STABILITY THEORY FOR NEUMANN EIGENFUNCTIONS

1. A SOBOLEV INEQUALITY

Lemma 1.1. Let ABCD be a parallelogram, and let u be a C? function on ABCD.
Let a be the angle subtended by A. Then

u(A) = u(B) + u(C) — u(D)] < — /ABCD V2.

sin(«)

Proof. We may normalise A = 0, so that C' = B + D. From two applications of the
fundamental theorem of calculus one has

/01 /01 astu(SB + tD) = U(A) — u(B) + U(C) _ U(D)

The left-hand side can be rewritten as
1
S — B-V)(D-V)u.
|ABCD| ABCD< ) )
Since
|ABCD| = |B||D| sin(«)

the claim follows. O

Lemma 1.2. Let ABC be a triangle with angles o, 3,7, and let u be a C? function on
ABC that obeys the Neumann boundary condition n-Vu = 0 on the boundary of ABC.
Then for any P € ABC, one has

4 2
[u(P) — (@) < 3 min(sin(a), sin(f), sin(y)) /ABC [V7ul.

Proof. Let X € ABC. Let D,E € AB, F,G € BC,H,I € AC be the points such
that ADXI, BFXFE,CHXG are parallelograms; thus D, G are the intersections with
AB, BC respectively of the line through X parallel to AC, and so forth. Then from the
preceding lemma one has

u(X) + u(A) — u(D) — u()] < — / v

sin(«)

1 2
() +u(B) = u(F) = u(B) < o [ vl

1 2
[u(X) +u(C) — u(H) — (@) < /CHXG V2ul.

1
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Also, by reflecting the triangles DEX, FGX, X HI across the Neumann boundary and
using the previous lemma, we see that

2 2
() +u(X) (D) ~u(B)| < = [ v

2 2
X) +u(X) ~u(F) ~u(@)] < s [ v

2 2
|u(X) + u(X) —u(H) —u(l)] < n(3) /XHI|V ul.

Summing the latter three combinations of u and subtracting the former three using the
triangle inequality, we conclude that

2
X)—u(A) —u(B) — < ).
3u(X) = ) = (B) = O) < ey [ 7
Setting X = P, () and subtracting, we obtain the claim. O

Corollary 1.3. Let ABC be a triangle with angles o, 3,7, and let u be a C? function
on ABC which is smooth up to the boundary except possibly at the vertices A, B,C, and
which obeys the Neumann boundary condition n-Vu = 0 on the boundary of ABC, and
has mean zero on ABC. Then

4
3 min(sin(a), sin(3), sin(7))

[ull = (aBey < [ABC|?|| Aul| 2 4By

Proof. If u has mean zero, then ||u|z~pc) is bounded by |u(P) — u(Q)| for some
P,.Q) € ABC. From the previous lemma we thus have

4
3 min(sin(a), sin(5), sin(7y))
It will thus suffice to show the Bochner-Weitzenbock identity

/ |V2u|2:/ A2,
ABC ABC

But this can be accomplished by two integration by parts, using the smoothness and
Neumann boundary hypotheses on u (and a regularisation argument if necessary to cut
away from the vertices) more details needed here. O

|ul| L aBey < |ABC|'?||V?ul| r2(aBc).-

2. SCHWARZ-CHRISTOFFEL

Let 0 < a, 8,y < 7 be angles adding up to 7, then we can define a Schwarz-Christoffel
map D, 5 : H— ABC from the half-plane H := {z : 3(2) > 0} to a triangle ABC with
angles «, 8,7 by the formula

Py— : dC
CI)a’g(z) -_/0 Cl—a/ﬂ(]_ _ C)l—ﬁ/ﬂ’
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where the integral is over any contour from 0 to z in H, and one chooses the branch cut
to make both factors in the denominator positive real on the interval [0, 1]. Thus the
vertices of the triangle are given by

A= (ba,,@(o) =0
B - 1 dt ~ I(a/m)T(B/7)
B = (I)a,ﬁ(l) - /0 tl—a/ﬂ(l — t)l_ﬁ/ﬂ' B P((Oé + /B)/’ﬂ')

, s dt
C .=, = —e'
8(c0) € /0 [t[1=e/m (1 — t)1—B/

i /OO ds
=e
1 (S _ 1)1704/71'817,8/#

i ! dv

=€ /0 (’U _ 1)1—a/7rU1—*y/7r

_uDla/m(/)
I'((ar47)/m)

where we have used the beta function identity
/1 dt - T(@)l(y)
o (1=t T(x+y)

and the changes of variable s = 1 — ¢, v = 1/s. In particular, the area of the triangle
ABC can be expressed as

1 : L(a/m)’L(B/m)C(y/m)

ABC| = -|B||C|sin(a) = sin(a

ABC= R IBICN) = et By (e + 3 /m
which can be simplified using the formula I'(2)['(1 — z) = ez as the more symmetric
expression

1
|ABC| = ﬁf(a/w)QF(ﬁ/ﬂ)QF(v/ﬂ)Q sin(a) sin(3) sin(7y). (2.1)

We write

|25, 5(2)| = @

where w = w, g is the harmonic function

w(z) = (% — 1) log |2| + (g —1)log |l — 2. (2.2)

If u: ABC — R is a smooth function, and % : H — R is its pullback to the half-plane
H defined by

u:=uo®d,ps

/ u:/e%fe.
ABC H

then we have
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In a similar vein we have the conformal invariance of the two-dimensional Dirichlet

energy
/ Vuf = / VP
ABC H

and the conformal transformation of the Laplacian:
At(z) = 2 Au.
In particular, the Rayleigh quotient

[l [
ABC ABC

with mean zero condition f apc @ = 0 becomes, when pulled back to H, the Rayleigh

quotient
/ vl / i
H H

with mean zero condition f[H e = 0.
Let us, us, ... be an L2-normalised eigenbasis for the Neumann Laplacian —A on ABC
with eigenvalues Ay < A3 < ..., thus
—Aup = M\pug
on ABC with Neumann boundary data
n-Vu, =0

/ ujuk = Ojk
ABC
/ Uj =0.
ABC

One can show that when ABC' is acute-angled, these eigenfunctions are smooth except
possibly at the vertices A, B, C, and are uniformly C?. add details here

and orthonormality

and mean zero condition

Pulling all this back to H, we obtain transformed eigenfunctions s, us, ... on H to the
conformal eigenfunction equation
—Adly, = M\pe® iy, (2.3)
on H with Neumann boundary data
n-Viy =0 (2.4)

and orthonormality
/ X001y, = Ojp (2.5)
H
and mean zero condition

/ e*1; = 0. (2.6)
H
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Now suppose that we vary the angle parameters «, 3,y smoothly with respect to some
time parameter ¢, thus also varying the triangles ABC, eigenfunctions u; and trans-
formed eigenfunctions uy, eigenvalues \g, and conformal factor w. We will use dots to
indicate time differentiation, thus for instance & = —a Let us formally suppose that
all of the above data vary smoothly (or at least C' 1) in time we will eventually need
to justify this, of course. Since a +  + v = m, we have

q+p+5=0.
The variation w of the conformal factor is explicitly computable from (2.2) as being a
logarithmic weight:
_ B
= —log|z| + = log]1 —z|.

Next, by (formally) differentiating (2.3) we obtain an equation for the variation uy of
the k' eigenfunction:

—Auk )\ke Uy + 2>\kwe Uy, + )\ke Uk (27)
To solve this equation for i, we observe from differentiating (2.4), (2.5), (2.6) that

/[H €255 — 0 (2.8)

(/e%Mﬂk:O
H

By eigenfunction expansion, we thus have

ﬁk = Z(/ szuluk) (9 (29)

14k Y H

and

and

in a suitable sense (L? with weight ¢*). Now we evaluate the expression in parentheses.
Integrating (2.7) against @; and using (2.5) reveals that

—/AmmzzM/@ﬁ%mh+M/}%mm. (2.10)
H H H

By Green’s theorem and the Neumann conditions on i and Uy, the left-hand side is

—/akml

H

/\1/6 ukul
H

Inserting this into (2.10) we see that

Lo~ 2)\14 . ~ ~
/e%ukul = we iy
H Al — Mg Sy

which by (2.3) is equal to
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and thus by (2.9)

2 2)\I<: C Qw~ ~ o\~
= E « . 2.11
Ug, l?ék()\l w /[Hwe Uy )y ( )
We can take Laplacians and conclude that

. 26N / o
—Ady, = e* Gy .
k léek(/\l s Ky ) Uy

Set k = 2, then /\21’\_’“)‘1 is bounded in magnitude by 2)‘2)‘3 . From the orthonormality (2.5)
and the Bessel inequality, we conclude that

’ 2o -
([ iaiaPy <« 2 [ o) (212)

If we change coordinates by writing

u=uo®

(/ |Au | )1/2 2>‘2)‘3 /| |262w 72)1/2
ABC A3 — Ao

Also, 1 has mean zero on ABC by (2.8). We conclude from Corollary 1.3 that

4 2D
o < ABC|V/2 22278 / 26292 1/2
litzlle 3 min(sin(«), sin(f3), sin(7y)) [ABC] A3 — Ao wle

Pulling back to H, and estimating s in L*> norm, we conclude that

we conclude that

[4ta][ oo iy < XJia | oo e
where X is the explicit (but somewhat messy) quantity
4 203 _
X = ABC 1/2 / 2 2w 1/2.
3 min(sin(a), sin(p), sin(y))| | A3 — )\2( H wl7e™)

This gives stability of the second eigenfunction in L* norm, as long as there is an
eigenvalue gap A3 — A\ > 0.

One can compute one factor in the quantity X as follows. Observe that

| % = ABC] = ST (a/m T (/7D 7 sin(a) sin3)sin(y).

If we view «, 3, (and hence w) as varying linearly in time, and differentiate the above
equation under the integral sign twice in time, we conclude that

d2
12 2w 2w
4/[H|w|e __dtQ/e

0? 0? 0?
o9, 0
(04a + aﬂa 8ﬁ+ &y 7

02 0? 0?
+ 32 852+ 57@4'7 87)

(ﬁr(a/ﬂ)zF(ﬁ/ﬂ) L'(v/m)*sin(a) sin(B) sin(7)).
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This, in principle, expresses the factor ([, [w]|?¢**)"/? in X as an explicit combination of
trigonometric functions, gamma functions, and the first two derivatives of the gamma
function. However, this formula is somewhat messy, to say the least.

3. AN EXPLICIT EXAMPLE

Suppose we take the isosceles right-angled triangle
a=7/2;f=vy=m/4

and move along the space of right-angled triangles by taking
a=0;8=14%=—1.

In this example we have

4 42
3min(sin(a),sin(ﬁ),sin(y)): 3 ~ 18856

and
1
|ABC|'/? = %F(l/Q)F(l/zL)Q ~ 3.70815

To put it another way, the sidelength AB = AC is given by
1

|AB| = |AC| = \/_—QF(l/Z)F(l/4)2 ~ 5.24412.
T
We have
2
T
Ag = ———
* [ABP
and
272
Ao = ——
7 JABP
and so
2/\2)\3 47T2

= 7.52814.

Xs— s |ABJ?
MAPLE tells me that
d2
@MBC\ ~ 40.836
and so

/ |26 ~ 10.209
H

and so
X =~ 22.34.
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4. JUSTIFYING THE DIFFERENTIABILITY

In the above analysis, we assumed without proof that the eigenfunction v and eigenvalue
A behaved in a C! fashion with respect to smooth deformation of the triangle. We now
justify this assertion.

It is convenient to first work with an affine model rather than a conformal one, using
a fixed reference triangle €y instead of the half-plane H as the reference domain, and
affine maps instead of Schwarz-Christoffel maps as the transformation maps. This is in
order to keep the transformation maps smooth at the vertices; it comes at the cost of
making the Neumann condition inhomogeneous. After we establish smoothness for this
model, we will then change coordinates to the conformal model.

Namely, suppose one has a smooth family of triangles ABC = ABC(t) with vertices
A(t), B(t),C(t) depending smoothly on a time parameter ¢ (as is the case in the pre-
ceding discussion). We isolate the time zero triangle Qg := ABC(0) as the reference
domain, and view all the other triangles as affine images Q(t) = F(t)(§2) of the refer-
ence triangle for some affine transformations F'(¢) : R* — R? depending smoothly on ¢.
Actually, we may normalise A(t) = 0 (say), so that the F'(t) are linear instead of affine.

Pulling the Rayleigh quotient from Q(¢) back to €, we see that the second eigenvalue
Ao(t) comes from minimising the functional

[FH OVl [ fuf?
Q() Q0
among functions u € L*(€)) of mean zero. Let us write uy(t) for a minimiser of this
functional with unit norm, thus

us(t)|* =1
Qo

and
g |F=H () Vua(8)]? = Xa(t);

as long as the second eigenvalue is simple, this uniquely determines uy(t) up to sign.
The function s is of course the second Neumann eigenfunction of (), pulled back to
Qo.

We now compare us(t) with ug(0) for ¢ small, assuming an eigenvalue gap A2(0) < A3(0).
Let us write

ug(t) = cos O(t)uz(0) + sin §(t)v(t)
for some angle 6(¢) and some v(t) orthogonal to both uy(0) and 1, and of unit L?

norm. By reflection we may also assume that |0(t)| < 7/2. Because us(t) achieves the
minimum of the Rayleigh quotient, we see that

|[F'Wuy ()] < | |[F'Vuy(0)]2
Qo QO
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The left-hand side can be expanded as
cos?0(t) [ |F~H(t)Vuy(0)|*4+2 cos O(t) sin §(t) / (F~H() F~H(t)Vug(0)-Vo(t)+sin? 0(¢) [ |F~1(¢)

Qo Qo Qo
and thus, either §(¢) = 0 or

2cosf(t) /Q (F7X ()" F~ (1) Vua(0)-Vou(t)+sin 0(t) |F~H(t)Vo(0)* < sin6(t) |F~1 () Vuy(0) %

QQ QO
Note that as F' depends smoothly on ¢, one has

A [F=H () Vua(0)* = A2(0) + O([t])

and similarly
[FH V(0 > (1 - O(I?f\))/Q [Vu(0)]* = (1= O(t]))As(0)

thanks to the spectral theorem and the normalisation of v; here the implied constants
are allowed to depend on everything except t. Thus, for sufficiently small ¢, we conclude
that

Qo

[sinf(t)] [ [F()Vo(O) < | [ (F7(1) F~H () Vua(0) - Vo(t)].

QO Q0
The eigenfunction uy(0) obeys the eigenfunction equation —Auz(0) = A2(0)uz(0) with
Neumann boundary condition n - Vuy(0) = 0, and is bounded in H2. In particular, by
integration by parts

Vus(0) - Voo(t) = / Ao(0)us(0)0(#) = 0

Qo Qo

and so

/Q(F_l(t))*F_l(t)VuQ(O)-W(t)ZO(ItI [Vua (0)|[Vu(t)])

Qo
which by Cauchy-Schwarz gives

/Q(Fl(t))*Fl(t)Vw(U)'Vv(t):O(!ﬂ( [FH 6 V(0)]*)?).

We thus have 0
sin0(t)( [ [F~H(6)Vo(0)[*)? = O(]t])

Qo

and thus 6(t) = O(|t|) and
Isin0(t)v| 11 (00) = O([E]).
In particular, we have the Lipschitz bound
[Jua(£) — u2(0) || 2 (20) = O(J¢]) (4.1)

for t small enough. Comparing Rayleigh quotients then gives
[A2(t) — A2(0)] = O(]#])

again for ¢ small enough.

Now we move back to the conformal picture. Taking into account the difference between
the affine coordinate transformations and the Schwarz-Christoffel transformations, the
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H' bound (4.1) implies that the eigenfunctions s (t), @2(0) obey an L? estimate of the
form

(A%@@—%@@%M%W=OWD

This can be established by using uniform C° bounds on uy(t) near vertices to handle the
regions within O([¢|%) of the vertices A, B, C' for some large constant K, and using (4.1)
and a smooth deformation in ¢ to control the remainder. If we write @y (t) = 2(0)+t9(%),
we thus have

15()e“ | 2 = O(1)
with 9(t) obeying Neumann boundary conditions. The same argument also gives the
variant bounds

19(£)(e*® = e )l z2e) = o(1).

Also, from the eigenfunction equation
—Adiy(t) = —Xo(t)e*Day(2)
and writing Ao(t) = A2(0) 4+ ty(t), w(t) = w(0) + to(t), we see that
—85(E) =~ (a(0)+(1) T (0)+45(0) 4 (i 0)+Aa(O)T(E-+ ()31
Since v(t) = O(1), the previous bounds on ¥ give
le™* AD| 2wy = O(1)
and in particular (on integrating this against o(t)e“(%))
V3| L2y = O(1).

From this and Hardy’s inequality one obtains (after some calculation) that

(A = Ape™)0(t) = —e*(2X2(0)0(0)2(0) + (1) ii2(0) + (1))
where ||e(t)| 21 = o(1). Integrating this against (0), we obtain that

oz-akmwmx/awdm@mf+ww+dn

H
which among other things shows that 7(¢) is continuous at ¢ = 0, and we now have

(A — Ae®0)5(t) = —e20(2X5(0)0 (0)dia(0) + 7(0)iia(0) + €' (¢))

where ||e(t)|| 2wy = o(1). Solving this inhomogeneous eigenfunction equation, we see
that the component of o(¢) orthogonal to 43(0) in L?(H, e**) is continuous at ¢ = 0 in
the L?(H, e*) norm. As for the component parallel to i3(0), we use the normalisation

/|U ‘2 2w(t /’u ‘2 2wo =1

which we rewrite using @y (t) = u9(0) + to(t

2 [ aa(0)i(0)e = mxmﬁiﬁ:ﬁff+z w00y [ e,
/ / :

The terms in the right-hand side can be evaluated to be =2 [, [t2(0)[*wo + 0( ) (for the
first integral on the right-hand side we have to treat the region very close to the vertices
using C° bounds on @y). Thus we see that this component also depends continuously
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on t. This gives differentiability of 4y and Ay in ¢ (and even gives the correct explicit
formula for the derivative).

5. COMBINING THE SECOND AND THIRD EIGENFUNCTION

The equation (2.11) describes the evolution of eigenfunctions such as @y and @3. Un-
fortunately these equations contain a term that has a Ay — A3 in the denominator, and
thus look useless in the case that Ay and A3 come close to each other. However, we can
eliminate this term by considering the evolution of 1, and w3 jointly, by working with
the circle {cos(0)tuy + sin(f)us : € R/2nZ}.

Let’s see how. From (2.11) we have
ﬁQ = CLZ~63 + f2

Uiy = —aty + f3

where
L 2)\2 Q2w ~
a:= V. )\2(/[H welys)

2\ Mg
f2 = Z(}\l _2)\2 Aw62 UQUZ)UI

>3

2 e e
f3:= E ()\l _3>\3/W€2 Uty ) Uy —2(/ e liyiig ) ils.
H

H

If we let 6 : R - R/27Z be a smooth function, we thus see that

d .
E(COS(Q)@Q +sin(f)us) = (a — 6)(— sin(0)ay + cos(8)uz) + cos() f2 + sin(0) fs.
Suppose we select 6 so that _
0=a (5.1)
then we conclude that

d _ N :
E(cos(@)uz + sin(0)ug) = cos(d) fo + sin(f) fs.

Let us compute the sup norm
d _ -
H a(COS(Q)Ug + sm(@)ug) HLOO([H)-
From Corollary 1.3 (transforming between H and ABC') we may bound this by
4
3 min(sin(a), sin(8), sin(y))
Note that

|ABC|2( / (| cos(0)A fy + sin(B)A fy[2) V2.

H

20\ e e~ Nm
Afy = Z()\l _l )3\3 /[Hw62 Ugty) Uy — 2/\2(/ e Tyl )t

H
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Note that the quantities 2’\’)/‘\2 , fl’\”‘?’ 2y are all bounded by 3 2>‘3’\4 . Arguing as in the

proof of (2.12), we conclude that

2X3A
e~ 29 A 1/2 37\ / 22wy 2 1/2
([ eankye < 28 [ 1o

>y 2>\)\ -
([ eIanP 2 < 25 o)

Estimating g, Us in L norm, and also estlmatmg | cos(6)| + |sin(6)| crudely' by v/2,
we conclude that

and

d . ) - . ) .
Slgp “E(COSW)W + sin(0)ug3) ||L°°([H) <X Sl,;p || cos(8)ug + Sln(@)u3||Loo([H)

where

4 2A3A
X' =2 ABC|/? 2232 / D)2,
\/_3min(sin(a),sin(5),sin(’y))| | Ay — )\3( H e™)

Combining this with Gronwall’s inequality, we conclude:

Theorem 5.1 (Stability of uy,u3). Let [t1,t2] be a time interval. Then for any 0y €
R/27Z, there exists 0; € R/2wZ such that

|| (cos(62)Ta(ts)+sin(bs)ts(t2))— (cos(01)ta(t1)+sin(01 ) s (t1)) | oo @y < exp(/t 2 X'(t) dt) SI;p || cos(0)u

In particular, if ABC' is equal to the equilateral triangle at time t; (for which Ay = A3),
then setting 6, = 0, we see that

t2
|tz (t2) — t2(t1) || oo m) < eXP(/ X'(t) dt)||as(t) || oo oy
t1

for some L*-normalised second eigenfunctions iy (), iy (t1).

6. PERTURBING FROM THE EQUILATERAL TRIANGLE

Let ABC' be an equilateral triangle. Suppose we have a function u which is close in L>
norm to an L?-normalised second eigenfunction us, in the sense that
[ = ual L= ape) < 6llugl|L=(ancy (6.1)

for some (possibly different) second eigenfunction w},. What does this say about where
the extrema of u are located?

Note that the question behaves well under rescaling of the triangle ABC so in order to
maximise the symmetry we will take ABC' to lie in the plane

:={(z,y,2) ER* oz +y+2z=0}
with vertices A := (0,0,0), B := (1,—1,0), C' := (1,0,—1). This is an equilateral
triangle of sidelength /2 and area v/3/2. To compute the Laplacian of a function

1One may be able to recover this loss of /2 with a more complicated analysis if necessary.
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f : ABC — R, one can extend this function first to II in some arbitrary fashion, and
then to R? by declaring the function to be constant in the normal direction (1,1,1), in
which case the three-dimensional Euclidean Laplacian Ags coincides on the interior of
ABC with the Laplacian on ABC' (as can be seen by working in a suitable orthonormal
basis of R?® that includes a unit normal to IT).

Let us first work out what the Neumann eigenfunctions of ABC' are. By reflection,
a function on ABC with Neumann data can be extended to a function on II that is
periodic with periods (2, -1, —1), (1,2, —1), (=1, —1,2), and is invariant with respect
to rotations by 120 degrees around the origin (i.e. (z,y,z2) — (y,z,2) and (z,y,2) —
(z,z,y)), and also the reflections (z,y,z) — (—y, —z,—2), (z,y,2) — (—z,—z, —y),
(x,y,2) = (—z,—y,—x). After extending invariantly along (1,1,1), a function on
IT with periods (2,—1,-1), (=1,2,—1), (=1,—1,2) becomes a function on R* with
periods (3,0,0),(0,3,0),(0,0,3) and invariant along (1,1,1). From Fourier analysis,
the functions on Il with the periods (2,—1,—1), (—1,2,—1), (=1, —1,2) can thus be
decomposed into plane waves (z,y, z) +— 2™ (@@+by+e2)/3 with a, b, ¢ integers with a+ b+
c¢ = 0. Putting back in the rotation and reflection symmetry, we see that an orthogonal

basis of L?(ABC) is then given by the complex functions
627Ti(ax+by+cz)/3+627ri(bas+ay+cz)/3+627‘ri(cx+ay+bz)/3+€27ri(—ba:—ay—cz)/3+627‘ri(—ax—cy—bz)/3+€2m’(—cm—by—az)/3

for integers a, b, c summing to zero. This is an eigenfunctoin of the Laplacian A with
eigenvalue 4;%2((12 + 0% + ¢?). Thus one has a repeated second eigenvalue Ay = A3 = %
spanned by the complex eigenfunction

eZﬂ'i(xfy)/?) +62ﬂi(yfz)/3 + 6271'1'(2736)/3

and its complex conjugate Note that this function has a mean square of v/3 and so has
an L?(ABC) norm of v/3(v/3/2)/2; to normalise in L? norm, we would thus have

21/43—3/4(e2m(:c—y)/3 + 2mily—2)/3 +e?7ri(z—x)/3)
and the real L?-normalised eigenfunctions take the form
Uy 1= 23/433/1Rei0 (2mie—V)/3 4 2mily=2)/3 | 2mi(z—x)/3)
for an arbitrary phase 6. In particular we see that
[ ug|| oo (aney < 283734 % 3
and so (6.1) can be written as the statement that
lu = ugl| oo (ancy < 2%/*3Y/%6

for some 6.

Suppose that u attains an extremum at some point P in ABC' but not at the vertices,
then
[u(P)] > [u(A)
and thus by the triangle inequality
|ug(P)| > |ug(A)| — 27/431/45,
Writing P = (z,y, z), we conclude that
|§Rei9(627ri(x—y)/3 + e27ri(y—z)/3 + e27ri(z—:p)/3)‘ > |§R3€z6‘| —64.
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Replacing A by B or C, we similarly obtain

’%eie(e%ri(x—y)/?) + 627ri(y—z)/3 + e27ri(z—x)/3)‘ > ’%364ﬂi/36i9‘ — 66
and

|§R€i0<62m(z—y)/3 + 627rz'(y—z)/3 + 627ri(z—;r)/3>| > |§R362m/36i0| — 69.

Suppose that Re' (e™(==)/3 4 2mily=2)/3 4 2mi(z=)/3) g non-negative. We then have
%(GZWi(ac—y)/?) + 627rz‘(y—z)/3 + 627ri(z—z)/3 + 656—1'9)61'0 > max(?RBew, 3647ri/36i97 3627”'/361'9)
and thus e?™(@=¥)/3 4 2mi(y=2)/3 1 2mi(z=2)/3 L 650~ lies outside the triangle with vertices
3, 3e'™/3 3¢?™/3 and so (by elementary trigonometry) e?7(@=¥)/3 y o2mily=2)/3 4 g2mi(z—2)/3
cannot lie in the triangle with vertices (3—126), (3—128)e*™/3, (3—126)e?>™/3. Similarly
when Re? (e2m@=v)/3 1 2mily=2)/3 4 e2miz=2)/3) i non-positive. To put it another way,

we must have

§R(€2mk/3(e2ﬂ'i(xfy)/3 + e27ri(yfz)/3 + 627T7;(27£B)/3)) < _; +66 (62)

for some k = 0,1,2. For § small, this forces (z,y,2) to be close to one of the three

corners A, B,C. For instance, in the k = 0 case, if we rewrite (z,y, z) = (z, =%%, =)
for some 0 <z <1 and —z <t <z, we see that
%(627&(:5/2—4-15/6) + 6—27rit/3 + 627ri(—$/2+t/6)) < _§ + 60 (63)
2

or equivalently
2 cos(mt/3) cos(mx) 4 cos(2mt/3) < —g + 64.
Observe that 2 cos(wt/3) is positive, so
2 cos(mt/3) cos(mx) + cos(2nt/3) > cos(2nt/3) — 2 cos(nt/3).

Elementary calculus shows that cos(27t/3) —2 cos(nt/3) decreases from —1 to —3/2 as ¢
goes from 0 to 1, and is even. Thus for ¢ small, we see that (6.3) can only occur when |¢|
is close to 1, which forces x close to 1 also, so that (z,y, z) is close to B or C'. Similarly
for other values of k. With numerical evaluation of the function in the left-hand side of
(6.2) one can presumably get quite a precise bound on how close (z,y, z) is to A, B,C
in terms of .



