
 
 

 
 
US Department 
of Transportation 
 
Federal Railroad 
Administration 
 

 

Estimation of Rail Wear Limits Based 
on Rail Strength Investigations 

 
Office of Research and 
Development 
Washington, DC 20590 
 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 
 
 
D.Y. Jeong 
Y.H. Tang 
O. Orringer 
 
 
 
U.S. Department of Transportation 
Research and Special Programs Administration 
Volpe National Transportation Systems Center 
Cambridge, Massachusetts 02142 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
DOT/FRA/ORD-98/07 
DOT-VNTSC-FRA-98-13 

 
December 1998 

Final Report 

 
This document is available to the public 
through the National Technical Information 
Service, Springfield, Virginia 22161 
This document is also available on the FRA 
web site at www.fra.dot.gov 
 



 
 
 
 
 
 
 
 
 
 

 
NOTICE 

 
This document is disseminated under the sponsorship 

of the Department of Transportation in the interest 
of information exchange.  The United States Government 

assumes no liability for its content or use thereof. 
 

 
 
 
 
 

 
NOTICE 

 
The United States Government does not endorse 

products or manufacturers.  Trade or manufacturers’ 
names appear herein solely because they are considered 

essential to the object of this report. 
 

 



 
REPORT DOCUMENTATION PAGE 

 
 Form Approved 
 OMB No. 0704-0188  

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and 
maintaining the data needed, and completing and reviewing the collection of information.  Send comments regarding this burden estimate or any other aspect of this collection of information, including 
suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302, and 
to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC 20503. 
 
1. AGENCY USE ONLY (Leave blank) 
 

 
2. REPORT DATE 

December 1998 

 
3. REPORT TYPE & DATES COVERED 

Final Report - January 1997 
 
4. TITLE AND SUBTITLE 
Estimation of Rail Wear Limits Based on Rail Strength Investigations 
 
6. AUTHOR(S) 
David Y. Jeong,1 Yim H. Tang,1 and O. Orringer 1,2 

 
5. FUNDING NUMBERS 
 

R9002/RR928 

 
7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 
1 U.S. Department of Transportation 
  Research and Special Programs Administration 
  Volpe National Transportation Systems Center 
  Cambridge, MA 02142-1093 

2 Tufts University 
  Mechanical Engineering Department 
  Medford, MA 02155 

 
8. PERFORMING 
 ORGANIZATION REPORT  
 

DOT-VNTSC-FRA-98-13 
 

 
9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 
U.S. Department of Transportation 
Federal Railroad Administration 
Office of Research and Development 
Washington, DC 20590 

 
10.  SPONSORING OR 
   MONITORING AGENCY 
   REPORT NUMBER 
 

DOT/FRA/ORD-98/07 
 
11. SUPPLEMENTARY NOTES  
 
 
12a. DISTRIBUTION/AVAILABILITY 
This document is available to the public through the National Technical Information 
Service, Springfield, VA 22161.  This document is also available on the FRA web 
site at www. Fra.dot.gov. 

 
12b. DISTRIBUTION CODE 
 

 
13. ABSTRACT (Maximum 200 words) 
This report describes analyses performed to estimate limits on rail wear based on strength investigations.  Two different 
failure modes are considered in this report:  (1) permanent plastic bending, and (2) rail fracture.  Rail bending stresses 
are calculated using the classical theory of beams on elastic foundation.  The effect of wear is modeled as a geometric 
change of the rail section due to loss of material from wear.  Two different wear patterns are examined:  (1) vertical rail-
head height loss, and (2) gage-face wear from the side of the rail (referred to as gage-face side wear).  An elementary 
plastic-collapse criterion is used to estimate wear limits based on failure by means of rail bending.  An approximate 
method that was previously developed to analyze the growth of internal transverse defects is also applied to estimate 
wear limits on the basis of fracture strength.  These analyses reveal that rail-wear limits estimated with the fracture-
mechanics approach are more restrictive (i.e., conservative) than those based on the plastic-bending approach. 
Therefore, for safe operations on railroad tracks, allowable rail-wear limits should be estimated on the basis of fracture 
strength. 

 
15. NUMBER OF PAGES 
 44

 
14. SUBJECT TERMS 

detail fracture, dynamic load factor, fracture mechanics, fracture strength, gage-face wear, 
head-height loss, plastic collapse, yield strength, wear  

16. PRICE CODE 
 

 
17. SECURITY 

CLASSIFICATION OF 
REPORT 

 Unclassified 
 

 
18. SECURITY 

CLASSIFICATION OF THIS 
PAGE 

 Unclassified 
 

 
19. SECURITY 

CLASSIFICATION OF 
ABSTRACT 

 Unclassified 
 

 
20. LIMITATION OF 

ABSTRACT 

NSN 7540-01-280-5500 Standard Form 298 (Rev. 2-89) 
 Prescribed by ANSI Std. 239-18 
 298-102 



 

  iii 

PREFACE 
 
In support of the Federal Railroad Administration’s (FRA) Track Safety Research 
Program, the John A. Volpe National Transportation Systems Center (Volpe Center) 
has been conducting and managing research to develop technical information that can 
be used to support rational criteria for the preservation of safe operations on railroad 
tracks. 
 
The Federal Railroad Administration (FRA) convenes biannual meetings of the 
Technical Resolution Committee (TRC) to address issues involving the application of 
FRA safety regulations.  The mission of the TRC is to achieve consensus on the 
interpretation of existing regulations.  The TRC charter allows for some discussion on 
whether safety standards should be revised, but such topics must be referred to the 
Rail Safety Advisory Committee (RSAC) for action.  The RSAC was formed to facilitate 
negotiated rule-making for the purpose of revising the FRA safety standards. 
 
One area of interest to the RSAC is the effect of rail-head wear on rail strength and 
structural integrity.  The purpose of this report is to provide technical information 
regarding rail-wear limits developed on the basis of engineering analyses. 
 
The analyses described in this report consider rail strength as either resistance to 
permanent plastic bending or resistance to fracture.  The results from these analyses 
show that estimates for rail-wear limits based on the fracture mechanics approach are 
more restrictive (i.e., more conservative) than those based on permanent plastic 
bending.  Therefore, for safe operations on railroad tracks, allowable rail-wear limits 
should be estimated on the basis of fracture strength. 
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EXECUTIVE SUMMARY 
 
In its April 1996 meeting, the FRA Technical Resolution Committee (TRC) discussed 
the question of how track inspectors should deal with heavily worn rail.  Although the 
Track Safety Standards do not address rail wear, the TRC requested that technical 
information be developed on quantitative estimation of wear limits based on rail 
strength.  The Volpe Center was asked to perform this task, and to do so has used an 
approximate method that was previously developed in support of the FRA Track Safety 
Research Program to determine rail section properties needed for rail stress analysis.  
The corresponding wear limits are based on strength criteria that consider failure as 
either permanent plastic bending or rail fracture.  Rail-wear limits based on fracture 
strength assume the presence of an internal transverse defect known as the detail 
fracture.  The study results show that the defect-based limits are more restrictive than 
those based on plastic bending.  In other words, the fracture mechanics approach gives 
more conservative wear-limit estimates than the analysis based on permanent plastic 
bending.  Therefore, for safe operations on railroad tracks, allowable rail-wear limits 
should be estimated on the basis of fracture strength.  For all but the lightest rail 
sections considered, the limits for allowable wear were estimated as 0.5 inch head-
height loss or 0.6 inch gage-face loss, under the assumption that the rail is inspected 
for internal defects every 20 million gross tons (MGT). 
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1.  INTRODUCTION 
 
Rail-wear limits have traditionally been based on strength to ensure that the rail can 
adequately support revenue service traffic without failure.  In this report, wear limits 
are estimated from strength analyses that consider two failure modes: 
(1) permanent plastic bending, and (2) rail fracture from the presence of an internal 
transverse defect known as the detail fracture.1  The mechanical properties of rail 
steel required in these analyses are yield strength and fracture toughness. 
 
In the analyses described in this report, the rail is assumed to behave as a beam 
supported by a linear elastic foundation [1].  The longitudinal rail-bending stress is 
calculated from the application of a single vertical wheel load.  In the strength 
analysis, the critical-load estimate is based on a plastic-collapse model in which 
attainment of yielding through the full depth of the rail is assumed.  In the fracture 
strength analysis, the stress intensity factor for a detail fracture is equated to the 
nominal value of fracture toughness for rail steel.  “Worst-case” vertical wheel loads 
are assumed in the determination of wear limits based on plastic-bending strength. 
Here, the worst-case load is defined as the wheel load expected to occur no more 
than once per 105 to 106 wheel passages.  This critical or “worst-case” load is 
estimated from a correlation between actual freight-traffic load data and the AREA-
recommended formula for dynamic load magnification factor.  Lower loads 
corresponding roughly to the maximum expected once per train passage (or once 
per 400 wheel passages), are used to estimate the effects of rail wear on critical 
detail fracture (DF) size for rail failure by fracture.  Rail-section properties needed in 
the beam-theory stress analysis are calculated using a methodology that assumes 
wear to occur from loss of material.  Two wear patterns are considered:  uniform 
loss of material from either the top of rail (referred to as vertical head-height loss) or 
the gage side of the rail (called gage-face side wear). 
 
Vertical head-height loss occurs in virtually all track, and is the predominant mode of 
wear in tangent and shallow curves.  Wear on the gage face of the rail is caused by 
contact loads applied to the side of the rail head by wheel flanges, and is most 
pronounced on curves greater than 3 to 4 degrees. 
 
In this report, rail-wear limits are estimated for FRA track classes 2 through 5.  
Seven particular rail sections are considered:  70 ASCE, 85 ASCE, 100 RE, 115 RE, 
132 RE, 136 RE, and 140 RE.  Sections 2 and 3 describe the yield strength and 
fracture strength analyses, respectively, for worn rail.  The estimation of worst-case 
wheel loads is described in Section 4.  The results from these analyses are 
presented in Section 5.  A discussion of the results and conclusions from the rail 
strength investigations are given in Section 6. 

                                                           
1 Detail fractures are the most common transverse rail defect found in continuous welded rail 

(CWR). 



  3  

2.  STRENGTH ANALYSIS FOR WORN RAIL 
 
Rail-wear limits can be estimated on the basis of yield or ultimate strength when 
longitudinal rail bending stresses are calculated.  In the case of wear in terms of 
head-height loss, only the vertical component of the longitudinal bending stress is 
considered.  Since gage-face wear occurs from lateral wheel-rail contact loads, the 
lateral load component of the longitudinal bending stress is considered in this wear 
case in addition to the vertical component. 
 
A methodology was developed in Reference [2] to estimate section properties for 
worn rail.  In this methodology, the actual rail cross-section is approximated by an 
idealized section consisting of three rectangular areas representing the head, web, 
and base of the rail (Figure 1).  Rail-head wear is assumed to occur by a uniform 
loss of material from either the top of the head (referred to as vertical head-height 
loss) or the gage-side face (referred to as gage-face side wear).  These two different 
wear patterns are illustrated in Figure 2 for an idealized rail section.  Therefore, the 
physical loss of material from wear translates to a geometric change in the rail 
cross-section in the engineering analyses.  In other words, rail strength is influenced 
by wear through changes in rail section properties due to wear.  Various section 
properties for new or unworn rail are listed in Appendix A.  The specific equations 
used to determine section properties for worn rail are given in Appendix B. 
 
 
 

 
 

Figure 1.  Actual and Idealized Rail Cross-Sections 
 
 
 
 

 
 

 (a) Vertical head-height loss (b) Gage-face side wear 
 

Figure 2.  Idealized Rail-Head Wear Patterns 
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2.1  Vertical Bending Component 
 
For the present, it is convenient to assume that the entire rail cross-section remains 
elastic.  Under this assumption, the longitudinal bending stress due to vertical rail 
bending is calculated from 
 

 σ V
V

yy

x M x c
I

( )
( )

=
⋅  (1) 

 
where MV(x) is the vertical bending moment as a function of longitudinal position 
along the rail, c is the distance from the centroid of the entire rail to the point of 
interest, and Iyy is the second area moment of inertia with respect to the horizontal 
axis through the rail centroid. 
 
In the present study, bending stresses are calculated at the top of the rail; 
specifically, the upper gage corner of the rail head.  Thus, 
 
 c h hN= −  (2) 
 
where h is the total rail height, and hN is the distance from the bottom of the rail to 
the rail centroid.  In addition, wear in terms of head-height loss is assumed to affect 
the rail strength through the geometric parameters in equation (1), namely, c and Iyy. 
Mathematically, these rail-section parameters are treated as functions of head-
height loss or gage-face side wear. 
 
The bending moment in equation (1) is calculated from beam-on-elastic-foundation 
theory [1], or 
 

 M x V e x xV
V

x
V V( ) (cos sin )= − −−

4λ
λ λλ   (3) 

 
where V is the vertical wheel load.  It is evident from this equation that the maximum 
bending moment occurs directly beneath the wheel.  Also, in this equation, 
 

 λ V
v

yy

k
EI

=
4

4  (4) 

 
where E is the modulus of elasticity for rail steel (a value of 3 × 107 psi is assumed), 
and kv is the vertical foundation stiffness (which is assumed to vary depending on 
FRA track classification). 
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2.2 Lateral Bending Component 
 
Similar equations to those given for vertical bending can be written to determine the 
lateral component of the longitudinal rail-bending stress.  The magnitude of the 
lateral bending component at the upper gage corner of the rail is given by 
 

 σ L
L H

zz

x
M x w

I
( )

( )
=

⋅
2

 (5) 

 
where Izz is the second area moment of inertia with respect to the vertical axis 
through the rail centroid, and wH is the width of the rail head.  In addition, the lateral 
bending moment as a function of longitudinal position along the rail is 
 

 M x L e x xL
L

x
L L

L( ) (cos sin )= − −−

4λ
λ λλ   (6) 

 
where L is lateral wheel load and 
 

  λ L
v

zz

k
EI

= 0 85
4

4
. . (7) 

In this equation, the lateral foundation stiffness is assumed to be 0.85 times the 
vertical foundation stiffness [4]. 
 
 
2.3 Strength-Based Wear-Limit Estimation 
 
The rail bending equations presented in Sections 2.1 and 2.2 can be combined to 
derive expressions for maximum elastic load, Ve, under which the greatest stress 
magnitude reaches the material yield strength, �YLD.  For vertical bending only 
(Section 2.1), combining equations (1) to (3) gives 
 

 ( )V
h h Ie

YLD

N V yy

=
−

σ
λ/ 4

 (8) 

If lateral bending (Section 2.2) is included, a combined-stress expression from 
equations (1) to (3), (5), and (6) gives 
 

 V
h h

I
w

I
L
V

e
YLD

N

V yy

H

L zz

=
−

+






 ⋅













σ

λ λ4 8

 (9) 

 
where L/V is a specified ratio of lateral-to-vertical wheel load ratio.  Comparison of 
equations (8) and (9) shows that Ve for the combined-loading case is always 
somewhat less than Ve for purely vertical bending.  In the following development, 
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purely vertical bending will be assumed for the analysis of vertical head-height loss, 
but combined bending will be assumed for the analysis of gage-face side wear. 
 
Maximum elastic load is a convenient quantity to calculate from beam theory, but is 
too low to be a realistic measure of rail strength.  A better quantity for this purpose is 
the plastic-collapse load, Vo, under which a rail would be expected to form a large 
permanent kink.  Plasticity theory can be applied to make estimates of Vo under 
certain simplifying assumptions. 
 
For example, well established results presented by Hodge [3] give simple formulas 
for the maximum elastic and plastic collapse loads; in terms of vertical bending 
moments, Me and Mo; for beams of rectangular cross-section, and thin, wide-flanged 
I-sections assumed to consist of elastic-perfectly-plastic material (Figure 3).  The 
ratio of Mo/Me is found to be 1.05 to 1.1 for I-sections of height and width 
comparable to rail sections.  With such a ratio available, in principle, one may 
calculate Ve and estimate Vo = (Mo/Me)Ve because the proportionality between 
applied load and applied bending moment remains linear even as the beam yields. 
 
 

σYLD

Strain

Stress

E

1

 
 
Figure 3.  Stress-Strain Curve for Elastic-Perfectly-Plastic Material Behavior 
 
 
The equivalent section models shown in Figure 2, and summarized in Appendix B, 
have been used to follow a similar procedure in the present case.  Figure 4 is 
a schematic of the stress distributions for the maximum elastic moment, Me, and the 
plastic collapse moment, Mo.2  Strictly speaking, the estimates indicated in Figure 4 
are valid only for symmetrical wear (head-height loss) and purely vertical bending.  
However, the ratio of Mo/Me based on vertical bending has also been applied to the 
side-wear case, neglecting the small effects of lateral bending and the cross-product 
terms associated with asymmetrical side wear. 
 

 
                                                           
2 In Figure 4, the location of the neutral axis for the elastic stress distribution coincides with the 

location of the rail centroid.  For the fully-plastic case, however, the neutral axis shifts to a location 
that divides the rail cross-sectional area into two equal halves. 
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σYLD σYLD

σYLD  
 

Figure 4. Elastic and Fully-Plastic Stress Distributions in an 
Idealized Rail Section 

 
 
 
Ratios of Mo/Me were found to range roughly from 1.4 to 1.6 for the case of vertical 
head-height loss, and from 1.4 to 2.0 for the case of gage-side wear.  Tables 1 
and 2 summarize these estimates for the two different wear patterns and the various 
rail sections considered in this report. 
 
 
 

Table 1.   Mo/Me Ratios for Vertical Head-Height Loss 
 

Wear 
(%HA) 

70 ASCE 85 ASCE 100 RE 115 RE 132 RE 136 RE 140 RE 

0 1.37 1.36 1.38 1.40 1.39 1.39 1.38 
20 1.40 1.40 1.41 1.43 1.43 1.42 1.41 
40 1.42 1.44 1.44 1.48 1.47 1.47 1.45 
60 1.43 1.47 1.48 1.54 1.52 1.52 1.51 
80 1.46 1.54 1.59 1.65 1.61 1.61 1.60 

 
 

Table 2.   Mo/Me Ratios for Gage-Face Side Wear 
 

Wear 
(%HA) 

70 ASCE 85 ASCE 100 RE 115 RE 132 RE 136 RE 140 RE 

0 1.37 1.36 1.38 1.40 1.39 1.39 1.38 
20 1.46 1.46 1.46 1.49 1.48 1.48 1.47 
40 1.54 1.56 1.56 1.60 1.58 1.59 1.58 
60 1.63 1.68 1.67 1.74 1.72 1.73 1.72 
80 1.79 1.88 1.91 1.99 1.94 1.95 1.97 

 
Strength-based limits on rail wear are estimated as follows.  Consider first the case 
of head-height loss, ∆h, for which purely vertical bending is assumed in the analysis.  
With the rail section properties modified as described in Appendix B, calculations 
are made for the corresponding maximum elastic load Ve as a function of ∆h from 
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equation (8), and the moment ratio Mo/Me as outlined above.  The rail collapse load 
is then estimated as 
 

 V
M
M

Vo
o

e
e= ⋅  (10) 

 
As indicated in Figure 5, Vo decreases as the head-height loss, ∆h, increases, and 
the wear limit is determined by the intersection of the Vo versus ∆h curve with the 
worst-case load line, Vmax (See Section 4 for Vmax). 
 

 
Vertical load, V

Head-height loss, ∆h

∆hlimit

Worst-case load, Vmax

Plastic collapse load, Vo

 
 

Figure 5.   Schematic for Estimation of Head-Height Wear Limit 
 
 
 
A similar procedure is followed to estimate the limit for gage-face side wear.  In this 
case, equation (9) is used to calculate Ve with a lateral-to-vertical load ratio 
L/V = 0.2, assumed to represent average track curvatures of less than 3 degrees.  
The side-wear limit is then determined from a plot similar to the schematic in 
Figure 5. 
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3.  FRACTURE MECHANICS ANALYSIS FOR WORN RAIL 
 
It is also worthwhile to estimate how rail wear affects critical size for rail failure, on 
the basis of fracture strength.  In this case, the rail is assumed to contain an internal 
transverse defect.  Linear elastic fracture mechanics principles are applied to 
determine the amount of wear that would result in rail fracture when a rail containing 
a detail fracture (DF) of a given (assumed) size experiences a “once-per-train” wheel 
load.  Wear is assumed to approach a limit when detail fractures can grow from 
a barely detectable size to a critical size in less than one-half an inspection period.  
The growth behavior of detail fractures in rails has been studied in previous 
research [4]. 
 
 
3.1  Stress Intensity Factor for Detail Fractures 
 
For sizes smaller than 50% of the rail-head area (%HA), the detail fracture is 
assumed to be an embedded elliptical flaw located in the vicinity of the upper gage 
corner of the rail head (Figure 6).  The dimensions of the defect are characterized 
by the semi-major and semi-minor axes of the ellipse, a and b, respectively.  
Examinations of rails containing detail fractures have revealed that the aspect ratio, 
b/a, is typically equal to 0.7.  The center of the detail fracture is characterized by its 
location relative to the unworn running surface, z*, and the vertical mid-plane, y. 
 
 

2a

2b

z*

y

 
 

Figure 6.   Schematic of a Detail Fracture in the Rail Head 
 
 
A relationship between the location of the DF center and DF size in 136 RE rail 
sections was derived empirically in the previous study [4] 
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where A is the size of the detail fracture in terms of area (A = 0.7πa2), and AH is the 
cross-sectional area of an unworn or new rail head.  The parabolic trend 
characterized by these equations for 136 RE rail was assumed to be constant for 
other rail sizes.  Also, the depth of the DF center below the rail running surface and 
inward from the gage face was assumed to be independent of rail size; i.e., varying 
only with the defect area ratio, A/AH. 
 
The stress intensity factor or “K” formula for the embedded elliptical flaw shown 
schematically in Figure 6 has the following mathematical form 
 

 K M b
a

M a aI s= ⋅ 



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2
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σ π( )  (13) 

 
where σ∞ is the longitudinal tensile stress at the defect center due to rail bending 
and other effects, a is the semi-major axis of the elliptical flaw, Ms is a magnification 
factor to account for the elliptical flaw shape, and M1 is a magnification factor to 
account for finite boundaries.  The magnification factors for detail fractures were 
derived in Reference [4].  For instance, for an elliptical flaw aspect ratio of b/a = 0.7, 
Ms = 0.984.  The finite-section magnification factor was modified from the original 
formulation to account for loss of rail-head area because of wear, and is given by 
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where X is a measure of wear in terms of percent rail-head area (%HA).  The aspect 
ratio of 0.7 for typical detail fractures has been included in equation (14). 
 
The K formula given in equation (13) applies to remote uniform tension only.  
Therefore, a stress-gradient magnification factor must also be applied to the K 
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formula if the rail head is subjected to a non-uniform stress field, which is the case 
when the rail is subjected to combined bending from both vertical and lateral 
loading.  The stress-gradient or non-uniform stress magnification factor depends on 
the ratio of lateral to vertical wheel load as well as defect size relative to the unworn 
rail head area.  The formalism to calculate the stress-gradient or non-uniform stress 
magnification factor is given in Appendix C.  Appendix C also includes tabulated 
values of the stress-gradient magnification factors for a 132 RE rail section with 
various levels and types of wear, lateral-to-vertical load ratios, and DF sizes. 
 
 
3.2  Stress Analysis for Rails with Detail Fractures 
 
The magnitude of the stresses that drive the growth of detail fractures is assumed to 
be a linear superposition of residual, thermal, and bending stresses.  Thus, the 
stress intensity factor formula for a detail fracture is given by 
 

 [ ]K M b
a

M a M a aI s R T G B= ⋅ 





⋅ ⋅ + + ⋅ ⋅2
1π

σ σ σ π( ) ( )  (15) 

 
where σR is the residual stress, σT is the thermal stress, MG is the stress gradient or 
non-uniform stress magnification factor, and σB is the bending stress. 
 
A relationship between the magnitude of tensile residual stress in the rail head and 
the DF size has been developed on the basis of experimental data obtained from 
two separate tests [4], [5] conducted at the Facility for Accelerated Service Testing 
(FAST) 
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where (A/AH × 100) represents the DF size in percentage of rail-head area (%HA). 
 
Thermal stresses for fully restrained CWR in tangent track can be calculated from 
 
 σ αT E T= ∆  (17) 
 
where α is the linear coefficient of thermal expansion, E is the modulus of elasticity, 
and ∆T is the temperature difference between the in-service temperature and the 
neutral or stress-free temperature.  In the present calculations, ∆T is an assumed 
variable. 
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Rail-bending stresses comprise both the vertical and lateral bending components, 
as described previously in Section 2 for the rail strength analysis.  For a rail modeled 
as a beam on elastic foundation, the maximum tensile stress in the rail head occurs 
at some distance away from the point of load application.  This phenomenon is 
referred to as “reverse” bending.  In terms of absolute value, the maximum bending 
moment occurs directly beneath the wheel load.  Referring to Figure 7, the location 
of the maximum “reverse” moment for vertical bending relative to the wheel position 
is defined by 
 

 x
V

0 2
= π

λ
 (18) 

 
where λV is calculated from equation (4). 
 
 

x0

V

 
 

Figure 7.   Bending Moment Distribution for a Single Wheel Load 
 
 
Therefore, the bending stress used in equation (15) for the fracture analysis is 
calculated from 
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+

−⋅
=σ  (19) 

 
where the vertical and lateral bending moments are defined by equations (3) 
and (6), respectively.3 
 
 
 
                                                           
3 The small effect of the cross-product terms associated with asymmetrical bending has been 

neglected in equation (19). 
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3.3   Fracture-Mechanics-Based Wear-Limit Estimation 
 
Rail-wear limits based on the fracture mechanics approach are estimated by 
combining results from two separate sets of calculations.  In the first set of 
calculations, rail wear is determined as a function of critical DF size.  In other words, 
equation (15) is set equal to the fracture toughness of rail steel for different critical 
DF sizes and different levels of rail wear.  Results from this numerical procedure are 
shown schematically in Figure 8.  In the present analysis, the fracture toughness for 
rail steel, KIC, is assumed to be 35 ksi-in1/2.  Also, an extreme temperature 
difference from the neutral or stress-free temperature of 50°F is assumed.  
In addition, a dynamic magnification is applied to magnify the magnitude of a static 
wheel load during calculation of the stress intensity factor.  Details of the dynamic 
wheel load calculation for this purpose (referred to as the 0.8-σ load level) are 
described in Section 4. 
 
 

Head-height loss, ∆h

Stress Intensity Factor, KI

Varying aCR

KIC

Head-height loss, ∆h

Critical DF size, aCR  
 

Figure 8.   Schematic for Estimating Rail Wear as a Function of Critical DF Size 
 
 

When we consider only the results from this first set of calculations, the question is: 
what critical-size defect should be considered in estimating the rail-wear limit?  
To answer this question, we assume that rail wear becomes critical (i.e., reaches 
a limit) when detail fractures can grow from a barely detectable size (assumed to be 
5% HA) to a critical size in less than one typical inspection interval.  For this 
purpose, we assumed 20 MGT.  Thus, a second set of calculations is performed to 
determine the DF size that will be reached after 20-MGT traffic accumulation for 
various levels of rail wear, assuming an initial DF size of 5% HA.  In these 
DF-growth calculations, a moderate temperature differential of 15°F is assumed.  
Figure 9 shows a schematic of the results from this second set of calculations.  
Reference [4] describes propagation analyses of detail fractures, which are used in 
the present calculations. 
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DF Size, a Head-height loss, ∆h

DF size at 20 MGT, afMGT

20 MGT5%HA

Varying ∆h

 
 

Figure 9. Schematic for Estimating Rail Wear as a Function of DF Size 
after 20 MGT from Initial Size of 5% HA 

 
 
The results from the two sets of calculations described above can be combined, as 
shown in the schematic diagram in Figure 10.  The intersection of the two curves; 
one based on fracture toughness and the other based on DF-growth rate, defines 
the limit for rail wear.  Although the schematic diagrams shown in Figures 8 
through 10 consider rail wear as head-height loss, the numerical procedures 
described in this section are also applicable for the case of gage-side wear. 
 
 
 

Head-height loss, ∆h

DF size, a

∆hlimit

Curve based on
DF-growth rate

Curve based on
fracture toughness

 
 

Figure 10.   Estimate of Rail-Wear Limit Based on Fracture Strength 
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4.  WORST-CASE LOAD ESTIMATION 
 
Car body and truck dynamic motions (pitch, bounce, and rocking) cause wheel loads 
to vary at frequencies up to 10 Hz.  For a given static wheel load, V, this dynamic 
load V±VD can be modeled as a Gaussian random process with probability density 
functions: 
 

 p V V
c V

V
c VD

v

D

v

( ) exp ( )
( )

± = − ±









1
2 2

2

2π
 (20) 

 
where the coefficient of variation, cv, scales the root-mean-square dynamic 
increment in terms of the static load.  In measurements of actual data, however, 
differences have been observed between dynamic load increments and 
decrements.  The statistical variation of dynamic loads should then be modeled with 
two one-sided Gaussian distributions to account for these observed differences.4  
A schematic of these distribution functions is shown in Figure 11.  The coefficient of 
variation corresponding to the dynamic load increment, cv

+, is applicable in 
determining the worst-case load. 
 
 

p(V±VD)

cv
- cv

+

V V±VD  
 

Figure 11.   Schematic of a Two-Sided Gaussian Distribution Function 
 
 
Physically, the worst-case load may be caused by a combination of several factors 
that include:  (1) track irregularities and irregular track stiffness due to variable 
characteristics and settlement of the ballast; (2) discontinuities at welds, joints, and 
switches; (3) irregular rail-running surface (e.g., corrugated rail); (4) defects in 
vehicles such as wheel flats and wheel eccentricity; and (5) vehicle dynamics such 
as natural vibrations and hunting.  Mathematically, the worst-case load is the 
average static wheel load multiplied by an extreme dynamic load magnification 

                                                           
4 In addition, separate distributions are usually required to match the dynamic behavior of lightly and 

heavily loaded cars.  To simplify the present analysis, however, fully loaded cars are considered. 
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factor.  The dynamic effect is assumed to increase with train speed, and its 
mathematical relationship to the coefficient of variation is discussed in the following 
text. 
 
Procedures are described in Orringer, et al., [4] to determine the coefficients of 
variation from load data given in the form of either exceedance curves or cumulative 
probability curves. Results from applying these procedures to freight-traffic load data 
from various sources are listed in Table 3.  Table 3 is an abstract, from Orringer, et 
al., [4] of those results for which cv

+ values can be related to loaded freight train 
speeds. 
 
 

Table 3.   Coefficients of Variation for Dynamic Vertical Load 
 
 Environment Description [Ref.] Average 

Wheel Load 
(kips) 

Speed 
(mph) 

cv for +VD 

1 FAST, concrete tie, 1977 [7]. 30.5 40 to 45 0.26 
2 Loaded coal hopper car over 1,900 

miles on six midwestern and eastern 
railroads [8]. 

30.0 15 to 30 
30 to 45 
45 to 60 

0.20 
0.17 
0.22 

3 DOT-112A, 33,000-gal tank car over 
114 miles of a midwestern railroad 
mainline [8]. 

30.0 15 to 30 
30 to 45 
45 to 60 

0.17 
0.25 
0.60 

4 Hopper car loaded with crushed rock 
over 182 miles on a western railroad 
mainline [8]. 

30.0 15 to 30 
30 to 45 
45 to 60 

> 60 

0.08 
0.10 
0.11 
0.12 

5 FAST, concrete tie, circa 1977 [9]. 27.7 40 to 45 0.30 
6 Northeast Corridor, freight, concrete 

tie, Edgewood, MD, 1984 [10]. 
24.17 
24.32 

45 to 70 0.31 
0.33 

 
 
In the present analysis, the “worst-case” load can be defined in terms of the number 
of standard deviations above the mean value.  The coefficient of variation, cv, is 
related to the standard deviation by the static wheel load, V, as given in the following 
expression 
 

 c
Vv = σ  (21) 

 
As indicated in Table 3, the coefficient of variation appears to vary with speed.  This 
is consistent with the American Railroad Engineering Association (AREA) formula 
for dynamic load factor [6] 
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 DLF v
D

= +1 33
100

 (22) 

 
where v is the train speed (in miles per hour) and D is the wheel diameter (in 
inches). 
 
For the purpose of load estimation, cv can be considered as comparable to the term 
33v/100D in the AREA formula.  Figure 12 compares this term with the cv data from 
Table 3.  With only one exception, the formula term bounds the data in Table 3, and 
is therefore a reasonable representation of the service environment. 
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Figure 12. Speed Dependence on Coefficient of Variation and Dynamic 
Load Increment 

 
 
Figure 13, reproduced from Orringer, et al., [4] shows the numbers of extreme-
valued peak dynamic wheel loads measured in a field test on the Northeast Corridor 
in the early 1980s [10].  Table 4 summarizes the results for freight trains, which were 
typically operated at 60 mph through the instrumented site.  Taking v = 60 mph and 
assuming that the extreme loads came from loaded 100-ton cars (corresponding to 
a static load, V, equal to 33 kips, and a wheel diameter, D, equal to 36 inches), we 
may apply the previous analysis to estimate the standard deviation as σ = cvV = 18.2 
kips.  Thus, the range of 55 to 80 kips for extreme loads listed in Table 4 can be 
interpreted as roughly 1.2-σ to 2.6-σ events. 
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Figure 13. Histogram of Extreme Wheel Loads Measured on the 
Northeast Corridor 

 
 
 
 

Table 4.   Summary of Freight-Car Wheel-Load Histogram 
 

Peak Load  
Vpeak (kips) 

Occurrences per  
1000 Axles, n 

55 1.50 
60 0.60 
66 0.50 
70 0.25 
75 0.25 
80 0.10 

 
 

Although the peak values in Table 4 occur infrequently, they cannot be assumed to 
bound the worst case because the loads were measured only for a limited time at 
a single site.  Therefore, it is necessary to extrapolate from the available data to 
estimate worst-case loads for various operating speeds.  For this purpose, the 
regression formula 
 

 V n
peak = −2 4

0 042
10. log

.
 (23) 
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has been derived from a least-square-error analysis of the data listed in Table 4.  
Figure 14 compares equation (23) with the data points. 
 
 

50 60 70 80
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0.1

1
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Peak wheel load, Vpeak (kips)

Occurrences per 1000 axles, n

 
 

Figure 14.   Regression for Occurrence Rate versus Peak Load 
 
 
For randomly occurring events such as peak loads, the generally accepted definition 
of a worst-case event for the purpose of risk analysis is one expected to be 
exceeded no more often than once in 105 to 106 times.5  For example, when the 
Gaussian distribution is used to model a random process, the 5-σ level is sometimes 
used to define the worst case.  The 5-σ level of a Gaussian process has an 
exceedance rate of 1.6 × 10-6, which lies within the range mentioned above.  There 
is no justification for applying the Gaussian model to extreme wheel loads, but it is 
reasonable to adopt the 1.6 × 10-6 exceedance rate per axle passage as a worst-
case criterion.  Also, since there is no significant numerical difference between 
exceedance and occurrence rates at these extremes, we may take the 
corresponding occurrence rate as n = 1.6 × 10-3 per thousand axles and apply 
equation (23) to estimate the worst-case load as 
 

 Vmax
. log ( . )

.
= − × −

≅2 4 16 10 3

0 042
12410 kips  (24) 

 

                                                           
5  For example, the current U.S. Army fatigue-life specification for new rotorcraft is based on the 

so-called “six-nines” reliability, or probability of failure of one in a million [11]. 
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The above worst-case load estimate applies to the Northeast Corridor field-test site, 
for which σ = 18.2 kips was derived earlier as the standard deviation of the entire 
dynamic load range.  Thus, the 5-σ dynamic load increment above the static wheel 
load appears to be a reasonable criterion for estimating worst-case wheel loads at 
operating speeds and/or wheel diameters other than those associated with the test 
site.  Table 5 summarizes the worst-case loads estimated for the maximum 
operating speeds allowed on track classes 2 through 5, assuming a 33-kip static 
load and a 36-inch wheel diameter.  The right-hand column lists suggestions for 
typical and minimum rail sections representative of track construction for the 
corresponding class.  In the wear-limit analyses, vertical foundation stiffness is 
assumed to vary with different track classifications.  The assumed values for vertical 
foundation stiffness for each track class are also listed in Table 5. 
 
The load level selected as a basis for wear-limit estimation depends on the mode of 
failure assumed.  For a strength-based limit, the wear process reduces plastic 
bending strength more or less uniformly along many rail lengths.  Therefore, one 
must expect the reduced strength at a point where the worst possible combination of 
track irregularity and vehicle dynamics may occur, and it follows that the 5-σ load 
level is an appropriate basis.  For a fracture-strength-based limit, however, the 
assumed mode of failure is propagation of a fatigue crack to fracture.  To 
realistically treat this case requires one to recognize that sparsely distributed cracks 
(typically, 0.25 to 2 per track mile) are not necessarily found where the worst 
dynamic loads occur.  A realistic extreme load basis for this case is the level 
expected once per train passage; i.e., about once per 400 axles, assuming 
a 100-car freight train.  The corresponding value of n in equation (23) would be 2.5 
per 1000 axles, which gives a value of Vmax equal to 47.7 kips, corresponding to a 
0.8-σ load level (assuming a 33-kip static wheel load).  Table 5 also lists values of 
worst-case loads based upon the 0.8-σ load level, which are subsequently applied in 
the fracture mechanics calculations for estimating rail-wear limits. 
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Table 5. Representative Worst-Case Load Estimates with Corresponding 
Foundation Stiffness and Rail Sections 

 
FRA 

Track 
Class 

Max. 
Train 
Speed 

v (mph) (a) 

Coefficient 
of  

Variation 
cv (b) 

Standard 
Deviation    
σσσσ (kips) (c) 

Worst-Case 
Load 

Vmax (kips) (d) 

Vertical 
Foundation 

Stiffness 
kv (psi) 

Rail 
Section 

2 25 0.23 7.6 39/71 1,000 70 ASCE 
85 ASCE 
100 RE 
115 RE 

3 40 0.37 12.1 43/94 2,000 85 ASCE 
100 RE 
115 RE 
132 RE 

4 60 0.55 18.2 48/124 2,000 115 RE 
132 RE 
136 RE 
140 RE 

5 80 0.73 24.1 52/154 5,000 115 RE 
132 RE 
136 RE 
140 RE 

 
NOTES: 
(a) Maximum train speeds are based on FRA Track Safety Standard 213.9 for freight traffic. 
(b) Coefficient of variation calculated from: cv = 33v/100D, where D = 36 inches. 
(c) Standard deviation calculated from:  σ = cvV, where V = 33 kips. 
(d) Worst-case loads are calculated from: Vmax = V + 0.8σ and Vmax = V + 5.0σ. The loads corresponding 

to 0.8-σ above the static value were applied to the fracture mechanics analysis, and those for 5-σ 
were used in the estimates based on permanent bending strength. 
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5.  RESULTS 
 
Figure 15 shows rail-wear estimates of vertical head-height loss based on rail 
strength.  Four different rail sizes are considered for each track class.  As the track 
class increases from Class 2 to Class 4 (implying increased maximum train speed, 
higher worst-case loads, and improved foundation stiffness), the wear limit for 
a given rail section decreases.  The estimated wear limits for Class 4 and 5 are 
practically equal.  In these results, the yield strength for rail steel was assumed to be 
90 ksi. 
 
Rail-wear limits for side wear estimated on the basis of rail strength are shown in 
Figure 16.  As in the case for vertical head-height loss, limits on side wear for both 
Class 4 and Class 5 track are effectively the same. 
 
Rail-wear limits for head-height loss based on the fracture mechanics analyses are 
shown in Figure 17.  In these analyses, the fracture toughness of rail steel has been 
assumed to be 35 ksi-in1/2.  The wear-limit estimates based on the fracture-strength 
approach are roughly 30 to 40% less than those based on the elastic-plastic 
bending analysis.  Similarly, results for the side-wear limit are shown in Figure 18.  
Again, the wear-limit estimates based on the fracture analysis are about one-third of 
those based on permanent rail bending. 
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Figure 15.   Wear-Limit Estimates for Head-Height Loss Based on Rail Strength 
 
 

Class 2 Class 3 Class 4 Class 50.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

FRA Track Classification

Gage-side wear, ∆w (inches)

70 ASCE 85 ASCE 100 RE 115 RE 132 RE 136 RE 140 RE

 
 

Figure 16.   Wear-Limit Estimates for Side Wear Based on Rail Strength 
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Figure 17. Wear-Limit Estimates for Head-Height Loss Based on 
Fracture Strength 
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Figure 18.   Wear-Limit Estimates for Side Wear Based on Fracture Strength 
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6.  DISCUSSION AND CONCLUSIONS 
 

Wear limits were estimated on the basis of two strength criteria: one considers 
failure as permanent plastic yielding, and the other considers failure when the rail 
fractures.  The analyses that consider rail fracture assumed the presence of an 
internal defect (known as the detail fracture). 
 
Worst-case wheel loads were estimated using actual freight car load data from the 
Northeast Corridor that were correlated with the AREA formula for dynamic load 
magnification.  Regression analyses were conducted to extrapolate worst case 
dynamic wheel loads for operating conditions other than those on the Northeast 
Corridor.  The worst case wheel loads for permanent rail bending are expected to 
occur once in every 105 to 106 wheel passages.  If a Gaussian distribution is 
assumed for the dynamic load increment, the worst case load corresponds to a 5-σ 
event.  Worst case wheel loads for the fracture mechanics analysis assumed 
a maximum wheel load to occur once in every train passage (or roughly once per 
400 wheel passages). 
 
Of the two cases, the fracture mechanics approach gives the more restrictive (i.e., 
conservative) limits.  Therefore, for safe operations on railroad tracks, allowable 
rail-wear limits should be established on the basis of fracture strength.  With the 
exception of the lightest rail sections considered (70 ASCE on Class 2 track and 
85 ASCE on Classes 2 and 3 track), the fracture-strength-based limits can be 
summarized as: (1) maximum allowable head-height loss of 0.5 inch; or 
(2) maximum allowable gage-face wear of 0.6 inch.  The basis for estimating these 
limits also included an assumption of a 20-MGT inspection interval, which 
represents typical industry practice.  The same general basis would lead to larger 
amounts of allowable wear if more frequent inspection were assumed. 
 
It should be noted that 70 ASCE and 85 ASCE rail sections are typically found more 
often in bolted joint rail (BJR) track rather than in CWR track.  The most common rail 
defects encountered in BJR track are cracks emanating from bolt holes rather than 
detail fractures.  In principle, it would appear that more reasonable rail wear limits for 
these lighter rail sizes may be estimated by modifying the fracture mechanics 
analysis to consider bolt hole cracks rather than detail fractures.  But a potential 
problem in such analysis is that, to date, a validated model to determine the growth 
rate of bolt hole cracks has not been developed. 
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APPENDIX A.  SECTION PROPERTIES FOR NEW OR UNWORN RAIL 
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Figure A-1.   Dimensions for a Generic Rail Section 
 
 
NOMENCLATURE 
 
Rail Dimensions (in) 
 
h Total rail height 
hH Distance from the bottom of the rail to the centroid of the rail head 
hN Distance from the bottom of the rail to the centroid of the entire rail 
hB Distance from the bottom of the rail to the centroid of the rail base 
wH Rail head width 
 
Cross-Sectional Areas (in2) 
 
AR Cross-sectional area of the entire rail 
AH Cross-sectional area for the rail head only 
AW Cross-sectional area for the rail web only 
AB Cross-sectional area for the rail base only 
 
Second Area Moments of Inertia  (in4) 
 
Iyy Vertical bending inertia for the entire rail 
Izz Lateral bending inertia for the entire rail 
IyyH Vertical bending inertia for the rail head only 
IzzH Lateral bending inertia for the rail head only 
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Table A-1.   Section Properties for New or Unworn Rail 
 

 70 ASCE 
 

85 ASCE 100 RE 115 RE 132 RE 136 RE 140 RE 

h 4.625 5.188 6.00 6.625 7.125 7.313 7.313 
hH 4.01 4.46 5.23 5.80 6.3 6.39 6.35 
hN 2.22 2.47 2.75 2.98 3.2 3.35 3.37 
hB 0.299 0.321 0.394 0.411 0.436 0.435 0.436 
wH 2.4375 2.5625 2.6875 2.7188 3.00 2.9375 3.00 
AR 6.81 8.33 9.95 11.26 12.95 13.35 13.8 
AH 2.81 3.49 3.80 3.91 4.42 4.86 5.00 
AW 1.41 2.25 2.23 3.16 3.67 3.62 3.94 
AB 2.59 2.59 3.92 4.19 4.86 4.87 4.86 
Iyy 19.7 30.07 49.0 65.6 88.1 94.9 96.8 
Izz 4.86 6.95 9.35 10.4 14.2 14.5 14.7 

IyyH 0.329 0.558 0.714 0.729 0.837 1.17 1.38 
IzzH 1.24 1.75 2.12 2.13 2.84 3.03 3.14 
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APPENDIX B.  APPROXIMATION OF WORN RAIL SECTION PROPERTIES 
 
In this report, wear is assumed to occur from uniform loss of material from the rail 
head.  In this appendix, the amount of wear is quantified by a percentage of the rail- 
head area, which can be related to head-height loss or gage-face side wear.  
Moreover, the equations to determine the section properties that are needed in the 
stress analysis of worn rails are listed in this appendix.  These equations were 
derived from idealizing the actual rail cross-section as three rectangular sections 
representing the head, web, and base of the rail.  The specific details in deriving the 
equations for vertical head-height loss and gage-face side wear can be found in 
Jeong, et al., [2]. 
 
Equivalence between the actual and idealized rails is achieved by matching section 
properties for both cross-sections.  In particular, the second area moments of inertia 
for the rail-head about the vertical and horizontal axes through the centroids for the 
actual and idealized rail-heads are related by 
 

  I h wyyH eq eq= ⋅ ⋅1
12

3  I h wzzH eq eq= ⋅ ⋅1
12

3  (B-1) 

 
where heq and weq are the equivalent rail-head height and width.  After some 
algebraic manipulations, expressions for the equivalent rail-head height and width 
can be found 
 

  h
I
Ieq

yyH

zzH

= 144
3

8  w I
Ieq

zzH

yyH

= 144
3

8 . (B-2) 

 
Numerical values of the equivalent rail-head heights and widths for the rail sections 
examined in this report, as determined from equations (B-2), are listed in Table B-1.  
The table also shows the magnitude of the rail-head cross-sectional area 
approximated by the product of these equivalent dimensions, and the percentage 
difference between the approximate area and the actual rail-head area. 
 
 

Table B-1.   Equivalent Rail-Head Height and Width for Various Rail Sections 
 

 70 ASCE 
 

85 ASCE 100 RE 115 RE 132 RE 136 RE 140 RE 

heq 1.19 1.39 1.49 1.50 1.53 1.72 1.82 
weq 2.32 2.47 2.57 2.57 2.82 2.77 2.74 

heq×weq 2.77 3.44 3.84 3.87 4.30 4.75 4.99 
AH 2.81 3.49 3.80 3.91 4.42 4.86 5.00 

% diff. in AH -1.5% -1.4% +1.1% -1.1% -2.6% -2.2% -0.2% 
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The section properties for worn rail are calculated with the aid of these equivalent 
dimensions and by assuming a wear pattern; i.e., head-height loss or gage-face side 
wear. 
 
 
Head-Height Loss 
 
The following equations are applied to determine section properties for rail affected 
by wear in terms of head-height loss.  The loss of rail-head height and the 
equivalent rail-head height are related by 
 

 ∆h X heq= 





⋅
100

 (B-3) 

 
where X is the percentage of worn rail-head area.  The second area moment of 
inertia for vertical bending for a worn rail is calculated from 
 

 

[ ]

[ ]

I X I A h h X h w

h w h h h X

yy Y Y R N N eq

eq N

( ) ( ) ( )

( ) .

' '= + ⋅ − − ⋅ ⋅

− ⋅ ⋅ − ⋅ −





0 1
12

1
2

2 3

2

∆

∆ ∆

K

 (B-4) 

 
In this notation, IY’Y’ is the vertical bending inertia of the new or unworn rail, hN(0) 
refers to the distance from the bottom of the rail to the centroid of the new or unworn 
rail, and hN(X) is the distance from the bottom of the rail to the centroid of the worn 
rail, which is calculated from 
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where AR is the cross-sectional area of the unworn rail.  The distance from the 
bottom of the rail to the centroid for the rail head only in a worn rail is calculated 
from 
 

 h X h hH ( ) = − ⋅1
2

∆ . (B-6) 

 
where h is the total height of the rail. 
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Gage-Face Side Wear 
 
The following equations are used to calculate section properties for rail affected by 
gage-face side wear.  The amount of gage-face side wear is related to the 
equivalent head width by 
 

 ∆w X weq= 





⋅
100

 . (B-7) 

 
The second area moments of inertia for vertical and lateral bending of a worn rail, in 
this case, are calculated, respectively, from 
 

 

[ ]

[ ]

I X I A h h X h w

h w h h h X

yy Y Y R N N eq

eq eq N

( ) ( ) ( )

( )

' '= + ⋅ − − ⋅ ⋅

− ⋅ ⋅ − ⋅ −





0 1
12

1
2

2 3

2

∆

∆

L

 (B-8) 

 

 

[ ] ( )

I X I A y X
h

w

h w w w y X

zz Z Z R N
eq

eq eq N

( ) ( )

( )

' '= + ⋅ − ⋅

− ⋅ ⋅ ⋅ − −





2 3

2

12

1
2

∆

∆ ∆

L

 (B-9) 

 
A consequence of gage-face side wear is that the rail cross-section is asymmetric 
with respect to the mid-plane centerline of the rail.  Further, the coordinates of the 
centroid for the entire rail and for the rail head only are not located on the mid-plane 
centerline, as they are for a new or unworn rail (Figure B-1). 
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Figure B-1.   Location of Centroids in Rail with Gage-Face Side Wear 
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The location of the centroid for the entire worn rail is defined by 
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The vertical location for the centroid of the worn rail head only is assumed to remain 
unchanged from that of the new or unworn rail head.  The horizontal location of the 
centroid for the worn rail head only is calculated by 
 

 y X wH ( ) = ⋅1
2

∆  (B-12) 
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APPENDIX C.  STRESS-GRADIENT MAGNIFICATION FACTOR  
FOR FRACTURE ANALYSIS 

 
 
The handbook formulas for the stress intensity factor associated with an elliptical 
flaw of aspect ratio b/a in a combined bending field with flaw center location (y, z)6 
can be expressed as 
 

 K a MI ( ) ( )θ
π

σ π θ= 2  (C-1) 

 
where σ is the far field stress, and M(θ) is a function of angle around the crack.  This 
function for an elliptical flaw in the rail head is given in Hodge, J., [3] as 
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where 1/λV and 1/λL are the characteristic vertical and lateral bending wavelengths 
for the rail on a given foundation, which are defined in equations (4) and (7), 
respectively.  Also, Iyy and Izz are the second area moments of the rail section for 
vertical and lateral bending, L/V is the ratio of lateral to vertical load, and 
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and 
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where κ2=1-(b/a)2.  In equations (C-3) and (C-4),  EI  and EII  are the complete elliptic 
integrals of the first and second kind, respectively, which are defined by 
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6  In this formulation, the coordinates (y, z) refer to the location of the stress point relative to the 

centroidal axes of the rail section. 
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The dependence of the stress intensity factor on position along the crack front can 
be eliminated by calculating a simple average value.  This concept was generalized 
in the crack-growth analyses of detail fractures [3] to calculate the Pth root-mean 
value where P is the exponent in the crack-growth rate equation.  The stress-
gradient or non-uniform stress magnification factor is defined mathematically as 
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where 

 

 ρ
θ θ

=
+

b
b asin ( / ) cos2 2

 (C-7) 

 
is the radius to the perimeter of the ellipse.  Equation (C-6) includes the special case 
of P = 1, which is the calculation for a simple average.  In the crack-growth analyses 
presented in Orringer, et al., [4] and in the present analyses, P is assumed to be 
equal to 4. 
 
The influence of wear on the stress-gradient magnification factor is affected through  
equation (C-2).  Particularly, the second area moments of inertia and the 
characteristic wavelengths depend on the level of wear.  Therefore, the stress 
gradient magnification factor depends not only on the level or amount of wear but 
also on the type of wear (i.e., vertical head-height loss or gage-side wear). 
 
Table C-1 summarizes the stress-gradient magnification factors for 132 RE rail with 
various levels of vertical head-height loss.  The magnification factor also varies 
depending on the lateral-to-vertical load ratio and sizes of the detail fracture.  
Similarly, Table C-2 lists the stress-gradient magnification factors for 132 RE rail 
with gage-face side wear. 
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Table C-1. Stress-Gradient Magnification Factors for 132 RE Rail Section and 

Vertical Head-Height Loss 
 
 

(a) DF Size = 10% HA 

Worn Area Lateral-to-Vertical Load Ratio, L/V 
(%HA) 0.05 0.10 0.20 0.30 0.40 0.50 

0 1.001 1.001 1.004 1.007 1.011 1.014 
20 1.001 1.001 1.004 1.006 1.010 1.013 
40 1.001 1.001 1.003 1.006 1.008 1.011 
60 1.001 1.001 1.002 1.005 1.007 1.009 
80 1.001 1.001 1.002 1.003 1.005 1.007 

 
 

(b) DF Size = 15% HA 

Worn Area Lateral-to-Vertical Load Ratio, L/V 
(%HA) 0.05 0.10 0.20 0.30 0.40 0.50 

0 1.001 1.002 1.007 1.012 1.018 1.023 
20 1.001 1.002 1.006 1.011 1.016 1.021 
40 1.001 1.002 1.005 1.009 1.014 1.018 
60 1.001 1.002 1.004 1.007 1.011 1.015 
80 1.001 1.001 1.003 1.005 1.008 1.011 

 
 

(c) DF Size = 20% HA 

Worn Area Lateral-to-Vertical Load Ratio, L/V 
(%HA) 0.05 0.10 0.20 0.30 0.40 0.50 

0 1.001 1.003 1.009 1.017 1.025 1.034 
20 1.001 1.003 1.008 1.015 1.023 1.031 
40 1.001 1.003 1.007 1.013 1.020 1.027 
60 1.001 1.002 1.006 1.010 1.016 1.022 
80 1.001 1.002 1.004 1.008 1.012 1.016 
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Table C-2. Stress-Gradient Magnification Factors for 132 RE Rail Section and 

Gage-Face Side Wear 
 

(a) DF Size = 10% HA 

Worn Area Lateral-to-Vertical Load Ratio, L/V 
(%HA) 0.05 0.10 0.20 0.30 0.40 0.50 

0 1.001 1.001 1.004 1.007 1.011 1.014 
20 1.001 1.001 1.004 1.008 1.013 1.019 
40 1.001 1.001 1.004 1.008 1.015 1.023 
60 1.000 1.001 1.003 1.007 1.014 1.024 
80 1.000 1.001 1.002 1.005 1.010 1.018 

 
 

(b) DF Size = 15% HA 

Worn Area Lateral-to-Vertical Load Ratio, L/V 
(%HA) 0.05 0.10 0.20 0.30 0.40 0.50 

0 1.001 1.002 1.007 1.012 1.018 1.023 
20 1.001 1.002 1.007 1.014 1.022 1.032 
40 1.001 1.002 1.006 1.014 1.025 1.039 
60 1.001 1.001 1.005 1.012 1.024 1.041 
80 1.000 1.001 1.003 1.008 1.016 1.031 

 
 

(c) DF Size = 20% HA 

Worn Area Lateral-to-Vertical Load Ratio, L/V 
(%HA) 0.05 0.10 0.20 0.30 0.40 0.50 

0 1.001 1.003 1.009 1.017 1.025 1.034 
20 1.001 1.003 1.010 1.020 1.032 1.047 
40 1.001 1.003 1.009 1.020 1.037 1.059 
60 1.001 1.002 1.007 1.017 1.035 1.062 
80 1.001 1.001 1.004 1.011 1.024 1.047 
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