D°-D° MIXING
Revised April 2008 by D. Asner (Carleton University)

The detailed formalism for DY — D’ mixing is presented in
the “Note on C'P Violation in Meson Decays” in this Review.
For completeness, we present an overview here. The time evo-
lution of the DYDY system is described by the Schrodinger

equation

o (DOt : DO(t

ot \ DO(t) 2 DO(t)
where the M and I' matrices are Hermitian, and C'PT invari-
ance requires that My = Moy = M and I'y; = Mo =T The
off-diagonal elements of these matrices describe the dispersive
and absorptive parts of the mixing.

Because C'P violation is expected to be quite small here, it

is convenient to label the mass eigenstates by the C'P quantum
number in the limit of C'P conservation. Thus, we write

|D12) = p| D) + ¢[D7) (2)
where ) .
() =3 n ®)
p Mg — £l

with the normalization condition that |p|?> + |¢|*> = 1 and the
sign is chosen so that D; has CP even, or nearly so. The

corresponding eigenvalues are
wig =mi2 — 5l = (M -3 ) i}—? <M12 - %Fu) , (4)

where mq 2 and I't o are the masses and widths of the D ».
We define reduced mixing parameters x and y by

x = (mp —me)/T'=Am/T (5)
and
y = (1 — [y)/20 = AT/2T, (6)

where I' = (I'y + I'z)/2. We choose the phase convention
CP|D%) = +\EO>. If CP is conserved, then Mjs and I'io
are real and Am = 2Mjs, AI' = 2I'15. The signs of Am and
AT are to be determined experimentally.

CITATION: C. Amsler et al. (Particle Data Group), PL B667, 1 (2008) (URL: http://pdg.lbl.gov)
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The parameters x and y are measured in several ways. The
most precise constraints are obtained using the time-dependence
of D decays. Since D°-D° mixing is a small effect, the identify-
ing tag of the initial particle as a D? or a D must be extremely
accurate. The usual tag is the charge of the distinctive slow pion
in the decay sequence D*T — DOzt or D*~ — D’ In cur-
rent experiments, the probability of mistagging is about 0.1%.
The large data samples available from the B-factories allow the
production flavor to also be determined by fully reconstructing
charm on the “other side” of the event—significantly reducing
the mistag rate. Another tag of comparable accuracy is iden-
tification of one of the D’s produced from (3770) — DD,
Although time-dependent analyses are not possible at symmet-
ric charm-threshold facilities (the D° and D° do not travel
far enough), the quantum-coherent C' = —1 (3770) — DYDY
state provides time-integrated sensitivity [1,2].

Time-Dependent Analyses: We extend the formalism of
this Review’s note on “B’-B° Mixing” [3]. In addition to the
“right-sign” instantaneous decay amplitudes A; = (f|H|DV)
and A? = (f|H|D") for C'P conjugate final states f = K7, ...
and f = K~n",..., we include “wrong-sign” amplitudes Z? =
(f|H|D®) and Ay = (f|H|D").

It is conventional to normalize the wrong-sign decay distri-
butions to the integrated rate of right-sign decays and to express
time in units of the precisely measured neutral D-meson mean
lifetime, 7o = 1/T' = 2/(I'y + I'y). Starting from a pure | D)
or |DY) state at ¢t = 0, the time-dependent rates of decay
to wrong-sign final states relative to the integrated right-sign
decay rates are, to leading order:

[(FIHID @) ‘q

2 2
r(t) I lgrart+ 9=,

vy P
and
FIH|D ()| 2 2
riy = O 2Py o
47 ’
where
Ar=qAp/pAs, Ap=ads/pAy, (9)
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and
w1,2

1 . .
g:t(t) = 5 (e—zz1t + e—zzgt) , z10= T ) (10)
Note that a change in the convention for the relative phase of
D° and D” would cancel between q/p and Ap/A; and leave
Ay unchanged. We expand r(¢) and 7(t) to second order in
x and y for modes in which the ratio of decay amplitudes,

Rp =|Af/Ay|?, is very small.

Semileptonic decays: In semileptonic D decays, Ay = Z7 =
0 in the Standard Model, and r(¢) is

et o g ?
zT(x +y°)t

q

(11)

For 7(t) one replaces ¢/p here with p/q. In the Standard Model,
CP violation in charm mixing is small and |¢/p| ~ 1. In the
limit of C'P conservation, r(t) = 7(t), and the time-integrated
mixing rate relative to the time-integrated right-sign decay rate

Ry = /O ()t = %(ﬁ +4?). (12)

Table 1 summarizes results for Rjy; from semileptonic decays;

the world average from the Heavy Flavor Averaging Group
(HFAG) [10] is Ry = (1.7 4 3.9) x 1074,

Table 1: Results for Ry; in DY semileptonic decays.

Year  Exper. Final state(s) Ry (x1073) 90% C.L.

2007 BABAR [4] K®*e 7, 0.04708  <1.2x1073
2005 Belle [5]  K®te m, 0.0240.47+0.14 < 1.0 x 1073
2005 CLEO [6] KW®Wte p, 1.64£29429 <7.8x1073
2004* BABAR [7] K®Te ™7, 23412404 <42x1073

2002* FOCUS[8] K*tu 7, —0.761095 < 1.01 x 1073
1996  E791 [9] K7, (11739 x 1073 < 5.0 x 1073
HFAG [10] 0.17 £ 0.39

*These measurements are excluded from the HFAG average.
The FOCUS result is unpublished, and the BABAR result has
been superseded by Ref. 4.
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Wrong-sign decays to hadronic non-CP eigenstates:
Consider the final state f = K*n~, where Ay is doubly
Cabibbo-suppressed. The ratio of decay amplitudes is

Af = —v/Rp e—idf,

A
Ay A

f
where Rp is the doubly Cabibbo-suppressed (DCS) decay rate
relative to the Cabibbo-favored (CF) rate, d; is the strong
phase difference between DCS and CF processes, and 6. is the

Cabibbo angle. The minus sign originates from the sign of V,
relative to V4.

We characterize the violation of C'P in the mixing ampli-
tude, the decay amplitude, and the interference between mixing
and decay, by real-valued parameters Ap;, Ap, and ¢. We
adopt the parametrization (see Refs. 12 and 13).

2
q 1+ A
\5 -\ (14)
L, _ pA (1+Ap)(1— ) \'*
l= PAY R ( (07 +6)
f qAy PAT=A4p)(1+ Ay) ‘
(15)
a4z (1—Ap)(1+ A)\*
dr= —L=— RD< ) e 05 =9)
pAF (1+Ap)(1 - An)
(16)
Since

L+Ap _ |Ap/Ay (17)

Ap is a measure of direct C'P violation, while Ap; is a
measure of C'P violation in mixing. The angle ¢ measures C' P
violation in interference between mixing and decay. While A,
is independent of the decay process, Ap and ¢ may depend on
f.

In general, )\? and )\;1 are independent complex numbers.
More detail on C'P violation in meson decays can be found in
Ref. 3. To leading order, for Ap and Ay < 1,

r(t) = et [Rp(l + Ap) + v/ RD\/l + AM\/l + ADy'_t

+ (14 Ap)Ruy t2] (18)

N —
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and
() = et [RD(1 — Ap) + VRp\/1— Ay/1— Apyt
+ %(1 — Ay)Ru tﬂ (19)
Here
Yy = v/ cos ¢ & 2’ sin ¢
= ycos(Oxn F ¢) — xsin(0kx F ) , (20)
where

Yy = ycosdxr — xsindxp,
¥ =xcosdiy +ysindgn, (21)

and Ry =~ (22+y%) /2 = (22 +y)/2 is the mixing rate
relative to the time-integrated right-sign rate.

Table 2: Results for R, Rp, and Ap in D° —

Ktn—.

Year  Exper. R(x107%) Rp(x1073) Ap (%)
2007 CDF [14] 4.15+0.10 3.04 + 0.55
2007 BABAR [15] 3.5340.0840.04 3.03+£0.16+0.10 —2.1+5.2+ 1.5
2006 Belle [16]  3.77 4 0.08 & 0.05 3.64 +0.17 2.3+ 4.7
2005* FOCUS [17]  4.29708 4 0.28 51771314076 13733+ 10
2000* CLEO [11]  3.32758 +040  48+1.24+04  —-17{8+1
1998  E791 [18] 6.87343 +0.7 —

Average 3.80 + 0.05 3.35+0.09 [10] —2.2+2.5 [10]
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The ratio R is the most readily accessible experimental
quantity. Table 2 gives recent measurements of R in DY —
K*r~ decay. The average R is (0.380 % 0.005) %.

*These measurements are included in the HFAG average of
Rp but are excluded from the HFAG average Ap.

The three terms in Eq. (18) and Eq. (19) probe the three
fundamental types of C'P violation. In the limit of C'P conser-
vation, Ays, Ap, and ¢ are all zero. Then

r(t) =7(t) =€ ! (RD ++VRpy't + %RM t2) : (22)

and the time-integrated wrong-sign rate relative to the inte-
grated right-sign rate is

R:/r(t) dt = Rp+/Rpy + Ry . (23)
0

Table 2 gives the limits on Ap, and the HFAG average [10)]
of Rp and Ap from a general fit; all allow for both mixing and
CP violation. Typically, the fit parameters are Rp, 2’2, and v/'.
Table 3 summarizes the results for ¢’ and x’2. Allowing for C P
violation, the separate contributions to R can be extracted by
fitting the D° — K*7n~ and D — K ~7" decay rates.

Table 3: Results on the time-dependence of 7(t) in D? —
K*7~ and D’ — K ~nt decays. The CDF result assumes
no CP violation. The FOCUS and CLEO results restrict x/?
to the physical region. The confidence intervals from FOCUS
and CLEO are obtained from the fit, whereas Belle uses a
Feldman-Cousins method, and CDF uses a Bayesian method.

Year  Exper. y' (%) 2’ 2 (x1073)
2007 CDF [14] 0.85£0.76 —0.12£0.35
2007 BABAR [15] 0.97+£0.44+£0.31 —0.22£0.30+0.21
2006 Belle [16] —28 <y <21  <0.72 (95% C.L.)

2005 FOCUS [17] —112 <y <6.7 <80 (95%C.L.)
2000 CLEO [11] -58<y <10 <0.81 (95%C.L.)

Table 4 summarizes results for R measured in multibody fi-
nal states with nonzero strangeness. Here R, defined in Eq. (23),
becomes an average over the Dalitz plot.
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Table 4: Results for R in D° — K®*7~(n1).
The values of R need not be the same for
different decay channels.

Year  Exper. D final state R(%)

2006 BABAR [22] K*tn 70  0.214 4+ 0.008 + 0.008
2005 Belle [23] K*n~ntr~  0.32040.0187901%
2005 Belle [23]  K*tr—a®  0.22940.015%5 08
2002 CLEO [19]  K*fzn~ 0.5+ 0.270¢
2001 CLEO [24] K*tn—ntr~ 041707 +0.04
2001 CLEO [25] K*trn=n0 0.43%518 £0.07
1998 E791 18] Ktr—7wtn~  0.687033 4+ 0.07

Extraction of the mixing parameters x and y from the
results in Table 3 requires knowledge of the relative strong phase
0. An interference effect that provides useful sensitivity to
Sk arises in the decay chain 1(3770)—DYDO—(fu,) (K T77),
where f., denotes a C'P-even or -odd eigenstate from D° decay,
such as K™K~ [26]. Here, the amplitude relation

V2AD: - K 77) =AD" - K~ 7)) + A(EO — K—7T).
(24)
where Dy denotes a C' P-even or -odd eigenstate, implies that
A(Dy — K~-n)[2 = |A(D- — K—rH)?
2/Rp |A(DY — K—71)|?

This neglects C'P violation and uses v/ Rp < 1.
For multibody final states, Eqs. (13)—(23) apply separately

cosOgr = (25)

to each point in phase-space. Although = and y do not vary
across the space, knowledge of the resonant substructure is
needed to extrapolate the strong phase difference 6 from point
to point to determine z and y.

A time-dependent Dalitz-plot analysis of DO — K+tn—rn0
from BABAR [22,28] reports Ry = (2.9 + 1.6) x 1074, 2" =
(2.39 £0.61 +0.32)%, and y"” = (—0.14 + 0.60 + 0.40)%, where

2",y and §p o are defined as

2" = 208050 +ysindg 0,y = ycosdg 0 — TSN, r0,
(26)
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in parallel to 2/, ¢/, and dx, of Eq. (21). Both strong phases,
Orr and dg .0, can be determined from time-integrated C'P
asymmetries in correlated DYDY produced at the 1(3770) [26,27].

Both the sign and magnitude of z and y without phase
or sign ambiguity may be measured using the time-dependent
resonant substructure of multibody D decays—see CLEO [29].
In DY — K277, the DCS and CF decay amplitudes populate
the same Dalitz plot, which allows direct measurement of
the relative strong phases. CLEO [19] and Belle [20] have
measured the relative phase between D — K*(892)*7~ and
DY — K*(892)"7t to be (189 + 10 + 371)° and (171.9 +
1.3 (stat. only))®, respectively. These results are close to the
180° expected from Cabibbo factors and a small strong phase.
Table 5 summarizes the results from Belle [20] of a time-
dependent Dalitz-plot analysis of DO—>Kg7r+7r_.

Table 5: Belle results from a time-dependent Dalitz-
plot analysis of DY — K37 *7~ [20]. The errors are
statistical, experimental systematic, and decay-model
systematic, respectively (CPV = CP violation).

Result 95% C.L. interval
No CP Violation
z = (0.80 £ 0.29" 0027011 % (0.0,1.6)%

y = (0.33 £ 0.2470 95000 % (—0.34,0.96)%
With C'P Violation
z = (0.81+0.307) 2709 % 2| < 1.6%
y = (0.37 4 0.257 39500797 ly| < 1.04%
la/p| = 086753573 + 0.08
¢ = (-1

In addition, Belle [20] has reported results for both the
relative phase (statisical errors only) and ratio R (central values
only) of the DCS fit fraction relative to the CF fit fractions
for K*(892)*n—, K;(1430)*a—, K3(1430)*r—, K*(1410)*n~,
and K*(1680)"7~. The reported values for R in units of tan* .

July 16, 2008 11:16



—9—

are 2.94+0.12, 22.0+£1.6, 34+4, 87+ 13, and (5£5) X 10%. For
K*7~, the corresponding value for Rp is (1.2840.02) x tan* ...
Similarly, BABAR [21] has reported central values for R for
K*(892)t7—, K;(1430)*7~, and K3(1430)" 7. The reported
values for R in units of tan 6, are 3.45+ 0.31, 7.7 & 3.0, and
1.7 + 1.7, respectively. The systematic uncertainties on these
value R must be evaluated. The large differences in R among
these final states could point to an interesting role for hadronic
effects.

Decays to CP FEigenstates: When the final state f is
a CP ecigenstate, there is no distinction between f and f,
and Ay = A? and Z?:Zf. We denote final states with C'P
eigenvalues 1 by fi and write Ay for Az, .

The quantity y may be measured by comparing the rate for
DY decays to non-C'P eigenstates such as K ~n with decays to
CP eigenstates such as K™K~ [13]. If decays to K™K~ have
a shorter effective lifetime than those to K~ 7™, y is positive.

In the limit of slow mixing, x,y < 1, and the absence of
direct C'P violation (Ap = 0), but allowing for small indirect
C'P violation (|Ap], |¢| < 1), we can write

e . (27)

To a good approximation, the decay rates for states that

C -0 . .
are initially D° and D~ to a CP eigenstate have exponential
time dependence

re(t) cexp (—t/71) , (28)

T4 (t) < exp (—t/7T+) , (29)

where 7 is measured in units of 1/T.
The effective lifetimes are given by

1/Tizli'%‘(ycosgb—xsin¢), (30)

1/?i_1i'§‘(ycos¢+xsm¢). (31)
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The effective decay rate to a CP eigenstate combining both DY
and D’ decays is

ra(8) + Fi(t) ox e~ UFvor)t (32)
Here
_ (e |p LA 1P p
vor =5 (] +[3]) vewe =5 (3] 7] 2mme 0

~ycosp— Apxsing . (34)

If CP is conserved, yop = y.
Belle [30] and BaBar [31] have recently updated ycop and
the decay-rate asymmetry for C'P even final states

Arz% (35)
1 /q p L(lg|  |p .
—5(']—)‘—'a‘)ycosgb—i('2—9'+‘5')xsmgb (36)
~ Apycos¢ —xsing . (37)

If C'P is conserved, Ar = 0. All measurements of yop and Ap
are relative to the D — K 7T decay rate. Table 6 summarizes
the current status of measurements. The average of the six yop
measurements is 1.13 + 0.27%.

Substantial work on the integrated C'P asymmetries in
decays to CP eigenstates indicates that Acp is consistent
with zero at the few-percent level [36]. The expression for the
integrated C'P asymmetry that includes the possibility of C'P

violation in mixing is

[(D°— fy) —T(D°— fy)

Acp = T(D0 S /) T s (38)
A
= |q]> - |p|2+2Re(iAi) . (39)
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Coherent D°D° Analyses: Measurements of Rp, cosx,
x, and y can be made simultaneously in a combined fit to the
single-tag (ST) and double-tag (DT) yields, or individually by
a series of “targeted” analyses [26,27].

The “comprehensive” analysis simultaneously measures mix-
ing and DCS parameters by examining various ST and DT
rates. Due to quantum correlations in the C' = —1 and C' = +1
DYDY pairs produced in the reactions ete™ — DYDY(7°) and
ete™ — DD%(7%), respectively, the time-integrated D°DY
decay rates are sensitive to interference between amplitudes
for indistinguishable final states. The size of this interference
is governed by the relevant amplitude ratios and can include
contributions from D%-DY mixing.

The following categories of final states are considered:

f or f: Hadronic states accessed from either D° or D° de-
cay but that are not C'P eigenstates. An example is K 7,
which results from Cabibbo-favored D transitions or DCS DY
transitions.

£% or £~ : Semileptonic or purely leptonic final states, which,
in the absence of mixing, tag unambiguously the flavor of the
parent DY.

S+ or S_: CP-even and C'P-odd eigenstates, respectively.

The decay rates for DYD? pairs to all possible combinations
of the above categories of final states are calculated in Ref. 1, for
both C'= —1 and C' = +1, reproducing the work of Ref. 2. Such
DYDY combinations, where both D final states are specified,
are double tags. In addition, the rates for single tags, where
either the DY or DY is identified and the other neutral D decays
generically are given in Ref. 1.

CLEO-c has reported results using 281 pb™! of ete™ —
¥(3770) data [37,38], where the quantum coherent DYD? pairs
are in the C' = —1 state. The values of y, Ry, and cosdx, are
determined from a combined fit to the ST (hadronic only) and
DT yields. The hadronic final states included are K~ 7t (f),
Ktr= (f), K-K* (S+), ntn~ (Sy), K2n70 (S4), K{n0
(Sy), Km0 (S2), K%n (S-), and K2w (S_). The two flavored
final states, K~n% and K7 ~, can be reached via CF or DCS

transitions.
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Semileptonic DT yields are also included, where one D is
fully reconstructed in one of the hadronic modes listed above,
and the other D is partially reconstructed, requiring that only
the electron be found. When the electron is accompanied by a
flavor tag (D — K~ n" or K*77), only the “right-sign” DT
sample, where the electron and kaon charges are the same, is
used.

The main results of the CLEO-c analysis are the determina-
tion of cos dgr = 1.10+0.354+0.07, and World Averages for the
mixing parameters from an “extended” fit that combines the
CLEO-c data with previous mixing and branching-ratio mea-
surements [37,38]. In these fits, which allow cos §, and 2% to
be unphysical, the no-mixing result (z = y = 0) is excluded
at 5.00. Constraining cosdg, and sindg, to [-1,4+1]—that is
interpreting dx, as an angle—yields dg, = (Qi%%f?l)o. Note
that measurements of y (Table 6 and Table 3) and 3y’ (Table 5)
contribute to the determination of dg.

Summary of Experimental Results: Several recent results
indicate that charm mixing is at the upper end of the range of
Standard Model estimates.

BABAR [15] and CDF [14] find evidence for oscillations
in DY — K*r~ with 3.90 (ALogl) and 3.80 (Bayesian),
respectively. The most precise measurement is from Belle [16],
which excludes 22 = ¢/ = 0 at 2.10.

Belle [30] and BABAR [31] find 3.20 and 30 effects for yop
in DY — KTK~ and 777 ~. The most sensitive measurement
of y is in D* — K3nTn~ from Belle [20] and is only 1.20
significant. In the same analysis, Belle also finds a 2.4¢ result for
x. The current situation would benefit from better knowledge
of the strong phase difference dx, than provided by the current
CLEO-c result [37,38]. This would allow one to unfold x and y
from the DY — K7~ measurements of 2> and v/, and directly
compare them to the DY — Kr 7~ results.

The experimental data consistently indicate that the DY
and D’ do mix. The mixing is presumably dominated by long-
range processes. A serious limitation to the interpretation of
charm oscillations in terms of New Physics is the theoretical
uncertainty of the Standard Model prediction. However, recent
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evidence opens the window to searches for C' P violation, which
would provide unequivocal evidence of New Physics.
HFAG Averaging of Charm Mixing Results:

All mixing measurements can be combined to obtain world
average values for z and y. The HFAG has done this in two ways
[39,40,10]: (a) By adding together log-likelihood functions for
x, y, and dx, from measurements of relevant observables;
(b) by making a global fit to the measured observables x,
Y, Okm, Oy o, and Rp, being careful to account for the
correlations among observables by using the error matrices from
the experiments. Both methods use measurements of DY —
Kt v, KtK—, ntn~, Ktn~, Kt 7%, Ktr—ntn~, and
Kg7r+7r_ decays, as well as CLEO-c results for double-tagged
branching fractions measured at the (3770) resonance (see
previous sections of this note). Method (a) has the advantage
that non-Gaussian errors are accounted for; method (b) has
the advantage that it is readily expanded to allow for C'P
violation. For that, three additional parameters are included in
the fit: A, = (R5—Rp)/(R,+Rp), la/p|, and Arg(q/p) = ¢.
The two methods obtain almost identical results when they are
applied to the same set of observables.

Table 7: HFAG Charm Mixing Average allow-
ing for C'P violation [10,39,40].

Parameter HFAG average 95% C.L. interval

(%) 0.97+0:27 (0.39 — 1.48)
y(%) 0.781918 (0.41 — 1.13)
Rp(%)  0.335+£0.009  (0.316 — 0.353)
Sxcr(®) 21.9M132 (—6.3 — 44.6)
S gerro(®) 32.41224 (—20.3 — 82.7)
Ap(%) —22425 (=7.10 — 2.67)
lq/pl 0.867018 (0.59 — 1.23)
$(°) —9.615:3 (—30.3 —6.5)
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Figure 1: Two-dimensional lo-50 contours

for (z,y) from measurements of D® — KT/v,
hth=, Ktn~, Ktn 0 KTr—ntn~, and Kg7r+7r_
decays, and double-tagged branching fractions
measured at the ¢(3770) resonance (from

HFAG [10]) . Color version at end of book.

For the global fit, confidence contours in the two dimensions
(z,y) and (|¢/p|, ¢) are obtained by letting, for any point in
the two-dimensional plane, all other fit parameters take their
preferred values. Figures 1 and 2 show the resulting 1-to-5 o
contours. The fits exclude the no-mixing point (z=y=0) at
6.70, whether or not C'P violation is allowed. The parameters
x and y differ from zero by 3.00 and 4.10, respectively. One-
dimensional likelihood functions for parameters are obtained by
allowing, for any value of the parameter, all other fit parameters
to take their preferred values. The resulting likelihood functions
give central values, 68.3% C.L. intervals, and 95% C.L. intervals
as listed in Table 7.
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Figure 2: Two-dimensional 1o-50 contours for
(lg/pl,Arg(q/p)) from measurements of DY —
K*ttw, hth=, Ktn~, KTn a0, Ktn—ntrn,
and K g7T+7T_ decays, and double-tagged branch-
ing fractions measured at the ¢ (3770) resonance
(from HFAG [10]) . Color version at end of book.

From the results of the HFAG averaging, the following

can be concluded: (1) Since C'P violation is small and yop is
positive, the C'P-even state is shorter-lived, as in the KYKY
system. However, since x appears to be positive, the C'P-even
state is heavier, unlike in the KYK? system. (2) There is no
evidence yet for C' P-violation in the DYDY system.
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