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OPTIMAL AND MAJORITY-VOTING EQUILIBRIUM LEVELS OF SOCIAL SECURITY

Sheng Cheng Hu 1/

I. INTRODUCTION

In the recent economic literature on social security, much atten-
tion has been focused on its welfare implications (e.g., Samuelson
[1975]), and its impacts on individual retirement decisions (e.g., Bos-
kin [1977], Sheshinski [1978], Diamond and Mirrlees [1978]) and capital
accumulation (e.g., Feldstein [1974], Munnell [1974], and Kotlikoff
[1979]). In all these works, the level of social security is assumed
to be exogenous although it is often determined in the real world by
the desire of the majority of voters and thus is an endogenous variable
of the economic system. While Browning [1975] and Hu [1978] did con-
sider the determination of social security by a majority-voting process,
they used the partial-equilibrium approaches in the sense that wages
and the interest rate were assumed exogenous and independent of social
security. The present paper constructs a simple three-period life-
cycle model in which social security is determined by the majority: .
voting process, and the rate of interest by the demand for and supply
of capital. In this framework, the tax rate voted by each person
depends on the market rate of interest, which in turn is affected by
the prevailing tax rate. It is assumed that social security is finan-
ced by a pay-as-you-go plan.

It is well-known that in a life-cycle model the competitive equil-

ibrium rate of interest could converge to a level lower than the growth



rate of population, thus resulting in intertemporal inefficiency (see
Diamond [1965]), and that an appropriate level of social security could
lead to the golden rule of capital accumulation (see Samuelson [1975]).
The question that can be raised is then whether such an optimal level
of social security can be brought about by a majority-voting process.
This paper shows that the outcome of the majority-voting process de-
pends crucially on whether the current tax rate is expected by voters
to remain effective over their life spans. Among publicly provided
goods (public or private goods), social security has least synchronized
tax payments and benefits. Current taxpayers will not receive their
benefits until quite a few years later when they are retired. Thus,
under the pay-as-you-go system in which pension benefits received by
each retiree are not directly related to his past contributions to
social security, unless voters are convinced that the current tax rate
will remain effective over their entire life spans (i.e., there will
not be another voting opportunity before their death), there is an in-
centive for them to misrepresent their preferences by voting now for a
lower tax rate and later for a higher tax rate. If no revoting oppor-
tunities were expected in the future and the true preferences of voters
were revealed, the majority-voting process could lead to oversupply of
social security, but the economy would never be intertemporally inef-
ficient. But if there are revoting opportunities in the future, it

is possible for the level of social security to be higher or lower than
the socially optimal level. With a properly designed voting process,

the social optimum can be achieved by a majority-voting equilibrium.



II, THE MODEL

(i) The Production Sector. Consider an economy in which the pro-

duction function is given by
Q(t) = F(R(t), L(t)), (1)

where Q(t) = total output, K(t) = capital sotck, and L(t) = the total
supply of labor. The production function satisfies the neoclassical
conditions: i.e., it is homogeneous of degree 1 with respect to capital
and labor, and exhibits positive but diminishing marginal products.
Moreover, capital is perfectly durable.

Assume that perfect competition prevails in the economy. The equi-
librium conditions for the factor markets require that the wage rate be
equal to the marginal product of labor and the real rate of interest be

equal to the marginal product of capital.

w(t) FL(K(t), L(t)), (2)

r(t)

P (R(E), L(t)). (3)
Because of the homogeneity of the production function, these marginal
products are homogeneous of degree 0 with respect to K and L. There-
2/

fore, (2) and (3) can be solved for

k(t)

A(r(t)) A' = L/F__ < O, (4)

w(t) Q(r(t)) Q' = -k < 0. (5)
where k = K/L. The right-hand side of (4) denotes the demand for cap-
ital per unit of labor which in equilibrium must equal the supply of
capital (i.e., the left-hand side). (5) is the well-known factor-price

frontier.

(ii) The Household Sector. Assume that the population of the




economy grows at a constant rate g. All individuals are alike except
in their ages. Each person born at the beginning of period t lives

for three periods. During the first two periods (i.e., t and t+l), he
works full time, earning a wage income of w(t+n~1l) and paying a social
security tax of x(t+n-1) when he is of age n. In the last period, he
retires completely and receives from the government pension benefits in
the amount of z(t+2). For simplicity, assume that his lifetime utility
function is of the Cobb-Douglas form and there is no bequest motive:
i.e.,

Ul(t) = allog cl(t) + azlog cz(t+l) + a,log c3(t+2),

3
(6)

a_=1
n bl

3
n=1
where cn(t+n—l) denotes his consumption in period t+n-1, when he is
aged n (n=1, 2, 3). His allocation problem is to choose cl(t), cz(t+l)
and c3(t+2) s0 as to maximize his lifetime utility subject to his life-
time budget constraint, which can be written as

cz(t+l) c3(t+2)

T+ (e41) T (e (er)) (e (ee)) - 18 (7

Cl(t) +

3 _ w(t+l) - x(t+1) z (t+2)
y (&) = wle) = x(0) + = ey W) (e ey - ®)
Solving this maximization problem gives
¢y (8) = a;y,(t),
c2(t+l) = a2(1+r(t+l))yl(t), (9)

c3(t+2) = a3(l+r(t+l))(l+r(t+2))yl(t).
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Upon substituting these consumption functions into (6), we obtain the

following indirect utility function:

Vl(t) = log yl(t) + vl(r(t+l), r(t+2)), (10)
where
3
vy = (o, + ay)log(l + r(t+l)) + aylog (I+r(t+2)) + El o log a_.
His saving in the first period is given by
a,(t) = w(t) = x(t) - cq ()
1 1 (11)
- (1o _ _ w(t+1l) -x(t+1) 2 (t+2) .
= (mep) (wle)-x(e) “1[ 1+t (t+1) (l+r(t+l))(l+r(t+2))]

This constitutes his terminal asset in the current period or the ini-
tial asset in the following éeriod (t+1). Note that al(t) can be
either positive or negative because this model does not impose any con-
straint on borrowing.

The allocation problem for an individual who is aged 2 at the end

of period t is to

maximize U2(t) = azlog cz(t) + a310g c3(t+l) (12)
c3(t+l)
subject to cz(t) +'I;;ZE;IY =Y, (13)
_ _ _ z (t+1)
yz(t) = (l+r(t))al(t 1) + w(t) x(t) + Trr(etl) (14)

where al(t—l) is his initial asset in the current period (t) or his
terminal asset in the last period (t-1), and yz(t) is his lifetime in-
come for the remaining horizon. Solving this maximization problem to

obtain



Cz(t) Bzyz(t), (15)

c,(t) 63(l+r(t+l))y2(t) s
where Bn = an/(az + a3), n =2, 3. And the corresponding indirect util-

ity function can be expressed as

VZ(t) = (az + a3)log yz(t) + vz(r(t+l)), (16)
3
vy = a3log (1 + r(e+l)) + gééanlog Bn.

The terminal asset for this person is given by

a2(t) al(t—l) (I+r(t)) + w(t) - x(t) - Bzyz(t)

17)
- _ - _a o o_z(etl)

(1 82)[al(t 1) (I+r(t)) + w(t) - x(v)] B,y Tre (et

Given the assumption that there is no bequest motive, the con~
sumption of an individual aged 3 equals his entire asset at the end of
the period,

c3(t) = az(t—l)(l+r(t)) + z(t).
Thus his terminal asset is equal to zero.

(iii) Financing of Social Security. Let us consider only :the

simple case where the social security system is financed by a pay-as-
you-go plan under which incomes are transferred from the Working pop-
ulation to retirees, and the government maintains its (social security)
budget balanced each period. This implies that

L, (e)z(t) = (L, (&) + L, (£)=x(t).
Here, Ln(t) denotes the population aged n in period t. Because the
population growth rate is g, Ln_l(t) = (l+g)Ln(t). Thus, the above

budget constraint can be rewritten as



z(t) = Ix(t), (18)
with

2
I= (L *+ Lz)/L3 = (1+g)” + (1+g) = (1+g) (2+g).
To facilitate our discussions, consider first the impact of social

security on the market equilibrium relations and derive the optimal tax

rate.

III, MARKET EQUILIBRIUM

(i) Short-Run Equilibrium. The total supply of labor in period t

consists of the net assets held by individuals aged 2 and 3 at the be-
ginning of the period:

K(t) = Lz(t)al(t—l) + L3(t)a2(t—l).
Therefore, the capital-labor ratio is given by

k(t) = K(t)/L(t) = elal(t—l) + ezaz(t—l), (19)

where

8, Lz(t)/(Ll(t) + Lz(t)) 1/(2+g) ,

6, = L3(t)/(Ll(t) + L,(t)) = 1/((2+g) (1+g)) = 1/ .
The rate of interest in period t is determined by

A(x(t)) = elal(t—l) + ezaz(t—l) (20)
and the current wage rate is in turn obtained from (5). Current con-
sumption cn(t) and the change in the social security tax, if any, are
made at the end of period t when incomes are received. Thus they affect
the supply of capital and thereby the interest rate only in the next
period. It is assumed that the individual has short-run perfect fore-

sight with respect to r(t+l) and w(t+l) when making his consumption

decisions at the end of period t. The equilibrium condition at the



end of period t is then given by

AMr(t+l)) = elal(t) + 62a2(t) = k(t+l)

Upon substituting from (11) and (17),

_ _ _ _fw(e+l) - x(e+1)
Ar(t+1)) = 61[(1 al)(w(t) x(t)) al< THr (e D) (21)

+ z(t+2)
(1+r (t+1)) (1+r(t+2))

+ 62l}l—Bz)(al(t—l)(l+r(t)) + w(t) - x(t))

_ g z(t+l)}
2 1+r(t+l)

The endogenous variable in this equation is of course r (t+1). al(t—l),
w(t) and r(t) are historical data. =x(t), x(t+l) and z(t+2) are policy
instrument variables. 1r(t+2) is the expected future interest rate.
The supply behavior is affected by the manner in which expectations re-
garding r(t+2) are formed. Withour further complications, let us
assume that expectations are adaptive so that

r{(t+2) = r(t) + §(r(t+l) - r(t)) = Sr(t+l) + (1-8)r(t) (22)
Taking this and equation (5) into consideration, we obtain upon differ-

entiating (21) with respect to r(t+l):

dk(t+1) _ -6 a <(l+r(t+l))Q'(r(t+l)) - (w(t+l) - x(t+1))
dr (t+1) 11 (l+r(t+l))2

_ z2(t4+2) (I+r (e+2)+8 (I+r(e+1)) >
(1 (t41) )2 (L (£42)) 2

-z (t+1) >
-8 B |——————=) >0 .
2 2<(l+r(t+l))2



Thus, while the demand for capital (A) is downward sloped, the supply
of capital is upward sloped with respect to the real rate of interest.
This ensures the existence of a unique short-run equilibrium, as illus-
trated in Figure la.

Consider now the short-run effect of a permanent change in the
social security tax. Setting x(t+l) = x(t) and z(t+2) = z(t+l) = z(t)=
Ix(t) in equation (21) and differentiating the resultant expression

with respect to x(t) yields

Bk(t+l) alr(t+l) alH
=(t) 61{1" T (erD) T (e (D)) (e (ery | 2 |1
8.m
2
+ l+r(t+l)J

which is negative because alr(t+l)/(l+r(t+l))<al<l and 8,<1. The
effect of a permanent increase in the social security tax is therefore
to shift the capital supply curve to the left and thereby raise the
short-run equilibrium rate of interest. This positive relationship be-
tween the equilibrium interest rate and the social security tax is

shown in Figure 1b by the RR curve.

(ii) Long-Run Equilibrium. In the long-run equilibrium where

w(t) = w¥, r(t) = r*, and an(t) = ag are all constant, (21) is reduced

to
M%) = {18, + 8,(1-8,) (L+r%)] <1- Tt °‘1> +0,(1-8))} (-
(23)
- {al[elﬁaz(l—ﬁz)(l+r*)] + 6232(l+r*)} _R?S_i — e 3
(1+4r*)



A(r(t+l))
k(r(t+l),xm(t))

k(r(t+l),x'(t))

(
!
!
!
|
1
!
!
I

x'(t) Xm(t)

Figure l.~-Determination of the Short~Run Majority-Voting
Equilibrium Tax Level
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with w* = Q(r*). The long-run supply of capital (i.e., the right-hand

side) is no longer necessarily increasing with respect to r*. But in

view of the long-run stability conditions, it may be assumed that
dk*/dr* > A" (r*).

That is, the supply of capital is either upward sloped or, if downward

sloped, steeper than the demand for capital. This ensures the exis-=

tence of a unique equilibrium. As can be seen, the second term in (22)

is negative; thus, for the equilibrium k* to be positive, the coeffi -
cient of (w-x) must be positive. It follows directly that k* is de-
creasing with respect to x. In other words, an increase in the social
security tax shifts the long-run supply curve of capital to the left,
and thereby raises the equilibrium interest rate:
4/
r¥ = r*(x), r*'(x) > 0. (23")

Let us now derive the optimal tax rate which maximizes the life-

time utility of a representative individual in the long-run equilibrium.

Substituting (23') into (10) and maximizing V., with respect to x, we

1

obtain the following first-order condition:

v
* %!

LB e s L

L S T (1+r%) (1+1%)

_ 2maxt | %t 20 ly } - (24)
3 * :
(1+1%) 1+r 1
Noting that @' = -k = -A, this condition can be shown to be satisfied

when r* = g. Thus the optimal tax rate obeys the golden rule of cap-
5/
ital accumulation. Upon substituting r*=g in (22) the optimal level

of the social security tax can be obtained:

11



el(l-al—al/(l+g)) + 62a3(2+g) - A(g)/ o(g) 6/

x_ = olg) . (25)
g 61+62(2+g)

The numerator on the right-hand side is simply the gap between the long-
run supply of capital that would have taken place in the absence of
social security (i.e., [el(l—al-ul/(l+g)) + 62a3(2+g)]g(g)) and the
demand for capital (A(g)) on the golden rule path. The optimal social
security tax is equal to the ratio of this gap to the marginal propen-
sity of capital supply with respect to social security (i.e., the de-
nominator). The question now arises as to whether the golden rule can
be achieved by a majority-voting process.
IV, TIDEAL MAJORITY-VOTING EQUILIBRIUM

In a democratic society, the value of x(t) is not exogenous but
rather determined by the desires of voters. Each voter chooses at the
end of each period the tax level x(t) €[0, w(t)] which maximizes his
utility over the remaining life span. Let us consider first the case
in which the voter knows that the benefit schedule is given by (18) and

he expects no revoting opportunities in the future so that the current
tax level, once determined, will remain effective over his lifetime.
Obviously, this last assumption is rather restrictive and will be
relaxed in the following section. Given these assumptions, the problem
for a voter aged 1 is to choose the level of x(t) which maximizes (10)
subject to condition (18), with x(t4+n) = x(t), n= 1, 2. Under the
previous assumption of adaptive expectations on r(t+2), the lifetime
utility (Vl) of the young voter is maximized when the following ex-
pression (i.e., the present value of his net benefits from social

12



security) is maximized:

-1 - 1 I
[ -t (l+r(t+l))(l+r(t+2))]x(t)

Here, the bracketed terms are positive or negative as

T2 (Lhr(e+2)) + (Lr(e+l)) (+r(e+2)) .
In the former case, he votes for as much tax as possible because his
lifetime utility increases with an increase in the tax. In the con-
verse case, he prefers no tax. If the interest rate is expected to
remain constant, which, as will be seen below, is the relevant case for
the present analysis, the former (resp. latter) case holds if g is
higher (resp. lower) than r(t+l). Thus his voting behavior has the

following property:

w(t) <

x(t) e[0, w(t)]p if r(t+l)<{;} g . (26)
=0

To put it another way, the hurdle rate of return that a young voter

would demand of social security is the market rate of interest, while

the marginal rate of return he expects from social security is g. If

this marginal rate exceeds the hurdle rate, he votes for the maximum

level of x(t). Conversely, if this rate is lower than the hurdle rate

of return on social security, he votes for nothing. When the two rates

are equal, he is indifferent among the tax levels.

For an individual aged 2, maximization of his lifetime utility

(16) is realized when

z(t+l) _ il
—x(t) T (et [’l * l+r(t+l)] x(t)

13



is maximized. Because this expression is increasing or decreasing
with respect to x(t) as r(t+l) is lower or higher than 1~1, his desired

tax level has the following property:

[

w(t) < _
x(t) e[0, w(t)] ) if r(t+1) { 3 } n-1 . (27)
0

While the hurdle rafe of return on social security for the middle-aged
voter is still r(t+l), his expected marginal rate of return from social
security is I - 1 > g, If this marginal expected rate of return ex-
ceeds the hurdle rate, he would prefer a 100% tax rate, and vice versa.
Because I - 1 > g, a middle-aged voter expects a higher marginal rate
of return from social security than a young voter. As a result, he
tends to desire a higher tax rate on social security. In particular,
when g < r(t+l) < 0-1, a middle~aged voter desires a 1007 tax rate
while a young voter a 0% tax rate. It needs no saying that a retired
7/

voter always desires a 100% tax rate.

In Figure 1lb, the XX line denotes the marginal rate of return on

social security for a middle-aged voter. As can be seen, for any tax

rate lower than xm, the market equilibrium rate of interest (the hur-
dle rate on social security) determined by the RR curve is less than
the marginal expected rate of return on social security for a middle-
aged voter, and therefore he prefers an increase in the tax rate; so
does a retired voter. Thus, the majority of voters prefer an increase
in the87ax rate (provided that the population growth rate is less than

100%).  If the tax rate is above X s then the marginal expected rate

of return from social security for a middle-aged voter is less than

14



the hurdle rate, thus he desires a fall in the tax rate; so does a
young voter. In other words, the majority of voters prefer a lower tax
rate. It follows that the short-run majority-voting equilibrium is

9/
determined by the intersection (e) of RR and XX, with

X

x (t) , (28)
m
r=r =1I-1 . (29)
m

Here, xm is obtained by setting r(t+l)= rm in equation (21), i.e.,

_ (wm—xm(t) I Xm(t) >:]
(1-a,) (w ~x (£)) - +
1 i 1" 'm m %1 l+rm (l+rm)2

Il
(@]

A(rm)

_ I xm(t)
* 0y | (W) (e (e) + wm 3, (8) = By Ty ] ’

or

1 ‘ .
xm(t) Y 3[%l(l—al-alez)+62(l-82)] W + (l—Bz)al(t—l}— A(rm)§(30)

where w = Q(r ) and D = 8_(l-a_ ) + 8 The value of x (t) so deter-
m m 1 1 m

9°
mined is an increasing linear function of al(t-l). This relationship
between xm(t) and al(t—l) is depicted in Figure 2 by the MM curve. On

the other hand, given xm(t), the terminal wealth of a youngster in

period t is given by

<wm-xm(t) me(t) )
a_ (t) = (I-a,)(w -x (£)) - o +
1 1 m m 1 l+rm (l+rm)2
(31)
= (l—al—alez)wm - (l—al)xm(t)

This equation determines al(t) as a linear decreasing functions of
xm(t), which is depicted in Figure 2 by AA. 1In this figure, given any

al(t—l), the value of xm(t) is determined by the MM line (point a),

15



which in turn determines al(t) (point b) through the AA line. The time
path of the economy is characterized by a sequence of cyclic movements
(a-b-c-d...), in which the tax rate desired by the public goes up and
down continually. Such cyclic movements can be either convergent to-
ward or divergent from the long-run majority-voting equilibrium (e).lg/
However, if the partial derivative of al(t) with respect to xm(t) (in

equation 31) and that of xm(t) with respect to al(t—l) (in equation 30)

are such that

da, (t) ax (t)
= = T (e >l
LN BT 8a, (=1 [ 50y

then the long-run majority-voting equilibrium is stable. Expanding the

above inequality yields

a3/ el(l—al) +0, <1 . (32)

This inequality can be shown to be satisfied if the subjective discount
11/
rate is positive and the population growth rate is less than 100%.

*
Setting xm(t) = x; and aT(ty=aT in equations (30) and (31) and
solving these two equations, we obtain the long-run equilibrium level

of x .
m

o« el(l—al—alez) + a3(1+62) - A(rm)/wm -

m Sl(l—al) + 62 + aq m

(33)

Because r >g and by (23) the long-run equilibrium r is increasing with
respect to x x; is higher than the socially optimal tax level given by
(25). Thus, although the majority-voting equilibrium does not achieve
the golden rule and thereby the social optimum, neither does it lead to

dynamic inefficiency in the sense that there exists another path which

16



provides more consumption for some periods but not less consumption for
12/
any period.

We have assumed that while voting takes place each period, voters
always expect that there will be no revoting opportunities in the
future so that the current tax rate will remain effective over their
lifetimes. As a result, their true preferences are revealed. The tax
rate so determined may be called the "ideal' majority-voting equili-
brium tax rate. However, among publicly provided goods, social secur-
ity has least synchronized taxes and benefits. Current taxpayers will
not reap their benefits until quite a few years later when they are
retired. Moreover, under the pay-as-you-go plan, their retirement ben-

efits are not directly related to their current contributions. Thus,
if voters have any reason to believe that there will be another voting
opportunity before their death, then their expected benefits from vot~
ing for a higher tax rate in the current period are much smaller
and possibly zero. Consequently, there is an incentive for them to
under-represent their true preferences. In other words, such an expec-
tation alters their preferences regarding current tax and benefit
levels. And the actual outcome can be quite different from the ideal
majority-voting equilibrium solution.
V. POSSIBILITY OF REVOTING

For expository convenience, let us imagine an economy where voting

takes place by random drawing with a probability of p that voting will
take place and the probability of (1-p) that it will not take place in

period t.

17



Figure 2,--Dynamic Adjustment Process of the Majority-
Voting Equilibrium
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Consider first the behavior of an individual aged 2. Assume that .
he expects that if revoting does take place next period, the resulting
tax rate is given by

x(t+1l) = x(t-1) + o(x(t) - x(t-1)) = ox(t) + (1-0)x(t-1) , (34)
and his future consumption will be
c2(e41) = (Be(erD) [a; (e=1) (L+r () ) ha(e) -x(£)=cy (£))
+ I(ox(t)+(1-0)x(t-1))
If, however, there is no revoting next period, then x(t+1)=x(t) and
his future consumption will be
P(e41) = (Qr(e+D)) [a) (e-1) (L4 (6))
+w(t) - x(t) - ¢, (£)] + Ix(t)
Thus his expected utility is

= a
EV2 = p[azlog cz(t) + aBlog c3(t+l)]

b (35)
+ (l-p)[azlog Cz(t) + a3log c3(t+l)]
Maximizing EV2 with respect to <, yields
a pa., (I+r(e+1)) (1-pa, (I4+r(t+1))
2 P73 _ 3 _ o
cz(t) ca(t+l) cb(t+l)
3 3
or
o pa (1-p)a
- %t) - - 3 -0 . o (36)
2 yz(t) - cz(t) yz(t) - CZ(t)
Here i
’ i _ _ _ x (t+1) o
yz(t+l) = (l+r(t))al(t 1) + w(t) x(t) + Ter(edl) i=a,b,
x2(e+1) = ox(t) + (1-o)x(e-1) ,
2 (t+1) = x(t)

Solving equation (36) gives cz(t) as a function of current after-tax

19



income, the interest rate as well as the probability of revoting, the
past tax level and the marginal impact of current tax level on future
taxes.

ey (£) = co((L+r(e))a, (e=1) + w(t) - x(£), r(t+1),0, p, x(t-1)) (37)
It can be shown that the left-hand side of (36) is positive for
c, = Bzmin{yg, yg} and is negative for c2=82[P Y; + (1-p) YZ]- Thus the

13/

desired level of consumption must be between —=
8,minlyy, v,) < eB(6) < 8,[p v5 + (1-p)yD] . (37")
It follows directly from equation (15) that if the tax level were per-
menent and were such that Yy = py; + (l-p)yg, then the desired level of
consumption for the middle-aged person would have been c2=82(py§
+(l-p)y2). However, as can be seen from (37), because of risk aversion,
uncertainty about future tax levels leads to a reduction of consumption.
Substituting the solution cg(t) into (16), we can write the result-
ant indirect utility function as
v, = Vz(x(t); (1+r(t))al(t—l) + w(t), r(t+l), o, p, x(t=1)) . (38)
The level of x(t) voted by a middle~aged person maximizes V2, and sat-
isfies the following first-order condition:
XY pa3(l+r(t+l) - Ilo) (l—p)a3(l+r(t+l) -1

2
= + =0 . (39)
ox(t) ci(t+l) cg(t+l)

Solving for the desired tax level x(t),

x(t) = xp((l+r(t))al(t—l) + w(t), r(t+l), x(t-1), o, p). (40)

As can be seen, (39) is positive if r(t+1)>I-1 and is negative if

r(t+l)<oll-1. Thus it is possible for the solution x_ to be higher than

w(t) or negative. Taking into consideration the appropriate constraint,
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the tax level voted by the middle-age person has the following proper-

ty:
w{t) >w(t)
x(t) = Xp(') if xP(') el0, w(t)]} , (41)
0 <0

where xp(') is given by equation (40).

Consider next the behavior of an individual aged 1. Assume that
he follows the same expectations as described in equation (34). There
are four possibilities regarding future voting opportunities: (i) There
is a probability of p2 that revoting will take place in each of periods
t+1 and t+2 with the resulting tax levels given by

x%(t+1) = ox(t) + (1-0)x(t-1) ,
2
K23 (e42) = oxP(e+l) + (L-o)x(t-1) = o°x(t) + (I-o2)x(t-1) .
(ii) There is a probability of p(l-p) that revoting will take place in
t+1 but not in t+2, with the resulting tax levels expected to be
x(t+l) = ox(t) + (1-0)x(t=1),
ab a
T (e+2) = xT(t+1) = ox(t) + (1-o)x(t-1) .
(iii) There is a probability of (l-p)p that revoting will take place
in t+2 only; the resulting tax levels are expected to be
0 (e+1) = x(t),
ba b
x O (t+2) = ox (t+1) + (1-0)x(t-1) = ox(t) + (l-o)x(t-1l) .
(iv) There is a probability of (l—p)2 that revoting will not take
place in either period t+l or t+2; the resulting tax levels are
b
x (t+1) = x(t),
<P (e42) = x(t) .

Here, the first superscript for x(t+2) denotes the voting opportunity
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in period t+l and the second superscript denotes that for period t+2.
An "a" means that revoting is expected to take place, and a "b" means

the converse. The superscripts for c, below are to be interpreted in

3
the same manner.
In each of the above four cases, his consumption in the third per-
iod is given by
céj(t+2) = [w(t) - x(t) - cl)] (I+r(t+1) ) (I+r (t+2)
+ [w(tH) - x (e = o ()] (e (eHD)) + 270 (e42),
i,j = a,b
His optimal current consumption therefore solves the following maximi-
zation problem:
max Vl = allog c

1

€1

ab
3

aa

+ o 3

+ p{max(a,log c )1}

€9

%(p log ¢

9 + (1-p)log c

b
+ a3(p log ¢ 24 (1-p)log cgb)]}

+ (l—p){max[azlog c 5

©2

2

The solution 1 to this maximization problem determines the current con-

sumption of the youngster as a function of w(t), w(t+l), r(t+l), x(t),

x(t-1) as well as p and g.

cl(t) = ci(w(t), w(t+l), r(t+l), x(t), x(t-1), p, ag) . (42)
And his terminal asset is given by

al(t) = w(t) - x(e) - E(e) . (43)
Again, using the same method as before, we can show that because of

risk aversion, uncertainty leads to a lower level of consumption; that

is, ci(t) is less than a1% of the expected lifetime income.
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Consequently, other things being equal, ai is less than that would have

been realized in the certainty case.

For any given current tax rate, the capital market equilibrium

condition is now given by

Ar(e+1)) = 8 [w(e) - x(£) = ] ()]

+ 6, [ (1+r(£))a (e=1) + w(t) - x(t) - SHON (44)
where cg(t) and cg(t) are, respectively, given by (42) and (37). Let
the solution r to (44) be denoted rp(t). As noted above, uncertainty
about future voting opportunities reduces consumption; thus other
things being equal, capital supply is larger and rp is lower than that
would have taken place if the tax rate is expected to remain constant
at the expected level.

The time path of the economy in the present case is characterized

by a random process. If there is no' voting to take place in the cur-

p

1 are determined by (43) and

rent period, then the equilibrium rp and a
(44) with x(t) equal to that in the previous period, i.e.,

x(t) = x(t-1)
If voting does take place, then the tax level x(t) is given by (4),
i.e.,

x(t) = xp(t) .

Equations (40), (43) and (44) now jointly determine the majority-voting
equilibrium values of (x(t), rp(+l),a§). These short-run majority-
voting equilibrium values are dependent not only on the historical data
such as al(t—l), x(t—%z7 r(t), but also on whether voting takes place

in the current periodf_— To illustrate, let us consider the extreme
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case in which voting is expected in each period (i.e., p = 1). Setting

p = 1 in equation (37) and making appropriate manipulations, we obtain

P _ a
cy = By, (),

T(ox(t) + (I=0)x(t-1))
1+r (t+1)

Correspondingly, in equation (39), the second term disappears while the

yz(t) = a, (e-1) (T () + w(e) - x() +

first term is positive or negative as oIl - 1 is higher or lower than
r(t+1). In the former (later) case the lifetime utility of a middle-
aged person increases (decreases) with the tax level. Thus his voting
behavior derived in (41) is reduced to

= w(t) <

x(t) ge[o, w(t)]g if r(t+l){;}cH -1 . (41")
=0 .
With expected future revoting opportunities, the marginal rate of re-
turn on social security for the middle—aged voter is decreased to

ol = 1, and it is lower the lower is the correlation between future and
current tax levels. 1In the extreme case where ¢ = 0, the marginal re-
turn on tax payments is negative and the middle—aged person would vote
for nothing. 1In the other extreme case where o = 1, because the cur-
rent tax rate is expected to prevail in the next voting process, he

behaves as if the current tax rate were to remain permanent.

In the same manner, setting p = 1 in (42), the level of current

consumption desired by a youngster is obtained

’

ci(t) = alyia(t) (42")

w(t+l) - (ox(t) + (1-0)x(t-1))
1+r (t+1)

yiit) = w(t) - x(t) +

T(o2x(t) + (1-02)x(t=1))
(T (trL)) (LFr(c+2)) .

-+
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The capital-market equilibrium condition (43) is reduced to

Az (t+1)) = Si¥l-al)(w(t)—x(t» _ al<%(t+l) - iiﬁiz+1)(l—o)x(t-l))
2 2
T(o%x(t) + (1-0")x(t=1)) \
T T @ (D) (T (e42)) }} (437)
+ 82{(1—82)((l+r(t))al(t—l) +w(t) - x(t))

g T(ox(t) + (l‘O)X(t—l))}

2 1+r (t+1)
Comparing this and equation (43) it follows directly that if x(t) >
(resp. <) x(t-1), the supply of capital is larger (resp. smaller) when
there are revoting opportunities than when the current tax rate is ex-
pected to remain permanent, and as a result the equilibrium rate of
interest determined by (43') is lower (resp. higher) than that by (43).
In other words, the effect of the expected opportunities for revoting is
to make the RR curve flatter. Let us label the RR curve for the pres-
ent case by R'R'.

In Figure 3, the short-run majority-voting equilibrium determined
by (41') and (43') is shown by point E, with

rM(t) =gl - 1

and

1 0+e2
53 [el(l— P ocl> + 82(1—82) ]WM+(1_82)eal(t—l)

’

@8y 1-g |
'< s 32)"5— Byt DA

xM(t)

where Wy = Q(rM). In contrast to the case where the current tax rate

is expected to remain permanent, the short=run equilibrium is dependent

on both al(t-l) and x(t-1). In particular, the equilibrium tax level is
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Figure 3.--Effects of Revoting Possibilities on the
Majority-Voting Equilibrium Tax Level
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higher the lower is the past tax level or the higher is the initial

wealth of the middle-aged. It can also be seen from Figure 3 that a

<
sufficient condition for XM(t) to be less than xm(t) is that xm(t) -

x(t-1). In the converse case, xM(t) can be either larger or smaller
than x_(t).

m

Making use of (42'), the terminal wealth of a youngster is given

by 5
Wy - (l-o)xM(t-—l) (1-0 )HxM(t—l)

+ +r )< .
1 1+r (1 rM)

M
a. = {1-a

N ) (w -,

1 M

Setting a? and x. constant yields the long-run equilibrium sccial secu-

M
rity tax:
- Sl(l-al—alez/o) + a3(o+62) - A(rM)/wM "o (331)
M= 8 40 5 5 +o
5. (1-a 2 -) + —g(a +q, ~Y+a_(o+6 )
1 lo c 2 1o 3 2

If o=1, then voters expect the current tax level to prevail in the next
voting process, and thus they behave as if there would be no future
voting opportunities. In other words, (33') reduces to (33). Upon

*

differentiating, %, can be shown to be an increasing function of o.

Therefore, the tax level so determined is less than that determined by
(33) where voters expect no future revoting opportunities., Moreover,

the rate of return on capital in the present case is higher than that
in the case of permanent tax rate. Depending on the value of o, the
rate of return can also be higher or lower than the growth rate of the
population., It is not an ultimate outcome that the majority-voting
equilibrium should lead to excessive provision of social security

relative to the socially optimal level (xg). Indeed, if 0=el, then
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*
x,=x and r =g, and consequently the majority-voting equilibrium is

Mg M
optimal.

In the more general case where 0<p<l, although the exact dynamic
adjustment process cannot be characterized, the following relationship
can be shown to be satisfied in the long-run equilibrium where the

same tax rate prevails in each period whether voting takes place or

not in that period:

* * * *® *
= - _ &P
Az) (31 : 62(1+rp)> G )

TR (15
+ - —
5 w? X, = o .
Inspection of (36), (LO) and (L2) shows that the long-run equilibrium
p* p¥
values of cy and c2 are equal to
* * 1 *
* * * . 7X X
ci = ay <W’ - x + = *p + g 2) ’ (L6)
p 1l+r (1+r )
. % % .
* % % WX X
cp=a<1+r><w-x+l°p+ = , (L7)
2 2 P P D (147 >2
1Y
*
and Xp must be such that
*
T, = poll + (1-p)I - 1 . (48)
Combining equations (45)-(L48), we obtain
o1 (1-p+op)] ( ) - A
-0 = —-p+ + +1-p+ -
X* _ 4 oy aleg/ l-p+op | oq 82 1-p+op rp w? ()
D 0 a0, N
o] 2 1°1
8, (1-ay- iﬁ@u162)+ Toprap L-5P(1-0)= 755l +a (1-prop)

Both the long-run equilidbrium rate of interest and tax level are

between those determined in the presence of annual voting opportunities
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and those under which the current cax rate is expected to be permanent.
Moreover, the higher is p the lower is the equilibrium r;. In partic-
ular, if o<1/(2+g), then setting
p = (1+g)/[(1-0)(2+g)] < 1, (L49)
the resulting long-run equilibrium interest rate is equal to g, and the
golden rule is attained. This suggests that with a properly designed
voting process in which p is chosen so as to satisfy(49), the majority-
voting equilibrium leads to the golden rule and is efficient in the ex
.lé/

ante sense,
VI. CONCLUDING REMARKS

This paper has shown that because contributions made to and bene-
fits received from social security are not synchronized, underrepresen-—
tation of preferences by voters could be brought about by the expecta-
tions of revoting opportunities under the pay-as-you go system. Al-
though with revelation of true preferences, the majority-voting equil-
ibrium may lead to excessive provision of social security, such an
equilibrium is never dynamically inefficient, In the case where future
revoting opportunities are expected with respect to social security,
the outcome of the majority voting process may depend on both the prob-
ability at which such an opportunity would take place and, should it
take place, the marginal impact of the current tax rate on the future
tax level., Obviously, the model constructed here is too simple. For
example, care for the welfare of the past or future generations may
lead to an alternative voting pattern (see, for example, Barro [1974]).

Introduction of imperfect capital markets or endogenous retirement
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decisions may also lead to undersupply of social security even if the
current tax.rate is expected to remain effective in the future. But
the conclusion remains that while the majority-voting equilibrium may
lead to either over or under provision of social security, a properly
designed voting process in the random sense could bring about the gol-~
den rule of capital accumulation., Finally, it should be noted that the
population growth rate is assumed constant, thus the only uncertainty
is about the possibility of revoting. With variable growth rate, there
would be further uncertainty about the size of the future working pop-
ulation contributing to social security. Under the assumption of risk
aversion, this double uncertainty would further reduce the desired tax

16/

rate.
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FOOTNOTES

1/ The author wishes to thank John Hambor, Dean Leimer, Michael Packard,
~ John Turner, and especially Benjamin Bridges and John Hagens for
numerous helpful comments and suggestions., Any remaining errors
are, of course, the asuthor's responsibility. This paper is based on
a research project supported by a grant from the Social Security
Administration to Purdue University.

™

g/ Because F_ is homogeneous of degree 0, (3) can be rewritten as

K

r = FK(k, 1),

which, upon differentiating yields
A' = dk/dr = l/FKK(k, 1) = L/FKK(K, L).

(Noting that F is homogeneous of degree -1). In the same manner,
KK
write (L) as

w o= FL(k,4l)
Differentiating this equation yiélds

dw/dk = FLK(k, 1) .

Therefore
Q= g— = .d.;‘i g‘—}E = FLK(k’ l) = -k
dr dk ar FKKZk’ 1)
+ =
because FKK<k, Lk Fog =0 .

;y After several manipulations, this equation can be reduced to

L + Lec F(K, L) - gK.

-+ =
1% * Bptp * Lges
Which says that in the long~run equilibrium, the aggregate level of
consumption equals the net national product of the economy.

E/ It should be noted that the monotonicity in the relationship between
the short-run and long-run equilibrium r and x follows from our
assumptions of (a) a Cobb-Douglas utility function, (b) absence of
bequest motives, and (c) exogenous retirement decision. In the more
general case this may not be true. See Hu [1979].

jy See also Samuelson [1975] for the two~period case.
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10/

11/

12/

Of course, in order for the tax rate to be positive, it is required
that

8, (1 -i{-g a;) + 8,0,(2+8) > M(g)/a(g) .

Recall that the individual does not have any bequest motive.

If g>10(0%, the youngest generation would dominate the two older gen-
erations and, as a result, the desires of young voters would deter-
mine the outcome of the majority-voting process.

To ensure that there is an intersection between XX and RR, it is
required that the equilibrium market rate of interest in the ab-
sence of social security be less than [I=1. Otherwise, the outcome
of the majority-voting equilibrium would be no social security.

It is possible for the long-run equilibrium point (e) to lie below
the horizontal axis. In this case, the young generation are the
borrowers in the capital market.

Let the discount rate be A. Then an can be rewritten as
(142) 370

% T TE(o+@nz e b 2 3
Inequality (32) now is reduced to
(Itg) (2+g) <1 .

(2+g) (24+1)+1+(1+1)+ (1+1)

This inequality is satisfied for A=0 and g=l. Note that the left-
hand side is increasing with respect to g and decreasing with res-
pect to A. Therefore, the inequality is also satisfied for all
A>0 and g<1.

It should be noted thatthis conclusion could be altered if, for
example, the bequest motive and care for retired generation are in-
corporated into the utility function of the representative individ-
ual. Introduction of an imperfect capital market also reduces the
desire for social security.

Although a similar conclusion was reached earlier by Browning
11975], his argument was based on the assumptions that (a) the in-
difference curves relating z (which determines what he called the
annual rate of return on taxes paid over lifetime) and x are U
shaped and identical for individuals of all ages, but the (govern-

ment) budget line shifts with age, and (b) constant wage and inter-
est rates, As can be seen from (10) and (16), the U shaped indif-

ference curves cannot be derived from the life cycle model under
constant wage and interest rates. Moreover, the indifference curves
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are not invariant to age.

13/ More explicitly
p_G+ /G2-4H

€2~ 2
where
G = (B, + (1-P)B)YE + (8, + PBay)y>
2 PIB3IY,) T (B T PR3y,
ab

14/ For further discussion of the importance of the previous tax rates
in determining the outcome of the majority voting process, see

Bridges [1978].

15/ This terminology follows Postlewaite and Schmeidler [1979]. It is
interesting to note that the election of the British Parliament
has some fandom elements in its timing.

16/ See also Bridges [1978].
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