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ABSTRACT

Interpretations are given of two different formulations of space-time spectral energy equations derived
by Kao (1968) and Hayashi (1980).

Contrary to Kao’s interpretation, it is argued that his formulation does not describe how spectral energy
is maintained, since his equation corresponds to the imaginary part of the energy equation of space-time
Fourier components which governs the frequency (time change of phase).

On the other hand, Hayashi’s formulation is consistent with Saltzman’s (1957) wavenumber spectral
energy equation, since his formulation corresponds to the real part which governs the growth rate (time
change of amplitude).

1. Introduction and nonlinear energy transfer spectra, extending the
. wavenumber spectral energy equation formulated by

Kao (1968) has formulated wavenumber—fre- Saltzman (1957). Kao’s energy equation has been
quency (space-time) spectra and an energy equation applied to atmospheric disturbances in several papers
governing the maintenance of these spectra by linear (e.g. Kao and Lee, 1977; Chen et al., 1981). This
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equation is different from the time-Fourier decom-
position of the wavenumber energy equation as for-
mulated by Kao (1980) and applied by Kao and Chi
(1978) to analyze the evolution of wavenumber spec-
tral energy.

Hayashi (1971) proposed a method of estimating
space-time cross-spectra by the use of time-cross
spectral analysis. This method gave additional in-
formation of phase and coherence. Recently, Hay-
ashi (1980) reformulated the wavenumber (or wave-
- number-frequency) spectral energy equations in
such a way that both linear and nonlinear energy
transfer spectra can be estimated by wavenumber
(or wavenumber-frequency) cross-spectral analysis,
while the Saltzman and Kao formulations involve
convolutions of Fourier transforms. Although equiv-
alence between the Hayashi and Saltzman wave-
number energy equations was discussed, inequality
between Hayashi’s and Kao’s wavenumber-fre-
quency energy equations was overlooked.

In Section 2, the interpretations of the two dif-

ferent formulations of the wavenumber-frequency
energy equations are discussed. A summary and re-
marks are given in Section 3.

2. Space-time spectral energy equations

For the sake of elucidating the differences between
Hayashi’s and Kao’s formulations in a simple man-
ner, the present argument will be based on the lin-
earized equations of motions without a basic flow
and dissipation.

These equations are expanded into a space-time
Fourier series and each Fourier component satisfies
the following equations;”

3d/at — fo = —ap/ox,
/ot + fii = ~d¢/dy,
31 /dx + db/dy + d&/dp = 0,
3¢/dp = ~a, (4)

where the tilde denotes the space-time Fourier com-
ponent which varies with x and ¢ as d(x, t) = d(k,
o) exp(ikx + iat), where #i(k, o) is the space-time
Fourier transform. The real part of the complex Fou-
rier component represents a physically meaningful
quantity.

Multiplying (1) and (2) by the complex conjugates
#* and D* respectively, and adding them, we have

a*00 )3t + v*av /ot — 2if Im(a*D) ‘
= —0*3¢/dx — D*dp/dy.

(1
(2)

(5)

The right-hand side of (5) can be rewritten by use
of (3) and (4) as

—0G*3¢/dx — D*3p/dy

= —3(d*¢)/dy — a*d)/dp — &*&, (6)
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with use of the identity
a*3p/0x = Hi*$)/dx — (9ir* /9x)¢.

Hayashi’s energy equation is derived by taking the
real part of (5) along with (6) as

150(|a? + |B]2) /0t
= —9 Re(i*$)/dy — d Re(a*$)/dp

— Re(a*a), (7)

with use of the identity
Na*@)/dt = 2 Re(a*di/at).

The relation (7) can also be derived by first taking
the real part of (1)-(4) and then taking only the
zonal (not time) average [ ] of the resulting energy
equation by use of the identity

[Red Ret] = Re(i7*D)/2.

The relation (7) corresponds to the linear parts of
Hayashi’s energy equation. The left-hand side can
be rewritten as —o,(|Z]> + |D|?) where o, is the imag-
inary part of the complex frequency. This o; is ac-
tually zero for the space-time Fourier components,
since their kinetic energy is constant with time.
Re(&*&) is proportional to the space-time cospec-
trum between w and « and can be estimated by use
of a conventional time-cross spectral analysis such
as that proposed by Hayashi (1971). It follows that
a wavenumber-frequency integration of (7) coin-
cides with the conventional linearized perturbation
kinetic energy equation ‘averaged over x and ¢. If the
space-time Fourier components are replaced by the
space-Fourier components, (7) would correspond to
the linear part of the wavenumber spectral energy
equation formulated by Saltzman (1957).

On the other hand, taking the imaginary part of
(5) along with (6) gives

(90/an)(|al* + |B*) = 2f Im(a*D)
- 9 Im(5*¢)/dy — 9 Im(&*$)/dp — Im(&*$), (8)

with use of the identity Im(i*d4/dt) = (38/31)|al*,
where 8 is the phase defined by @& = [i| exp(if) and
30/t = o.

Thus the real (7). and imaginary (8) parts govern
the growth rate and frequency (time derivative of
amplitude and phase), respectively.

Next, Kao’s (1968) energy equation can be ob-
tained by replacing d/9¢ and d/dx in (5) by ic and
ik respectively and dividing by ic as

[a* + 191 = 2(f/o) Im(a*d)
— (k/o)i*¢ — D*d¢/dy/(is) (9a)
= f/Ga)[a*(d — D) — 0*( — 1)), (9b)

where u, and v, are the geostrophic components of
the wind.
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This relation (9) corresponds to the linear (ageo-
strophic) parts of Kao’s energy equation. The terms
on the right-hand side are complex valued. However,
the imaginary parts of these terms cancel each other.

Due to the division by the imaginary frequency io
in deriving (9a) from (5), the real part of (9a) vir-
tually corresponds to the imaginary part of (5) and
is reduced by use of (6) to

[a? + 0] = 2(f /o) Im(d*D) — 8 Im(5*$)/dy /o
— 8 Im(&*¢)/dp/o — Im(&*&)/o. (10)

The terms on the right-hand side are proportional
to the space-time quadrature spectra as pointed out
by Chiu (1970).

It follows from (10) that the kinetic energy is re-
lated to the quadrature (90° out of phase) correlation
between vertical velocity and temperature, since

Im(&*a&) = |al|®| cos[8, — 0, + (x/2)].

It also follows from (10) that the kinetic energy is
related to the Coriolis force as noted by Chiu (1970).
Although these conclusions are difficult to interpret
physically, they are mathematically correct and not
contrary to the principles of physics. Nevertheless,
Kao’s energy equation (10) cannot be physically in-
terpreted as describing how spectral energy is main-
tained, since his equation does not describe the time
change of energy. )

The above argument can be clarified by rewriting
Hayashi’s energy equation (7) in such a way that the
left-hand side represents the spectral energy rather
than its time derivative as follows.

Integrating (7) with respect to time gives

! 13
E@) = B0) + [ Pdi - [pa, an
0
where E(?) is the spectral energy at time ¢, while P
and D represent the energy production and destruc-
tion terms, respectively.

Eq. (11) states that E(¢) is not altered from its
initial value E(0), when P and D cancel each other
or when both P and D are zero. In other words (11)
describes how spectral energy is maintained.

On the other hand, Kao’s equation (9), which has
been divided by ig, cannot be interpreted as the time
integration of (5), although this division corresponds
to a time integration of (1) and (2). This is because
(9) has been derived by multiplying (1) and (2) by
* /(io) and * /(ic), respectively. Since Kao’s equa-
tion does not take the form of (11), it cannot be
interpreted as describing how spectral energy is
maintained.

When the right-hand side terms of (7) are bal-
anced with the Rayleigh friction —«(|@{* + [8|*), Eq.
(7) can be rewritten as

|al? + |p]> = —9 Re(v*$)/dy/«

— d Re(a*$)/dp/x — Re(&*&)/x. (12)
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This equation resembles Kao’s equation (10) in form -
except that the imaginary part and ¢ are replaced
by the real part and «, respectively. It should be noted
that Kao’s equation (10) does not explicitly involve
k even when adding the Rayleigh friction. It is in-
correct to interpret the terms.on the right-hand side
of (12) or (10) as representing the production, de-
struction or transfer of energy, since neither of these
equations describes the time change of energy as in
(11). Neither of them can explain why spectral en-
ergy is maintained at the level given by the terms of
the right-hand side, since these terms must be esti-
mated from data.

3. Summary and remarks

Interpretations are given of two different formu-
lations of the space-time spectral energy equations

~ derived by Hayashi (1980) and Kao (1968).

Mathematically, the two formulations are derived
from the real and imaginary parts of the energy
equation of space-time Fourier components which
govern the growth rate and frequency (time deriv-
ative of amplitude and phase), respectively. Physi-
cally, Hayashi’s formulation (7) is consistent with
the conventional perturbation energy equation as
well as Saltzman’s (1957) wavenumber spectral en-
ergy equation. On the other hand, Kao’s energy
equation (9) cannot be physically interpreted as de-
scribing how energy is maintained, since his equation
does not describe the time change of energy. In other
words, Kao’s equation is a diagnostic relation such
as the well-known Eliassen-Palm relation between
energy and momentum fluxes. This relation does not
mean that energy flux is physically maintained by
momentum fiux or vice versa. Kao’s equation merely
states that, when energy is somehow maintained, it
is equal to the sum or residue of the right-hand-side
terms which do not represent the production, de-
struction or transfer of energy. His equation should
not be interpreted as explaining why spectral energy
is maintained at the level given by the terms on the
right-hand side, since these terms must be estimated
from data. Moreover, when the frequency ap-
proaches zero (stationary), the .individual terms on
the right hand of his equation which have been di-
vided by the frequency become infinitely large, al-
though their residue remains finite. For quasi-sta-
tionary waves the kinetic energy is equal to the small
difference of very large terms.

It would be controversial to argue whether or not
Kao’s equation is a physically meaningful diagnostic
relation. At any rate, his formulation should not be
confused with Hayashi’s formulation which describes
how spectral energy is maintained or with the time-
Fourier decomposition of the wavenumber energy
equation as formulated by Kao (1980) to describe
the evolution of wavenumber spectral energy.

It should be remembered that the cospectral terms
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contribute to the maintenance of the amplitude of
traveling or stationary waves. These terms cancel
each other in such a way that the left-hand side of
the energy equation (7) governing the time change
of the kinetic energy vanishes. On the other hand the
quadrature spectral terms contribute to the main-
tenance of the phase of stationary waves. These
terms cancel each other so that the left-hand side of
the phase equation (8) governing the time change of
phase vanishes.

In support of the present interpretations, the fol-
lowing comments were offered by one of the anon-
ymous reviewers:

“This discussion of Kao’s formulation of space-
time spectral energy equations makes valid points
and clarifications that should be published. Kao’s
interpretations of his own equations are clearly in
error, and it is of importance to have these errors
elucidated before they are perpetuated further. Per-
haps these points can be made even more forcefully
" in the following ways:

1) Since by “maintenance” of energy we really-

mean ‘“maintenance against frictional dissipation”,
it would be more illustrative to include Navier-Stokes
friction, or more simply Rayleigh friction (F = —«V)
in Egs. (1) and (2). By the analysis given in Section
2 it would then be clear that the viscous dissipation
which is to be balanced by all other processes (e.g.,
wa) appears only in the co-spectral component of
Kao’s equation and is absent from the quadrature
part.

2) Hayashi correctly notes that the quadrature
part of the spectral equation is really an equation for
the frequency or rate of change of phase. If linearized
advective terms of the form Udu/dx and Udv/dx
(U = const) are included in (1) and (2), respectively,
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it will be clear from the development of Section 2
that these effects will vanish in the co-spectral equa-
tions but will appear in the quadrature equation as
the term representing the advective time scale U/L
(L =
= 0 we have the conditions of inertial motion in which
c=f”
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