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Efficient interval estimation for age-adjusted
cancer rates

Ram C Tiwari National Cancer Institute, NIH, Bethesda, MD, USA, Limin X Clegg Office
of Healthcare Inspections, OIG, Department of Veterans Affairs, Washington, DC, USA and
Zhaohui Zou Information Management Services, Inc., Silver Spring, MD, USA

The age-adjusted cancer rates are defined as the weighted average of the age-specific cancer rates, where the
weights are positive, known, and normalized so that their sum is 1. Fay and Feuer developed a confidence
interval for a single age-adjusted rate based on the gamma approximation. Fay used the gamma appro-
ximations to construct an F interval for the ratio of two age-adjusted rates. Modifications of the gamma
and F intervals are proposed and a simulation study is carried out to show that these modified gamma
and modified F intervals are more efficient than the gamma and F intervals, respectively, in the sense that
the proposed intervals have empirical coverage probabilities less than or equal to their counterparts, and
that they also retain the nominal level. The normal and beta confidence intervals for a single age-adjusted
rate are also provided, but they are shown to be slightly liberal. Finally, for comparing two correlated
age-adjusted rates, the confidence intervals for the difference and for the ratio of the two age-adjusted rates
are derived incorporating the correlation between the two rates. The proposed gamma and F intervals
and the normal intervals for the correlated age-adjusted rates are recommended to be implemented in the
Surveillance, Epidemiology and End Results Program of the National Cancer Institute.

1 Introduction

Despite rapid advances in medicine, cancer continues to be a major public health concern
in the US and around the world. The total number of deaths due to cancer continues
to rise, even though the age-adjusted mortality rates for many common cancer sites
continue to decline.! Many public and private agencies dealing with cancer and related
issues depend on these statistics for planning and resource allocation. Such figures have
important social and economic ramifications, from deciding which programs get funded,
to deciding how funds are allocated among various programs. Having reliable and accu-
rate confidence intervals (Cls) for the means of the age-adjusted cancer mortality and
incidence rates for recent years is very important for everyone concerned. The higher the
coverage probabilities of the CIs, the more conservative the Cls are. Therefore, a desir-
able property of these Cls is that while retaining the nominal level, they have coverage
probabilities as close to the nominal level as possible.

In the US, the data on cancer mortality are obtained from death certificates. Due to
administrative and procedural delays, these data become fully available to the public
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from the National Center for Health Statistics (NCHS) after approximately three years.
The cancer incidence and mortality data are also available from the Surveillance,
Epidemiology and End Results (SEER) Program of the National Cancer Institute
(NCI). The SEER Program is an authoritative source for the cancer incidence and sur-
vival data in the US Population data are available from the US Census Bureau. The
American Cancer Society (ACS) publishes reports on cancer trends in their widely cir-
culated annual publication,” Cancer Facts & Figures, which is also available online:
http://www.cancer.org/.
The state-level age-adjusted cancer (incidence or mortality) rates are given by

]
= G
7= wi—, i=1,...,
— nj;
=1

where dj; and nj; are the number of cancer (incidence or mortality) counts and the count
of mid-year population for the age-group j and the state 7, respectively, and the w; are
the normalized proportion of mid-year population for the age-group ;j in the standard

population, so that lezl w; = 1. In the SEER Program, for each of the 51 regions (50

states and Washington D.C.) in the US, there are 19 standard age-groups consisting of
0—<1,1—4,5-9,...,85+. The US-level age-adjusted cancer (incidence or mortality)
rates are given by

J d;‘
j=1 7

with d; = Zle djj and n; = Zle n;;. The SEER Program contains age-adjusted mor-
tality rates, based on the 2000 US standard population, for the US and for each of the
51 regions by cancer sites. The age-adjusted mortality rates for a selected number of
cancer sites and a number of countries in the world are also reported in the Cancer
Facts & Figures publication.” These age-adjusted rates are based on the World Health
Organization’s world standard population. Thus, the results of this paper, even though
discussed in the context of the age-adjusted mortality rates for the US, apply to similar
data sets for other countries.
Foreachi(i=1,...,1),letd—j; = d; — djj and n(_;; = n; — nj; and define

J

d—i),
N S

Pl S

to be the age-adjusted rate for the rest of the US after deleting the region i.
Let Dj;, D;, D(—jj, Ri, R(—j and R denote the random variables whose realiza-
tions are d;j;, d;, d(—j);, i, r(—jy and 7, respectively. We assume that Dj; are independent

Poisson random variables® with parameters Aij, that is, Dj; ~ind Po(n;;Aj). Note that by
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the moment generating function, D(_;); ~ Po(Zf/#l- nyiiy;) and D; ~ PO(X:f=1 nijij).
I 1

Let & = nij/mj, §-ij = Yiz; &) and &§ = mj/n, where n = YoJ_ymj = Y1 Yo mi.

Let i, (—iy, 1y Vi = Gil/n, V(i) = a(z_i)/n and v = 0?/n be the means and variances

of R;, R(—j) and R, respectively, and let and p;/n be the Cov(R;, R), where their explicit
expressions are derived in Appendix A. Let w;; = w;/n;; and define the estimates of j;,

M(—i)’ M, O;; G(Z_i), 02 and pP; as

Li=ri5 iy =1 L=7

J J
2 2d-))
: _ng widijs 0( h=n) wi
=1 P

For a rare cancer site, as the observed total counts d; are very small with d;; = 0 plausibly
for several j, the value of 7; is either close to 0 or equal to 0. As we will see subse-
quently, when 7; = 0, the gamma intervals of Fay and Feuer? is not defined. To avoid
such situations, we introduce a correction factor, which amounts to distributing a count
of 1 uniformly to all J categories, and hence adding 1/], the expected value under multi-
nomial distribution with parameters 1 and cell probabilities 1//,to d;;,j = 1,..., ], in

calculation of the estimates of u;, 01-2 and p;. We redefine 7; as
J 1
= Zwi]’ (dij+ —) =1+ w;
=1 /

where w; = 1/] Z ', wi; and modify the estimates of u;, o a( ) and p; accordingly
by replacing d;; by (d,, +1/]). Thus,

J
- ~ 1 1
i = T7i5 0—1'2:7/15 w,2/<d1]+7)> pz—nE wl] (1] ]>
=1

Note that 7; & r; for common cancer sites as w; ~ 0. Let

I S}

5 52 . 62
-5 b=t =—
n n n

The objectives of this paper include the construction of Cls for parameters such as
i) the mean w; of the age-adjusted rate for the region 7; ii) the mean u of the age-adjusted
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rate for the US; iii) the ratio of the mean age-adjusted rates p;/u; for region i to region
7’5 iv) the ratio of the mean age-adjusted rates p;//t(—;) for region 7 to the rest of the US;
v) the ratio of the mean age-adjusted rates w;/u for region i to the US; and vi) the
difference of the mean age-adjusted rates t; — i, between region 7 and the US. Fay and
Feuer* derived a CI for u; (or ) assuming that a mixture of Poisson distributions can be
approximated by a gamma distribution and compared the performance of the gamma
intervals with the approximate bootstrap confidence (ABC) intervals’~” and the ‘chi-
squared’ intervals of Dobson et al.® through simulations. They observed that the gamma
intervals retained at least the nominal coverage and were more conservative than the ABC
intervals and chi-squared intervals. We propose a modification of the gamma interval
for w; (or ) developed by Fay and Feuer* and derive new Cls for u; (and 1) based on
the beta and normal approximations of R; (and R).

Fay’ used the gamma approximation of Fay and Feuer* and developed a CI, based on
an approximate F distribution, for the ratio of two age-adjusted rates that can be applied
to ;/py and [/ (—i), but not to w;/p as the age-adjusted rate for the US involves the
counts from the region i. We also propose a modification of the F interval of Fay®. We use
the normal approximations of R;/Ry, R;/R(~;, R;/R and R; — R, taking into account
the correlation between R; and R, and construct the Cls for /iy, i/ t(—iy, i/ and
wi — p. Itis important to mention that for comparing the state and US level age-adjusted
rates, the current procedure!® is to use the normal CI for u; — p based on p; = 0. For
simulations, we use the observed age-adjusted mortality rates for the 51 regions and the
US for year 2002 from the SEER Program for a rare cancer site, the tongue cancer.

The rest of the paper is organized as follows. In Section 3, we briefly review the works
of Fay and Feuer* and Fay’ and present the modified gamma and F intervals. We also
derive the ClIs for the ratio of the means of the two age-adjusted rates namely the age-
adjusted rates of any two regions, any region to the rest of the country, any region to
the entire country and for the difference of the means of the age-adjusted rates between
a region and the country. Simulations are carried out in Section 4, and we discuss our
findings in Section 5. The conclusions are presented in Section 6.

2 Confidence intervals for age-adjusted rates

2.1 Gamma and F approximations
Note that if X ~ Po(0), then for an integer x > 0,

0
P(X > x|0) zf fz(z]x,1) dz
0

where Z ~ G(x,1) =4 1/2X22x and, in general, G(a, B) =d ,3/2)(22a (allowing non-
integer degrees of freedom) has density

fz(xla, B) = ! ex (—i) 7 x>0
R R ’
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with mean E(Z) = o and variance Var(Z) = af?. Let x be the observed value of X
and let (L(x;a), U(x,a)) denote the 100(1 — ) % CI for 6, where L(x;«) is obtained
by solving the equation

P(X > x| = L(x;a)) = %

and U(x, @) is obtained by solving

P(X < x|6 = Ulx;a)) = %‘

or equivalently by solving

o
PX > x| =U(x;a)) =P(X>x+10 =U(x;a)) =1 — 5
Thus, L(x;e) = 1/2(x3) " (a/2) and U(x;a) = 1/2(X22(x +1))—1(1 —a/2). Fay and
Feuer?* called the interval (L(x;a), U(x;a)) ‘exact’ while others, for example, Johnson
and Kotz,'! use the term ‘approximate’ interval.
Let wjq) < --- < wj()) be the ordered values of w;;, j =1,...,]. Fay and Feuer*
assumed that a mixture of Poisson distributions is approximately distributed as a gamma

distribution; that is,
2
y© Vi
—,— ] dz
Vi y

/ Wi
P> wiDy = ylpi,vi | ~ ./o fz: (Z
=1

where Z; ~ G(y*/v;, v;/y). This assumption essentially means that the distribution of
a linear combination of independent Poisson random variables is approximately dis-
tributed as a gamma random variable with the mean and variance of the gamma
distribution equal to the mean and variance of the linear combination, respectively.
Fay and Feuer* used this approximation to construct approximate 100(1 — ) % Cls for
the true age-adjusted rates ;.

The lower confidence limit L(7;; &) was obtained by solving the equation

2
reov;
z,_ dz
v, 1

2

Lirstnay = G (&7, % :ﬁ(xz )—1 (%)
P 2’ ﬁi’ 7 27 2riz/vi 2

where G~! is the inverse function of the gamma distribution function and (Xlz)_l(a)
denotes the 100ath percentile of the chi-squared distribution with / degrees of freedom.

J

L(uizvi)
o
5= P sz';'Di;’ > rilli, vi | = /0 fz; (Z

j=1

This yields
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Note that when 7; = 0, L(7;; V;; @) is not defined. For the upper confidence limit U(r;; ),
Fay and Feuer* solved the equation

J J
o
l=2=r 21 wiiDjj > rilwi,vi | = P 21 wiiDij = ri + wi) | i, vi
j= =

~ /U(Mi;Vi) y (ri + wi(]))l v + w?(]) 4
~ Zi < 5 <
0 Vit wry it wig)

resulting in

N —1 o 7’1-2 ﬁl
U(risvi,wi(y; o) = G 1-— 3330 Wi

1 1

N 2
_ Uty (e ) (1-2)
2(ri + wi) Uit ity 2

Fay and Feuer* performed simulations to study the performance of their gamma Cls
(L(ri; Vis ), U(ris Vs wi(gy; ) and found that the upper confidence limits were more
conservative than those based on the ABC intervals’~/ and the chi-squared intervals of
Dobson et al.,® henceforth referred to as DKES intervals. For completeness the ABC and
DKES intervals are given in Appendix B.

Fay and Feuer* have mentioned that when the weights w;; for all j are equal to a con-

stant, ¢; > 0, say, the CI for u; = E(Z]JZ] w;;iDjj) = ¢;E(D;) is (¢;L(dj;a), ¢;U(d; : @)

exact with D; ~ PO(Z/]:l n;;A;;). However, note that since w;; = w;/n;; depend on both
the standards w; and on the mid-year populations 7;;, the condition that w;; are equal
to a constant for allj is not easily satisfied. For example, a sufficient condition for this
condition to hold is that wj are all equal and #;; are all equal. Another sufficient con-
dition for w;; to be equal to a constant for all j is to assume #;; is proportional to wy;,
independent of 7, for all ;. If a populous state like California or New York has the age-
group distribution of its population similar to that of the entire US, then for that state,
one may expect 7;; to be proportional to w; and hence the CI for u; to be exact.
Since wj(y < wjq41), we have

J J
Z wiiDij > rilwi,vi | = P Z wijDj;
pa =1

A%

ri + wigy | i, vi

>P ZwijDij27i+wi(l+1)|MiaVi , I=1,...,]—1
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Thus proceeding as above, one can construct the upper confidence limits
U(ri; Vis wicry; o), U(ris Viswi); @), . .., U(ri; Vi, wi(gy; o) varying from being the most
liberal upper limit to the most conservative upper limit. In fact, there are an infinite
number of choices for such an upper confidence limit.

As a compromise, we propose an upper limit that is based on the mean w; =

1/] lezl w;; and that depends on all w;y), [=1,...,]. As mentioned earlier, this
assumes distributing a count of 1 uniformly to all ] age-groups. Thus,

I J
l—==P ZwijDij > rilpisvi | = P ZwijDij > 7 + wil i, vi
j=1 j=1
(]
=P | Y wiyDyj = Filpi, vi
j=1

Now, assuming that (d;; 4+ 1/]) have means equal to their variances, similar to the Poisson
distribution, so that

J J
1 1
Var Z wij (d,‘/‘ + 7) = Z w% (di]‘ + 7)
j=1 j=1
using the gamma approximation, the upper confidence limit for u; is given by

UG i e _E 2 1%
(7’13 V,,Z/UZ,OC) - 2;1 (X(Z;,-Z/fﬂi)) - P

Therefore, the proposed gamma CI for w; is (L(r;;V;5«), U(7; Vi3 wi5a)). Another
approximation of the upper confidence limit based on the mean w; can be obtained
by using (V; + L?/lz) instead of V;. This results in the following CI: (L(7;; V;; ), U(7;5 V; +
L?/iz; w;i;a)). Through simulations (not shown here), we found that these two intervals
performed very similarly. Therefore, we will focus only on (L(7;; V5 ), U(73; Vj3 s «)).
Note that the lower limits of the gamma interval of Fay and Feuer* and the modi-
fied gamma intervals are the same. We shall define the CI for u; when r; = 0 as (0,
U(7;; Vi3 wi; «)), thus ensuring a coverage probability of at least (1 — ).

Fay® developed a confidence interval for the ratio of two age-adjusted rates, u;/u;, for
Wi, v > 0, based on R; = Z}j-zl w;i;D;j and Ry = Z/j.zl wyiDyj, where D;; and Dj; are
independent. Assuming the gamma approximations for R; and Ry, Fay’ used the result
that, conditional on Dj; + D;;; = t;, the distribution of Dj; is a binomial distribution with
parameters ¢; and #;;(A;j/A;7j) /nij(Aij/Airj) + nyj. For constructing the lower confidence
limit for w;/ s, Fay’ assumed that p; is distributed as gamma with mean 7; and variance
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V; and that w; is distributed as gamma with mean (r; + W) and variance (Vy + Wl%)
and used the result that, conditional on ¢,

ri + Wi + Wy ~F
- @ /00, QU+ W) (B W)
i i

where W; = max;.g, <t {wij} and for independent X,Zn =4 G(m/2,2) and X,% =d

G(n/2,2), F( , ) —=d (Xm/m)/()(,%/n) denotes the F distribution with numerator degrees
of freedom (d.f.) m and the denominator d.f. n with density given by

[(m+n)/2) (m>n1/2 xm/2)—1
[m/2[(/2) \n/) (I + (m/myx) o/

Since the numerator and the denominator chi-squared random variables in
F((Zr,-z)/ﬁi)a(z(fﬂ+Wi/)2/(‘3/+W,%)) depend on tj, the unconditional distribution of ;/u; is

0<x <o

g(xlm,n) =

a mixture of F distributions, and not an F distribution.
The lower confidence limit is

7 1 (0{)
ro 4+ Wy (Qr)/[0iQry+Wi)2) /Gy + W) \ 2

where F(_g,lb) (p) is the pth percentile of F, ;). Now, assuming that u; is distributed as

gamma with mean (r; + W;) and variance (V; + W?) and that pu; is distributed as gamma
with mean r; and variance Dy, Fay’ derived the upper confidence limit to be

ri + Wz‘F_1 ( _ E)
ry o (QEAWH /@it WD), 2r7) /) 2

Note that this approximation cannot be readily applied for constructing Cls for the ratios
Wi/ L, that is, the ratios of the age-adjusted rates for the regions 7 to the US age-adjusted
rates, as the latter depends on the former ones.

We propose a modification in the above CI for ;/uj . For the lower limit, we assume
that p; is distributed as gamma with mean 7; and variance v; and that w; is distributed
as gamma with mean 7; and variance vy and since the two distributions are independent

chi-squares, we have
T\ Mg
wy @)/

This results in the lower limit to be 7; /7y F (ae/2). Similarly, the upper limit

—1
(@r])/D,(273) /Ty
can be obtained. The proposed CI for w;/u; is

(3) 5 (-3)
o (D0 ) Crp (@D /i) [B) 2
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Another CI for u;/u; using (r; + w;) and (V; + L?/iz) instead of r; and V; is given by

7’1 -1 (07 7’1+1;/l -1 o
o (2 I ()
ro iy QD3+ GO \2 )T T (@Gt Giad), e p T 2

Once again, we mention that this interval performs similarly to the above one, and we

will not focus on this. We further remark that, unlike as in Fay,” these intervals do not
assume the dependence of the wj; on ¢;.

2.2 Normal approximations
Define R,’j = D,'/'/n,'j(z Di//(néi,-éj)). Let n — 00 so that 0 < Sij’ .’;-']' < 1. Note that
0 < )\,‘/‘ < 00. Then as min{nijki/-} — 00,

EiE: 1/2 .
\/E( )f]> Rj— 1) —™N©O, D), i=1,..,L j=1,..,]
i

That is, Rj; are independent and asymptotically normally distributed, R; ~
AN (Ajj, Ajj/ (n&;;€;)). The other asymptotic results based on Rjj, 100(1 — o) % Cls for
Wiy [y Wif ity i) oy i/ h(—iy and p; — p, and their logarithmic and logit transforma-
tions are presented in Appendix C. In particular, the 100(1 — «) % Cls for u;/u, and
Wi — W, based on the correlated age-adjusted rates, are given by

w | @226 — 24
— = — &+ Za/2 — VO
122 nitt
67 + 62 —2p;
Mi— =i — £ 20/ NG

where a V b = max(a, b). When p; = 0, which is true iff 1;; = 0 for all j, these CIs reduce
to (see, e.g., Ries et al.'” for the CI of ; — u when p; = 0)

o+ 62
Jn

Since p; > 0, the length of the CI for u; — u, ignoring the adjustment for p;, is wider,
and hence the interval is more conservative.

Hi i 1 1 ADAD | ADAD — N A
;_iﬁiza/zﬁ\/ﬁ(oﬂu +o i) VO, wi—p=pi— ULtz

2.3 Beta approximations
In general, the age-adjusted rates are less than 1 and equal to 1 if and only if there is
one age-group with both the values of cancer counts and population at risk for that age
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group equal to 1, which is not a practical case. A rationale for the beta approximation
. Ji ~ )

is as follows. Let R; = Z/:l w;R;;, where R;; = Djj/nj;. Let D;; and Dj; be independent
Poisson random variables with means #;;A;; and #;;(1 — X;;), respectively. Then the dis-
tribution of Dilei/+Dii=nij,Aij ~ Bin(njj, 1;;), a binomial distribution with parameters #;;
and ;.12 Using the result, given in Appendix D, we can approximate the distribution of

R; by a beta distribution with parameters a; and b;, Be(a;, b;), where

o <;,~(1~— ) 1), b~ (7 (;,»(1; ) 1)
Vi V;

We define an approximate 100(1 — &) % CI for u; as (Lg,» Ug)» where L and Uy are
obtained by solving the following incomplete beta integrals:

Lk, A oA o Ug A 7 o
/ B(x|a;, b;)dx = —, / B(x|a;,bj)dx =1— —
0 2 0 2

Here, B(x|a, b) is the density of a beta distribution, Be(a, b), with parameters a and b.

3 Examples and simulations

As an illustration, age-adjusted tongue cancer mortality rates were calculated for each
of the regions. Tongue cancer occurs mostly among the elders. The 2002 mortality
data for tongue cancer, even though available from the NCHS, were obtained from
the SEER Program of the NCI (see the web site: www.seer.cancer.gov). We carried out
two different simulation studies to evaluate the performance of the proposed gamma,
beta and normal (with lower limits truncated at 0) intervals with the gamma interval
of Fay and Feuer.* In the first simulation study, we took the true means of the Poisson
distributions of D;; to be the observed values of deaths in the (i, 7)th cell, where i stands
for the 51 regions of the US (50 states and Washington DC) and ;j stands for the 19
age-groups, to be (i =1,...,51;j =1,...,19). Therefore, the true value of w; is the
observed value of the age-adjusted rate for each i. From the Poisson distributions, we
generated 10000 values of dj;, and obtained the observed values of the age-adjusted
rates R; using the normalized weights wj, based on the 2000 US standard population,

so that Z]]':1 w; = 1. We computed approximate 95% Cls for u; for each of the 51

regions using the gamma intervals of Fay and Feuer* and the proposed gamma, beta and
normal intervals. Additionally, we compared the F interval of Fay® for u;/(—;) with the
proposed F and normal intervals (with left limits truncated at 0). We compared the age-
adjusted rate of each of the 51 regions with the rest of US age-adjusted rate. Once again,
we chose the year 2002 tongue cancer mortality age-adjusted rates for the 51 regions.
The simulations were carried out assuming the 2000 standard population generating d;;
from independent Poisson with mean equal to the observed dj;.
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Table 1 gives the results of the first simulation study. Columns 2 and 3 of the table
give the observed (true) tongue cancer mortality counts and age-adjusted rates (per
100 000 mid-year population) for the 50 states, the District of Columbia, and the four
Census Bureau Regions (Northwest, Midwest, West, and South). Column 3 presents the
empirical coverage probabilities of the 95% Cls for the (simulated) age-adjusted rates
based on the gamma, modified gamma, beta, and normal approximations. Column §
shows the observed (true) ratios of age-adjusted rates of each of the 51 regions with the
rest of the US Column 6 gives the empirical coverage probabilities of the 95% ClIs for
the (simulated) rate ratios based on F modified F and normal approximations.

Both the modified gamma and modified F intervals are more efficient than their coun-
terparts because their empirical coverage probabilities are at least 95%, but are lower
than for the gamma and the F intervals. The beta and normal intervals are slightly liberal
as they do not perform well as they have empirical coverage probabilities less than 95%
for a number of regions.

In the second simulation study, we considered the effect of randomly generated values
of wj; and d;; on the performance of the gamma, beta and normal intervals. Here, the
subscript i does not play any role, and is treated as a dummy variable, but it is kept for the
sake of notational consistency. We generated 19 numbers, corresponding to the ] = 19
age-groups, from the uniform U(0, 1) distribution and standardized them (and called

themuw;;;7 = 1,...,19) so that Z}il wi; is a very small number, say, equal to 5.0 x 107°.
We again generated 19 numbers from U(0, 1) and standardized them (and called them
dij;j =1,...,19) so that their sum is small, Z/-lil djj = 20 . These standardized numbers

were taken to be the values of the true means 1,5,/ = 1,...,19.

Then, we simulated 10000 values of dj; from the Poisson distributions with means
Aij, j=1,...,19. From these, we calculated the age-adjusted rates r; and the 95% Cls
for p; using the gamma and normal intervals. We also calculated the variance of w;;.
We repeated the entire process 500 times. Note that we could have standardized the sum

2}21 wj; to any other small number, but we chose it to be 5.0 x 107¢ so that it was
similar to what we have based on the 2000 US standard population and the 2002 age-
adjusted rates. We also could have standardized the sum Z;lzl d;; to any other number

than 20 possibly to 50, but we kept it to 20 to see the effect of small sample size; that is,
the small number of total mortality counts for the region, i.

Note that out of 10 000 intervals, corresponding to each one of the 500 replications, it
is expected that approximately 9500 intervals would contain the true mean p; and 500
would not; that is, it is expected that approximately 250 values of the lower limits would
be above the true mean p; and about the same number of the upper limits would be below
the true mean p;. In Figures 1 and 2, we plotted the 500 values of the variance of the
normalized weights w;; on the x-axis, and the frequencies of the lower and upper limits of

w; for the Fay and Feuer* intervals, modified gamma, beta and normal intervals that fell,
respectively, above and below the true mean wu;, were plotted on the y-axis. In Figure 3,
we plotted both the lower and the upper limits against the variance of w;;. Note that
the two solid lines in Figure 3 correspond to the lower and upper 95% confidence limits
for true proportion, p, based on Bin(10 000, 0.05), and then rescaled by multiplying by
10 000; that is 10 000(0.05 £ 1.964/0.05 x 0.95/10000) ~ (457, 543). Thus the expected
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Table 1 Comparisons of empirical coverage probabilities for 95% Cls for the age-adjusted mortality rates
of states/Census Bureau Regions and ratios of these rates to the rest of the US for tongue cancer

State/region True True rate Coverage of 95% ClI (rate) Coverage of 95% ClI (ratio)
count (per 100000)
Modified True Modified
Gamma gamma Beta Normal ratio F F Normal
Alaska 1 0.25 97.0 97.0 97.0 99.3 0.38 97.0 97.0 99.3
Wyoming 3 0.56 98.8 98.8 96.5 98.9 0.87 98.8 98.8 99.0
Montana 4 0.4 98.0 98.0 95.3 99.2 0.63 98.1 98.1 99.1
Vermont 4 0.58 98.1 98.1 95.0 99.3 0.89 98.3 98.3 99.2
Delaware 5 0.60 98.8 98.8 96.9 96.1 0.92 98.7 98.7 96.1
Rhode Island 5 0.45 98.6 98.6 96.6 95.2 0.69 98.4 98.4 96.1
Washington DC 6 1.06 97.9 96.4 94.1 97.2 1.62 97.9 96.8 97.0
Utah 6 0.34 97.3 96.7 94.8 96.8 0.52 97.7 96.8 96.6
Nebraska 8 0.46 96.8 96.8 95.1 94.9 0.70 96.8 96.7 95.2
South Dakota 8 0.92 97.7 97.1 95.1 96.2 1.42 97.7 971 96.2
New Mexico 9 0.48 96.8 96.2 94.4 96.5 0.73 97.0 96.4 96.2
West Virginia 9 0.4 97.5 97.5 95.7 96.4 0.62 97.8 97.6 96.5
North Dakota 10 1.51 97.6 97.6 96.1 95.7 232 97.2 97.0 95.7
Hawaii 12 0.89 96.7 96.3 949 95.8 1.37 96.8 96.5 95.9
lowa 12 0.36 96.7 96.2 94.6 95.4 0.56 96.7 96.2 95.5
Idaho 13 1.05 96.5 96.1 94.6 95.6 1.61 96.5 96.0 95.5
Kansas 13 0.46 96.8 96.5 95.0 95.3 0.70 96.7 96.4 95.4
Maine 14 0.93 97.8 97.1 95.9 95.7 1.43 97.5 97.0 95.9
New Hampshire 14 1.10 97.1 96.6 95.1 95.7 1.69 97.0 96.6 95.7
Mississippi 15 0.53 96.4 96.2 95.0 95.0 0.81 96.7 96.4 95.4
South Carolina 16 0.40 96.6 96.4 95.1 95.5 0.61 96.5 96.2 95.4
Colorado 18 0.51 96.7 96.3 95.4 95.3 0.77 96.7 96.3 95.4
Oklahoma 19 0.52 96.5 96.2 95.3 95.0 0.80 96.7 96.2 95.2
Alabama 20 0.43 96.8 96.4 95.1 95.9 0.65 96.8 96.6 95.8
Arkansas 22 0.74 96.7 96.5 95.3 95.7 1.14 96.6 96.3 95.5
Kentucky 22 0.52 96.6 96.4 95.2 95.5 0.80 96.4 96.3 95.5
Louisiana 25 0.58 95.7 95.5 94.4 95.0 0.89 95.8 95.6 94.9
Arizona 26 0.47 96.4 96.1 95.0 95.7 0.72 96.3 96.2 95.5
Nevada 26 1.21 96.4 95.6 94.7 94.9 1.88 96.5 95.6 94.9
Connecticut 27 0.69 96.3 96.0 94.6 95.3 1.06 96.1 95.9 95.3
Oregon 27 0.75 96.2 96.0 95.0 95.2 1.15 96.3 96.1 95.2
Minnesota 31 0.63 96.1 95.9 95.0 95.1 0.96 959 95.8 95.0
Missouri 36 0.59 96.0 95.9 949 95.2 0.91 96.1 95.9 95.2
Georgia 38 0.52 96.3 95.9 95.2 95.1 0.79 96.3 96.0 95.1
Virginia 38 0.53 96.3 96.1 95.2 95.3 0.81 96.2 96.1 95.3
Massachusetts 39 0.56 96.2 96.0 95.2 95.3 0.85 96.3 96.1 95.3
Maryland 40 0.75 96.1 96.0 95.2 95.5 1.16 96.4 96.2 95.5
Indiana 42 0.67 96.0 95.8 95.0 95.3 1.03 96.0 95.9 95.3
Wisconsin 43 0.75 95.6 95.5 945 94.8 1.16 95.6 95.5 94.8
Washington 47 0.80 95.9 95.7 949 95.2 1.23 959 95.7 95.2
Tennessee 50 0.83 96.0 95.9 949 95.2 1.28 96.0 95.9 95.2
North Carolina 53 0.64 96.0 95.9 95.2 95.3 0.99 96.2 96.1 95.4
New Jersey 59 0.65 96.0 95.8 95.2 95.3 1.00 96.1 95.9 95.3
lllinois 65 0.53 95.6 95.6 949 95.0 0.80 955 955 94.9
Ohio 68 0.56 95.9 95.8 95.1 95.2 0.86 96.0 95.9 95.3
Michigan 76 0.75 95.4 95.3 94.5 94.6 1.16 95.4 95.3 94.8
Pennsylvania 86 0.60 95.9 95.8 95.0 95.3 0.91 959 95.8 95.2
New York 118 0.59 95.9 95.8 95.3 95.3 0.90 95.7 95.6 95.2
Texas 140 0.76 95.8 95.7 95.2 95.2 1.19 95.5 95.4 95.2
Florida 145 0.70 96.1 96.0 95.5 95.5 1.09 95.8 95.7 95.3
California 254 0.81 95.7 95.6 95.3 95.3 1.28 95.8 95.7 95.4
Northeast 366 0.62 95.7 95.6 95.3 95.2 0.94 95.7 95.7 95.2
Midwest 412  0.61 95.6 95.5 95.2 95.2 0.93 95.2 95.2 94.8
West 446 0.74 95.6 95.6 95.4 95.3 1.18 95.7 95.6 95.4

South 663 0:64 95.0 95.0 94.8 94.9 0.98 95:2 95.1 95.0
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numbers of the lower and upper limits of u; that fall above and below the true mean
are between 457 and 543. In Figure 4, we plotted the lengths of the simulated intervals
against the variance of wj;.

From Figures 1-4, we observe that the modified gamma intervals have empirical cov-
erage at least 95%, but slightly lower than the gamma intervals of Fay and Feuer,* the
beta and normal intervals (with lower limits truncated at 0 if they were negative) also
have empirical coverage probabilities very close to 95%, and their widths are lower than
the gamma intervals. The coverage probabilities of the upper limits of both the beta and
modified gamma intervals are identical and at least 97.5%, but slightly lower than the
gamma intervals of Fay and Feuer.* The lower limits of the normal intervals are slightly
more conservative than those for gamma, while the upper limits of the normal inter-
vals are least conservative. The advantage of using modified gamma intervals over the
gamma intervals is clear from Figure 3, wherein the gamma intervals show a coverage
probability of around 97 % as the variance w;; increases, the modified intervals show the
coverage probability staying slightly higher than 95%. Overall, from these simulation
studies, the gamma intervals of Fay and Feuer* are more conservative than the proposed
gamma. The beta intervals are slightly more liberal than both the modified gamma and
the gamma intervals of Fay and Feuer.* The normal intervals are more liberal than the
beta intervals.

In simulations, when the Poisson means were 0, as the observed d;; were 0, we set the
simulated values of Dj; to be equal to 0. This is because D;; are non-negative random
variables with the means and variances equal and if the mean of a Dj; is 0 then that Dj;
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is 0 with probability 1. Of course, when D;; have positive means, there is a good chance
that the simulations could still result in 0 for the simulated values of D;;. We considered
another simulation study where we took the Dj; to be Poisson with means #;r, ;, with
taj = Zle d;;/n; as the observed 2002 US age-specific mortality rates for tongue cancer.
Note that in this case, u; = le-zl wij(n;jr,;) is a constant, independent of both i and j,
and the ratio of the means of two age-adjusted rates is 1. The results of this study were
very similar to those given in Table 1.

Next, we studied the performance of the 95% normal intervals for the ratios w;/u
and the differences u; — u, and their coverage probabilities were close to 0.95. As an
illustration, Figure 5 gives the plots of the number of Cls that do not contain the ratio
of the observed age-adjusted mortality rates for Arkansas to the US, for the normal
intervals, with lower limits truncated at 0 and with In(u;/®) transformation. For com-
parison, we also plotted these numbers for both the F and modified F intervals, ignoring
the dependence of R; on R. The Figure 5 shows that the F intervals are very conservative,
the modified F intervals and the normal intervals based on the logarithmic transforma-
tion have coverage probabilities close to 0.95, and the normal intervals with lower limits
truncated at 0 are slightly liberal. Of course, both the F and modified F intervals do not
incorporate the crucial assumption of the dependence between R; and R, and may not
be appropriate in this context.

We also applied the normal Cls for u; — u, to compare if the 2002 esophagus age-
adjusted mortality rates for each of the 51 regions were equal to or not to the US
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Figure 5 Number of Cls not covering true ratio of 2002 age-adjusted mortality rates for Arkansas to US for
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age-adjusted rate using the 2002 esophagus mortality data. We found that the age-
adjusted rates for Ohio and Pennsylvania were different from the US when we applied
the normal CIs for i; — u with correlated R; and R, as the CIs did not contain 0; whereas
when we applied the Cls for u; — i based on the uncorrelated R; and R, the age-adjusted
rates for the two states were equal to that of the US as the CIs contained 0. For the other
49 regions, the two CIs produced results that were in agreement.

4 Discussion

The advantage of the modified gamma and F intervals is that they depend on all wj;
rather than just the largest value w;(jy . The F intervals are based on the ratio of two

chi-squared distributions that are independent and, unlike Fay,” do not depend on the

restrictions d;; + dy; = t; for all j. Also, the advantage of using the estimates of i, 51»2

and p;, based on the continuity correction factor, over their counterparts [i;, 61-2 and p;,
is more for the rare cancer sites. Without the adjustment for the continuity correction,
the normal and beta ClIs for u;, for the tongue cancer site, were observed to be liberal,
especially for the regions with small mortality counts.

In Figures 1-4, we reported the performance of the gamma, modified gamma, beta
and normal (with lower limits truncated at 0) intervals. We also studied, but did not
report, the performance of the ABC, DKES, and normal intervals for u; based on the
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transformations In(— In(R;)) and In(R;/(1 — R;)). We observed that both the gamma
and modified gamma intervals always retained the nominal coverage of at least 0.95,
with the modified gamma intervals being less conservative than the gamma intervals.
None of the other intervals retained the nominal coverage. The DKES intervals were
next with the empirical coverage probabilities closer to the nominal value of 0.95, and
then the beta intervals, the ABC intervals, the normal (with lower limits truncated at
0) intervals, the normal intervals based on In(— In(R;)), and the normal intervals based
on In(R;/(1 — R;)), in that order. Similarly, for the Cls for the ratios of the means of
two (uncorrelated) age-adjusted rates, both the F intervals of Fay’ and the modified F
intervals retained the nominal coverage of at least 0.95, with the modified F being less
conservative of the two. The normal intervals (with lower limits truncated at 0) have
coverage probabilities very close to 0.95 followed by the normal intervals based on the
transformation In(R;/R(—;)).

We may mention that the beta intervals can be viewed as approximation to Bayesian
credible intervals for p;. Assume that 0 < A;; < 1 are small so that Dj; ~ind Bin(njj, A;;).
Further assume that A;; are independent with prior w(A;;) o 1, 0 < Aj; < 1. Then the
posterior distributions are given by

Nijlmigy rig ~ Be(rijryg + 1, m(1 — 1)) + 1) &~ Be(nyjryg, mig(1 — 1))

and we can approximate the posterior means and variances of u; = Z;le wi;Aij by 7 and
;. Now, the credible intervals can be obtained as follows. Generate G* (large) Markov
chain Monte Carlo (MCMUC) values on 2@ g=1,...,G*, using Gibbs sampler, from

y 2
the posterior distributions of 4;;, and compute the G* values of u;, namely, Mfg) =

PO wijxﬁf),
empirical distribution of {ugg)}, by ordering these values from the smallest to the largest
and taking the credible interval to be the 100(«/2)th and 100(1 — «/2)th ordered values.
We performed MCMC simulations and constructed the credible intervals for the 2002
age-adjusted mortality rates for the tongue cancer for the 51 regions of the US and found
that the credible intervals were more liberal than the beta intervals in Tablel.

The assumption that the mortality or incidence counts are independent Poisson is used
by many, for example, see Brillinger,®> and is perhaps a consequence of the underlying
birth/death (continuous) Poisson process model. We have not seen any analyses for the
age-adjusted rates for the case of correlated D;;. However, as pointed out by a referee,
it is quite possible for neighboring states to have common socio-economic and other
factors resulting in correlated D;js. This is an important topic for future research.

and then construct the 100(1 — &) % credible interval for u; from the

5 Conclusion

We presented ClIs for the means of the cancer age-adjusted rates for the 51 regions, u;,
for the US p, for the ratios of the means /iy, i/ (—iy, ni/ i and for the differences

wi — . We developed modifications of the gamma interval of Fay and Feuer,* and
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the F interval of Fay,” and proposed new Cls based on the beta and normal intervals.
Simulations were carried out to compare the performance of these intervals in terms of
their empirical coverage probabilities, and results showed that the modified gamma and
F intervals performed better than the gamma interval of Fay and Feuer* and the F interval
of Fay” in terms of retaining the nominal coverage. The other intervals such as the DKES,
ABC, beta, and the truncated normal intervals were shown to be good competitors. The
modified gamma and F intervals are going to replace the gamma and F intervals in the
SEER Program. In addition, for comparing w; and u, the normal intervals for ©; —
that incorporate the correlation between R; and R are also recommended to replace the
ones that are based on the uncorrelated R; and R in the SEER Program.!? Even though
the results of this paper are presented in the context of constructing the CIs for the (true)
age-adjusted mortality rates based on data from the SEER Program, they can be applied
to similar data from other countries as well.
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Appendix A: Means and variances of R;, R_; and R, and of their
ratios, and the covariance between R; and R

We can rewrite R;, R(—; and R as

J ] J
Ri==) w3 Rey=- ij—( V. R== Zw]._/
ni S/Ei/ i 5;‘%‘(—;‘);‘ n = S].
= j= j=
Let
2 2 Aij 2 : 5 Zf/;s,‘ Eijhirj
o = Zw]- ées’ O_j = ij ? ;
j=1 7Y j=1 75 (—i)j
] 1 ]
UZ:ZWJZ i1 Sijhi : ,OiZwal
Then,
] Y
11 ST
i =ER) =) jwikiy i =ERep) =) =
j=1 st E(-iyj
J I
w=ER)= Z wj <Z Sii)w;)
j=1 i=1
2 2
IoF o- .
Vi = Var(R,-) = _l; V(i) = ( l);
n n
2

o Pi
v=Var(R) = ; Cov(R;,R) = —
n n

Using the delta-method, the means and variances of the ratios R;/R;/, R;/R(—;y and R;/R

are given by
E<Ri>~“i. E<Ri)~ Hi E<Ri>~m
Ry i’ R M (i) ’ R M

2,2 2,2
nwy R il
(Ri) _ofut +otul — 2piuip
Var ~ 7y
nu
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Appendix B: ABC and DKES intervals
The ABC intervals are?

20i — Ra/2 o

{1 — ailz0i — 2021} Jn

Lapc(piso) = [ +

20i + za/2 i
{1 — ailz0i + za 21} /1

Uapc(is ) = [t +

where z4/2 = ®71(1 — @/2) is the upper o /2th percentile point of the standard normal
distribution function, ®, a; = zp; = (le.zl w?jdi/-)/(6f)i3/2). The DKES intervals are*

N -1
A g; 1 2 o
Lpkes(ui; @) = flj + ——=—=| = (x ] ) (—) - E d;;
2 \ 22 dyp 2
JnTlydy 2N =1

]=

. —1

Upkes(Ui; o) = fli + ——| = (X J ) (1 - —) - E d;j
/ 204>, dip)
”Z,]':1 dij _2 Z;_l j 2 —1

1=

Appendix C: Asymptotic normality and confidence intervals based
on R;;

LetR = (Rn,...,RU,...,R11,...,R1])T,R = (Rl,...,RI,R)T,/L = (Ml,...,MI,M)T
and let Z = ((O’,‘/‘)) be (I +1) x (I + 1) matrix with o;; = O’l»z, Oil+1 = O[+1,i = Pi and
o;7 = O0fori # i'. Here the superscript T denotes the transpose. Since R can be expressed
as R = AR for an appropriately defined matrix A, we have

V(R — ) — N1y (0,%)

where > = A[Cov(R)]AT and N, (b, B) denotes a p-dimensional multivariate normal
distribution.
Thus for any non-null (I + 1)-column vector a,

Vnat (R — ) — N(0,a' =a)
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In particular, by choosing a appropriately, we have

/ 2
. o
R; =) wRj ~" AN <Mz’, — )

j=1

] Zl ~§'/'R'/' o’2 .
i'#£i SN (—1)
R(—i) = E wi <—> ~ AN (M(—i)a Tl>
j=1

E(—iyj
J 1 o2
R=D w (Z Sz‘/Rz‘/> ~ AN <“’ _)
2,2 2 2
Ri Nt oiwitoim) R o m GiHe) Totak
Ry wir’ nM?/ " R i) ”M?—i)
Ri an [ oPu? + o2t — 2piuin
R w’ npt
2 2
o4+ o0°—2p;
(R; = R) ~ AN m—u,’—p’)
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+enilyo TN VP
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Mi— =W — [ /2 Jn

where a V b = max(a, b).
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Since0 < R; < 1and0 < R;/R(—;) < oo with probability 1, the following transforma-
tions are commonly used to transform the range of these random variables to (—o0, 00)
and their results on the asymptotic normality yield:

n(u; In p;)?

. R; Wi o}
logit(R;) = In ~ AN [ In , : 5
1—R; L—pi) n(ui(l— pi))
R; i 1 2 az—i
ln( )NAN IH(L>,— G—’Z—f- (2)
Re-p K=/ m | 1 M

Based on these transformations, the Cls for w;, i/ p(—iy and p;/p are given as follows:
1)

o )
In(—InR;) ~ AN [ In(— In(u;)), ———

A

A~ oi
Wi = exp {_ exp |:ln(— In(i1;)) £ Za/Zm:”

10
i & -1
Wi = 1+exp{—[ln<—zA>:|:z 21— = i|”
l [ 1—p “/ (i(1 — 1)/n
1)
. 1/2

: 7 1|62 6L,

i _ o« ln(—):l:za/z - (i_’2_+_A(2)

K= (i) n i M(_,)
IV)

The ClIs in III) above, were also derived by Breslow and Day.'® Note that we will use fi;,
U; and p; instead of [i;, D; and p;.
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Appendix D: Beta approximations of R;; and R;

Using the relation that!'

X

n\ ko1 \n—k __ [(n+1) = n—x—1, _ x
g(k)p(l Pt = e e ), A

1-p
:f B(t|n — x,x 4+ 1)dt
0

1
= / B(t|lx + 1,n — x) dt
P
It then follows that
- Aij
P(Rjj = r;;[(Dj; + Djj) = njj, Ajj) = f B(t|njrij + 1, m;;(1 — r;)) dt
0

Another heuristic argument for the beta approximation for Rj; is based on the gamma
or chi-squared approximation of a Poisson distribution. Let Xé and oz)(/% denote a chi-
squared random variable with k degrees of freedom and a re-scaled (by a factor @ > 0)
X;f random variable. Note that )(/3 =4 G(k/2,1), and if x> and x? are independent,
XG4 x3) = X (G ~ Be(r/2,5/2), and that x7/(x} + x2) and x; + x2 are
independent with sz +x2 =4 x2...

Since Dj; and D,] are independent, distributed as Po(n;jA;;) and Po(n;(1 — Aj})),
respectively, and their distributions can be approximated by independent chi-squared
distributions 1/2)(2([” ] and 1/2X2(ni,'—[ni,'n;])’ where [x] denotes the integer value of

+1)
x, we have
D, 1215
i N 2([njjrij]+1)
D;i + Dj; 1/2X2([nii7’i/]+1) + 1/2X2(”if_["ifri7])
XZ
2([njjrii]1+1)
_ jij - ~ Be([nl'jrl‘]‘] +1, nij — [nl/rl/])

2
XZ([nijVij]+1) + XZ(nij—[nijrij])

Thus, R;; ~ Be([njjr;;] + 1, n;; — [n;jrjj]). We can now approximate the distribution of
R, = Z] | wjR;; by a beta distribution, Be(a;, b; i), where

b =7 (—;i(lf n) _ 1), b =(1—%) (—7’(1 ) 1)
Vi V;
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