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Abstract
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cointegrating vectors and of the vectors of adjustment speeds have been used to define the common stochastic trends
of a nonstationary system. The restrictions implicitly placed on the orthogonal complements of the cointegrating
vectors and of the adjustment speeds are identified for a class of LR tests, including those developed in this paper. It
is shown how these tests can be interpreted as tests for restrictions on the orthogonal complements of the
cointegrating relationships and of their adjustment vectors, which allow one to combine and test for economically
meaningful restrictions on cointegrating relationships and on common stochastic trends.
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1. Introduction
Since its introduction in Granger (1981, 1983) cointegration has become a widely

investigated and extensively used tool in multivariate time series analysis. Cointegrated models
combine short-run dynamics and long-run relationships in a framework that lends itself to
investigating these features in economic data. The relationship between cointegrated systems,
their vector autoregressive (VAR) and vector moving-average (VMA) representations, and
vector error-correction models (VECM) were developed in Granger (1981, 1983) and in Engle
and Granger (1987).

In a cointegrated system of time series, the cointegrating vectors can be interpreted as the
long-run equilibrium relationships among the variables towards which the system will tend to be
drawn. Economic theories and economic models may imply long-run relationships among
variables. Certain ratios or spreads between nonstationary variables are expected to be
stationary, that is, these variables are cointegrated with given cointegrating vectors. For
example, neoclassical growth models imply “balanced growth” among income, consumption,
and investment (for example, see Solow, 1970 and King, Plosser, Stock, and Watson, 1991),
implying that their ratios are mean-reverting. Other theories, rather than implying given ratios or
spreads are cointegrated, may imply that some linear combinations of the variables are
stationary, that is, the variables are cointegrated without specifying the cointegrating
relationships (for example, see Johansen and Juselius’ (1990) investigation of money demand).

Johansen’s (1988) maximum likelihood approach to cointegrated models provides an
efficient procedure for the estimation of cointegrated systems and provides a useful framework
in which to test restrictions of the sorts mentioned above. For example, Johansen (1988, 1991)
and Johansen and Juselius (1990, 1992) derive likelihood ratio tests for various structural
hypotheses concerning the cointegrating relationships and the speed of adjustment to the
disequilibrium implied by the cointegrating relationships (or weights); Konishi and Granger
(1992) use this approach to derive and test for separation cointegration, and Gonzalo and
Granger (1995) use this framework for estimation of and testing for their multivariate version of
Quah’s (1992) permanent and transitory (P-T) decomposition.

Further, building on the univariate work of Beveridge and Nelson (1981) and the
multivariate generalization by Stock and Watson (1988), cointegration analysis may be used to

decompose a system of variables into permanent components (based on the variables’ common



stochastic trends) and temporary (or cyclical) components. Several methods have been proposed
to separate cointegrated systems into their permanent and temporary components, for example,
Johansen (1990), Kasa (1992), and Gonzalo and Granger (1995). In each case, the permanent
component is based either on the orthogonal complements of the cointegrating relationships or
on the orthogonal complements of the disequilibrium adjustments to the cointegrating
relationships.

In this paper, new hypothesis tests are presented in Johansen’s maximum likelihood
framework that allow one to combine restrictions on the cointegrating relationships and on their
disequilibrium adjustments. These tests possess closed-form solutions and do not require
iterative methods to estimate the restricted parameters under the null hypothesis. Secondly, both
for Johansen’s likelihood ratio tests for coefficient restrictions and for the new tests presented
below, the restrictions implicitly placed on the orthogonal complements of the cointegrating
relationships and on the orthogonal complements of the adjustment speeds are presented.
Johansen’s tests and the tests developed in this paper can be interpreted as tests of restrictions on
the various definitions of common stochastic trends, since these definitions depend on the
orthogonal complements either of the cointegrating relationships or of the disequilibrium
adjustments. Thus, one has great flexibility in formulating and testing hypotheses of economic
interest simultaneously on the cointegrating relationships and on the common stochastic trends—
the long-run relationships among the variables in the system and the variables driving the
trending behavior the system, respectively.

The organization of this paper is as follows: In section 2, the basic model and notation are
introduced, and maximum likelihood estimation of the unrestricted model is briefly described.

In section 3, Johansen’s (1988, 1989) and Johansen and Juselius’ (1990) likelihood ratio tests for
restrictions on cointegrating relationships and on their weights are briefly described, and three
new tests in this framework are presented. In section 4, the implications for the orthogonal
complements of the cointegrating vectors and of the adjustment vectors are developed for the
tests described in section 3. It is shown how these tests can be used for testing restrictions on the
orthogonal complements of cointegrating vectors and on the orthogonal complements of the
disequilibrium adjustment vectors—thus allowing for combinations of tests on cointegrating
relationships and on the different definitions of common stochastic trends. Section 5 concludes,
and the appendix contains the mathematical proofs.



2. The Unrestricted Cointegrated Model
Let | (d) denote a time series that is integrated of order d, that is, d applications of the
differencing filter, A=1-L, yield a stationary process. Let X, be a px1 vector of possibly I(1)

time series defined by the kth-order vector autoregression (VAR),

K
X, =D T X +®D +¢, t=1....T, (2.1)

i=1

and generated by initial values X ,,..., X,, by p-dimensional normally-distributed zero-mean
random variables {5t}tT:o with variance matrix Q, and by a vector of deterministic

components D, (possibly constants, linear trends, and seasonal and other dummy variables).
Using the lag polynomial expression for (2.1),
(L)X, =®D, +¢,, (2.2)

k -
where TT(L) =1 —ZHiL' , the VAR in the levels in (2.1) can be rewritten in first differences as

i=1

k-1
AX, =TIX_, + Y T\ AX ; + @D, +¢,, (2.3)

i=1

k k
where H=—H(1)=—(I —ZHJ and T, =->"TI,, i=1....k-1.
i=1

j=i+l

The long-run behavior of the system depends on the rank of the pxp matrix IT. If the
matrix has rank 0 (that is, IT = 0), then there are p unit roots in the system, and (2.3) is simply a
traditional VAR in differences. If IT has full rank p, then X, is an 1(0) process, thatis, X, is
stationary in its levels. If the rank of ITis r with O<r < p, then X, is said to be cointegrated of
order r. This implies that there are r <p linear combinations of X, that are stationary. Granger’s
Representation Theorem from Engle and Granger (1987) shows that if X, is cointegrated of
order r (the pxp matrix IT has rank r), one can write IT = af’, where both « and S are pxr

matrices of full column rank. This and some fairly general assumptions about initial

distributions allow one to write (2.1) as the vector error-correction model (VECM):



k-1
AX =af' X+ TAX  + @D, +¢, . (2.4)
i=1
The matrix £ contains the r cointegrating vectors, and £'X, are the r stationary linear
combinations of X,. The matrix £ can be interpreted as r equilibrium relationships among the
variables, and the difference between the current value of the r cointegrating relationships, £'X, ,

and their expected values can be interpreted as measures of disequilibrium from the r different

long-run relationships. The matrix ¢ in (2.4) measures how quickly AX, reacts to the deviation
from equilibrium implied by £'X, A

Given a pxr matrix of full column rank, A, an orthogonal complement of A, denoted A , is
a px(p-r) matrix of full column rank such that A/ A=0. It is often necessary to calculate the
orthogonal complements of gand « in order to form the p-r common I(1) stochastic trends of a
cointegrated system; for example, Gonzalo and Granger (1995) propose o X, as the common

stochastic trends and S, («! S, )_l o X, as the permanent components for a cointegrated system;

Johansen (1991) proposes the random walks aLF( L) X, as a cointegrated system’s common

stochastic trends and S, (a|T(1) 8, )_l a'T'(L) X, as its permanent components.

Several methods have been proposed for identifying, estimating, and conducting inference
in a cointegrated system (see Watson (1995) and Gonzalo (1994) for explanations of several
methods and evaluations of their properties). This paper uses the efficient maximum likelihood
framework of Johansen (1988). The log-likelihood function for the parameters in (2.4) is

log L(a,,B,Q,Fl,...,Fk_l,cD):—T?ploan—%log|Q|—
T !
% {(AXI—aﬁ’xt_l—z:(lll“iAXt_i—CDDt) x (2.5)
t=1

Q7 (AX —aB X, - Y T, —(DDt)}

"Note that fand « are not uniquely determined (although IT is); that is, any nonsingular rxr matrix A implies

af' =(aA)(BA) =aPA B =ap'.



Maximum likelihood estimation of the parameters in (2.5) involves successively concentrating
the likelihood function until it is a function solely of 4. To do this one forms two sets of px1
residual vectors, R, and R, by regressing, in turn, AX, and X, , onk-1 lags of AX, and the
deterministic components.
The VECM in (2.4) can then be written as

Ry=af'R,+¢, t=1...,T. (2.6)
This equation is the basis from which one derives the hypothesis tests on the cointegrating
vectors S, on the disequilibrium adjustment parameters «, and on their orthogonal complements,
p, and o, . The equation (2.6) has two unknown parameter matrices, « and £. Maximizing the
likelihood function is equivalent to estimating the parameters in (2.6) via reduced rank regression
methods (Anderson, 1951). Since this involves the product of two unknown full-column rank

matrices in (2.6), estimating these parameters requires solving an eigenvalue problem.

Defining the moment matrices for the residual series,
let ij? i,jzo,l, (27)

for a given set of cointegrating vectors, £, one estimates the adjustment parameters, «, by

regressing R, on S'R, to get

a(p)= 301/3(/3'811ﬂ)_1- (2.8)

The maximum likelihood estimator for the residual variance-covariance matrix is
Q(B)= S~ SuB(B'SuB)" BSy- (29)
As shown in Johansen (1988), one may write the likelihood function, apart from a constant, as
L(B)mr =[02(8), (2.10)

which can be expressed as a function of ,B

~\-2/T |Soo|:é’811:é_:‘g'slos(;01801/é
L(ﬂ)max =

psup
As shown in Johansen (1988), maximizing the likelihood function with respect to £ is equivalent

(2.11)

to minimizing (2.11), which is accomplished by solving the eigenvalue problem

"1811 - Sloso_olsm =0 (2.12)



for eigenvalues 1> ﬂl >..> ip and corresponding eigenvectors V = (\71,...,\7p) normalized by

\7811\7 =1,. Thus the maximum likelihood estimate for the cointegrating vectors gis

A

B=00,...0,), (2.13)

and the normalization implies that the estimate of the weights in (2.8) is

a= S01:&. (2.14)

Then, apart from a constant, the maximized likelihood can be written as
L2 =[Sy |[T0- 4 )- (2.15)
i=1

Likelihood ratio tests of the hypothesis of r unrestricted cointegrating relationships in the
unrestricted VAR model and for r unrestricted cointegrating relationships against the alternative
of r+1 unrestricted cointegrating relationships—the trace and maximum eigenvalue tests—are
derived in Johansen (1988). The asymptotic distribution of the trace and maximum eigenvalue
tests for different deterministic components may be found in Johansen (1988) and Johansen and
Juselius (1990), and the tabulated critical values for various values of r and for different
deterministic components may be found in Johansen (1989, 1996) and Osterwald-Lenum (1992);
small-sample adjustments to the critical values that are based on response surface regressions
may be found in Cheung and Lai (1993) and MacKinnon, Haug, and Michelis (1999).

The unrestricted orthogonal complements of fand o, S, and «, , can be estimated three

ways: Gonzalo and Granger (1995) show that one may use the eigenvectors associated with the

zero eigenvalues of BB" and aa' (given a pxr matrix of full column rank A, one can quickly
construct A, as the ordered eigenvectors corresponding to the p-r zero-eigenvalues of AA");

they also show that one may estimate «, as the eigenvectors corresponding to the p-r smallest

eigenvalues that solve the dual of the eigenvalue problem in (2.12), ‘/ISOO ~S,,5,S,,| =0,

normalized such that &S, =1, ,, and by setting ﬁA’l =S,,&, . Johansen (1996) shows one

p-r?

may estimate them from (2.12) by S, (V,.;,..,V, ) and Sy'Sg; (Vr..---,V, ), respectively.

r+l1 e



3. Testing Restrictions on fand «

Economic theory may suggest that certain ratios or spreads between variables will be
cointegrating relationships. For example, some neoclassical growth models with a stochastic
productivity shock imply “balanced growth” among income, consumption, and investment (that
is, the ratios are cointegrated), and certain one-factor models of the term structure of the interest
rates imply that the spreads between the different interest rate maturities will be cointegrated.
One might also be interested in testing for the absence of certain variables in the system from
any of the cointegrating relationships. Complicated restrictions on £ or « may be formulated, for
example, neutrality hypotheses in Mosconi and Giannini (1992) and separation cointegration in
Konishi and Granger (1992). Based on their maximum likelihood framework, Johansen (1988,
1991) and Johansen and Juselius (1990, 1992) formulate a series of likelihood ratio tests for
linear restrictions on S or « and tests for a subset of known vectors in gor «. After briefly
summarizing this set of five tests, three new tests for combining linear restrictions and known
vectors will be derived.

The tests for restrictions on the cointegrating relationships and disequilibrium adjustment
vectors described below are asymptotically chi-squared distributed. The finite sample properties
of some of the tests have been studied (see, for example Haug (2002)) and are shown to have
significant size distortions in small samples, though they generally perform well with larger
samples. Johansen (2000) introduces a Bartlett-type correction for tests (1) and (2) below that
depend on the size of the system, the number of cointegrating vectors, the lag length in the
VECM, the number of deterministic terms (restricted versus unrestricted), the parameter values,
and the sample size under the null hypothesis. Haug (2002) demonstrates that the Bartlett
correction is successful in moving the empirical size of the test close to the nominal size of the
test. Haug (2002) also demonstrates that the power of the tests for restrictions on £ depend on
the speed of adjustment to the long-run equilibrium relationships in the system, with slower
adjustment speeds leading to tests with lower power.

The tests below are all based on the reduced rank regression representation of the VECM in
(2.4),

Ry=af'R,+¢, t=1...,T, (3.1)



the same equation that is the starting point for the maximum likelihood estimates of the
parameters of the VECM. The estimators and test statistics are all calculated in terms of the

residual product moment matrices S;, i, j =0,1 and by their eigenvalues. The parameter

estimates under the restrictions and the maximized likelihood functions can be explicitly
calculated; other tests not discussed here may be solved using iterative methods (see Doornik

(1995) and Johansen (1995)). Denote the unrestricted model of at most r cointegrating
relationships in the VECM (2.4) as H (r) . For any rectangular matrix with full column rank, A,
define the notation A= A(A’A)", which implies AA= A'’A= 1, . Five tests for restrictions on

Sand « from Johansen (1988, 1989) and Johansen and Juselius (1990) are briefly described

before turning to three new tests for restrictions on gand c.

(1) H,: p=H¢ (Johansen, 1988), (3.2)
where H pxs is known and ¢ sxr is unknown, r<s<p.

This test places the same p-s linear restrictions on all the vectors in £. The likelihood ratio
testof H, in H (r) is asymptotically distributed as y* with r(p-s) degrees of freedom. One can

also use this test also to determine if a subset of the p variables do not enter the cointegrating

relationships.

(2) Hy: B =[H,0] (Johansen and Juselius, 1990), (3.3)
where H pxs is known, and & px(r-s) is unknown where 8 = H ¢ with H, px(p-s) known and

@ (p-s)x(r-s) unknown.
This test assumes s known cointegrating vectors and restricts the remaining r-s unknown

cointegrating vectors to be orthogonal to them. The likelihood ratio test of H, in H (r) is

asymptotically distributed as y* with s(p-r) degrees of freedom.

(3) H, :a = Ay (Johansen and Juselius, 1990), (3.4



where A pxm is known and y mxr is unknown, m<r<p.

This test places the same p-m linear restrictions on all disequilibrium adjustment vectors in
a. This can be interpreted as a test of B'a =0 for B= A, . The likelihood ratio test of H, in
H (r) is asymptotically distributed as > with r(p-m) degrees of freedom. One may use (3) to

test that some or all of the cointegrating relationships do not appear in the short run equation for
a subset of the variables in the system, that is, that a subset of the variables do not error correct to

some or all of the stochastic trends in the system.

(4) Hy:a=[A 7] (Johansen, 1989), (3.5)
where A pxm is known, and 7 px(r-m) is unknown where 7 = A w with A px(p-m) known and
w (p-m)x(r-m) unknown.

This test allows for m known adjustment vectors and restricts the remaining r-m adjustment

vectors to be orthogonal to them. The likelihood ratio test of H, in H(r) is asymptotically

distributed as x> with m(p-r) degrees of freedom.

(5) H,: B=H¢, o= Ay (Johansen and Juselius, 1990), (3.6)

where H pxs, A pxm are known and ¢ sxr, wmxr are unknown, r<s<p. and r<m<p.
This test combines tests (1) and (3), testing for cointegrating vectors with p-s common

linear restrictions and adjustment vectors with p-m common linear restrictions. The likelihood
ratio test of H, in H(r) is asymptotically distributed as y* with r(p-s)+r(p-m) degrees of

freedom.

In the same framework as the tests above, three new tests for simultaneous restrictions on

pand « are presented.
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(6) Hy: B=[H.,0], a=Ay (3.7)
where H pxs, A pxm are known; € px(r-s) is unknown where @ = H ¢ with H, px(p-s) known

and ¢ (p-s)x(r-s) unknown; and y mxr is unknown, s<r<mx<p.

This test combines tests (2) and (3), that is, it tests the restriction that s of the cointegrating
vectors are known—restricting the remaining r-s cointegrating vectors to be orthogonal to
them—and that the adjustment vectors share p-m linear restrictions. For example, if a system of
variables includes a short-term and a long-term interest rate, (6) could be used to test whether the
spread between the long-term and short-term interest rates was a cointegrating relationship and
to test simultaneously whether the short-term interest rate failed to react to any of the
cointegrating relationships in the system.

To calculate the test statistic and the estimated cointegrating relationships and adjustment
vectors, the reduced rank regression (3.1) first is split into

ARy =y HR, +y,¢'H R + A,

' ’ ! (38)
ARy =Ac¢

where /is partitioned conformably with S as [(//1,1//2] . In order to derive the test statistic and to

estimate the restricted parameters under this hypothesis it is necessary to transform the product

moment matrices, S . Define two set of moment matrices:

Sya =S

.AL

—SiA, (AJ’_SOOAJ_ )_l AJ'_SOj’ i,j=01 (3.9)

ij
and
_1 R R
Sij.AL.H = Sij.AL - Sil.Al H (H ’Sll.AL H ) H ’Slj.AL7 I,]=0,1. (3.10)

The restricted estimators and the likelihood ratio test statistic and its asymptotic

distribution are summarized in the following theorems.

THEOREM 3.1: Under the hypothesis H,: 8 =[H,0], a = Ay where H pxs, A pxm are
known; @ px(t-s) is unknown where 8 = H ¢ with H, px(-s)known and ¢ (p-s)x(r-s)

unknown; and w mxr is unknown, s<r<m<p; the maximum likelihood estimators are found by the
following steps:

Solve the eigenvalue problem

11



— — -1 —
‘ﬂ’Hlel.AL.H HJ_ - HJ_SlO.AL.H A(A SOO.AL.H A) A SOl.AL.H HJ_

=0 (3.11)

for eigenvalues 1> 4 >...> ipfs >0 and corresponding eigenvectors V = (\71,...,\7p75),

normalized so that VH'S,, , ,,H,V =1, ; and solve the eigenvalue problem

p-s

-1
‘ pHS,, , H—HS,, A(AS,, A) A, H ‘ 0 (3.12)
for eigenvalues 1> p, >...>2 p, >0.
Then the restricted estimators are
b= 7) (3.13)
B=|B.B|=[H.0]=[H.H ¢ (3.14)
W, = K’SOLAJ_.H H_¢¢? (3.15)
~ N ~ T -1
v, :<A801.ALH _‘//2¢ HJ_Sll.AlH)(H,Sll.ALH) (3-16)

oy -~ ~ ' - ' P o ot P Y] A\t
o= [A‘;Vp Al//z] = [A(A A) ' A (SOI.ALﬂl - SOl.AL.H ﬂzﬂzsll.Aiﬂl)(ﬂlsll.Aiﬂl) )
A(A'A)_l A'SOl.AJ_.H ﬁZ:|
and the maximized likelihood function, apart from a constant, is
L2 =Isl[T0-2 [ T0- 7). (3.18)
i=1 i=1

The proof of Theorem 3.1 is in the Appendix.

(3.17)

THEOREM 3.2: The likelihood ratio test statistic of the hypothesis
Ho:B=[H,0], a=Ay verses H(r) is expressed as:

LR(H, | H(r)):T{iln(l—Zi)+iln(1—ﬁi)—iln<l—}:j )} (3.19)

i=1 j=1

where {il}

. are from the unrestricted maximized likelihood in (2.15), and is asymptotically

distributed as y* with r(p-m)+s(p-r) degrees of freedom.

The proof of Theorem 3.2 is in the Appendix.

12



(1) Hy: f=Hg¢, a=[Az]
where H pxs, A pxm are known; ¢ sxr is unknown; and 7 px(r-m) is unknown where z = A
with A px(p-m) known and w (p-m)x(r-m) unknown, m<r<s<p.

This test combines Johansen’s tests (1) and (4), that is, it tests the restriction that the
cointegrating vectors share p-s linear restrictions and m of the adjustment vectors are assumed
known (with the remaining r-m orthogonal to them). This test would be used, for example, to
determine if some variable in the system did not enter any of the cointegrating relationships or if
two variables entered the cointegrating relationships as the spread between them, and to test
simultaneously that some of the cointegrating vectors only appear in the equation for one of the
variables.

The first step in calculating the test statistic and restricted coefficient estimates is to split the
reduced rank regression into variation independent parts

K:Rm = ¢1’H' R, + K'gt | (3.20)
AR, =wgp,HR, + Al ¢

where ¢ is partitioned conformably with « as [¢1,¢2] . In order to derive the test statistics and to

estimate the restricted parameters under this hypothesis it is again necessary to define a new set

of residual vectors and transform the product moment matrices, S; . Fixing ¢, and v, define the
residual vector
Re = ARy —vwHR,. (3.21)

.
One can then define the notation S, :%z R, Ry, and so on, and define the set of product
t=1

moment matrices:
Sk =Sy _Siksl&lskj’ i,j=0,1. (3.22)
The restricted estimators and the likelihood ratio test statistic and its asymptotic
distribution are summarized in the following theorems.

13



THEOREM 3.3: Under the hypothesis H,: 8 =Hg, o =[A,z] where H pxs, A pxm are

known; ¢ sxr is unknown; and z px¢r-m) is unknown where 7 = A i with A px(p-m) known

and  (p-m)x(r-m) unknown, m<r<s<p; the maximum likelihood estimators are found by the
following steps:
Solve the eigenvalue problem

AHS,H—HS, A (ASyA )" ALSMH‘ =0 (3.23)

for eigenvalues 1> 4, >...> 4, >0 and corresponding eigenvectors V =(¥,,...,7, ), normalized

so that VH'S,,HV = I_; and solve the eigenvalue problem

[PH S, H = HSg A(AS, A) " A'Sy, =0 (3.24)
for eigenvalues 1> p, >...2 p, > P, =...= P, =0.
Then the restricted estimators are
&=,V ) (3.25)
3, =Hég, (3.26)
¥ =AS,Hg, (3.27)
h=(HS, H) HS,,A (3.28)
B =[ BBy |=| H(HSuH) " HS, A HG, | (3.29)
a=[AF]=[AAG]=| AA(KA) ASLA|, (3.30)

where S;, =S; —S, S Sy i, j =0,1 is calculated from (3.22) evaluated at 452, v .

The maximized likelihood function, apart from a constant, is

—2/T_|A’SOO.kA|AJ'_SOOAJ_|r_m 7 o =
L2 = AR 1t ﬁ,i)]i__l[(l 2.). (3.31)

i=1

The proof of Theorem 3.3 is in the Appendix.

THEOREM 3.4: The likelihood ratio test statistic of the hypothesis

H,:8=H4g, a:[A,T]

14



verses H (r) is expressed as:

LR(H
T {
where {i,} are from the unrestricted maximized likelihood in (2.15), and is asymptotically

i=1r

o[ H(r

A’SOOkA| A SyA, |

oo e ] (332)
{ VTN }I |soo|+Z|n( —4)+ Zln(l—pi)—ZIn(l—/lj)}

distributed as y* with m(p-r)+r(p-s)degrees of freedom.

The proof of Theorem 3.4 is in the Appendix.

Next, a hypothesis test on IT = ¢f" of the form IT=I1, +I1, is presented in which
IT, = AH" is known. This test, which combines tests (2) and (4), implies one is testing that both

a subset of the cointegrating vectors and the associated adjustment vectors are known. It might
seem too optimistic or restrictive to believe one might not only know certain cointegrating
vectors but also know the adjustments to them. A test of this sort, however, might be useful as
the end of a general-to-simple strategy for testing structural hypotheses or for testing very
specific theoretical implications. More usefully, one might estimate the cointegrating
relationships and adjustment vectors from a subset of a system of variables and then desire to test
whether these estimated relationships hold in the full system of variables.

(8) Hy: B=[H.6], a=[A7]
where both H, A are known pxs matrices with s<r, and the unknown parameter matrices are
orthogonal to H, A: @=H ¢, r=Aw with H , A  px(p-s) known and ¢, y (p-s)x(r-s)
unknown. This implies TT= AH'+70'= AH'+ A w¢'H .
Define the vector of residuals
R, =R, —AHR,. (3.33)

The reduced rank regression (3.1) is split into

AR =As (3.34)
AR, =y ¢'H' R, +Ag,

15



In order to derive the test statistics and to estimate the restricted parameters under this hypothesis

it is again necessary to define a new set of residual vectors and transform the product moment

;
matrices, S, :iz R.R;, i=1k and so on, and also define the product moment matrices,
t=1

! -1 ’ H
Sja=S; — Sy A(AS,A) AS,, i=1k.
The restricted estimators and the likelihood ratio test statistic and its asymptotic distribution are

summarized in the following theorem.

THEOREM 3.5: Under the hypothesis H,: g =[H,8], a=[A,z] where H, A are known
pxs matrices; @ and 7 are unknown px(r-s) matrices such that # = H ¢ and 7= A,y with H,

and A px(p-s) known and & v (p-s)x(r-s) unknown; the maximum likelihood estimators are

found by the following steps:
Solve the eigenvalue problem

RS, L~ FLSy A, (A Sy aA )" AL,y FL[ =0 (3.35)
for eigenvalues 1> 4, >...> A > A, =...= 4 _, =0 and corresponding eigenvectors
V =(¥,...,V,_ ), normalized so that VH'S,, ,HV =1, .
Then the restricted estimators are
$=(V,...,7_,) (3.36)
p=| B, ]=H.0]=[H A (337)
v =AS ., (3398)
a=[Ar]=[AAY]= [A, A(AA) AiSkl_A,BZJ (3.39)
and the maximized likelihood function, apart from a constant, is
LT =|skk|ﬁ(1—};,). (3.40)
i1

The proof of Theorem 3.5 is in the Appendix.
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THEOREM 3.6: The likelihood ratio test statistic of the hypothesis H,: g=[H,0], a =[A ]

verses H (r) is expressed as:

LR(H, |H(r))=T {In|$kk|—ln|800|+gln(l—2~,l)—iln(l—ﬂ:j )} (3.41)

where {il} are from the unrestricted maximized likelihood in (2.15), and is asymptotically

i=1,
distributed as y* with 2ps-s2 degrees of freedom.

The proof of Theorem 3.6 is in the Appendix.

4. Testing Restrictionson « and g

Separating an economic time series into permanent (long run) components and cyclical
(short run, temporary, transitory) components has been used in many contexts in economics.
Methods proposed include decomposing the series into a deterministic trend component and a
stationary cyclical component, as in Fellner (1956). Muth (1960) uses the long-run forecast of a
geometric distributed lag, that is, the permanent component is the long-run forecast after the
dynamics (modeled as a distributed lag) have run their course. Beveridge and Nelson (1981)
uses the Wold (1938) decomposition to generalize this to ARIMA models, defining the
permanent component to be a multiple of the random walk component of the series. This
method, too, implies that the permanent component of the series in period t is the long-run
forecast of the time series made in period t. Watson (1986) uses unobserved components
ARIMA models based on Watson and Engle’s (1983) methods. Quah (1992) develops a
permanent-transitory (P-T) decomposition to derive lower bounds for the relative size of the
permanent component of a series and showed that restricting it to be a random walk maximizes
the size of the lower bound.

Sims (1980) introduced vector autoregressions to empirical economics as a flexible
multivariate dynamic framework to which the Beveridge-Nelson (1981) decomposition can be
extended (see Stock and Watson, 1988). In cointegrated systems, several methods have been
proposed to decompose the individual time series into their permanent and cyclical components.

The importance of multivariate information sets for this sort of analysis is argued in Cochrane
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(1994). Stock and Watson (1988), Johansen (1990), and Granger and Gonzalo (1995) split a
system of p cointegrated time series into p-r common stochastic trends (where r is the number of
cointegrating relationships), linear combinations of which form the permanent components of the
individual time series. The cyclical components are some combination of the cointegrating
relationships, plus, if the common stochastic trends are assumed to be random walks, other
stationary components. See Proietti (1997) for a discussion of the relationship among these
definitions and with the notion of common features by Vahid and Engle (1993) and Engle and
Kozicki (1993).

The orthogonal complements of fand « are used to construct the common stochastic

trends and the permanent components of a cointegrated model. Kasa (1992) proposes S| X, as

the p-r common stochastic trends and S, (ﬁi B )’l £ X, as the permanent components of the

individual variables in the system. Gonzalo and Granger (1995) propose «| X, as the common
stochastic trends in the system and £, (aiﬂl)_l o' X, as the permanent components; Johansen

(1995) proposes the random walks aLF(L) X, as the common stochastic trends and random

walks S, (/T (1) ,BL)_l «,\I'(L) X, as the permanent components.

There is no econometric reason why one definition of a common stochastic trend and
permanent component is necessarily any better than another; one needs economic justifications
to choose among them. One interpretation of the cointegrating relationships, g, derived from
Johansen’s methodology is that they are the r maximally canonically correlated linear

combinations of AX, and X, ;. So, Kasa’s common stochastic trends would be the p-r

minimally canonically correlated linear combinations; there, however, is no strong economic
justification for choosing these linear combinations as the common stochastic trends. The
Gonzalo and Granger formulation has the advantage that the cointegrating relationships and
transitory components have no long-run effect on the common stochastic trends and permanent
components. In the Johansen version, the common stochastic trends and permanent components
are random walks (like the univariate Beveridge-Nelson decomposition), and the permanent
components of the variables can be seen as the long-run forecasts of the variables once the

dynamics have worked out themselves. In the Johansen definition, however, unlike the Gonzalo
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and Granger method, the cointegrating relationships and transitory components can have a
permanent effect on the common stochastic trends and the permanent components.

Recall that #and « are pxr matrices of full column rank, that is, the columns of fand « lie

in r-dimensional subspaces of R”. The likelihood ratio tests in section 3 for restrictions on the
cointegrating vectors and on their disequilibrium adjustment vectors were of two general types:
The first imposes linear relationships on all the vectors, and the second assumes that a subset of
the vectors are known. Johansen (1989) shows that since one actually estimates the space

spanned by the cointegrating vectors, sp( ﬁ) , restrictions on cointegrating vectors are restrictions

on the space they span. The restriction that the r vectors in £ share p-s linear restrictions, that is,

S =Hg where H is a known pxs matrix of full column rank and ¢ is an unknown sxr matrix,

can be represented geometrically as sp(8) < sp(H). This implies the columns of Sare

restricted to lie in a given s-dimensional subspace of R" (Johansen, 1988). The restriction that

m of the cointegrating relationships are known, that is, S = [h, (p] where h contains the known

pxm relationships and ¢ = h 4 px(r-m) is unknown, can be represented geometrically as
sp(h) < sp() (Johansen, 1989). This implies that the known vectors lie in an m-dimensional
subspace of the space spanned by the vectors in £. These two restrictions can be written
sp(h)csp(B)<sp(H).

Restrictions placed on cointegrating vectors or on their adjustment vectors imply that
restrictions are imposed on the space spanned by their orthogonal complements as well

(Johansen, 1989). The restriction that sp(8) < sp(H) implies sp(H, )< sp(/, ), where the
orthogonal complements £, and H, are px(p-r) and px(p-s) matrices, respectively, of full
column rank. This means that a subset of p-s of the p-r vectors in g, are known, namely those
contained in H, . Thus, the test #=H¢ implies a test on its orthogonal complement of the
form B, =[H,,8] for which @is an unknown px(s-r) matrix of rank s-r.

Similarly, sp(h)<=sp(8) implies sp(3,) < sp(h,), where h, is a px(p-m) matrix of full

column rank; that is, the vectors in S, share the (p-m) linear restrictions implied by h . Thus, a
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test of the form g = [h, go] implies a test on its orthogonal complement of the form g, =h @ for

which @is an unknown (p-m)x(p-r) matrix of rank p-r.

With minor modifications to the tests in section 3, we may more explicitly state the
implications for the orthogonal complements and reformulate them as tests on the orthogonal
complements, that is, use the tests in section 3 as tests on the orthogonal complements.

PRoPOSITION 4.1: For (1) H,: f=H¢ where H pxs is known and ¢ sxt is unknown,
r<s<p one may choose
B.=[H..H¢ | (4.1)
where H=H (HH )71. Further, one can test the hypothesis
p.=[G.G.0] (4.2)
where G pxq is known and & (p-q) x( p-g-r) is unknown by transforming this problem into H,
above setting H =G, and s=p-g. That is, one may test the hypothesis that certain £, are

known and the remaining elements of 3, are orthogonal to the known vectors.

To check that S, is indeed an orthogonal complement of S, one must verify that
BB=0.
BB=[H. Hg | Hy
_[ HiHg }
|4 HH¢

_[ 0¢

‘[duA
_0( p-s)xr }
L 0(s—r)xr

- O( p—r )xr
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PROPOSITION 4.2: For (2) H,: #=[H,H 4] where H pxs is known and ¢ (p-s)x (r-s) is
unknown, one may choose
pL=H.p . (4.3)
Thus, we can test the hypothesis
p. =G0, (4.4)
where G is a known pxq matrix and #is an unknown gqx{p-r) matrix by transforming this

problem into H, above setting H =G, and s=p-q. That is, one may test the hypothesis that the

vectors in S, share the same p-s linear restrictions.

Again, to check that £, is indeed an orthogonal complement of S, one must verify that

ﬂj_ﬁ = O(P*r)xr :

BA=¢H [HH]
=[#H!H,gHH ¢]

[40.401,.,4]

[0

O(pr)r

Corys? (pr)(rs)}

Proofs of the above and following propositions are in the Appendix.

One can apply the ideas from the two examples above to tests (3) through (8) in section 3.

The results are summarized below.

PrRopPoOSITION 4.3: For (3) H, :a = Ay where A pxm is known and y mxr is unknown,

r<m<p, one may choose
aLZ[Au'K‘/ﬂ] (4.5)

where A= A(A’A)_l. Further, one can test the hypothesis
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a, =|B,B.¢&]| (4.6)
where B pxn is known and & (p-n)x(p-n-r) is unknown by transforming this problem into H,
above setting A=B, and m=p-n. That is, one may test the hypothesis that certain «, are

known and the remaining vectors in ¢, are orthogonal to the known vectors.

PROPOSITION 4.4: For (4) H, e =[ A Ay | where A pxm is known and y (p-m)xr is

unknown, one may choose
a, =Ay, . (4.7)
Further, one can test the hypothesis
a, =B¢ (4.8)
where B is a known pxn matrix and £ is an unknown nx(p-r) matrix by transforming this

problem into H, above setting A= B, and m=p-n. That is, one may test the hypothesis that the

vectors in ¢, share the same p-m linear restrictions.

This test is equivalent to the hypothesis test H,, in Gonzalo and Granger (1995), which uses the

dual of the eigenvalue problem for (4) used in Proposition 4.4.

The following four propositions allow one to combine restrictions on the orthogonal

complements of the cointegrating vectors and of their disequilibrium adjustment vectors.

PrRoPOSITION 4.5: For (5) H,: f=H¢, a= Ay where H pxs, A pxm are known and ¢
Sxr, wmxr are unknown, r<s<p and r<m<p, one may choose
B =[H. .Hg ] a =[A Ay, ] (4.9)
Thus, we can test the hypothesis

B.=[G.G,0| a =[B,B¢&] (4.10)
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where G pxq and B pxn are known matrices and € (p-q)x(p-g-r) and & (p-n) x(p-n-r) are

unknown matrices by transforming this problem into H, above setting H=G,, A=B,, s=p-q,

and m=p-n. This test allows one simultaneously to test for known g, vectors and for known o,

vectors.

PROPOSITION 4.6: For (6) H,:B=H¢, a=| A Ay | where H pxs, A pxm are known
and ¢ sxr, w (p-m)xm—r) are unknown, m<r<s<p, one may choose
B.=[H. Hg |, a =Ay,. (4.11)
Thus, we can test the hypothesis
B.=[G.G0]|, a =B (4.12)
where G pxq and B pxn are known matrices and & (p-q)x(p-g-r) and &£ nx(p-r) are unknown

matrices by transforming this problem into H, above setting H =G,, A=B,, s=p-q, and
m=p-n. This test allows one simultaneously to test for known £, vectors and to place common

linear restrictions on « .

PROPOSITION 4.7: For (7) H,: #=[H,H #], a= Ay where H pxs, A pxm are known
and ¢ (p-s)x(r-s), wmxr are unknown, s<r<m<p, one may choose
Bi=H.d, a =[A Ay, ] (4.13)
Thus, we can test the hypothesis
B, =GO, a, =[B,B.¢] (4.14)

where G pxq and B pxn are known matrices and € gx(p-r) and & (p-n)x(p-n-r) are unknown

matrices, by transforming this problem into H, above setting H =G,, A=B,, s=p-q, and
m=p-n. This test allows one simultaneously to test for common linear restrictions on the S,

vectors and for known ¢, vectors.
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PROPOSITION 4.8: For (8) H,:B=[H,H 4], a=[ A Ay | whereH pxs, Apxsare

known and ¢,y (p-s)x(r-s) are unknown, s<r<p, one may choose
BL=H ¢, a =Ay, (4.15)
Thus, we can test the hypothesis
B, =GO, a, =B& (4.16)
where G pxq and B pxn are known matrices and ,& qx(p-r) are unknown matrices, by
transforming this problem into H, above setting H =G,, A=B,, s=p-g. This test allows one

simultaneously to test for common linear restrictions on the g, vectors and to place common

linear restrictions on the «, vectors.

These propositions allow one, in addition, to combine the tests on the cointegrating vectors and
adjustment vectors with those on the respective orthogonal complements. For example, one
could use Proposition 4.7 to test that the cointegrating vectors share certain linear restrictions
(say, ratios or spreads, or that some subset of variables do not enter the cointegrating

relationships) and that some subset of the common stochastic trends are known:

Hy:#=Hg, a, =[B,B,&]. The tests (1) through (8) can be recast as tests of the hypotheses

that are displayed below:
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Test (1) B=H¢ B, =[G.G0]
Test(2) | A=|H.H.¢] B, =GO
Test (3) a=Ay a, =[B,B,¢]
Test(d) | a=[AAy] a, =B¢
B=Hg B=Hg p.-[6,G.0] | £.=[G.G.0]
Test (5) a=Ay a, :|:B, §L§:| o= o, =|:B, EJ_é]
p=[HH.g] | A=[HH] B, =GO B.=Go
Test (6) oAy o, =[B.B.] a= Ay a, =[B,B.£]
ety | PH p=Hé | B.=[6GI] | p -[6G0]
est() | _ AAy] a, = B¢ a=[AAy] | a =B¢
B=[H.H.4] | p=[H,A4] | A.=CE B, =Go
Test (8) a=[ARy] | a -B¢ a=[AAy] a, =B¢

where G=H ,B=A 60=¢ , &=y, andvice versa.

5. Conclusion

This paper has two aims. The first is to develop three new hypothesis tests for combining
structural hypotheses on cointegrating relationships and on their disequilibrium adjustment
vectors in Johansen’s (1988) multivariate maximum likelihood cointegration framework. These
tests possess closed-form solutions for parameter estimates under the null hypothesis. The
second is to demonstrate the implications that the tests for restrictions on the cointegration
vectors and disequilibrium adjustment vectors have for the orthogonal complements of these

quantities, and how these tests can be formulated as tests on the orthogonal complements. This

is useful since the various specifications of multivariate common stochastic trends and

permanent components are derived from these orthogonal complements. Thus, one may

combine tests for restrictions on the long-run relationships represented by cointegrating
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relationships, the adjustments to them, and the common stochastic trends of a system of

variables.
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Appendix

THEOREM 3.1: H,: 8 =[H,H 4|, a= Ay where H pxs, A pxm are known and ¢ (p-s)x(r-s), v

mxr are unknown, r<m<p.
The reduced rank regression from (2.6) is

Roe = Ay HR, + A’V2¢'|__ILR1t + ét J (A.17)
where y is partitioned conformably with Sas [y, ], and is split into
'E\,ROt =y, HR, + V/2¢’H_i R, + 'E‘,‘C"At (A.18)
and
AR, =AZ. (A.19)

This allows one to factor the likelihood function into a marginal part based on (A.19) and a
factor based on (A.18) conditional on (A.19):
ARy =y HR, +y,¢'H R, + 0A R, + A& — oA E, (A.20)
where
0=0Q,, Q! =ROA (AQA)". (A.21)
The parameters in the two equations are variation independent with independent errors, and the
maximized likelihood will be the product of the maxima of the two factors.
The maximum of the likelihood function for the factor corresponding to the marginal

~

distribution of AR, is, apart from a constant, L2 :ﬁ. The denominator is estimated
I
by 0, =(AIOQA )= AlSuA, thus,
L—Z/T :|ALSOOAL| (A22)
max M |AJ’_AL|

Analysis of the factor of the likelihood function that corresponds to the distribution of
A'R,, conditional on A'R,, and R, is found by reduced rank regression. It is equivalent to

maximizing the concentrated conditional factor as function of the unknown parameter matrix ¢ .
First, one estimates by fixing v,, v,, and ¢ and regressing AR, —w,HR, —w,¢'H R, on
AR, . Thisyields

~ N nq! ' -1
w(l//l’l//2’¢):(ASOOAJ__l//lH’SloAJ__l//2¢HJ_SIOAJ_)(AJ_SOOAJ_) - (A.23)

This allows one to correct for A'R,, in (A.19) by forming new residual vectors
Ria = Ri=SiA (AlSuA, ) " AlRy,i=0,1 (A.24)

and product moment matrices

1 T
S;n ==> R, R
J-AL T tz=1: LA LA . (A25)

5,5 (KS,A ) A5, 1L =01
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Thus we can write the conditional regression equation (A.20) as
'E‘,ROt.AL =y H ’th.Ai + W2¢,H_i Ria + 'K,ét ~AE,. (A.26)
To successively concentrate the conditional likelihood until it is solely a function of ¢, one
fixes w, and ¢ and then estimates v, by regressing AR, A —z//zl-_IiRn_ A ON HR,, toget

e~ — -1
Vi = (A'SOLAL H-y,¢'H S, H )( HS, , H ) . (A.27)

One then corrects R, , for HR,, , by forming new residuals
Rit.AL.H = Rit.Ai - Si1.AL H (H lSll.Ai H )fl H ,th.AL i=01 (A.28)
and product moment matrices
1Q ,
Sij.AL.H :?tZlRit.AL.H Rjt.Ai.H . (A.29)

=S, —~Sua H(HS, . H'HS,, i, j=01
Thus one can rewrite (A.26) as

A’ROt.AJ_.H = Wz(é’qi th.AL.H +Uy, (A.30)
for which
G, =A'Z —6AE,. (A31)
Fixing ¢, one estimates y, by regressing K’ROLAL.H on ¢’ﬁith_ArH. This gives
l/;z = K,SOLAL.H qi¢(¢,ﬁisll.AL.H ﬁi¢)_l (A32)
and
0’( = K’ROLAL.H - K'SOLAL.H ql¢(¢'ﬁj’_sll.ArH qj_¢)71¢!ﬁj’_ th.Ai.H : (A'33)

The factor of the maximized likelihood corresponding to the conditional distribution is, apart
from a constant,

sz/T AAA,
max C ‘K,K (A34)
where
Q =0, -0, 0 Q
AﬁAL - Ai AA SEA A ?A . (A.35)
=A'QA'-A'QA (ALQA ) A QA
The maximum likelihood estimate of the conditional variance matrix is
A 1.
Q =—> 0,0/
AR thﬂ: o (A.36)

N NN 'y nyr 'y -1 i N
=A SOO.AL.H A-A SOl.AL.H HJ_¢(¢ HJ_Sll.AL.H H¢¢) oH J_Slo.AL.H A
which gives the maximized conditional likelihood
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L(#) e =

RS oA RSy o FLJ(FF S oFL0) 9FISuu B (ASD)
A'A
The maximized likelihood function is the product between the maximized conditional

factor and maximized marginal factor, for which the only unknown parameters are contained in
¢; one then has (and noting that A= A(A’A) " implies AA= A'A)

L(#) e =
— — — -1 —
|Ai 00\ SOO.AL.H A- AISOl.Ai.H HL¢(¢’H1811.AL.H H¢¢) ¢,HL510.AL.H A‘ ' (A'38)
AA ||AA
From the matrix relationship for nonsingular A and B,
A C L 5
o |AHB C'A'C|=|B||A-CBC/| (A.39)
it follows that ‘B - C’A*C‘ _IB |‘A CBiC’ ‘ and thus one can rewrite (A.38) as
L(¢)—2/T _ |AisooA¢| A'S OO.AJ_.H A‘
max |ALA || AA|
' 1 g ’ I (A4O)
1¥11.A H HJ_¢_¢ Hj_Slo.Ai.H A(A SOO.AL.H A) A'S 01.A, .H J_¢
‘¢'|__|J'_811.AL.H H_¢¢‘
. . .. . ~ — éAA ¢ AA, —
The variance-covariance matrix is then estimated by Q=[A A ]| . A AL
QAJ_A A A,

where the estimators of Q, , , ©=Q,, Q, ,and Q,,, =Q,, —Q,, Q. , Q, , are used to

recover Q, , , Qu =@, 4, Q1= and Q,, =Q,0, +0Q, .

Maximizing the likelihood functlon IS equwalent to minimizing the last factor of (A.40)
with respect to ¢. Following From Johansen and Juselius (1990), here, one solves the eigenvalue
problem

-1 _
AH] SllA HH —H S10A HA(A’SOO.AJ_.HA) ASOl.AL.H .|=0 (A.41)

for eigenvalues 1> 1, >...> /1 . >0 and eigenvectors V = (\7 yeen Vo ) normalized so that

VH'S, ., wHV =1,. Then $=(1,...,¥,_,), from which one then can recover the parameters
(3.14) to (3.17), and the maximized likelihood function, apart from a constant, is
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3 |AiSOOAL”A'SOO.AL.H A‘ s

L2T = wajaA (1-4). (A.42)
Rewriting
A’y A= ‘A’SOO.AL A-AS, , H(HS, , H )*1 H'S A‘
NSy A ‘ H'S,,, H—HS,, A(ASy, A) AS,, H ‘ (A.43)
B S, H]
and noting
‘H S H—HS,, A(AS,, A) AS,, H ‘ .
HS,,, H] ) li:l[(l_ A) (A4
where 1> p, >... > p, >0 solves the eigenvalue problem
‘ pHS, H=HS,, A(A’SOO_AL A)*1 A'S, , H ‘ =0, (A.45)
yields
|A'Sgo Al =|A'Sgo . Aui[(l— 5) (A.46)
This gives the maximized likelihood function, apart frolr_n a constant,
(o (] )

If C is a pxp matrix of full rank and X =[A, A, |, where Aand A, are full column rank pxr and

px(p-r) matrices respectively, one may use the properties of determinants to write
IC|=|XCX|/|XX|. And since

AA AA| |AA O .
|x><|=A,A wal=lo aalTIAA AA | (A.48)
L I LT
p A,CA AICAJ. ' ' ' ' -1 Ay
|XCX|= NCA ACA =|ALCA ||ACA- A'CA, (AICA) ALCA‘ (A.49)
L L L
we have
|ACA ||ACA-ACA (ACA ) ALCA‘
= . A.50
| WA A (A0
Substituting Sy, =C and recalling Sy, , = Sy, —SgoA, (ALSeA, )" AS,, we have
A S,A [[ASy, . A
|SOO|:| L ~00 J_” 00.A; ‘ (A51)

AA ||AA
Therefore, apart from a constant, the maximized likelihood is
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S

LAy = |SOOIH( -A)10-5). (A52)

THEOREM 3.2: The likelihood ratio test for H, in H(r) is
LR(H,|H (r))==2In(L(H(r))/L(H,)). (A53)

The constant terms in both cancel, and one can write from (2.15) and (A.52),
LR (H,|H (r)):T{ln|soo|+§|n(1—i,)+i|n(1—,5i)—|n|soo|—i|n(1—i,)}, (A54)

which yields the likelihood ratio testlsltatistic ) )
LR(H,|H (r))=T {Zs)n(l—i,)+iln(1—/5i)—zrllln(l—i,)}- (A.55)

The calculation for the limiting distribution and degrees of freedom for these tests are based on
Johansen (1989, 1991) and Lemma 7.1 in Johansen (1996). The former set shows that the
limiting distribution of the likelihood ratio tests for restrictions on fand « given r cointegrating
relationships is y*. The latter shows that for axb and cxb matrices of full column rank, X and Y,
the tangent space of XY’ has dimension (a+c-b)b. The number of parameters in the unrestricted
I1=ap' is (using, p=a, b=r, and c=p), 2pr-r2. In the restricted model the number of free
parameters in T1= Ay,H'+ Ay, ¢'H ' is ms+(m+(p-s)-(r-s))(r-s) =mr+pr-ps+sr-r2. The
difference between the unrestricted and restricted free parameters, r(p-m)+s(p-r), are the degrees
of freedom. So, the likelihood ratio test is asymptotically distributed as y* with r(p-m)+s(p-r)
degrees of freedom.

THEOREM 3.3: H,:f=H¢, a= [A, ,Kll//] where H pxs, A pxm are known and ¢ sxr, y

(p-m)x(r-m) are unknown, r<s<p.
The reduced rank regression is then

Ry=AgHR, +AygHR, +&,, (A.56)
where ¢ is partitioned conformably with « as [¢1,¢2] , and is split into
AR, =gHR, + A& (A.57)
and
AR, =yshHR, +Al¢. (A.58)

This allows one to factor the likelihood function into a marginal part based on (A.58) and a
factor based on the (A.57) conditional on (A.58):
ARy = fHRy + oA Ry —y#HR )+ A& - oA (A59)
where
0=Q,, Q. =ROA (AOQA)".
The parameters in (A.59) are variation independent of (A.58) with independent errors.
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To maximize the likelihood for the marginal distribution, first one fixes ¢, in (A.58) and
estimates y by regression, giving

7= A SuHe, (#HS,HE,)” (A.60)
and
Aé = ARy~ ASyHe, (4HS,HE, ) 4HR, (A.61)
which gives the maximum |Ike|IhOOd estimator for Q, , = AQA ,
QALAL = AJ’_SOOAJ_ - AiSmH ¢2 (¢2’H SllH ¢2 )_1 ¢£H ’SloAJ_ . (A.62)

The contribution of the marginal distribution, apart from a constant, is
Aisoo AL - AiSmH ¢2 (¢2' H SllH ¢2 )71 ¢£

107 L

Lo = A (A63)
\ AL
B |Aisoo A¢| $HHS HP, —#HS A (ALSOOAL )71 A SuH4, (A6d)
|AiAL| |¢2,H’811H¢2| l

One maximizes the factor of the marginal contribution by minimizing the second factor
in (A.64) with respect to the unknown parameter matrix ¢,. This is done by solving the

eigenvalue problem

[AHS,H —HS, A (AIS,A,) " AlSyH|=0 (A.65)
for eigenvalues 1> 1, >...> 4 >0 and corresponding eigenvectors V = (V,...,9,), normalized
so that VH'S,HV = I_. This implies the maximand of the marginal distribution of the likelihood
function is ¢2 ( e Vo m) from which one then can recover the parameters (3.25) to (3.27),

and the maximized contribution is
|NSmA| -
-4 ). A.66

-2/T
maxM

To calculate the conditional distribution, given ¢, ¢2 ,and 7, one regresses AR, —gHR,,
on R, =AR, y/¢2H R, to estimate

(¢ 17) = (A Sy —H Sy, ) St (A.67)

;
where S, = %Z R;R; andso on. This allows one to correct for o in (A.59) by forming new
t=1

residual vectors
R., =R.=S,S,/R., i=0,1k (A.68)
and product moment matrices
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Zthk jtk

=S, =S4 Sk Sy |, 1_01k

(A.69)

One can then write (A.59) as
A'Ryyy = fH Ry, +0;, (A.70)
where (, = A'Z, — @A’ £, and, as suggested by Johansen (1989), estimate ¢ by regression which
yields
=(HS,,H) HS,,A. (A.71)
The factor of the maximized likelihood corresponding to the conditional distribution is, apart
from a constant,

Q
AP Eaaiel A.72
maxC A,A ( )
where
Q =Q,,-Q,, Q‘l Q,
AAA AACEAA B . (A.7 3)
= AQA — A’QAl (ALQAL) A QA
The maximum likelihood estimate of the conditional variance matrix is
Z (A.74)

’ N -1 N

=A Sook A-A SorxH (H Sll.k H ) H Slo.kA

which gives, apart from a constant, the maximized likelihood for the conditional distribution as
’ ’ -1

| ASs A= A H (HS,, H)  HS, A

L A.75
'max C A,A ( )
’ ! -1 !
B A Soo.kA”H Sll.k H-H Sto.kA(A Soo.k A) A SOl.k H ‘ (A 76)
|A’A||HSllkH| '
|A’SOOkA|
(1- A7
where 1> 5, >2...2p, > ppy=-.=p, =0 solve the eigenvalue problem
‘PH Sll.k H-H 'Slo.kA(A’Soo.kAyl A'SOl.k H ‘ =0. (A-78)
The variance-covariance matrix is then estimated by
. _ 19, @ o
a=[A A]." ™A AT (A.79)
QALA QALAL
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where the estimators of Q, , , ©=Q,, Q, ,and Q,,, =Q,, —Q,, Q. , Q, , are used to

recover SA)ALAL, SA)AAL :mmm' Q _Q’ and Q,, =Q,, ARA, +a)QAA
Finally, the maximized likelihood is

A SpA, | [A'Se AlL - .
- [1-5). A.80
ALAJ |AA| H( |) : pl) ( )

-2/T _
max

THEOREM 3.4: The likelihood ratio test for H, in H(r) is
LR(Ho[H (r))==2In(L(H,)/L(H(r))). (A81)

The constant terms in both cancel, and one can write the likelihood ratio test statistic from (2.15)
and (A.80),

LR(H, [H (r))=
Alsoo.kA”AiSooAJ _ <« AR § ~ r (A.82)
(ol Sos-4) )i

The number of free parameters in the unrestricted model for r cointegrating relationships, from
. 2 : — :
Theorem 3.2, is 2pr-r . In the restricted model, IT= AgH'+ A wg,H' (from Lemma 7.1 in

Johansen (1996)) has ms+(p-m+s-(r-m))(r-m) free parameters. The degrees of freedom for the
likelihood ratio tests is the difference in free parameters between the unrestricted and restricted
models, m(p-r)+r(p-s). So, the likelihood ratio test is asymptotically distributed as y* with

m(p-r)+r(p-s) degrees of freedom.

THEOREM 3.5: Under the hypothesisH,: #=[H,H ¢], a=[ A Ay | where H, A are known

pxs matrices and ¢ and y (p-s)x(r-s) are unknown, s<r<p.
The reduced rank regression given H, can be expressed as

Ry =AHR, +Awd'H'R, +¢ (A.83)
After defining R, = R,, — AHR,, for which there are no unknown parameters, one rewrites
(A.83) as

R = RW"'—H Ry +& (A.84)
and premultiplies (A.84), in turn, by A" and A to get
AR, =A¢, (A.85)
and
AR, = V/1¢,H_i Ry +As,. (A.86)

This allows one to factor the likelihood function into a marginal part based on (A.85) and a
factor based on (A.86) conditional on (A.85):
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AR, =wd'H|R, +oAR, + A& —oNE,, (A.87)
where @ =Q, Q= KLQA(A’QA)*. The parameters in (A.87) are variation independent of

(A.85) with independent errors.
To calculate the conditional factor, one fixes ¢ and yand regresses A'R, —w¢'H R, on

oA'R,, to estimate

o(p.v)=(AS,A-yg'H S, A)(A'S,A)" (A.88)
This allows one to correct for @ in (A.87) by forming new residual vectors
Rua =Ry~ S, A(A'S, A) " AR, i=1k (A.89)

and product moment matrices
1¢ ,
Sij.A = _Z Rit.ARjt.A
T3

=S, — S A(ASA)TAS,, i, j=1k
This allows one to write (A.87) as
AR n=Wg'H IRy, +0, , (A.91)
where 0, = A & —@A'é,. Fixing ¢, one estimates y by regressing A'R,,, on ¢'H!R, ,, which

(A.90)

yields
~ ' 1 nJ’ 1 -1
l/’(¢) = AJ_Skl.AHJ_¢(¢ HJ_Sll.AHJ_¢) - (A.92)
The factor of the maximized likelihood corresponding to the conditional distribution is,
apart from a constant,

Q
L, =L (A.93)
ALA|
where
QALAL.A = QALAL _QALAQ;}-\QAAL (A.94)

= ALOA —AQA(AQA) " AQA,

The maximum likelihood estimate of the conditional variance matrix is
T

- LI
QAJ_AJ_.A = ?;utut

= AlSy A — ALS WFLB(#H IS, .6) gHIS, LA
which gives, apart from a constant, the maximized likelihood for the conditional factor as
ASinA — AlS LB (#H 1S HL0) ¢S, A
ALA |
PHIS H = H S, WA (ASy A ) AS, . HL
[ALA[[#HS,, H 4]

|_*2/T _

maxC

(A.95)

AJ’_Skk.AAJ_|

(A.96)
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The conditional likelihood is maximized by minimizing (A.96) with respect to ¢, which is done
by solving the eigenvalue problem

AH'S, H, I-_I’Slk.AAL(AlSkk.AA) A'S, H =0 (A.97)

fori>4>..>4 >4, =...=4,, =0 and for eigenvectors V = (¥,...,V, , ), normalized so
that VH'S,, ,H V =1, . The maximand of the likelihood function is é= (%,...,V_, ), from

which one then can recover the parameters (3.37) to (3.39), and the maximized likelihood
function for the conditional piece, apart from a constant, is

|A’f\kaAA |H(1 4). (A.98)

The maximum of the factor corresponding to the likelihood function for the marginal piece

-2/T
maxC —

T éAA‘ . . .
T = . The denominator is estimated by

based on (A.85) is, apart from a constant, L\ = |A’A|

A

A= L AOA) L aar ) - L AR RIA - A
QAAzAQAz?(AQA) T(A £'A) = T(ARkRkA)zASkkA,andthus

AS, A
LT, = [ASq : A.99
max M |A’A| ( )
. . - . ~ szA é !
The variance-covariance matrix is then estimated by Q=[A A ]| .. A AL
QAJ_A QALAL
where the estimators of Q,,, = QALAQ;;, and Q, , A =Q, —Q, KOO , are used to

N

recover Q,, Q= @, Qpy =, and Q, =sziArA+a>QAAL
The product of (A.98) and (A.99) yield, apart from a constant, the maximized likelihood

AS A|A Sy A, 5
Lar =l e e LITT(1- 4 ). (A.100)
walaca ] L)
By the same arguments used in (A.48) to (A.51), one can show that
A’Skk A| Aiskk.AAL|
= A.101
5= (a0
so that the maximized likelihood function is
L;nzzg :|Skk|ﬁ(l_ﬂ~’|)' (A.102)
i=1

THEOREM 3.6: The likelihood ratio test for H, in H(r) is
LR(H,|H (r))==2In(L(H,)/L(H(r))). (A.103)

The constant terms in both cancel, and one can write the likelihood ratio test statistic from (2.15)
and (A.102),
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LR(H, [H(r))=T {In|$kk|—In|SOO|+§In(1—i,)—iln(l—ﬂ:j )} (A.104)

The number of free parameters in the unrestricted model for r cointegrating relationships, from
. 2 . — .
Theorem 3.2, is 2pr-r . In the restricted model, IT= AH'+ A wg¢'H' (from Lemma 7.1 in

Johansen (1996)) has ((p-s)+(p-s)-(r-s))(r-s) free parameters. The degrees of freedom for the
likelihood ratio tests is the difference in free parameters between the unrestricted and restricted
models, s(2p-s). So, the likelihood ratio test is asymptotically distributed as y* with 2ps-s2
degrees of freedom.

PrRopPOSITION4.1: H,: B =Hg¢ where H pxs is known and ¢ sxr is unknown, r<s<p. That one
may choose S, = [HL, H_¢L:| as the orthogonal complement of was shown is section 4.
Consider

B, =[G.G,0] (A.105)
where G pxq is known and @ (p-g)x(p-r) is unknown. g, = [G,Gﬁ] implies sp(G) < sp(f,).
which implies sp(8) = sp(G, ). Setting H =G, , a px(p-q) matrix, implies sp(8)<sp(H),
which shows this is a test of the form g =H¢g where ¢is (p-g)xr. Noting
ro-ecoino- [0,
s=(-p shows this is test (1) in section 3.

} Is zero when 8 =¢, (thatis, ¢ =46, ) and setting

PROPOSITION 4.2: H,:f = [H : I—_IL¢] where H pxs is known and ¢ (p-s)x(s-r) is unknown. That
one may choose S, =H ¢ was shown in section 4. Consider

B, =Go (A.106)
where G is a known pxq matrix and €is an unknown gx(p-r) matrix; £, =G6& implies
sp(4,) = sp(G), which implies sp(G, ) = sp(). Settingthe H =G, a px(p-q) matrix,
implies sp(H )< sp(8), which shows this is a test of the form g =[H, ] where ¢ is r-(p-q).
Noting ;8 =60'G'[H,¢]=[0'G|H,0'G'¢]=[40,6G¢]=|0,,.,,,.0'G'{ | is zero when
=G, (GG, )’l #, and setting s=qg-p shows this is test (1) in section 3.

The other propositions in section 4 are combinations of the above propositions using « and £.
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