeoh dvvxpswlrqv� uhihuuhg wr deryh
lqfoxgh qrupdolw|/ zklfk lv uhohydqw lq uhjdug wr dv|pswrwlf ruwkrjrqdolw| ri wkh
vhfrqg dqg wklug whupv lq +6,1 P| irfxv/ krzhyhu/ zloo eh rq frpsdulqj wkh irup ri
+7, zlwk wkh mdfnnqlih hvwlpdwh ri PVH vxjjhvwhg e| MOZZ/ dqg rq h{dplqlqj uhvxowv
iurp wkh mdfnnqlih iru d sduwlfxodu hpslulfdo h{dpsoh1 Iru vlpsolflw| ri qrwdwlrq L zloo
khqfhiruwk gurs wkh vxevfulsw � wkdw lqgh{hv wkh vpdoo duhdv1 Lw vkrxog eh xqghuvwrrg
wkdw doo vxevhtxhqw h{suhvvlrqv lpsolflwo| ghshqg rq �/ h1j1/ wkurxjk %� dqg (�1

Wzr sureohpv dulvh lq dsso|lqj +7,=

� }�E e�� lv eldvhg1 Lq idfw/ hyhq zkhq e� lv dssur{lpdwho| xqeldvhg/ .d}�E e��o �
}�E��� }�E���

� Wkhuh lv qr h{dfw irupxod iru }�E��1

Vhyhudo dssurdfkhv kdyh suhylrxvo| ehhq vxjjhvwhg wr ghdo zlwk wkh vhfrqg sureohp=
ljqruh }�E�� +qdlyh dssurdfk,> hvwlpdwh }�E�� xvlqj dq dv|pswrwlf h{suhvvlrq +Sudvdg
dqg Udr 4<<3/ Gdwwd dqg Odklul 5333,> ru xvh d Ed|hvldq dssurdfk +Ehujhu 4<;8/ s1
4<5/ Ehoo 4<<<,1 MOZZ sursrvh wkh mdfnnqlih wr dgguhvv erwk ri wkh wzr sureohpv1

Ehiruh h{dplqlqj krz wkh mdfnnqlih dgguhvvhv wkh wzr sureohpv qrwhg/ lw lv zruwk
uhplqglqj rxuvhoyhv ri d wklug sureohp/ zklfk lv wkdw xvh ri wkh PVH uhvxow +7,
ghshqgv rq wkh prgho ehlqj fruuhfw1 Wklv sureohp pd| zhoo eh pruh lpsruwdqw dqg
pruh gl!fxow wr dgguhvv wkdq hlwkhu ri wkh rwkhu wzr sureohpv1 Lw frpsurplvhv doo
wkh dssurdfkhv qrwhg wr dq xqnqrzq ghjuhh iru dq| sduwlfxodu h{dpsoh1

MOZZ*v mdfnnqlih hvwlpdwh ri PVH lv

�7.a '

+
}�E e��� 6� �

6

6[
�'�

d}�E e�3��� }�E e��o
,
n

6� �

6

6[
�'�

Eew3� � ew� +8,

Wkh whup lq eudfhv hvwlpdwhv }�E��/ zlwk wkh vhfrqg whup zlwklq wkh eudfhv surylglqj
wkh mdfnnqlih eldv fruuhfwlrq wr wkh soxj0lq hvwlpdwh }�E e��1 Wkh odvw whup lq +8,
hvwlpdwhv }2E�� n }�E�� wrjhwkhu/ qrw mxvw }�E��� Wkhvh ihdwxuhv surylgh iru vrph
jhqhudolw| ri wkh mdfnnqlih +h1j1/ wr qrqqrupdo prghov,/ wkrxjk lw phdqv wkdw lq wkh
frqwh{w ri wkh olqhdu prgho ++4,/+5,, frqvlghuhg khuh +8, grhv qrw pdnh xvh ri hlwkhu
E�� wkh dv|pswrwlf uhodwlrq ehwzhhq eldvE}�E e��� dqg }�E��/ ru E��� wkh h{dfw uhvxow
iru }2E��1 Wkh txhvwlrq dulvhv dv wr zkhq grhv wkh mdfnnqlih zrun ehwwhu/ zruvh/ ru
derxw wkh vdph dv dowhuqdwlyhvB

Lq uhjdug wr wkh txhvwlrq ri �Krz zhoo grhv wkh mdfnnqlih zrunB/� Mldqj hw do1
+5334, uhsruw vlpxodwlrq uhvxowv iru vrph olqhdu dqg qrqolqhdu +JOLP, prghov1 Wkh
mdfnnqlih zrunv zhoo lq wkh vlpxodwlrqv uhsruwhg/ krzhyhu/ vr gr doo wkh rwkhu ds0
surdfkhv frqvlghuhg1 Lq idfw/ wkh zruvw fdvh uhsruwhg lq wkh vlpxodwlrqv ri eldv lq
hvwlpdwhg PVH iru dq| phwkrg lv 04314( iru wkh qdlyh dssurdfk +iru d pl{hg orjlvwlf
prgho,1 Wklv lv d uhodwlyho| vpdoo xqghuvwdwhphqw ri PVH vlqfh/ li uhvxowlqj PVH
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hvwlpdwhv zhuh xvhg wr frqvwuxfw suhglfwlrq lqwhuydov/ wkh fruuhvsrqglqj �vwdqgdug
huuru� zrxog eh xqghuvwdwhg e| rqo| derxw 8(1 Jlyhq xqfhuwdlqwlhv derxw qrupdolw|
dvvxpswlrqv qhhghg wr frqvwuxfw suhglfwlrq lqwhuydov/ wklv dprxqw ri xqghuvwdwhphqw
ri suhglfwlrq vwdqgdug huuru vhhpv uhodwlyho| xqlpsruwdqw1

Lq wkh suhvhqw sdshu/ wkh mdfnnqlih uhvxowv MOZZsuhvhqw iru wkh QKLV dssolfdwlrq
orrn txlwh uhdvrqdeoh1 L ghflghg wr h{dplqh uhvxowv iurp wkh sursrvhg mdfnnqlih
dssurdfk iru dq dssolfdwlrq L dp idploldu zlwk= hvwlpdwlrq ri sryhuw| udwhv ri vfkrro0
djhg +804: |hdu rog, fkloguhq iru wkh vwdwhv ri wkh X1V1 dqg GF1 Wkhvh hvwlpdwhv
duh dq lpsruwdqw surgxfw ri wkh Fhqvxv Exuhdx*v Vpdoo Duhd Lqfrph dqg Sryhuw|
Hvwlpdwhv +VDLSH, surjudp1 Wkh Id|0Khuulrww prgho xvhg wr surgxfh wkhvh hvwlpdwhv
lv ghyhorshg lq Id| dqg Wudlq +4<<:,1 Ehoo +4<<<, glvfxvvhv Ed|hvldq wuhdwphqw ri
wklv prgho1 Ixuwkhu lqirupdwlrq rq wkh VDLSH surjudp fdq eh irxqg rq wkh VDLSH
zhe vlwh dw kwws=22zzz1fhqvxv1jry2kkhv2zzz2vdlsh1kwpo1

Iru dsso|lqj wkh mdfnnqlih wr wkh VDLSH h{dpsoh L xvhg wkh phwkrg0ri0prphqwv
+PRP, hvwlpdwru ri � xvhg e| MOZZ lq wkhlu QKLV h{dpsoh1 Wdeoh 4 vkrzv wkhvh
hvwlpdwhv ri � iru qlqh |hduv ri gdwd wr zklfk wkh prgho zdv dssolhg1 +4<<7 lv rplwwhg
ehfdxvh vdpsolqj yduldqfhv kdyh qrw ehhq hvwlpdwhg iru wklv |hdu gxh wr frpsolfd0
wlrqv fdxvhg lq wkdw |hdu e| wudqvlwlrq wr d uhghvljq ri wkh Fxuuhqw Srsxodwlrq Vxuyh|
zklfk vxssolhv wkh gluhfw hvwlpdwhv +�1, Erwk wkh qrw wuxqfdwhg dqg wuxqfdwhg +dw 3,
PRP hvwlpdwhv duh vkrzq1 Pd{lpxp olnholkrrg +PO,/ uhvwulfwhg pd{lpxp olnhol0
krrg +UHPO,/ dqg Ed|hvldq hvwlpdwhv +srvwhulru phdqv, duh vkrzq iru frpsdulvrq1
Wkhvh doo dvvxph qrupdolw|/ dqg wkh Ed|hvldq hvwlpdwhv xvh  dw sulruv iru q dqg �1

Wdeoh 41 Dowhuqdwlyh Hvwlpdwhv ri �+VDLSH h{dpsoh,

)i@h �w +,�w �@)it
qrw wuxqfdwhg

���
|h�?U@|i_
���

�bHb f f ��. ��� f
�bbf f f 2�2 ��� ���
�bb� f f ��S ���� f
�bb2 f f ��S ���2 f
�bb� �e ��. ��e D�H D�H

�bbD f �2 2�f �D �D
�bbS f f ��b 2�f 2�f
�bb. f f ��D ���� f
�bbHW �. 2�f ��. D�H D�H
WSuholplqdu| uhvxowv

Zh qrwlfh wkdw wkh PRP hvwlpdwhv ri � duh udwkhu xqvwdeoh1 Wkh wuxqfdwlrq dw }hur
lv iuhtxhqwo| uhtxluhg/ dqg iru 4<<6 dqg 4<<; wkh PRP hvwlpdwh lv txlwh odujh uhodwlyh
wr wkh rwkhu hvwlpdwhv1 PO dqg UHPO/ wkrxjk pruh vwdeoh/ duh qrw yhu| dsshdolqj
vlqfh wkhvh hvwlpdwhv duh }hur lq prvw |hduv1 Ehoo +4<<<, qrwhv krz hvwlpdwlqj � dw
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}hur ohdgv wr xquhdvrqdeoh PVH hvwlpdwhv iru PO dqg UHPO1 Rq wkh rwkhu kdqg/
wkh Ed|hvldq hvwlpdwhv ri � dsshdu pxfk pruh uhdvrqdeoh +dqg Ehoo +4<<<, qrwhv
wkdw uhvxowlqj Ed|hvldq srvwhulru yduldqfhv duh pruh uhdvrqdeoh wkdq wkh iuhtxhqwlvw
PVH hvwlpdwhv1,

Wkrxjk L vkdoo rplw jlylqj ghwdlohg uhvxowv/ lw wxuqv rxw wkdw wkh mdfnnqlih PVH
hvwlpdwhv orrn xquhdvrqdeoh erwk zkhq � lv hvwlpdwhg wr eh }hur dqg zkhq wkh PRP
hvwlpdwhv ri � duh odujh1 Wkh srru shuirupdqfh lv qrw jhqhudoo| wkh idxow ri wkh
mdfnnqlih/ krzhyhu/ exw vlpso| d uhvxow ri jhwwlqj xquhdvrqdeoh hvwlpdwhv ri � iurp
PRP1 Lq sulqflsoh wkh mdfnnqlih frxog eh dssolhg zlwk PO ru UHPO hvwlpdwlrq ri �/
dw vljql�fdqwo| kljkhu frpsxwdwlrqdo frvw/ wkrxjk wkh uhvxowv lq Wdeoh 4 vxjjhvw wklv
zrxog uduho| khos lq wklv h{dpsoh1 Udwkhu wkdq gzhoo rq srvvlelolwlhv iru lpsurylqj
mdfnnqlih uhvxowv e| xvlqj dowhuqdwlyh hvwlpdwhv ri �/ L zloo frpsduh mdfnnqlih PVH
uhvxowv +xvlqj e����, iru wzr |hduv wr looxvwudwh d sduwlfxodu sureohp wkdw dulvhv zkhq
� lv hvwlpdwhg dw ru qhdu }hur/ dqg wkdw lv pruh shuwlqhqw wr wkh shuirupdqfh ri wkh
mdfnnqlih1

Qrwlfh wkdw zkhq e� ' f }�E e�� ' f/ dqg doo ri �7.a frphv iurp wkh vhfrqg
dqg wklug whupv lq +8,1 Wdeohv 5 dqg 6 ehorz h{dplqh wkh frpsrqhqwv ri �7.a iru
wzr |hduv +4<<4 dqg 4<;<, iru zklfk e���� ' f1 Iru erwk |hduv uhvxowv duh vkrzq
iru d vpdoo qxpehu ri vwdwhv iru looxvwudwlrq1 Lq wkh wdeoh khdglqjv h���� ghqrwhv
wkh ruljlqdo/ qrw wuxqfdwhg PRP hvwlpdwhv ri � iurp Wdeoh 41 Ed|hvldq srvwhulru
yduldqfhv duh vkrzq iru frpsdulvrq1 Lw lv zruwk qrwlqj wkdw iru prvw vwdwhv lq prvw
|hduv/ wkhvh srvwhulru yduldqfhv duh yhu| forvh wr zkdw rqh rewdlqv e| vxevwlwxwlqj wkh
srvwhulru phdq ri � lqwr }�E��1

Wdeoh 51 Mdfnnqlih hvwlpdwlrq ri PVH iru 4<<4 +VDLSH h{dpsoh,
+ h���� ' ����c e���� ' 4@ Efc h����� ' f�

t|@|i }�E e�� h�3�
gK�@rd}�E e��o g}2 n }� �5,a �@)it

DO f �2�. f �. �. 2�f
DN f �2�H f �D �D 2��
D] f ���� f �D �D 2�f
DU f ���2 f ��� ��� 2�D
FD f �2�b f �S �S ��e
FR f �2�H f �2 �2 ��S

Wkh h�3� froxpqv lq Wdeohv 5 dqg 6 jlyh wkh ohdyh0rqh0rxw qrw wuxqfdwhg PRP
hvwlpdwhv ri �1 Lq 4<<4 +Wdeoh 5, doo ri wkh h�3� duh qhjdwlyh/ zlwk wkh uhvxow wkdw
doo ri wkh wuxqfdwhg ohdyh0rqh0rxw PRP hvwlpdwhv ri � E e�3�� duh }hur1 Wklv lv qrw
vxusulvlqj jlyhq wkdw wkh ixoo vdpsoh qrw wuxqfdwhg PRP hvwlpdwh iru 4<<4 + h���� '
����, lv zhoo ehorz }hur�gursslqj dq| rqh revhuydwlrq grhv qrw kdyh hqrxjk h�hfw
wr wxuq dq| ri wkh h�3� srvlwlyh1 Dv d uhvxow }�E e�3�� ' f iru doo vwdwhv �/ dqg vlqfh
}�E e�� ' f dv zhoo/ wkh vhfrqg whup lq +8, hvwlpdwlqj wkh eldv lq }�E e�� lv }hur1 Khqfh/
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erwk whupv lq wkh eudfhv lq +8, duh }hur iru hyhu| vwdwh/ dqg �7.a frphv hqwluho|
iurp wkh wklug whup lq +8,1 Wklv whup +odehoohg g}2 n }� lq wkh wdeohv, lv d mdfnnqlih
hvwlpdwh uh hfwlqj yduldwlrq lq wkh vpdoo duhd srlqw hvwlpdwhv ew gxh wr yduldwlrq lq wkh
ohdyh0rqh0rxw hvwlpdwhv ri q dqg �1 Wkh uhvxowlqj PVH hvwlpdwhv whqg wr orrn wrr
vpdoo erwk lq dq devroxwh vhqvh dqg uhodwlyh wr wkh Ed|hvldq hvwlpdwhv�qrwh Frorudgr
+FR, lq sduwlfxodu1 Wkh PVH hvwlpdwhv dovr h{klelw wkh vdph vruw ri sdwwhuq sureohpv
qrwhg lq Ehoo +4<<<, iru wkh PO dqg UHPO hvwlpdwhv edvhg rq +7,1 Iru h{dpsoh/
�7.a iru Fdoliruqld +FD,/ ghvslwh lwv odujh FSV vdpsoh/ lv dv kljk ru kljkhu wkdq
wkdw iru pdq| rwkhu vwdwhv zlwk pxfk vpdoohu vdpsohv1

Wdeoh 6 vkrzv d gl�huhqw sureohp wkdw dulvhv iru wkh mdfnnqlih hvwlpdwh ri PVH1
Iru 4<;< wkh qrw wuxqfdwhg PRP hvwlpdwh ri �c h���� ' ���/ lv yhu| forvh wr }hur1
Gursslqj rqh revhuydwlrq dowhuv wkh qrw wuxqfdwhg PRP hvwlpdwhv dv vkrzq lq wkhh�3� froxpq/ vrphwlphv |lhoglqj srvlwlyh ydoxhv/ dqg vrphwlphv |lhoglqj qhjdwlyh
ydoxhv1 Zkhq h�3� 	 f/ e�3� lv wuxqfdwhg wr 3/ dqg }�E e�3�� ' f1 Wkhvh vwdwhv
pdnh qr frqwulexwlrq wr wkh vhfrqg whup lq +8,1 Zkhq h�3� : f/ krzhyhu/ }�E e�3��
lv srvlwlyh/ dqg wkhvh vwdwhv gr frqwulexwh wr wkh vhfrqg whup lq +8,1 Lq idfw/ vlqfh
}�E e�� ' f khuh/ wkh whup lq eudfhv lq +8, lv vlpso| plqxv wkh vxp ri wkhvh srvlwlyh
whupv +pxowlsolhg e| E6� ��*6 ' Df*D�,/ zklfk wxuqv rxw wr eh durxqg 5 iru hdfk
vwdwh1 Wklv lv wkh mdfnnqlih hvwlpdwh ri eldv lq }�E e��1 Vxewudfwlqj r� wklv eldv
hvwlpdwh ri durxqg 5 ryhuzkhopv wkh wklug whup lq +8,/ g}2 n }�/ uhvxowlqj lq qhjdwlyh
hvwlpdwhv ri PVH iru hyhu| vwdwh1 +Wkh hvwlpdwhv ri eldv lq }�E e�� ydu| rqo| voljkwo|
ryhu vwdwhv vlqfh/ uhlqwurgxflqj wkh vwdwh vxevfulsw �/ iru vwdwh � wklv whup lv dfwxdoo|
�63�

6

S
6

�'�d}��E
e�3��o zkhuh }��E e�3�� ' e�3�(�*E e�3� n(�� ' e�3�*E� n e�3�*(�� �e�3� vlqfh wkh (� duh pxfk odujhu wkdq wkh e�3�1,

Wdeoh 61 Mdfnnqlih hvwlpdwlrq ri PVH iru 4<;< +VDLSH h{dpsoh,
+ h���� ' ���c e���� ' 4@ Efc h����� ' f�

t|@|i }� h�3�
gK�@rd}�o g}2 n }� �5,a �@)it

DO f ��S ��b. �D2 ���e 2��
DN f �fe ��bS �.f ���2 2�e
D] f ��fb ��b. ��. ���D 2��
DU f ��H ��b. �.� ���2 2�e
FD f ��f� ��HD �Sf ���2 ���
FR f ��f ��bS ��H ���. ��S
FW f ���Df ��bS ���f ��S ��f
GH f ��S ��b. ��H ���D ��H
GF f �f2 ��bH �bf ���f ���
IO f ���� ��b� �DD ���� ��e

Wkh qhjdwlyh hvwlpdwhv ri PVH uhvxow qrw mxvw iurp wkh srru hvwlpdwlrq ri � e|
PRP +wkrxjk wklv lv d qhfhvvdu| sduw ri wkh sureohp,/ exw dovr iurp srru hvwlpdwlrq
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ri wkh eldv lq }�E e�� e| wkh mdfnnqlih1 Wklv zrxog dsshdu wr eh d srwhqwldo sureohp
iru wkh mdfnnqlih dq| wlph wkh qrw wuxqfdwhg hvwlpdwh ri � lv yhu| forvh wr }hur1

Vlqfh wkh mdfnnqlih PVH hvwlpdwhv MOZZ suhvhqw iru wkhlu QKLV dssolfdwlrq orrn
txlwh uhdvrqdeoh/ wklv udlvhv d txhvwlrq derxw krz wkh VDLSH dssolfdwlrq gl�huv iurp
wkh QKLV dssolfdwlrq1 Wdeoh 7 surylghv vrph dqvzhuv1 Lw vkrzv/ iru erwk vxuyh|v/ wkh
pd{lpxp dqg plqlpxp ydoxhv ri wkh hvwlpdwhg vljqdo0wr0qrlvh udwlr + e�*(�, dfurvv
vwdwhv/ dv zhoo dv wkh udwlr ri wkh pd{lpxp wr wkh plqlpxp vwdwh vdpsolqj yduldqfhv
+4@ E(��*4�?E(��,1

Wdeoh 71 Frpsdulqj wkh QKLV dqg VDLSH H{dpsohv

4@ 
� e�
(�

�
4�?

� e�
(�

�
4@ E(��
4�?E(��

�OW5 53 +FD, 14 +VG, 533

5�W�, 4 wr 418 +FD, 13: wr 14 +GF, 48 wr 53

Iru wkh QKLV dssolfdwlrq wkh vljqdo0wr0qrlvh udwlr udqjhv iurp d yhu| kljk ydoxh ri
53 wr d yhu| orz ydoxh ri 141 Lq frqwudvw/ iru wkh VDLSH dssolfdwlrq +iru zklfk wkh
uhvxowv ydu| vrph ryhu wkh |hduv ri gdwd, wkh vpdoohvw vljqdo0wr0qrlvh udwlr lv derxw
wkh vdph dv wkdw iru QKLV/ exw wkh odujhvw lv rqo| durxqg 4 ru 4181 Wkh fruuhvsrqglqj
udwlr ri wkh pd{lpxp wr plqlpxp vdpsolqj yduldqfhv lv 533 iru QKLV/ uh hfwlqj d
yhu| zlgh udqjh ri vdpsolqj yduldqfh dfurvv vwdwhv/ exw lv rqo| 48 ru 53 iru VDLSH1
Wkhvh gdwd vxjjhvw wkdw lq wkh QKLV dssolfdwlrq wkh vwdwhv zlwk odujh vdpsohv surylgh
hqrxjk lqirupdwlrq iru uhdvrqdeo| uholdeoh hvwlpdwlrq ri � +khuh e| PRP,/ zklfk
ohdgv wr uhdvrqdeoh orrnlqj hvwlpdwhv ri PVH e| wkh mdfnnqlih +dqg suhvxpdeo| e|
rwkhu dssurdfkhv,1 Vpdoo duhd hvwlpdwlrq lv qhhghg iru wkrvh vwdwhv zlwk vpdoo QKLV
vdpsohv +orz vljqdo0wr0qrlvh udwlrv,1 Rq wkh rwkhu kdqg/ wkh FSV gluhfw hvwlpdwhv xvhg
lq wkh VDLSH dssolfdwlrq kdyh vx!flhqwo| kljk ohyhov ri vdpsolqj huuru wkdw hvwlpdwhv
ri � duh pruh xquholdeoh/ dqg frqyhqwlrqdo iuhtxhqwlvw hvwlpdwhv ri � iuhtxhqwo| uxq
lqwr wurxeoh +dv fdq eh vhhq iurp Wdeoh 4,1 Uhvxowlqj hvwlpdwhv ri PVH fdq eh
xquhdvrqdeoh/ dqg li wkh qrw wuxqfdwhg hvwlpdwh ri � lv qhdu }hur/ wklv fdq ohdg wr wkh
sureohp looxvwudwhg iru wkh mdfnnqlih hvwlpdwh ri PVH1

Wr jhqhudol}h wkh frqfoxvlrqv d elw/ hvwlpdwlrq ri � lq wkh Id|0Khuulrww prgho
dsshduv wr eh ri pruh ixqgdphqwdo lpsruwdqfh wkdq wkh fkrlfh ri dowhuqdwlyh ds0
surdfkhv wr hvwlpdwlqj PVH/ lq wkh vhqvh wkdw zkhq wkh gdwd gr qrw surylgh hqrxjk
lqirupdwlrq iru uholdeoh hvwlpdwlrq ri � e| frqyhqwlrqdo iuhtxhqwlvw phwkrgv/ dq| uh0
vxowlqj hvwlpdwhv ri PVH duh vxvshfw1 Wkh Ed|hvldq dssurdfk dsshduv wr |lhog pruh
uhdvrqdeoh uhvxowv lq vxfk fdvhv dw ohdvw e| suhyhqwlqj hvwlpdwhv ri � qhdu }hur1 Wkh
dsshdo ri wkh mdfnnqlih pd| eh pruh iru fdvhv zkhuh qrqqrupdolw| lv d vhulrxv frq0
fhuq ru wkh prgho lv qrqolqhdu +h1j1/ JOLP prghov,/ wkrxjk lwv shuirupdqfh lv vwloo

HARRISKOJE_B
103



olnho| wr ghshqg rq zkhwkhu ru qrw wkh gdwd surylgh vx!flhqw lqirupdwlrq iru uholdeoh
hvwlpdwlrq ri yduldqfhv ru rwkhu glvshuvlrq sdudphwhuv ri wkh prgho1

Uhihuhqfhv
^4` Ehoo/ Zlooldp U1 +4<<<, �Dffrxqwlqj iru Xqfhuwdlqw| Derxw Yduldqfhv lq Vpdoo

Duhd Hvwlpdwlrq/� Exoohwlq ri wkh Lqwhuqdwlrqdo Vwdwlvwlfdo Lqvwlwxwh/ 85qg Vhvvlrq/
Khovlqnl1

^5` Ehujhu/ Mdphv R1/ +4<;8, Vwdwlvwlfdo Ghflvlrq Wkhru| dqg Ed|hvldq Dqdo|vlv/ Qhz
\run= Vsulqjhu0Yhuodj1

^6` Id|/ U1 H1 dqg Khuulrww/ U1 D1 +4<:<, �Hvwlpdwhv ri Lqfrph iru Vpdoo Sodfhv= Dq
Dssolfdwlrq ri Mdphv0Vwhlq Surfhgxuhv wr Fhqvxv Gdwd/� Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ :7/ 59<05::1

^7` Id|/ Urehuw H1 dqg Wudlq/ Jhrujh I1 +4<<:, �Vpdoo Grpdlq Phwkrgrorj| iru
Hvwlpdwlqj Lqfrph dqg Sryhuw| Fkdudfwhulvwlfv iru Vwdwhv lq 4<<6/� Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ Surfhhglqjv ri wkh Vrfldo Vwdwlvwlfv Vhfwlrq/ 4;604;;1

^8` Mldqj/ M1/ Odklul/ S1/ dqg Zdq/ V1 +5334,/ �D Xql�hg Mdfnnqlih Wkhru|/� sdshu
vxeplwwhg iru sxeolfdwlrq1

HARRISKOJE_B
104



Can What Partha Lahiri and Company Have Done Help 
the National Agricultural Statistics Service? 

 
Phillip S. Kott; USDA/NASS 

 
 
 The National Agricultural Statistics Service (NASS) is using component-of-variance small-
domain estimation to help estimate the undercoverage in the US Census of Agriculture.  The 
backbone of the Census of Agriculture is an extensive (but not exhaustive) list of farms in the US.  
Although farms on this list are responsible for over 95% of most agricultural activities, NASS 
estimates that 13% of all farms operating in 1997 were not on the Census list.  One reason for this is 
that the federal government uses a very liberal definition of a farm: an operation producing at least 
$1,000 of agricultural output in a year or capable of producing that output.   
 Leaving aside the merits of the government’s definition of a farm, NASS wants the 2002 
Census of Agriculture to do a better job than it has in the past providing state aggregates for the 
farms not on the Census list.   NASS’s key instrument in that endeavor is an area-frame sample 
designed primarily to estimate the total corn, wheat, soy beans, cotton, and potato acreage and 
production in the US.   A secondary use of this sample is the estimation of aggregates for farms not 
on NASS’s survey and Census lists.   For the 2002 Census effort, this sample will be supplemented 
to better measure the Census-list undercoverage.  Nevertheless, NASS believes that only the total 
numbers of farms missing form the Census list will be reliably estimated at the state level (and even 
then, certain states like those in New England will have to be combined).  For aggregates like the 
number of missing farms that have horses or the number of missing farms operated by blacks, 
small-domain techniques will be needed that draw strength from states outside the particular state of 
interest.         
 For the purposes of this discussion, let us focus on one particular estimate: the fraction of 
farms not on the Census list that have a black operator.  In truth, NASS will be estimating 20 or 30 
fraction like this one, from the fraction of missing farms with horses to the fraction of missing farms 
with annual sales in a given range.  Conceptually, however, they are all the same.  One thing to note 
is that the fractions are many and disparate.  Consequently, unlike the problem in Jiang et al. 
(2001), NASS uses a single covariate � the fraction of farms on a state’s Census list with the 
attribute in question (e.g., a black operator).    To begin, we will ignore even that covariate.  
 
Background 
 
 Partha Lahiri and his team of collaborators, Jiming Jiang, Shu-Mei Wan, and Chien-Hua 
Wu, have written a number of papers based on research funded by federal statistical agencies 
through the National Science Foundation.  The question I will address here is whether that research 
can be of service to NASS in its attempt to estimate the fraction of black-operated farms among 
those missing from a state’s Census list.  I begin with some notation borrowing liberally from Jiang 
et al., the particular paper under review.   Throughout this discussion, I will refer to the “Lahiri 
team.”  That should not be construed as a denigration of Jiang and the other collaborators’ 
contributions.  
 Let zij be 1 if a missing farm j in the area sample of State i has a black operator; 0 otherwise.  
The direct, randomization-based estimator for πi, the fraction of black-run operations among those 
missing from the Census list in State i, is   
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zi = 3j0S(i) wijzij / 3j0S(i) wij,  
 
where wij is the sampling weight attached to farm j, and S(i) is the set of farms in the area sample of 
State i but not on the State’s Census list.     
 That variance of this model under a simple Bernoulli model is  
 
Var(zi) = {3j0S(i) wij

2/ [3j0S(i) wij]2} πi (1 � πi) 
            =  πi (1 � πi)/ni*,  
 
where n* = { [3j0S(i) wij]2 / 3j0S(i) wij

2} is the effective sample size in State i.   NASS believes that the 
simple Bernoulli model is appropriate in this context.   It ignores the effects of stratification and 
cluster sampling on variance and assumes that the only role sample weighting plays is in increasing 
variance and decreasing effective sample size.  Nevertheless, weights are used in determining zi as 
protection against model failure.   
 Jiang et al. assumes that the Di can be determined reliably with randomization-based 
methods.  That is not my experience.  If sample sizes are not large enough to estimate πi directly, 
then estimates of the variance of the direct estimator are even more suspect.   Still, nothing is lost if 
Jiang’s randomization-based Di is replaced by my model-based one.   
 Suppose we have M “states” for which we need estimates (recall that some states are 
collapsed together for this purpose).  To draw strength from the other states, NASS assumes that 
each zi can itself be modeled:  
 
zi   =      πi +    ei 
          π + vi  +    ei,                                                                                                                 (1) 
 
where E(vi) = E(ei) = 0, Var(vi) = A, and Var(ei) = Di = πi (1 � πi)/ni*.    
 Consider the estimator 
 
zi

(γ) = (1 � γi)zi  + γi 3M wkzk / 3M wk ,  
       = (1 � γi)zi  + γi z                                                                                                                (2)  
 
where γi . Di /(A + Di), wk is the sum of the sampling weights within S(k), and z is the 
randomization-based estimator for the fraction of black-run operations among the farms missing 
from the Census list nationally.  Since Di approaches 0 as the effective sample size in i becomes 
arbitrarily large, zi

(γ) is randomization consistent whenever zi is. 
 The estimator,  zi

(γ), is not quite optimal under the component-of-variance model in equation 
(1).   Many (Lahiri and his team included) would not weight the zk by wk.  Moreover, zi

(γ) ignores 
the variance of z and the covariance between zi and z.   Nevertheless, we will assume for simplicity 
that M is large enough that such issues hardly matter.  More important is the requirement that we 
estimate A and the Di before zi

(γ) can be operationalized. 
 To estimate Di, we need to estimate πi first, but that is precisely the goal of the entire 
exercise.   It is common to estimate Di using zi in place of πi.  Indeed, that is what NASS has been 
doing for the most part.  Note, however, that when zi =0 , Di must also be zero.  This is  suspect.  
Just because we find no black-run operations that not on the Census list in a state area sample does 
not mean there are no back-run operations missing from the state’s Census list anywhere.  To avoid 
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this silliness, NASS has been setting an arbitrary lower bound on its Di estimate.  Nevertheless, the 
agency’s calculation of γi remains dependent on a very rickety estimator for πi.     
 The variance component A can be estimated using the methods of moments:  
 
a* = [ 3M zi 

2  �  ( 3M zi )2 /M]/(M � 1)   �  [ 3M zi (1 � zi)/ni*]/M .   
 
This formula can produce negative estimates.   It is therefore popular to estimate A with  
 
a = max{0, a*}.    
 
NASS uses something a bit different:  
 
aNASS  = max{a*, (1/2)[ 3M zi 

2  �  ( 3M zi )2 /M]/(M � 1)}.) 
 
 Although NASS does not think it has the sample sizes to estimate the πi directly.  It does 
think that it can estimate directly the fraction of black-operated farms among the farms missing 
from the Census list nationally with z.  Consequently, if zi* denotes NASS’s final estimator for πi, it 
desires the zi* satisfy    
  
3M wizi*/ 3M wi   =  z . 
 
This is the bookkeeping constraint. 
 
The Arcsine-root Transform 
 
 Jiang et al. hits upon a clever way to remove the dependence of the Di on πi.  Instead of 
applying the components-of-variance model in equation (1) to the zi, he applies it to a transform of 
the zi: 
 
yi = 2sin-1(¾zi).  
 
(I added a factor of 2 to the transform.  It does not effectively change anything, but it makes the 
arithmetic a bit cleaner.) 
 One can show that Var(yi) . 1/ni*,  which is invariant to πi!  Thus, if we replace the zi in 
equation (1) by the yi, the Di become (nearly) 1/ni*, and the need for early estimates of the πi is 
avoided.   If NASS were to follow this suggestion, then it would not have to set an arbitrary lower 
bound on the Di. 
    The problem with this transformation is that in invoking it one needs to assume the Di and 
A are small.  Otherwise, one could not go forward and backward between the original and arcsine-
root spaces and preserve near unbiasedness (in particular, the back-transformed solution may not 
even be unconditionally unbiased for π).  If A is small, however, then  
 
 Di = πi (1 � πi)/n* = (π + vi)(1 � π � vi)/ni* 
      . π(1 � π)/n*  
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where the near equality gets better when we take expectations.    
 This suggests that instead substituting zi  for  πi  in  Di =  πi (1 � πi)/ni*,  NASS begin with 
di

(1) = z(1 � z)/ni*, because z is much more stable than zi, never zero in practice, and fairly close to 
πi.  The agency can calculate a set of γi based on the di

(1) (and an estimator for A), and then use the 
computed zi

(γ) from equation (2) within di
(2) = zi

(γ)(1 � zi
(γ))/ni*.  This leads to an iterative process 

that will likely converge fairly quickly.  It should be noted, however, that the Lahiri team’s arcsine-
root transformation removes the need for iteration.   
 
NASS’s Single Covariate and the Bookkeeping Constraint 
 
 Unlike in the Lahiri team’s formulation, NASS uses a single covariate and no intercept.  
Instead of the model in equation (1), NASS bases its small-domains estimation on  
 
zi   =   ci (µ + vi) +  ei,  
 
where ci is the fraction of farms on the Census list in State i that have black operators.  How to 
incorporate this type of information in arcsine-root space is not a trivial question.      
 Although more intuitively appealing than a model at least half in arcsine-root space (it is 
unclear whether the ci should also be so transformed), the model NASS uses has its own conceptual 
drawback.  It is not symmetric in that the model for 1 � zi is not linear in 1 � ci.  For fractions like 
black-operated farms, it is clear that NASS wants to look at zi rather than 1 � zi because it is much 
smaller.  For other fractions, like the fraction of farms with hog production, that is not so 
straightforward.  Indeed, whether zi or 1 � zi  is smaller depends upon the state. 
 Often a simple ratio adjustment is used to enforce the bookkeeping constraint.  That is to 
say, each near-optimal zi

(γ) is multiplied by the common factor necessary for the constraint to hold.  
NASS, however, has been incorporating the constraint directly into the optimality requirement.  
Rather than minimizing the mean squared error of each state separately.  NASS attempts to 
minimize the weighted sum of the state mean squared errors under the bookkeeping constraint.   
This would be nearly impossible to do in arcsine-root space.   
 
Variance Estimation  
 
 Perhaps the Lahiri team’s single largest contribution is in the area of variance estimation, 
where they propose two simple jackknives to adjust for the asymptotic biases of the conventional 
variance estimator for the optimal zi

(γ), vi = Di a/(a + Di), where a is a method-of-moments estimator 
for A, and Di  is known.    
 Even if we accept my model-based formulation, Di is not known, except approximately in 
arcsine-root space.  More to the point, because of the restriction on a (or, more precisely, aNASS)  
and the bookkeeping constraint,  NASS will not be using a near-optimal zi

(γ), although it’s estimator 
can still be put in the form of equation (2) (which I will continue to call zi

(γ), without, I hope, undo 
confusion).  With this in mind, it is not clear to me that treating the γi NASS uses as fixed in the 
variance formula:   
 
v! = (1 � γi)2 zi

(γ)(1 � zi
(γ))/ni* + γi

2 a 
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is inappropriate when M is large.  When M is less than large, an analogous formula can be derived.  
 This does not render the Lahiri team’s variance formula useless, however.  It can still be 
calculated to estimate just what NASS loses by not using the optimal zi

(γ).                                        
What About Confidence Intervals? 
  
 Wald confidence intervals for proportions can extend below 0 and beyond 1.  Jiang et al. 
point out that the arcsine-root transform appears to be a cure for that.  
An alternative is to extend Wilson’s (1927) method;  e.g., compute a 95% confidence interval by 
solving the following for πi : 
 
                   *zi

(γ) � πi*                 
     �����������������������    <  1.96 , 
     {v!πi (1 � πi)/[zi

(γ)(1 � zi
(γ))]}1/2 

 
Squaring both sides leads to a easily solvable second degree polynomial in πi, which can be 
converted into a asymmetric confidence interval around zi*. 
 
Concluding Remarks 
 
 Although NASS will likely not use the jackknives proposed by Lahiri and his collaborators, 
I find them extremely useful in principle and remarkably intuitive (where what they extend was 
not).  NASS will also likely not use the arcsine-root transformation.  Nevertheless, I think it is fair 
to say that the exercise of studying what the Lahiri team had done will sharpen what NASS finally 
does.  
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