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ABSTRACT

In order to clarify the effects of wave-wave and wave-mean flow interactions on the growth and maintenance
of extratropical tropospheric transient waves in the presence of a mean thermal restoring force, numerical
experiments are conducted with the use of a dry general circulation model having a zonally uniform ocean
surface. After the model has reached its steady state in the absence or presence of eddies, waves are allowed to
grow from small disturbances by including all or some of the zonal wavenumber components.

In the presence of all the wavenumbers (1-21), ultralong waves (wavenumber 1-3) and cyclone-scale waves
(wavenumber 4-9) initially grow as fast as short-scale waves (wavenumber 10-21), whereas ultralong waves do
not initially grow as fast in the absence of wave-wave interactions. However, in the mature stage, ultralong
waves attain a smaller amplitude in the presence of higher wavenumber components than they do in the absence
of these components. This smaller amplitude is due to the fact that the mean baroclinicity is reduced by ultralong
waves together with the higher wavenumber components to maintain equilibrium.

It is found that wave-wave interactions energetically play a more important role in the growth of ultralong
waves than in their maintenance, being consistent with their nonlinear growth. This implies that the wave—
wave energy transfer is sensitive to phase relations and is more efficient in the growing stage. It is also found
that the ratio between the kinetic and available potential energies of ultralong waves is increased in the presence
of wave-wave interactions. This implies that ultralong waves become more barotropic due to the nonlinear
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growth of external Rossby waves.

1. Introduction

In previous papers (Hayashi and Golder, 1977;
1983a,b; 1985) a spectral analysis was made of extra-
tropical disturbances simulated by GFDL general cir-
culation models. It was shown (Hayashi and Golder,
1983a) that westward moving ultralong waves were
somewhat enhanced, while eastward ultralong waves
were somewhat reduced by the effect of mountains. It
was also found (Hayashi and Golder, 1983b) that west-
ward moving ultralong waves were primarily main-
tained through the wave-wave transfer of available po-
tential energy, while eastward moving ultralong waves
were primarily maintained through the wave-mean
transfer of available potential energy. The westward
moving ultralong waves were associated with little ver-
tical tilt, corresponding to external (equivalent baro-
tropic) Rossby waves, while the eastward moving ul-
tralong waves were associated with some vertical tilt,
corresponding to baroclinic ultralong waves.

The growth of baroclinic ultralong waves may, to
some extent, be due to the baroclinic instability of re-
alistic zonal mean states. According to Hartmann
(1979), eastward moving planetary waves having a
narrow meridional width are associated with greater
baroclinic instability than those having a wide merid-

ional width such as those studied by Green (1960).
Baroclinic ultralong waves may also be excited by
wave-wave interactions. Nonlinear interactions be-
tween unstable and neutral baroclinic waves have been
studied by Loesch (1974), Loesch and Domaracki
(1977), Loesch and Peng (1978), Mansbridge and Smith
(1983) and Nathan and Loesch (1984), (see also Haid-
vogel and Held, 1980; Salmon, 1980; Vallis, 1983).

Gall et al. (1979), MacVean (1985), Young and Vill-
ere (1985), and Young (1986) demonstrated with the
use of simplified general circulation models that ultra-
long waves grew much more rapidly in the presence
of cyclone-scale waves than expected from their linear
growth rates. However, these simplified models are not
appropriate for demonstrating how transient waves
growing from small disturbances are maintained in
their mature stage, since the zonal baroclinicity. is
eventually destroyed by the waves in the absence of a
mean thermal forcing to restore the mean temperature
gradient.

The present paper is intended to clarify the effects
of wave-wave and wave-mean flow interactions on
the growth and maintenance of transient planetary
waves in the presence of a mean thermal restoring force:

1) ‘To reexamine whether transient ultralong waves
initially grow more rapidly in the presence of wave—
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wave interactions than they do in the absence of the
higher wavenumber components.

2) To examine whether transient ultralong waves
attain a larger amplitude in their mature stage in the
presence of higher wavenumber components than they
do in the absence of these components.

3) To examine whether wave-wave energy transfer
plays an important role not only in the growth of tran-
sient ultralong waves but also in their maintenance.

4) To examine whether transient ultralong waves
become more barotropic due to the nonlinear growth
of external Rossby waves.

For these purposes, numerical experiments have
been conducted with the use of a dry general circulation
model having a mean thermal restoring force. In section
2, the model used is described in more detail, while
the results of the experiments are presented in sections
3 and 4. Conclusions and remarks follow in section 5.

2. Brief description of the model

The numerical experiments conducted for the pres-
ent study used a hemispheric model (Northern Hemi-
sphere) based on a 9-level, 2 1-wavenumber (rhomboi-
dal truncation) spectral general circulation model, de-
scribed in Manabe et al. (1979) and Gordon and Stern
(1982). The biharmonic viscosity coefficient used in
the present model is 0.25 X 10?* cm* s™!. In order to
eliminate the inherent nonlinearity in the condensation
processes, moist convective adjustment was removed
from the model. The dry convective adjustment was
modified (see Smagorinsky et al., 1965) to adjust the
lapse rate to a moist adiabat whenever the lapse rate
became moist adiabatically unstable, since the dry adi-
abat is too unrealistic. For the effects of condensational
heating on extratropical transient waves, the reader is
referred to a numerical experiment of Hayashi and
Golder (1981). In order to eliminate stationary waves,
the original model’s surface is replaced by an all ocean
surface which has zonally uniform temperatures (see
Fig. 2 of Hayashi and Golder, 1981). These tempera-
tures were taken from the January zonal mean-of ocean
and ground temperatures of a 30-wavenumber spectral
model without mountains. The insolation was fixed at
the January mean value. The surface sensible heat
fluxes were retained to restore the zonal mean tem-
perature gradient, while the previous GCM experi-
ments of Gall et al. (1979), MacVean (1985) and Young
and Villere (1985) did not retain these fluxes nor in-
troduce an alternative mean thermal restoring force.

In section 3, the initial zonal mean conditions for
Experiment 1 (called day 0) were found by integrating
the model, allowing only the zonally symmetric com-
ponents (i.e., no eddies) until a steady state was reached.
Small random perturbations with equal wavenumber
amplitudes were then added to the temperature fields
on day 0. The model was then repeatedly time inte-
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grated, allowing single, restricted or all the wavenumber
components to interact.

In section 4, the time integrations for Experiment 2
were similar to those in Experiment 1 with the excep-
tion that the initial zonal mean state was taken from
day 90 of Experiment 1 with all the wavenumbers.

3. Experiment 1

Figure la shows the latitude-height distribution of
the mean zonal wind on day 0 in the absence of waves,
while Fig. 1b is on day 90 when the zonal mean state
has reached its steady state in the presence of fully
grown transient waves of all the wavenumber com-
ponents. It can be seen that transient waves somewhat
reduce the intensity of the tropospheric jet and shift
its position poleward from 25° to 45°N. The effect of
planetary waves on the steady state zonal flow has
been theoretically studied by Hayashi (1985a,b). The
unrealistically strong stratospheric jet in both Figs. la
and 1b is probably due to the absence of stationary
waves, the perpetual January mean condition and the
coarse vertical resolution.

a. The growth of waves

Figure 2a shows the time distribution of the tropo-
spheric kinetic energy (205-1000 mb, Northern Hemi-
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FIG. 1. Latitude-height distribution of the model’s mean zonal
wind on day 0 in the absence of waves (a) and day 90 in the presence
of fully grown transient waves (b). Contour intervals 10 m s™!. Dark
shade > 30 m s7', light shade < 0.
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sphere) of wavenumber 1, 5 and 15 components of the
model which allows all the wavenumber components
(full wavenumber experiment). The stratospheric eddy
kinetic energy was excluded from the vertical integral,
since the stratospheric mean wind is unrealistically too
strong. The hemispheric integral is essentially due to
extratropical disturbances, since tropical disturbances
do not attain a large kinetic energy in the absence of
condensational heating. It is seen that the wavenumber
1 and 5 components initially grow as fast as the wave-
number 15 component but attain a larger amplitude
in the mature stage than the wavenumber 15 compo-
nent.

Figure 2b is the same as Fig. 2a except that a single
wavenumber is allowed to grow without any wave~
wave interactions (single wavenumber experiment). In
contrast to the full wavenumber experiment, the wave-
number 1 component initially grows the slowest and
the wavenumber 15 component grows the fastest,
However, the wavenumber 15 component attains the

smallest amplitude in the mature stage. This result is -

consistent with the growth of wavenumber 5 and 15
components in Gall’s (1976) experiment in which a
single wavenumber component was allowed to interact
with the zonal mean, although his model did not have
a mean thermal restoring force. In Gall’s experiment,
however, wavenumber 1 did not grow, since the initial
zonal mean state of his dry model was taken from the
time mean of a moist general circulation model which
was associated with small baroclinicity.

In Gall’s (1976) GCM experiment, only a single
wavenumber was allowed to grow, while multiple
wavenumbers were allowed simultaneously in the two
level wave-mean flow interaction models of Pedlosky
(1981), Hart (1981), and Klein and Pedlosky (1986).
When only the wavenumber 1, 5 and 15 components
are allowed to grow simultaneously in the present
model (Fig. 2c), the wavenumber 1 component grows
very slowly. This is due to the fact that the mean baro-
clinicity is reduced by the wavenumber 5 and 15 com-

ponents. In this experiment, there are no wave-wave .

interactions among these three wavenumbers, since
‘wavenumber 1 is not equal to the sum or difference of
wavenumbers 5 and 15.

Figure 3a shows the time distribution of kinetic en-
ergy (205-1000 mb, Northern Hemisphere) of the
wavenumber 1 component in the model which allows
the full 21 wavenumber components (solid curve) and
that which allows only a single wavenumber 1 com-
ponent (dashed curve). Note that the wavenumber 1
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component initially grows much more rapidly with
wave-wave interactions (solid) than it does without
these interactions (dashed). Interestingly, this compo-
nent attains a smaller amplitude in its mature stage in
the presence of higher wavenumbers (solid) than it does
in their absence (dashed). This smaller amplitude is
due to the fact that the mean baroclinicity is reduced
by the wavenumber component together with the
higher wavenumber components to maintain equilib-
rium. Figure 3b shows similar results for the wave-
number 3 component, although the effect of wave-
wave interactions during the growing stage is less dra-
matic. :

Figures 3c and 3d show the growth of the wavenum-
ber 4-9 and 10-21 components, respectively, for the
experiment allowing the full 21 wavenumber compo-
nents (solid) and that allowing restricted 4-9 and 10-
21 wavenumber components (dashed). Note that wave-
wave interactions have little effect on the 4-9 and 10-
21 components during their growing stage. Both these
components attain somewhat smaller amplitudes in
their mature stage in the presence of other wavenum-
bers (solid) than they do in the absence of the other
components (dashed).

b. Eddy kinetic and potential energies

Table | shows the ratio (Kn/An) between kinetic
(Kn) and available potential (An) energies of the wave-
number #n components during the mature stage (day
31-90) of the experiments with full and restricted
wavenumbers. It should be noted that wave-wave in-
teractions increase this ratio for ultralong waves (wave-
number 1-3). This increase can be interpreted as the
increase in the magnitude of external (equivalent baro-
tropic) waves relative to that of baroclinic ultralong
waves. In other words, wave-wave interactions make
transient ultralong waves more barotropic. On the other
hand, wave-wave interactions make short-scale tran-
sient waves (wavenumber 10-21) more baroclinic.

4. Experiment 2

In section 3, the initial (day 0) zonal mean condition
was given by a zonal mean steady state in the absence
of disturbances. In this section, these experiments have
been repeated (Exp. 2) by replacing the initial mean
states by those taken from day 90 of Exp. 1 in which
all the wavenumbers were present.

FIG. 2. Time-distribution of the kinetic energy (205-1000 mb, Northern Hemisphere)
of the wavenumber 1 (solid), 5 (dashed), and 15 (dotted) components of the model
(Experiment 1) which allows (a) full wavenumber 1-21 components to grow. (b) As
in (a) except that the model allows a single wavenumber component to grow. (c) As
in (a) except that the model allows wavenumber 1, 5 and 15 components to grow

simultaneously.
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TABLE 1. Wavenumber distribution of the ratio (Kn/An) between
kinetic (Kn) and potential (An) energies (Exp. 1, day 31-90, Northern
Hemisphere, 205-1000 mb) of the models with full and restricted
wavenumbers.

n Full Restricted
1 1.3 0.5
2 1.1 0.7
3 1.2 0.8
4-9 1.7 1.9
10-21 2.8 44

a. The growth of waves

Figure 4 is the same as Fig. 2 (Exp. 1) except that
Exp. 2 has this new initial mean condition. In the
presence of wave-wave interactions (Fig. 4a), the
wavenumber 1 and 5 components grow nonlinearly
. after day 5 as fast as the wavenumber 15 component.

In the absence of wave-wave interactions (Fig. 4b), the
wavenumber 15 component grows the fastest and the
wavenumber 1 component grows the slowest as in Exp.
1. However, these components grow more slowly in
Exp. 2 than in Exp. 1. This is due to the fact that the
new initial mean condition is associated with less baro-
clinicity. When wavenumbers 1, 5 and 15 are allowed
to grow simultaneously (Fig. 4c), wavenumber 1 grows
very slowly.

Figure 5 is the same as Fig. 3 (Exp. 1) except that
Exp. 2 has the new initial mean condition. As in Exp.
1, the wavenumber 1 component (Fig. 5a) grows more
rapidly in the presence of wave-wave interactions (solid
curve) than it does in their absence (dashed curve). In
the absence of other wavenumbers (dashed), this com-
ponent grows more rapidly after day 20 than it does
before day 10. This rapid growth rate is due to the fact
that the mean baroclinicity becomes stronger with time
due to the mean thermal restoring force (surface sen-
sible heat flux) in the absence of other wavenumber
components. When the zonal mean state is fixed in
time and only the wavenumber 1 component is allowed
to grow (dotted curve), it is seen that this component
grows more slowly than when the zonal mean state is
allowed to vary with time (dashed).

Figure 5b indicates that the wavenumber 3 com-

' ponent also attains a smaller amplitude in the presence
of other wavenumbers (solid) than it does without these
components (dashed). However, there is little difference
during the growing stage between the single wavenum-
ber experiments with and without the zonal mean fixed
in time. This is because wavenumber 3 grows fast
enough to offset the time change of the zonal mean
state due to the mean restoring force. The dotted curve
shows that, after 30 days, the kinetic energy of the
wavenumber 3 component with the zonal mean fixed
surpasses that without the zonal mean fixed. However,
it is not meaningful to fix the zonal mean state in the
mature stage when the amplitude is being saturated
through wave-mean flow interactions.
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Figures 5¢ and 5d indicate that the wavenumber 4-
9 and 10-21 components also attain smaller amplitudes
in the presence of other wavenumbers (solid) during
the mature stage than they do in the absence of the
other wavenumbers (dashed). There is hardly any dif-
ference in the growing stage between the restricted
wavenumber experiments with (dotted) and without
(dashed) the zonal mean state fixed in time. However,
this result does not imply that wave-mean flow inter-
actions do not affect these components, since the new
initial zonal mean state has resulted from wave-mean
flow interactions.

b. Energetics

These experiments with and without wave-wave in-
teractions have demonstrated that wave-wave inter-
actions play a more important role during the growing
stage than in the mature stage. This suggests that wave—
wave interactions energetically play a more important
role in the growing stage than in the mature stage. In
order to confirm this possibility, a comparison is made
of the energetics of the waves during their growing and
mature stages.

The wavenumber energy equation (Saltzman, 1957;
Hayashi, 1980) is written as

0Kn/dt + dAn/dt = (Km-Kn)+ (Ko -Kn)
+(Am-An)+(Ao-Any+---. (1)

Here, Kn and An are the kinetic and available po-
tential energies for the zonal wavenumber n compo-
nent. The (Km-Kn) represents the “wave-wave
transfer” of kinetic energy to the wavenumber 7 com-
ponent by interaction among all the different (m)
wavenumber components excluding 0 and », while the

-(Ko-Kn) represents the “zonal-wave transfer” of ki-

netic energy to the wavenumber # component by in-
teraction between the zonal flow and the wavenumber
n component. Similarly, the (Am - An) and (Ao An)
represent the “wave-wave and zonal-wave transfers”
of available potential energy, respectively. The energy
transfer spectra have been formulated from the equa-
tions of motion in the advection form. The explicit
expressions can be found in the Appendix B of Hayashi
and Golder (1983b). .

Table 2a and Table 2b show the energy transfer terms
for Exp. 2 in which all wavenumbers are allowed during
the growing stage (day 5-15) and the mature stage (day
31-90), respectively. According to Table 2a, the wave—
wave energy transfers (Km - Kn) and (Am - An) play
a dominant role in the nonlinear growth of wavenum-
ber 1, while these transfers are comparable to the zonal-
wave transfer (Ao-An) of available potential energy
in the nonlinear growth of wavenumbers 2 and 3. There
is also the possibility that (Ao« An) itself has been in-
creased by the wave-wave energy transfer (Am - An)
which enhances available potential energy. On the
other hand, wavenumbers 4-9 and 10-21 lose their
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energy to ultralong waves by wave-wave energy trans-
fers (Km - Kn) and (Am - An). These losses are, how-
ever, negligible against their energy gain through the
zonal-wave energy transfer (Ao - An), being consistent
with the result that wave-wave interactions had little
effect on the amplitudes of the wavenumber 4-9 and
10-21 components during their growing stage.

In the mature stage (Table 2b), the wave-wave en-
ergy transfers (Km+Kn) and (Am-An) play a less
important role in the maintenance of ultralong waves
than they did in their growth. In particular, these
transfers play a minor role for wavenumber 2 and 3
~ in spite of the larger amplitudes in the mature stage.
This implies that wave-wave energy transfer is sensitive
to phase relations and is less efficient when the ampli-
tude is saturated. The wavenumber 10-21 components
gain energy through the wave-wave energy transfers
(Am-An) and (Km-Kn) occurring in the mature
stage as observed (Saltzman, 1970), whereas these
small-scale components lose energy to larger-scale
waves by these energy transfers occurring in the growing
stage. On the other hand, the wavenumber 4-9 com-
ponents lose energy through the wave-wave energy
transfers (Km - Kn) and (Am - An) in the mature stage
as well as in the growing stage.

5. Conclusions and remarks

The present experiments have resulted in the fol-
lowing conclusions concerning the growth and
maintenance of tropospheric extratropical transient
waves. ’ .

1) Transient ultralong waves grow from small dis-
turbances as fast as cyclone-scale and short-scale waves
due to wave-wave interactions, whereas transient ul-
tralong waves do not grow as fast in the absence of
wave-wave interactions.

2) Transient ultralong waves attain smaller ampli-
tudes during their mature stage in the presence of higher
wavenumber components than they do in the absence
of these components. This result is due to the fact that
the mean baroclinicity is reduced by ultralong waves
together with other waves to maintain equilibrium.

3) Wave-wave energy transfer plays a more impor-
tant role in the growth of transient ultralong waves
than in their maintenance, being consistent with their
nonlinear growth. This implies that the wave-wave en-

TABLE 2a, Wavenumber energy transfer spectra (107> W m™2) av-
eraged over day 5-15 (Exp. 2, Northern Hemisphere, 205-1000
mb). .

n 1 "2 3 4-9 10-21
Km:Kn) 52 41 14 —87 -20
Ko+Kn) -9 -1 4 -117 —74
Am -An) 65 . 46 52 —154 —11
Ao+ An) 37 58 78 1546 701
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TABLE 2b. As in Table 2a except for day 31-90.

n 1 2 3 4-9 10-21
Km-Kn) 40 25 4 —198 132
Ko-Kn) -10 =71 —184 =778 -16
Am-An) 121 43 -9 -270 124
Ao-An) 128 521 760 3202 234

ergy transfer is sensitive to the phase relations and is
more efficient in the growing stage. Short-scale waves -
(wavenumber 10-21) lose energy to larger-scale waves
through wave-wave energy transfer occurring during
the growing stage, while they gain energy through this
transfer during the mature stage.

4) Wave-wave interaction increases the ratio be-
tween the kinetic and available potential energy of
transient ultralong waves. This implies that transient
ultralong waves become more barotropic due to the
nonlinear growth of external Rossby waves.

Conclusion 1 demonstrates the importance of wave—
wave interactions in the growth of ultralong waves from
small disturbances. The fact that this conclusion does
not crucially depend on the initial mean flow suggests
that wave-wave interactions may also play an impor-
tant role in the occasional amplification of observed
ultralong waves. However, it is beyond the scope of
the present experiments to explain this kind of ampli-
fication. It is of future interest to examine whether large
scale initial errors grow rapidly in a forecast model in
the absence of small scale initial errors.

Conclusion 2 suggests that cyclone-scale waves affect
the amplitude of ultralong waves not only directly
through wave-wave interactions but also indirectly
through wave-mean flow interactions. The smaller
amplitudes may be, to some extent, due to the fact that
surface friction nonlinearly increases with the number
of wave components.

Conclusion 3 suggests that the time mean energetics
during the mature stage should not be interpreted as
describing how waves grow energetically. This conclu-
sion does not imply that wave-wave interactions play
a less important role in the maintenance of ultralong
waves than in their growth, since the zonal-wave trans-
fer of energy may have increased as a result of wave-
wave interactions.

Conclusion 4 is consistent with the result of Hayashi
and Golder (1983b) that westward moving external ul-
tralong waves are maintained primarily through the
wave-wave energy transfer of available potential en-
ergy, while eastward moving baroclinic ultralong waves
are maintained primarily through the zonal-wave
transfer of available potential energy.
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