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Coefficients of Between-Group Inequality:
A Review
by
Bert Kestenbaum
Division of OASDI Statistics

The quest for suitable indices to summarize the inequality between two
groups has lagged behind the effort to obtain summary coefficients of
within-group inequality. Numerous measures of within~group inequality
were proposed, and their merits and shortcomings debated, by Cini, Pareto
Bowley, Dalton and other economists and statisticians of the late nine-
teenth and early twentieth centuries; so that by 1933 Yntema [1] could
write his review paper, ''Measures of the Inequality in the Personal
Distribution of Wealth or Income." Yet, apparently, at the same time,
there was little exploration of alternative indices to the ratio-of-
medians and ratio-of-means for measuring differences between groups,
despite the limitations of these two indices, particularly the former's
preoccupation with the 50th percentile 1/ and the latter's sensitivity
to the skewness of the underlying distributionms.

’

Let x be a variate distributed in different quantities to members of a
group or population; and let F(x) be the cumulative distribution function
of x. An index or coefficient of within-group inequality is, as
Woytinsky {3:1] says, a single number that "... must refer to some
specific feature of the frequency distribution which is in alignment

with the connotation of 'inequality'." Although any summarization
discards much of the informational content of F(x), hopefully it yields

a useful analytic tool to assess changes over time in within~group
inequality or to compare the within-group inequality of several popula-
tions,

Clearly, the same benefit is to be had from summarization of the dif-
ference between two groups. Accordingly, let G(x) for population B be
the analog of F(x) for population A, Then, if F=G, the populations are
equal, Otherwise, it would be useful to summarize the extent of dif-
ference with some function H (F,G) which is, again, in alignment with
the connotation of inequality,

In recent years a number of coefficients of between-group inequality
have surfaced, and we believe that the time is right for a review paper,
Four types of summary measures are discussed here: (1) the index of
differentiation or dissimilarity, (2) the modified Gini-Lorenz index,
(3) the modified relative mean difference, and (4) the rank statistic,
U.

If an index of between-group inequality is truly to be in alignment with
the connotation of "inequality," in addition to intituitive appeal, we
ask of it, as Lorenz [4] did in discrediting certain proposed measures

1/ An unusually vivid illustration of the failure of the ratio-of-
medians measure to reflect a significant change from 1945 to 1952 in the
relationship of nonwhite-to-white family income is given by Wohlstetter
and Coleman [2:47].



of within-group inequality, that it be invariant under a change of scale.
Although Henderson [5:88] has argued that people spond dollars, rather
than percentages, the majority opinion is that no change in equality
takes place when the income of each unit in both A and B is multiplied
by some constant, k. We note that each of the two traditional measures
of between-group inequality, i.e., the ratio of medians and the ratio of
means, has this invariance property.

Continuing to borrow from the rich literature on indices of within-group
inequality, we can draw up a list of characteristics of "epood" indices.
Bowley [6] urged that indices of inequality be (a) sensitive to change

and (b) easy to compute. Accordingly, we will be concerned with, for
each of our indices, the process by which a chanpge in F or G is registered
in the index, and with ways to simplify computation whenever necessary.

Yntema [1:424] proposed that an index have a finite range of values, and
that it be adaptable to the limitations of the existing data. In par-
ticular, we often face the limitation of not having access to the indi-
vidual records, and having instead only published data in the form of
class (interval) frequencies.

Another desirable feature in an index of inecuality is that the index
not be affected much by a small number of extreme values. Another is
that the index have a graphical interpretation. In Appendix A we will
summarize how well each of the coefficients of between-group inequality
under discussion meet these criteria.

1. The index of differentiation or dissimilarity

The Bureau of the Census' Technical Paper No. 22 [7], issued in April
1970, describes in detail an 'index of differentiation” which the Bureau
had begun using two years earlier to summarize the gap between two groups.
By December 1971, the index had already found its way into a Monthly

Lahnx_§=xiﬁm article on the difference between black and white earnings
An article in Social Forces by Palmore and Whittington [9] in

8]. 2
éeptember 1970 was the first of a number of papers in sociological
journals 3/ using this index to measure differences between groups in

2/ In comparing the gap between populations A and B with the gap
between populations C and D, this article found the former gap larger
when measured with the ratio-of-medians or ratio-of-means, but smaller
when measured with the index of differentiation--a finding it strived
unsuccessfully to account for. The explanation, in fact, only requires
a good understanding of the index, as we demonstrate in Appendix B.

3/ For example, Palmore and Whittington [10] in 1971, Fox and Faine
{11] in 1973, and Shin {12] in 1976.



matters such as income, education, and occupation. Unlike the government
publications, which credit the index to a 1966 study by Yoram Ben-Porath
[13], the journal articles recognized the earlier contributions of the
Duncans in 1955 {14,15], .in developing what the latters called the

"index of dissimilarity."

The index of differentiation or dissimilarity is computed from the
relative class frequencies of the two cumulative distribution functions,
If 8 = {F(xq) - F(xi l)} and ty={ G(x;) - G(xi-l)} are the proportions
of populations A and B, respectively, in the ith class, then the index,
D, is defined as

D=1/2Z | (s;-¢e)-0|=1/2Z s -t |,
where the "1/2" is a scale factor added so that the maximum value of the
index, in the case of total differentiation, will be equal to 1., When
the populations are equal in the sense that F=G, then s, = t for all
i; thus the term {(31 - ti)-O} represents the departure from equality
in the ith frequency class., The graphical expression of the index of
differentiation is obvious from its definition.

Technical Paper No. 22 also presents an alternative summary measure
based on a comparison of relative class frequences, but one which uses
weighted ratios, rather than unweighted differences, namely,

TS5 -1,

i
The term, Si -1 represents the departure from equality in the ith
-E; ’

frequency class; the need for weights, 8y, can be appreciated from the
following argument. Suppose the ith class is divided, so that the
proportions of populations A and B in one subclass are rsy and rt,_,
respectively, and, in the other subclass, (l-r)s; and (1-r)t_,
respectively., Then, if there were no weighting, each subcla%s would
contribute to the index the identical amount,

| TSy -1 = | QOsy =8

re, (1-o)ty ty

Because this alternative measure is less intuitive than the index of
differentiation, and because it has no finite maximum value and no
graphical representation, we will address our remarks to the index of
differentiation, although much of what we say is relevant to this
alternative measure, as well.

The index of differentiation is not unique; its value depends on the
choice of interval structure. For example, the value of the index when



used to measure the gap between men and women in the occupations they

hold is less if one difference | s,- t,| is computed for the entire
category of "professional, technical, and kindred workers'" than if dif-
ferences are computed for each of its subcategories--engineers, physicians,
elementary school and kindergarten teachers, nurses, etc.

A more detailed illustration can be given with data taken from Technical
Note No., 22:

The percentages of black families with incomes of
$5,000-$5,999 and $6,000-$6,999 in 1967 were 10.2%

and 8.0%, respectively. The corresponding percentages
for white families were 7.67 and 8.4%. The contribution
over these two intervals to the index of differentiation
is half of { |.102-.076| + |.080-.084| } = ,015. Compare
this to the contribution to the index over a single
interval from $5,000 to $6,999 of 1/2 { |(.102+.080)~
(.076+.084) [} = .011,

The dependgnce of the index of differentiation on the interval structure
follows, of course, from the basic theorem that the absolute value of a

3um of terms equals the sum of the absolute values of each term only

when tne terms are of the same sign. It will be noted that as the interval
structure becomes finer and finer, the index approaches its maximum value
of 1 even for quite similar populations.

The non-uniqueness of the index of differentiation makes difficult
deliberation on whether or not the index possesses the important

property of variance under a change in scale, We do note, however,

that, if k is the constant of scale, the value of the index will not
change if the old interval structure with endpoints of ...,K,L,M,N,...

is replaced by a structure with endpoints of ...,kK,kL,kM,kN,....

The distributions of black and white family income which constitute

the subject matter of Technical Note No. 22 are illustrative of a
fairly common situation wherein the proportion of one population exceeds
the corresponding proportion of the other in all of the first m
frequency classes, and the reverse is true in all of the remaining

(n-m) classes. 4/ Under these circumstances, only movement between

the first m and remaining (n-m) classes would be registered by the
index, but the index would not be sensitive to movement within the

firgt m or within the remaining (n-m) intervals.

4/ This is always the situation when the index of differentiation
is used as a measure of segregation, as the Duncans [14] do, because
the frequency classes are ordered according to their composition.



2., The modified Gini~Lorenz index

In 1905, Max Lorenz [4] proposed a graphical expression for within-group
inequality. Let V(x) denote the fraction of the total apgregate belonging
to members of the population with no more than x units; and let F(x) be,
as before, the relative cumulative distribution function for x. Then

the locus of points (F(x), V(x)) is the parametric representation of the
Lorenz curve. Lorenz suggested that the inequality within a population
could be appreciated with this curve if the diagonal, i.e., the "line

of equality" emanating from the origin with slope of 1, is the frame of
reference.

The Lorenz curve, by its definition, always lies below the diagonal, and
has several other interesting properties. It is convex: the second
derivative is always positive [16:49]. The first derivative (slope)

at any x equals the quotient of x by its mean [17:48]; in particular,
its slope at the mean equals 1, The maximum vertical distance between
the Lorenz curve and the diagonal is at the mean of x {18:307].

In 1914, Corrado CGini suggested an "index of concentration' to quantify
the graphical expression of inequality embodied in the Lorenz curve.
The Gini coefficient, G, is defined as the quotient of the area between
the Lorenz curve and the diagonal by the area below the diagonals

It has the property of invariance under a change of scale, 5/ which
Lorenz had insisted on.

The Gini index of concentration has evolved as the most popular summary
measure of within-group inequality. It is easy to show [20:274-6] that
the index can be computed from:

= I {F(x) V (xg41) = F (xg41) V (x) }

If the data are presented as class frequencies, then the X in the
above formula are the class endpoints, and the value obtained for G is
a slight underestimate-~for which a "grouping correction' is available
f21:10-11].

The index of concentration was not the first measure. proposed by Gini

reasure within-group inequality. The earlier measure developed in
1912, and known as the ''relative mean difference,’ is defined, in the

discrete case, as:

N « N J ’

-

where X denotes the mean value in the population. This measure expressing

é/ This is one of the properties of the Gini index of concentration
demonstrated in [19].



inequality as an average of differences between individuals, has a very
strong intuitive appeal. Indeed, for Cini, the attraction of the index
of concentration rested upon a relationship to the earlier measure, as
given in the following theorem which has been called '"remarkable' by
both Dalton [22:354] and Woytinsky [3:11): the index of concentration
is equal to one-half the relative mean difference. A proof for the
continuous case is given by Kendall and Stuart [16:49]}. For the
discrete case, Woytinsky [3:251-3] presents a proof by geometry, and

it is demonstrated algebraically in a number of ways--by von Bortkiewicz
{23:196-7], by Theil [24:121-3], and in Appendix C of this paper.

In a 1971 paper, James Sweet [25:2] undertakes to summarize the inequality
of the income distributions of blacks and whites with a modification of

the Gini-Lorenz index. As he describes it, '"...rather than comparing
the cumulative distributions of families and monevy income, we are

comparing the cumulative distributions of black and white families
ordered with respect to incomes." In our notation, the modified Lorenz
curve is the locus of points (F(x),G(x)). The modified index is the
quotient of the area between the modified Lorenz curve and the diagonal
by the area below the diaconal. The index can be computed from:

I {F(x;) G(x

) = cFlxg, ) 60xp) )

i+1

An alternate form, which emphasizes the contribution of each class to
the index, is:

F &), Biwg

i+1

-1
¢ (%;) S1+1

Clearly, the index equals zero when the distributions are identical and
equals one when there is no overlap.

We note that Duncan's [26, 27:61-63, 28:70-71] index of industrialization,
as well as segregation index #3 proposed by Jahn, Schmid, and Schrag
[29:298], 6/ both are examples of the modified Gini-Lorenz index.

Nevertheless, the device of adapting the Lorenz-Gini technique to
measure between-group inequality in terms of how far removed from a
"line of equality" is the locus of paired values from cumulative
distribution functions, represents a substantial departure from the

standard after which it was modelled. In its most general sense, the
curve may even cross over the diagonal; and this is, in fact, the case

with the index of industrialization. Even if we restrict ourselves to
situations where FzG, there is no guarantee--except in special cases

such as the measurement of segrepation, in which the population is ordered
according to its composition--that the curve is even convex. Most
importantly, the simple, remarkable relationship between the index and

the relative mean difference measure is, of course, gone.

6/ See the Duncans' [14] discussion of this index.



The modified relative mean difference

A most intuitive approach to the measurement of inequality is to compute

an average of pairwise differences. Hence Gini's recommendation of his
relative mean difference coefficient to measure within-proup inequality.

The need to store all the data in order to compute all pairwise differences,
as required for the relative mean difference measure, can be circumvented
by resorting to alternative formulae for the relative mean difference,

such as Kendall and Stuart's [16:50-51],

______ I (1) (N-i)(x -x,) s
NN i+1 74

where the x, are arranged in ascending order. Other formulae are
given by WOlé [19:48] and Mendershausen [30:162].

The relative mean difference measure of within-group inequality is
inherently an average of absolute differences. In fact, the sum of all
signed differences is zero. On the other hand, if we were to seek a
parallel to the relative mean difference to use for measuring the gap
between group A, composed of M values { x4}, and group B, consisting of
N values {yj}, we would think in terms o% signed differences, X4=Yys

and obtain
M N NM
1+ (Ex+Ly) M+ N))y} - {IZ (xi-yj) J (MeN)}
ii
However, we have:
NM N M M
I (x,-y,) = Z{I x,-L y,}
FERR BRI
N
= I (MX - My.)
3
h|
N N
=L Mx - I My,
3 j
= NMx - MN§ = MN(X - ¥).

Thus our proposed measure is mothing more than the quotient of
[MN (%-¥) /MN] , or (x-y), by the overall mean, (Mx + N¥);(M+N)

A measure of between-group inequality utilizing an average of pairwise
differences was also proposed by Joseph Gastwirth [31} in 1973, and it
is best described by comparison to the index presented above. Our
method consists of these steps:

(1) computing a difference for each pair (xi,yj);



(i1) weighting each difference by the reciprocal of M*N;
(iii) standardizing each weighted difference by the reciprocal of
the overall mean;

(iv) cumulating those standardized weighted differences for which
X425 into one sum, and cumulating those standardized weighted dif-

ferenges for which X{€ Y into another sum; and,

(v) defining the index as the difference of the two sums.
Gastwirth's method is different in two ways. First, it replaces the
overall mean in step (iii) with the average of x; and y.. Then, in
step (v), it defines the index as the quotient o% the flrst sum by the
sum of the two sums.

While the dissimilarity of the two methods in combining sums in step (v)
to yield an index is unimportant, the different ways of standardizing
deserve comment. Our strategy was to design an index of between-group
inequality analogous to the relative mean difference measure of within-
group inequality; and the latter standardizes with respect to the
population mean. In his paper, Gastwirth, however, proposes a variant
of the relative mean difference coefficient itself, recommending that
within-group inequality be measured by,

L x -x,
S o L S
N * N 1/2 (xk+xj) .
rather than by,
1 -
------ Iz | x - x| /% .
N * N 3

Gastwirth's rationale for replacing the relative mean difference measure,
despite its singular relationship to the Lorenz curve's area of concen-
tration, with an index devoid of geometric interpretation, is that, "the
standard measure, the Gini index, does not allow the overall inequality

to be split into parts such as the differences between blacks and whites."
The fact is, however, that, as Soltow [32] has demonstrated, the Gini
index does admit such a decomposition into the components of inequality--
though not as readily. 7/

7/ Soltow's paper is an interesting assessment of the response of
the Gini index of personal income inequality to changes in the age,
educational, and occupational structure of the population. The relative
mean difference is decomposed into three components, as follows:

: MH W NN w WM
W - -
A ZZ x - x |/x + B__II ly, - v31/y + ¢ LE|x -y, | /u
MM 3 NN ' M-N ]
where,
u = the population mean, (Mx + Ny) / (M+N):

Wy = X MM/u(M+N) (MHN)

WR = ¥ NN/u(MHN) (M+N) ; and

We= M+ N/ (MN)(MHN).
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A better recommendation for Gastwirth's innovation, relevant to both
the measurement of within-group inequality and the measurement of
between-group inequality, is that the resultant index is less affected
by a small number of very large values, Moreover, the innovation
responds to the reservations expressed by some to the appropriateness
of the Gini index for measuring income inequality, given that the index
attaches equal weights to equal differences in income with no regard

for the size of the incomes being differenced. As Kravis [33:179] has
articulated:

There are,however, both economic and statistical
grounds for casting the analysis in terms of
percentage rather than absolute differences in
income. Equal absolute differences in income of

say $100 may have very different significance if

one difference is found around the $1,000 level and
the other around the $10,000 level. Equal percentage
differences in income at two different points on

the income scale are apt, we believe, to have more
nearly the same welfare significance than equal absolute
differences.

Gastwirth's index can be used to approximate between-group inequality
when the data are in the form of class frequencies, if it is assumed
that all units in a class have the value of the midpoint (or some other
point) in the class. The computation of the index from individual
records appears to be a formidable task, unless some alternative formula
is discovered which avoids the need for storing all the data.

The rank statistic, U

Considering the recent popularity of nonparametric methods, it is not
surprising to find that a rank statistic be recommended as a coefficient
of between-group inequality. The statistic, U/MN, where M and N are,

as before the sizes of populations A and B, respectively, was proposed
by Gastwirth [34] in a 1973 paper.

Often called the Mann-Whitney statistic, after the statisticians who
introduced it im 1947 [35], and used primarily for testing the null
hypothesis of identical distributions, the U-statistic is defined as

the number of times a member of population B precedes a member of
populations A in a combined, ordered arrangement. Then the fraction,
U/MN, gives the probability that a randomly selected member of population
B precedes a randomly selected member of population A; so that small
values of U/MN are indicative of a concentration of members of A in

the lower ranks, while large values indicate a larpe concentration of

members of B there. Gastwirth gives the analog of U/MN, for the
continuous case, as | G(x)f(x)dx.



The U-statistic actually is a linear function of Wilcoxon's [36] "sum
of ranks" statistic, proposed two years earlier; thus a simple way for
computing U. The precise relationship is:

U=MN+ 1/2 N (N+1) - T,
where T is the sum of the ranks occupied by members of B,

Since it is easy to compute, it registers changes in F or G well, and,

as a rank statistic, it is not sensitive to the skewness of distributions,
the U-statistic has much to recommend it as an index of between-group
inequality. If the data are given as class frequencies, an approximation
can be obtained by assigning all members of the class the mean of the
ranks which they jointly occupy and proceeding to calculate T.

On the other hand, the U-statistic is less appealing intuitively than
indices which take account of the mapnitude of differences between
members of A and members of B. Also, the U-statistic has no evident
graphical expression.

Appendix A: A summary comparison of
indices of between-group inequality

The table below summarizes the streneths and weaknesses of several
indices of between-group inequality. A check mark (/) indicates that a
given index possesses a particular desirable property. No attempt is
made to distinpuish between indices in the degree to which they possess
some characteristic; the categorization is dichotomous. There is,
admittedly, an element of subjectivity in this characterization.

Seven indices are considered, as follows:

I1 = the index of differentiation or dissimilarity;

I2 = the modified Gini-Lorenz index;

I3 = the modified relative. mean difference;:

I4 = the modified relative mean difference, with Gastwirth's

innovation;
I5 = the U-statistic:
16 = the ratio of medians; and
17 = the ratio of means.
All these have been discussed in the paper, and all are intuitively in
alignment with the connotation of between-group inequality.

Desired properties Index

I1 12 13 14 15 16 17
Very intuitively appealing y Y/ Y
Invariant under change in scale valy v v v v
Quite semsitive to change y v v Y v
Easy to compute v v oY y v/
With a finite range Y A A AR A A
Serviceable even if data are grouped &-— 4 oYY
Resistant to effects of positive skewness 5 o/ Y

Possessing a geometric interpretation
a/ This is qualified in the text.
b/ Index I1 can be used only if the data are grouped.
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Appendix B: Comparing the black-white male indices of
earnings differentiation for all and 4-quarter workers

A Monthly Labor Review study of the earnings pap between black men and
white men in 1966 [8] finds that, when restricted to workers with earnings
in each calendar quarter, the gap is smaller than for all workers if
measured with the ratio of medians or means, but, surprisingly, larger

if measured with the index of differentiation. It observes, ''Contrary

to expectation, the distributional differences between black and white
workers with earnings in each quarter of the vear is greater than the
difference which exists between the earnings of all workers."

It goes on to make this analysis: '"Available data sources shed only
limited light on the causes behind the differences in the areas of
overlap among all and four quarter workers. It seems clear, however,
that part of the explanation must be that a substantially greater pro-
portion of blacks than of whites do not have earnings in all four quarters
of the year and that there are substantial differences in the occupations
of blacks and whites....'" We demonstrate here that the explanation is
simple if the index of differentiation is well understood; and that,

in fact, if there were a substantially greater proportion of whites than
of blacks who worked part-year, the excess of the 4-quarter worker index
over the all-worker index would be even greater.

As 1is often the situation with such subject matter, the index of
differentiation is here nothing more than the difference between the
proportions of the two groups falling in the lower-order frequency
classes. Using the data in table 1 of the Monthly Labor Review study,
we find the index to be the difference in the proportions of black men
and white men with earnings below $6,000--which for 4-quarter workers
is {.738 - .378}= .360.

Now, for part-year workers, the proportions of black and white men with
earnings under $6,000 were .991 and .978, respectively. The pronortions
among all workers who work part-vear were .343 for blacks and .267 for
whites.

When including part-year workers with &4-quarter workers, the fraction
of white men with earnings below $6,000 swells to:

{ (.378)(.733)+(.978)(.267) } = .538,

For black men, because the proportion of 4-quarter workers with earnings
below $6,000 was already quite high, the inclusion of part-year workers
raises it only modestly, to

{ (.738)(.657)+(.991)(.343) } = .825,
The resulting index of differentiation for all workers therefore was only
{.825 - .538} = ,287, despite the fact that black men were more often
part-year workers than whites,

11



Appendix C: An algebraic proof of Gini's theorem

The theorem states: the quotient of the area (A) between the Lorenz curve
given by (F(x),V(x)) and the diagonal by the area below the diagonal (i.e.,
1/2) is equal to one-half the relative mean difference of the N values
{x4}. 1If we let d denote any difference between a pair of values; and
if we arrange the values in ascending order and define Xn = % X4 then

the assertion of the theorem is:

! N
Ar1/2 = 1/2 {2191—- + -—=1}, or
i ¢ N N
(*) 4A°X N = I |d]

N

Now, the area A equals the difference between the area below the diagonal
(=1/2) and the area B below the Lorenz curve. Using approximating
trapezoids, the latter area is: 1/2 * 1/N . {X /X  + 2X1/XN + ...

+ 2%y /X + xN/xN} .

Therefore,

(**) QA‘XN-N=2-(N-1)XN—4 {Xi+X2+"‘+XN—1} .

The method of proof consists of observing that the numbers of times
each value x, appears on the left hand side and the right hand side of
equation (*) are the same.

m

Because Xm=Z x,, we see from (**) that xi appears on the left-hand side

i)
of (*) exactly {2°(N-1)-4(N-i)} = {41-2(N+1)} times.
As for the right hand side of (*), we have:
k N
Ildl = T {Z %)+ I (x -x )}
k j=1 J j=k+1
= E { (kxk—Xk) +(xN—xk - (N-k)x1)}
= i { (2k-N)xk + Xy -2xk} .

Summing over k, we find that x, appears exactly {(2i- N)+N-2(N-i+1l)}=
{41-2(¥+1)} times.
Q.E.D.

12
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