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ABSTRACT

A hybrid, multilayer model for the oceanic general circulation is formulated and tested. The model includes
a mixed layer at the surface which is specified by Eulerian coordinates, and three moving layers below which

are specified by quasi-Lagrangian, isopycnal coordinates.

Initial tests have been carried out with a 22 X 22 horizontal grid mesh covering a subtropical-subpolar basin
(6000 X 6000 km?). The numerical results demonstrate a strong interaction between the wind-driven and the
thermally driven circulations, including outcropping of the lower isopycnal layers, a Gulf Stream-like interior
boundary current, and convection which produces mode water and abyssal water. The model provides insight
into the potential vorticity balance and its relation to both the wind-driven and thermohaline components of
the circulation which has not been previously available from Eulerian numerical models or analytical models

based on the assumption of an ideal fluid thermocline.

1. Introduction

The study of thermohaline circulation of the oceans
is a formidable task due to strong nonlinearity and
complicated boundary conditions. Diffusive adjust-
ment at the base of the thermocline may take a thou-
sand years to reach a statistical equilibrium state, yet
the high-frequency processes associated with mesoscale
eddies and waves greatly limit the time step allowed
in a numerical integration of the governing partial dif-
ferential equations. Although different ways of accel-
erating the spin-up process have been implemented (cf.,
Bryan, 1984; Bryan and Lewis, 1979), the computer
time required for a model to reach a thermal equilib-
rium state is still extremely long.

Recently, Rhines et al. (1985) carried out an exten-
sive study of buoyancy-driven circulation with a quasi-
geostrophic (QG) model. Their model emphasizes high
horizontal resolution rather than vertical resolution and
shows some interesting features of the interaction be-
tween the wind-driven and simplified buoyancy-driven
circulations. However, QG models are based upon the
assumption that the vertical stratification is horizon-
tally uniform within the domain of study. Though this
assumption makes the numerical integration much
easier, it is not really appropriate for the study of ocean
currents in a basin of planetary scale, since in that case
the horizontal variation of stratification not included
in a QG model becomes an essential feature of the
circulation.

* Present affiliation: Woods Hole Oceanographic Institution,
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Traditional primitive equation models have been
written in finite-difference form with Cartesian coor-
dinates. Although similar models have been success-
fully used for atmospheric dynamics, their application
to the oceans may be less appropriate. There is evidence
that mixing by mesoscale eddies in the ocean takes
place predominantly along isopycnals, and diapycnal
mixing is rather small. By parameterizing subgrid tur-
bulence with constant and rather large horizontal mix-
ing, level models introduce a fictitious horizontal
buoyancy flux, or equivalently, a large diapycnal mix-
ing in areas of sloping isopycnals. Though some alter-
natives of overcoming the difficulty have been proposed
(cf. Redi, 1982; McDougall and Church, 1986), little
progress along this direction has been reported.

A natural alternative is a layered model based on
isopycnal coordinates. The advantage of layered models
is the ability to resolve a sharp front with only a few
layers. Since water masses conserve their own identity
on much longer time scales than air masses are con-
served in the atmosphere, layered models have a po-
tential of simulating ocean processes much more eco-
nomically than level models. Admittedly, layered
models have disadvantages, such as more complex
boundary conditions. Because of the conceptual sim-
plicity of layered models, theoreticians favor this type
of coordinate in analytic models, while numerical mo-
delers tend to use fixed vertical coordinates. As a result,
there is a significant gap developing between traditional
numerical and analytical models. We believe that nu-
merical models with just a few layers may be an effec-
tive bridge between these two different approaches.

An analytical multilayer model of the wind-driven
circulation was first studied by Welander (1966). His
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solution took into account the nonlinear interaction
between layers and contained a strong western bound-
ary current with return flow in a second unventilated
layer. A much stronger nonlinearity associated with
outcropping phenomenon was analyzed by Parsons
(1969) using a simple reduced-gravity model. Kamen-
kovich and Reznik (1972) extended Parsons’ (1969)
approach to the case involving an outcropped second
layer with finite depth. Veronis (1973) studied the world
ocean circulation by using an analytical model similar
to Parsons’ model. Recently, the dynamical structure
of the generalized Parsons’ model has been examined
in detail by Huang (1984) and Huang and Flier] (1987).
Due to the assumption of no mass exchange between
layers, Parsons’ model and its generalizations are lim-
ited to purely wind-driven circulations.

Luyten et al. (1983; hereafter LPS) studied a mul-
tilayer model for the ventilated thermocline. By im-
posing the density distribution on the upper boundary,
the model implicitly includes heating. Their model
closely follows the classical theory of the ideal fluid
thermocline in which water particles conserve potential
density and potential vorticity along trajectories. The
model shows the structure of the ventilated zone and
shadow zone. Since the model does not include any
dissipation, a question remains of how to represent the
currents at the western boundary. It is also unclear
how much the neglect of any feedback by the western
boundary current affects the interior solution given by
such an idealized model. While the LPS model specified
the density on the bottom of the surface mixed layer
as a given upper boundary condition, this density con-
dition is actually the result of a complex interaction
between the mixed layer and the geostrophic flow below
it. Pedlosky et al. (1984) have partially addressed this

problem in an analytic study which includes a simple

mixed layer.

Recently, there have been quite a few theoretical
studies on thermally forced circulation (e.g., Luyten
and Stommel, 1986; Pedlosky, 1986). Using a constant
source/sink distribution in a two-layer formulation,
these studies demonstrate a very interesting nonlinear
interaction between the wind-driven and buoyancy-
driven circulations. Like the LPS model, however, these
models are also limited in their ability of simulating
the oceanic circulation by specifying a priori the dia-
pycnal velocity between layers for the interior ocean
and ignoring the western boundary region. Accord-
ingly, a simple multilayer model for a closed basin is
called for in order to extend present insight on large-
scale circulation.

Rhines and Young (1982) studied the nonlinearity
associated with multilayer models from a quite dif-
ferent point of view. According to their theory, strong
wind forcing can distort the interface so much that
closed potential vorticity isopleths appear in the sub-
surface layers along which water particles are free to
move. Based upon a special form of mixing, a solution
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is chosen among many possible solutions. Accordingly,
these subsurface layers can be divided into inactive re-
gions and pool regions. The pool regions are charac-
terized by homogeneous potential vorticity due to slow
cross-streamline mixing as particles make repeated cir-
cuits along closed streamlines.

Originally, Rhines and Young’s (1982) theory of po-
tential vorticity homogenization was based on the
quasi-geostrophic approximation and an assumption
of weak lateral turbulent mixing along isopycnals.
Holland et al. (1984) carried out a series of numerical
experiments with an eight-level, eddy-resolving model.
The results showed vast regions of homogenized po-
tential vorticity in the subsurface levels. Even the
boundary between the gyres has been flushed out in
the potential vorticity map by the strong eddy activity.
However, these numerical experiments correspond to
much stronger eddy mixing than envisioned in the an-
alytical theory (Haidvogel, personal communication,
1986).

Numerical experiments with primitive equations
(Cox and Bryan, 1984; Cox, 1985) also demonstrate
the importance of strong mixing by mesoscale eddies,
but in addition, they show the great importance of
convection in the subarctic gyre for establishing a rather
uniform low potential vorticity in the ventilated waters.
Results from eddy-resolving models suggest that the
thermocline is far from an ideal fluid. Turbulent trans-
port of potential vorticity along isopycnals is of the
same order as the other terms.

Density coordinate was first used by Robinson
(1965) in a study of the Gulf Stream. Hodnett (1978)
used a density coordinate in a study of the thermocline.
Bleck and Boudra (1981, 1986) developed a hybrid
(quasi-isopycnic) model and showed initial results for
a purely wind-driven circulation which were quite dif-
ferent from the QG models. Recent studies of a two-
layer model (Huang and Flierl, 1987; Huang, 1986)
and a three-layer model (Huang, 1987) confirm the
drastic difference between QG models, which ignore
the layer thickness change, and layered models which
include the strong nonlinearity associated with the layer
thickness change. The most important result is that
strong wind forcing causes the lower layer to outcrop
and a strong interior boundary current thus formed
unifies two gyres into a strong circulation system which
is highly asymmetric with respect to the zero-wind-curl
line. Potential vorticity maps from this kind of model
are distinctly different from those produced by the QG
models.

Modeling an outcropping line in an isopycnal co-
ordinate system is not simple because outcropping is
usually associated with a sharp front. A special algo-
rithm, the flux-corrected-transport (FCT) (see Boris et
al., 1973; Zalesak, 1979) algorithm, which combines
the advantage of the stable character of a first-order
difference scheme and the sharp resolution of a second-
order scheme, has been proven to be very useful in this
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situation (cf. Bleck and Boudra, 1981, 1986; Bougue
et al., 1986).

To explore the classic concept that mixing is pre-
dominantly along isopycnals, and to answer some re-
maining questions raised by previous models, we have
been motivated to develop a multilayer (isopycnic)
model for the oceanic circulation. Since the wind forc-
ing, thermal forcing, and the vertical turbulent mixing
strongly dominate the dynamic processes in the surface
layer of the ocean, a purely isopycnal model is not
appropriate. To combine the advantage of both the
Eulerian and the Lagrangian coordinates, a hybrid
model is introduced. Density coordinates are used to
represent several moving layers below the mixed layer,
while Eulerian coordinates are used to represent a sur-
face mixed layer. Since the layer adjacent to the mixed
layer is strongly dominated by the Ekman pumping or
suction, it takes at least three moving layers to show
the potential vorticity distribution in the subsurface
layers and its role in the basin-scale thermohaline cir-
culation. The model is forced by both wind stress and
buoyancy flux acting on the upper surface.

The aim of this study is to describe the method and
illustrate it with a single reference state in which both
wind and buoyancy driving are important. Further
study of the physical processes in the model will be
provided by comparing the reference solution to
asymptotic cases of no wind driving or no buoyancy
driving and these will be presented in upcoming papers.

2. The formulation of the model
a. The mathematical model

The model is intended to simulate the steady cir-
culation, including a subtropical and subpolar gyre in
a rectangular basin. The ocean is forced from above
by both wind stress and buoyancy flux. The vertical
stratification may be modeled by an arbitrary number
of layers, but we will choose five layers for illustration.

There is a mixed layer on the top which has a con-
stant depth and a horizontally variable density. Below
the mixed layer there are four layers. Each of them has
a fixed density, but variable depth. The lowest layer is
assumed to be infinitely thick and motionless. No heat
flux is allowed through the interface between the deep
resting layer and the active layers above. The overall
structure of the model is shown in Fig. 1. The choice
of a deep resting layer as a lower boundary condition
is a convenient assumption of the model, but not an
essential feature. Alternatively, we could have adopted
a more conventional approach with a rigid bottom
condition, and the added constraint that the vertically
integrated transport is divergenceless in the horizontal
plane (Bryan, 1969). The nondivergent constraint ef-
fectively filters out high-frequency gravity waves from
the model, but at the cost of added complexity. This
feature could be added in cases where detailed verifi-
cation with data is the primary aim.
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FiG. 1. A schematic diagram of the model. The model is forced
from above by a zonal sinusoidal wind and a buoyancy forcing. There
are three moving layers below the mixed layer. All layers interact
through Ekman pumping, diapycnal mixing, and interface friction.
Intermediate and deep water are formed by convective adjustment
in the subpolar basin. Heavy arrows indicate strong upwelling
(downwelling) along the boundaries.

Starting from the top of the ocean, the velocity and
temperature fields at each space gridpoint are calculated
by equations in Eulerian form. The mixed layer inter-
acts with layers below through interface friction and
vertical mass exchange. The divergence within the
mixed layer which drives the vertical mass exchange
with the layers below is mainly associated with Ekman
transport, but there are other factors associated with
the beta effect and friction, as well.

1) MOMENTUM EQUATIONS

Our main interest is modeling the large-scale cir-
culation on a climate time scale. For this case it is easy
to prove that both the time-dependent terms and the
inertial terms in the horizontal momentum equations
are relatively small and can be neglected (cf., Huang,
1986). Therefore, we can write down the momentum
equations for our model

—fH v, + ky(uy — up)

==H\Pix/po+ A V(H Vi) +7/py (1)
SHyu+ k(01— v2) = —H Py /po+ A V(H VV))  (2)
—fhivi+ kim (s — v y) + Ki(u— wis)
=—hiPy/pi+ AnV(h; V) (3)
Shivi+ ki (0~ v ) + ki (Vi — 4)
=—hiPy/pi+ A,V (h;Vv;) (4)
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i=2,3,4 and wus=vs=0

where H, is the mixed layer depth, 4;, u;, v; are the
thickness and velocity for the ith layer, k,, k;, k;_, are
coefficients for the corresponding interface friction, A4,,,
is the lateral momentum mixing coefficient, p, is the
referénce density, and p; is the density for the ith layer.
Assuming the lowest layer is stagnant, the pressure gra-
dient in each layer can be calculated by integrating the
hydrostatic equation upward:

VP = VPil+g(Pi—pi—l)VZi+l/2 (i=4,3,2)

where

Zip=2h (i=4,3,2) (5)

Jj=1

is the interface depth and p;, p;—; are the density of the
ith and (i — 1)th layer. The pressure gradient in the
mixed layer is calculated at the middle depth of the
mixed layer
Puadpo=3p1x8H/po+ Pl p. (6)
Both vertical and horizontal friction are introduced
in the model. Zero normal velocity is the lateral
boundary condition for the momentum equations.
Since a diagnostic form of momentum equation is used,
short baroclinic Rossby waves are excluded from the
system described by the partial differential equations.
Nevertheless, some short waves do appear in numerical

experiments because excluding the inertial terms in the

momentum equation makes the system energetically
unbalanced and the energy leakage is a continuous
source of numerical disturbances. The isopycnal mo-
mentum mixing provides a damping mechanism for
suppressing these short waves. Since we allow layers to
have zero thickness, strong fronts can appear along the
edge of these “outcropping” lines. Outcropping here
means direct contact with the mixed layer.

The vertical friction is an important momentum
carrier in our model which transfers horizontal mo-
mentum downward. The interface friction is an essen-
tial part of the circulation dynamics. It may be con-
sidered a crude parameterization of the effect of vertical
momentum transfer by baroclinically unstable meso-
scale eddies.

2) BUOYANCE CONSERVATION EQUATION FOR THE
MIXED LAYER

In Eulerian coordinates, the buoyance conservation
law for the mixed layer is

pr+ (ip)x+ (V1p1), = (F*— F)/H, @)

where F* and F? (positive for upward) are the density
flux across the upper and lower interfaces due to heat
transfer and mass exchange. The upper-surface density
flux is parameterized by a simple relation

’
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F'=~(p,—p¥), ®

where 7 is the air-sea interaction coefficient, and p* is
the equivalent density for a reference state. The lower
interface density flux is determined by cross-interface
mass exchange and turbulent mixing

Fb= Wepr' + F 9
where w, = H\(u,x + vy,) is the vertical velocity across
the bottom of the mixed layer (Ekman pumping/suc-
tion), pi-is the density of the layer adjacent to the mixed
layer, Fjis the turbulent density flux across the bottom
of the mixed layer. The choice of w,p; to represent
the mass exchange and the expression for F; will be
discussed in the Appendix. Since we allow lower layers
to outcrop, the mixed layer can be in direct contact
with either the second, the third, or even the fourth
layer.

3) CONTINUITY EQUATION FOR LAYERS BELOW
THE MIXED LAYER

For the layers below the mixed layer we use density
coordinates; thus the corresponding continuity equa-
tions have to be transferred to the density coordinates.
The general form of density conservation with diffusion
is

Pt upx+Vp,+Wp,=pup,,. (10)

In transferring from the physical coordinates to density
coordinates, we have the following relations:

Ptz = —PztZp
Pxz= "PzxZxp

Py.z= "PzyZyp

W=z, + Uz, +vz,,+p'z,

Pzz=Pz(1/Zp)p (1)

where F,, means the partial derivative of F with respect
to u, while v is fixed, p* = dp/dt is the “vertical velocity”
in the density coordinates. Substituting (11) into (10)
yields

o'z, = u(1/z,),= w* (12)

where w* has a dimension of velocity. It is clear that
w* is the so-called diapycnal velocity due to turbulent
mixing. Both the diapycnal velocity w* and the vertical
diffusivity p have been discussed in connection with
many previous models. Recent measurements by
Moum and Osborn (1986) confirm a vertical diffusivity
of about 1 cm? s™!. Since insight rather than detailed
simulation i$ our main motivation, it is more conve-
nient to assume that g is a constant.

Now for each layer, we have a continuity equation

Rit (Rit)x+ (Riv)y+ W — w*P =0 (13)

where w* and w*® are diapycnal velocity at the upper
and lower surface of this layer. When the layer is di-
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rectly exposed to the mixed layer, w* should be re-
placed by W,, the Ekman pumping/suction velocity.
For the fourth layer w*? is zero because we assume no
heat flux from the bottom layer.

4) CONVECTIVE ADJUSTMENT

The diapycnal velocity w* previously discussed
specifies the vertical mixing under stable stratification
only. Since the model includes buoyancy forcing, loss
of buoyancy at the upper surface can create unstabie
stratification. Since convective overturning is a rela-
tively high-frequency process it is done implicitly in
the model through convective adjustment at the end
of each time step. Thus, poleward advection in the
mixed layer and convection combine in a continuous
process which turns the light upper-layer water into
dense deep water.

In the hybrid model, the mixed layer has a fixed
depth, H,, and a horizontally variable density, p,. All
layers below have fixed density and variable thickness.
Thus, the convective adjustment will take place ac-
cording to the following steps.

(1) If p; > p,, the upper part of a water column is
gravitationally unstable and overturning takes place.
Dense water in the mixed layer will mix with water in
the layer below and attain to a stably stratified new
state. This mixing process is illustrated in Fig. 2a. The
extra dense water in the mixed layer has to mix with
water below and attains new density. Since the model
only allows for discrete density intervals, the inter-
mediate water must have a density p; and thus sinks
to the third layer. As the resuit of the mixing, the density
in the mixed layer is reduced to p, and the interface
between the second and third layer moves upward,
while the fourth layer is undisturbed by this adjustment.
By a simple density conservation, we have
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Thus, after the adjustment
hy = hy® ~ Hy(p1 — p2)/(p3— p2) (15a)
h3= h®+ Hy(p) ~ p2)/(p3— p2) (15b)
p1L=p2. (15c)

Note that both volume and buoyancy are exactly con- -
served in the adjustment process.

(ii) After the first step of density adjustment, 4, may
become negative. This is the case shown in Fig. 2b.
Since each layer should have a nonnegative thickness,
there is a second step in the adjustment process. Within
this step the density in the mixed layer is increased in
such a way that the total density is conserved and the
interface between the third and fourth layer is undis-
turbed, thus

p°Hi+ p2hr% + pshs® = p Hy + p3hs (16)
hs= h%+ hy®. (17)
Therefore, the end state is
p1=p:"— h%(p3— p2)/H, (18a)
=0 (18b)
hy = h® + h°. (18c)

(iii) If p; > ps after the second step has been taken,
there is a step similar to step (i) which can make the
vertical stratification stable. By a similar argument, the
end state is ‘

P17=P3 (19a)
hs= hs® — Hy(p1 — p3)/(pa— p3) (19b)
ha= hs’ + H\(p1 — p3)/(ps— p3). (19¢)

A similar step is needed to adjust the density profile

Ah(ps— p2) = Hi(p; ~ p2). (14) if h; is negative in the end of the previous step and this
z 4
A .
Py T p: Py Py Py Py
: —>p 4 -
! X Hy \&1 ' i g
: h,<0 772 i |
| F !
) hs
t |
| i
f
|
hy
(a) (b)

FIG. 2. A schematic diagram for the convective adjustment process.:
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process continues till the whole water column becomes
gravitationally stable.

b. The numerical model

The numerical model used in this study solves a
diagnostic form of the momentum Egs. (1, 2, 3, 4) and
the time-dependent form of the buoyancy conservation
(7) and the continuity Eq. (13). To facilitate the de-
scription of the numerical scheme the following op-
erators are defined:

0xf= (ﬁ+|/2 _fi—l/z)/ Ax (20)

F*=Ump+ fimip)/2. - 2D

We make use of what Messinger and Arakawa (1976)
describe as a “B” grid. If we think of the grid in the
horizontal plane as a chess board, the thicknesses are
defined at the center of the squares and the horizontal
velocities are defined at the corner points. The subse-
quent equations for the density of the mixed layer and
the layer thicknesses can be put in finite difference
form.

pi""' = pi+ At-FCT(uy,v1, p1) + AHF® = FY)/H, (22)
hi*' = hi+ At- FCT(uy, vy, by)
+A(W* —W*), i=2,3,4. (23)

The superscript 7 is understood on all variables without
superscripts. The vertical mass flux through the base
of the mixed layer is

W,.=H,(8,u”— 6,0%) (24)

and the diapycnal velocity w* can be calculated from
(12). As shown in Fig. 3, to calculate the diapycnal
velocity across the interface at z = z, we need the den-
sity gradient at the middle of the second and third lay-
ers. Assuming the density at the bottom of the mixed
layer is p; and the density at the interface between the
second and third layers is (p3 + p,)/2, the average gra-
dient of the upper and lower half of the second layer
is

—8p/dzlp2~ = 2p2— p)/hy=248p1/hy  (25)

—3p/0zlp2™ = (p3— p2)/ h2 = Apa/h. (26)

Therefore, the average density gradient at the center
of the layer is

—3p/0zlp2 = (2Ap1 + Apy)/2h. 27)
Similarly, we have
—3p/dzlp3 = (Ap2+ Ap3)/2hs, (28)

and so on. Here we treat the boundary between the
mixed layer and layer below slightly differently com-
pared with other interfaces. Since the turbulent mixing
coeflicient used is vertically constant, our choice is just
one possible choice.
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FI1G. 3. A schematic diagram of density—depth coordinates. Density
is defined at the middepth of each layer. The solid line is the real
density profile, the dashed line is the finite’difference approximation.

Now the diapycnal velocity crossing the interface
between the second and third, and the third and fourth
layer is calculated by

W4s= “';' ul(Apz+ Aps)/hs
—(Ap2+24Ap1)/ha])/ Ap,

Wha=—3 ul(Bp3+ Ap)/ha
—(8p2+ Ap3)/hs)/Bp;  (30)

where Ap; = p;4; — p; is the density jump between the
ithand (i + thlayers, i = 1, 2, 3. It is easily understood
that w* is the algebraic sum of two terms based upon
the density gradients calculated at the middle of two
adjacent layers, and the density gradient calculated at
the layer adjacent to the mixed layer has a slightly dif-
ferent form due to the fact that density is vertically
homogenized in the mixed layer. When the second
layer outcrops, wi, should be calculated by a formula
similar to (29).

The turbulent heat flux across the bottom of the
mixed layer is, from Appendix Eq. (AS):

(29)

Fy=2ul(Apy +2800)/ k2~ (Bps+ Bpa/hal. - (31)

Thus, F;is the sum of two terms. The first term is the
turbulent heat flux calculated by using the density gra-
dient at the middle of the layer adjacent to the mixed
layer. The second term is a correction calculated by
using the density gradient at the middle of the lowest
moving layer. For a continuous analogy with the real
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oceans with a thermally isolated lower boundary, the
density jump for the lowest layers should approach zero
and this correction is negligible. Since the present
model is highly truncated, the density jump for the
lowest layers is nonzero and inclusion of this correction
term is an important constraint for global buoyancy
conservation of the hybrid model. We have run many
numerical experiments to test this heat flux term.
Without the second correction term, the model cannot
reach a steady state of thermal equilibrium. Only if the
correction term is included can the model reach a ther-
modynamically steady state.

The mass equation is written in a two time-level
scheme using the FCT algorithm to maintain a sharp
front. The FCT algorithm has been found to be very
good at maintaining a sharp front within 2-3 gridpoints
without creating any local oscillations between adjacent
gridpoints. This is accomplished by computing the layer
thickness at each point by combining a first-order do-
nor-cell scheme and a second-order correction in such
a way that the prediction is as close to second order as
allowed by the constraint that spurious local maxima
or minima are excluded. As will be shown in the nu-
merical examples, the present code conserves the mass
very well and gives smooth solutions. It should be no-
ticed that there is no numerical smoothing in the
thickness prediction other than the numerical diffusion
intrinsic to the FCT algorithm.

The x-component of the momentum equation of
the second layer is written in the finite-difference form:

~f{a(iv2)" ! + (1 = a)pva] + by (u — uy )™
+ kot — us)"™ = —hy0, P po
+ A [0:(h2dx3") + 8, (2,75 ));  (32)

the u, and other velocity components are calculated
in a similar way.

The momentum equations are written in a two time-
level scheme. The Coriolis terms are treated in a
semiimplicit way. From (32) and similar equations for
other components of the velocity field, ¥/, v/**! (i
= 1,2, 3,4) can be solved by inverting an 8 X 8 matrix.

Our main interest is the final quasi-stationary state
of the numerical model. Therefore, the details of the
evolution to the final state are unimportant. The time
step.of the numerical integration is limited by the equi-
alent of Kelvin waves of the model, especially along
the southern boundary (cf. Killworth, 1985). To guar-
antee a smooth spinup, a time step of the order of a
day has been chosen based upon a rather conservative
estimate.

In the initial tests the basin is a 6000 X 6000 km?
box which is basically a model for the North Atlantic,
with the central latitude at 45°N. Thus f, = 1.03 X 10™*
s"'and 8 = 1.61 X 107* 57! cm™'. Accordingly, our
model’s southern boundary is near 15°N, and the
northern boundary near 75°N. The maximum wind
forcing is 1.0 dyn cm™2, the air-sea interaction coef-
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ficient is set to y = 2.5 X 1073 ¢cm s™! (with a mixed
layer depth of 50 m, this is equivalent to a relaxation
time of 23 days), and the vertical turbulent mixing coef-
ficient is u = 1.3 cm s™*. The basin is horizontaily cov-
ered by a 22 X 22 mesh (including the boundary
points). The model is spun up from a state of rest and
has been run for 300 years to make sure that the final
equilibrium state has been attained.

3. The numerical results

In this study we have chosen to illustrate the capa-
bilities of the model by describing a single case in which
both wind- and buoyancy-driving are important. Other
cases in which either wind-driving or buoyancy-driving
dominate will be discussed in upcoming papers, which
will provide more insight.

A steady state is reached by straightforward integra-
tion of the model equations with respect to time. In a
problem which includes vertical diffusion, the longest
time scale is ordinarily Z?/u, where Z is the depth scale
and u is the vertical diffusion coefficient. Since our
model represents the thermocline with only a few lay-
ers, diffusion in the abyssal water does not come into
consideration. The model comes into equilibrium after
an integration of 300 years which corresponds to a
depth scale of approximately 1 km.

Let us start with the density anomaly pattern in the
mixed layer. Since there is only one thermodynamic
parameter in the model, the density pattern is directly
related to the temperature and heat gain at the sea sur-
face. As one can see from Fig. 4a, there are two regions
of cooling, 1) the region of the western boundary cur-
rent and its outflow region where the warm water from
low latitude is cooled down by the air-sea interaction;
and 2) the northeast corner where the relatively warm
water in the third layer moves northward into the high
latitude, is cooled and sinks down to the fourth layer.
Both of these two regions roughly correspond to the
regions of major heat loss in the North Atlantic in Bu-
dyko (1963) heat balance maps. The maximum net
heat loss is about 100 W m™2, which is close to the
maximum value of 150 W m~2 (120 kcal cm™2) given
by Budyko. The second maximum in the model cor-
responds to the heat loss near the Norwegian Sea in
Budyko’s map. A region of strong heat gain is located
along the southern boundary of the basin where a solid
wall is assumed and a strong upwelling appears to
compensate the poleward Ekman flux in the mixed
layer. There is a broad region of heat gain in the interior
of the basin.

The poleward heat flux is calculated as the sum of
the local air-sea heat transfer as-defined in Eq. (8). The
result is shown in Fig. 4b. The magnitude of the heat
flux (maximum of 0.2 X 10'* W s7) is about half that
obtained by Cox (1985). It should be noted that the
model’s southern boundary is near 15°N, thus the
strong upwelling near the equator is not reproduced in
the model. The absence of this region may be the major
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FIG. 4. (a) Net heat gain at the sea surface. Dashed lines for heat loss from the ocean, in units of W m™2
(b) Poleward heat flux, in units of 10" W s™!,

reason for a greatly reduced poleward heat flux in the
model. Furthermore, the model has only three moving
layers below the mixed layer. With the same vertical
overturning velocity, a model with only a few layers
may underestimate the poleward heat flux. In addition,
the heat flux curve shows some small irregularities
which, presumably, could be smoothed out if there were
more moving layers in the model.

The model has included thermal forcing; thus, the
upper layers have a continuous mass exchange with
lower layers. Figure 5 shows the layer thickness maps
which correspond to a hypercritical state discussed by
Huang (1987) in which the third and fourth layer out-
crop. The second layer (¢ = 26.25) is basically confined
to the subtropical gyre. The outcropping line between
the second and third layers has a west—east orientation
within the western basin. This line, however, turns
southeastward in the eastern basin. This south-north
excursion of the outcropping line has been reported in
a purely wind-driven circulation model (Huang, 1987).
This feature is consistent with observations of the North
Atlantic (cf. Figs. 6 and 7, McDowell et al., 1982). Ap-
parently, water in the second layer tends to ‘move
northward near the eastern boundary. For a wind-
driven, multilayer model, this northward movement
emerges as an isolated eastern boundary current in the
second layer, flowing northward and making up an
entire closed loop of boundary currents. In the present
model the cooling effect transforms all this water mass
flux of the second layer into the third layer as soon as
it reaches high latitudes. This convective adjustment
process will become clearer in the following discussion.

The thickness map of the third layer, o5 = 27.15, is

shown in Fig. 5b. A front between the third and fourth
layers appears in the subpolar basin. The most con-
spicuous feature is a thickness maximum near the zero-
wind-cur] line which is, presumably, due to the south~
north excursion of the outcropping line shown in Fig.
Sa. Adding these two layers together, there is a large-
amplitude anticyclonic gyre in the subtropical basin,
as shown in Fig. 5c. Finally, the thickness map of the
fourth layer is shown in Fig. 5d. The abyssal water is
dominated by a large cyclonic gyre.

- To show the vertical stratification of the gyres, we
present four vertical sections. Figure 6a shows a section
at y = 0.8, approximately at the center of the subpolar
gyre. The mixed layer is seen as a thin, constant depth
(H = 50 m) layer on the top. The second layer cannot
reach such a high latitude. The third layer appears as
asmall wedge of northward-flowing water on the upper-
right corner. This feature is a crude simulation of the
observed density structure in the subpolar gyre of the
North Atlantic (cf. Worthington and Wright, 1972).
Within the western basin at this latitude there is only
one moving layer below the mixed layer, and the wind
curl drives a cyclonic gyre in this layer. This cyclonic
gyre is indicated by the upward displacement of the
lowest interface. The sharp downward slope near the
western wall implies a strong western boundary current
flowing southward. The boundary current in the fourth
layer mimics the deep western boundary current in the
deep circulation theory by Stommel (1958). We will
discuss this in more detail later.

A second section is at y = 0.3 (Fig. 6b) which is
approximately through the center of the subtropical
gyre. The configuration of the thermocline is typical
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FIG. 5. Layer thickness and interface depth map, in units of hundred meters: (a) the second layer thickness; (b) the third layer thickness;
(c) the depth map for the interface between the third and fourth layers; (d) the depth map of the lowest interface.

for a east-west hydrographic section in a subtropical
basin. Except near the western boundary, the two upper
interfaces gradually slope down westward, which im-
plies a broad, slow southward motion in these two lay-
ers. The sharp upward tilt of these isopycnals near the
western wall indicates a strong western boundary cur-
rent. The distortion of the lowest interface suggests that
there is a much weaker cyclonic circulation in the
fourth layer, compared with the circulation fourth layer
in the subpolar basin.

A third section at x = 0.2 clearly shows the sub-
tropical gyre structure, Fig. 6c. Both the two upper

isopycnals indicate northern intensification of the sub-
tropical gyre. The difference in the strength of the lowest
interface distortion also shows that the motion in the
fourth layer is much stronger in the subpolar basin
than in the subtropical basin. This is so because the
fourth layer is directly forced by wind stress (or Ekman
pumping) in the subpolar basin, while in the subtropical
basin the fourth layer is sheltered from direct forcing.

The fourth section is at x = 0.8, in the center of the
eastern basin. One important difference between Figs.
6c¢ arid 6d is that starting from midlatitudes, the layer
thickness increases southward in Fig. 6¢, while it de-
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FIG. 6. Vertical sections of the basin: (a) y = 0.8, showing the northward warm water on the upper right corner; (b) y = 0.3, showing the
subtropical gyre with its western boundary current on the left; (c) x = 0.2, showing the northern intensification of the subtropical gyre; (d)
x=0.8.

creases southward in Fig. 6d. As will be pointed out Our next step is to examine the velocity field. An
later, the western intensification of the subtropical gyre arbitrary two-dimensional velocity field can always be
creates high potential vorticity by strong lateral mo- represented in terms of a streamfunction and a stream-
mentum mixing and interfacial friction. This high po- potential. We have presented the streamfunction in
tential vorticity water mass is transformed into low Figs. 7, 8 and 11 and streampotential in Fig. 12. Before
potential vorticity water by convective adjustment going into detail, the reader should be reminded that
processes taking place in the western boundary outflow the real velocity patterns (vertically integrated through
region. Therefore, the water column in the eastern basin  each layer) consist of divergent and nondivergent com-
is greatly destratified compared with the western basin.  ponents. We put in arrows to indicate the overall flow
Our results here are similar to Cox and Bryan (1984) pattern. However, the reader is to be reminded that
and Takeuchi (1984). streamfunction contours are not exactly streamlines,
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especially within regions of strong convective adjust-
ment, upwelling, and downwelling. Since we define the
mass streamfunction to be zero at the lateral bound-
aries, dense packing of streamfunction contours do not
necessarily mean a strong boundary current. Near both
the southern and northern boundaries densely packed
streamfunction contours are created by strongly di-
vergent flow associated with upwelling and down-
welling.

Let us begin with the mass streamfunction map of
the mixed layer, Fig. 7a. There are apparently three
gyres in the mixed layer, an anticyclonic gyre in the
midlatitude and two cyclonic gyre-looking patterns
near the southern/northern boundaries. Actually, near
the southern/northern boundaries all these dense
streamfunction contours do not represent streamlines:
they are created by strong upwelling/downwelling along
these boundaries, and thus should be ignored. Water
mass flux is supplied by strong upwelling near the
southern boundary, and lost to the subsurface layer by
strong downwelling near the northern boundary. The
total velocity is northwestward near both the southern
and northern boundaries. Another interesting point is
that the western boundary current in the mixed layer
separates from the western wall at a rather high latitude,
just slightly south to the zero-wind line y = 0.75. The
mass flux in the mixed layer is about 6 Sv (Sv = 10°
m?> s'), which is much less than the total mass flux of
the interior flow.

The mass streamfunction map of the second layer
shows a typical subtropical gyre carrying a mass flux
of 24 Sv, which is a major part of the total mass flux
of the barotropic transport.

RUI XIN HUANG AND KIRK BRYAN
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The mass streamfunction map of the third layer is
probably the most interesting one. As seen from Fig.
8, there is an anticyclonic gyre in the southern basin,
while there is one-half of a cyclonic gyre in the northern
basin. The mass flux in the anticyclonic gyre carries
about 16 Sv and the cyclonic gyre carries 8 Sv of trans-
port, most of which is actually derived by convection
from the second layer. Eventually this poleward-mov-
ing water in the third layer sinks to the fourth layer
after reaching high latitudes. This will become much
clearer later when we discuss the source distribution
in each layer.

The potential vorticity map of the third layer is very
similar to the numerical result of the GFDL eddy-re-
solving primitive equation model (Cox, 1985). There
is a low potential-vorticity tongue in the western basin,
and high potential-vorticity tongue jutting out from
the eastern boundary. There is also high vorticity in
the western boundary current region.

In Fig. 9 we reproduce a potential vorticity map
compiled by McDowell et al. (1982). This map shows
the potential vorticity along an isopycnal surface in the
interval sigma-theta equal to 26.3-26.5. The principal
features in the North Atlantic are a tongue of high po-
tential vorticity, well-stratified water along the equa-
torward flank of the subtropical gyre in the western
sector. There is another region of high potential vor-
ticity near the western boundary. In between is a broad
region of lower potential vorticity water that appears
to have undergone winter convection before being
swept southward into the main thermocline. Corre-
sponding features have been reported in the potential
vorticity pattern for the North Pacific (Keffer, 1985).

a
o

v

FIG. 7. Mass streamfunction maps of: (a) the mixed layer, (b) the second layer, in units of 10° m?® s~ (Sv).
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FIG. 8. Mass streamfunction [solid lines, in units of 10° m? s~!
(Sv)] and potential vorticity (dashed lines, increasing northward along
the eastern boundary with intervals of 2 X 107* cm™ s7') of the
third layer. To keep the picture clear, contours near the separation
latitude and the second outcropping line with values higher than 3.1
X 107 are not shown. The dotted line is the outcropping line of the
third layer, and the dot~dash line is the outcropping line of the second
layer.

The flow pattern and distribution of potential vor-
ticity are shown for the third layer of the model in Fig.
10. The dotted line indicates the outcrop line of this
layer, while the dash—dot line indicates the outcrop of
the overlying layer. Between the dotted line and dash-
dot line the third layer is in direct contact with the

surface mixed layer. Equatorward of the dash—dot line

the layer is not directly forced. LPS refer to the flow
of one layer under another layer as subduction. Note
that active subduction is taking place near the eastern
boundary, bringing relatively high potential vorticity
waters into the subtropical gyre region. This feature is
very much like the tongue shown in McDowell’s pat-
tern in the previous figure. In this center of the gyre
there is also a region of low potential vorticity in the
model corresponding to observations. As we trace back
along the streamlines it can be seen that the low po-
tential vorticity emanates from a stippled region. The
light stipples indicate convection and the heavy stipples
very intense convection.

Within the context of our simple layered model,
convection reduces the thickness of the layer in contact
with the mixed layer and increases the thickness of the
next layer below as shown in Fig. 2. This implies that
thickness is increased in convective areas equatorward
of the dash—-dot line. There is a marked gradient in
potential vorticity along trajectories in the convective
region, but no gradient in potential vorticity along tra-
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FIG. 9. Potential vorticity at o, = 26.3-26.5 in the North Atlantic
(adapted from McDowell et al., 1982).

jectories poleward of the outcrop line where convection
is suppressed. This creates a pronounced kink in the
potential vorticity pattern along the outcrop line.

In the western boundary current region there is a
sharp gain of potential vorticity along the trajectories.
This is probably due to strong interface friction and
lateral friction implemented in the model. The poten-
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FI1G. 10. Potential vorticity (solid lines) and streamfunction (dashed
lines) of the third layer. Light stippled area for the source region with
intensity less than 2 X 107* cm s™', and heavy stippled area for the

region with source intensity larger than 2 X 10~ cm s™".
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tial vorticity balance, however, required detailed anal-
ysis of the model, which will be reported later.

The overall regime is very similar to that described
by Cox and Bryan (1984). As we trace along streamlines
which have closed trajectories and which pass through
the stippled region, it can be seen that in the interior
potential vorticity is approximately conserved. A great
increase of potential vorticity takes place in the western
boundary current region. This is largely balanced by
convection at the upper boundary of the gyre which
reduces the potential vorticity back to its interior value.

The mass streamfunction in the fourth layer shows
a single cyclonic gyre with a total mass flux of 16 Sv,
as shown in Fig. 11. The other part of the velocity field
comes from the source distribution within each layer.
Physically, the source map is a map of the difference
in the diapycnal velocity entering a layer and that leav-
ing the layer, plus the contribution from convective
adjustment. As seen from Fig. 12a, there is a broad
sink (Ekman pumping) region in the subtropical basin
and a broad source (Ekman suction) region in the sub-
polar basin. At the western boundary there is a strong
upwelling south to the zero-wind-curl line. Along the
southern (northern) boundary there is a strong up-
welling (downwelling) which is required by mass com-
pensation of the mixed layer flow driven by local east-
erly winds. i A

The source map of the second layer shows quite dif-
ferent regions. A broad source region in the interior
subtropical basin is apparently an algebraic sum of the
Ekman pumping of the mixed layer and the diapycnal

FIG. 11. Mass streamfunction [solid line, in units of 10¢ m? s*
(Sv)] and potential vorticity (dashed lines, in units of 107 cm™' s7!)
of the fourth layer.
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mixing between the second and third layers. The strong
source and sink near the western boundary are probably
connected with the upwelling and downwelling. Of
greatest interest is the source region in the center of
the basin. Obviously, this is the place where convective
adjustment takes place and warm water in the second
layer sinks down to the third layer. This can be con-
firmed by the source map of the third layer where one
finds a strong source area just below the corresponding
sink region of the second layer. These two areas ap-
parently have equal strengths. This convective adjust-
ment and the associated low potential vorticity water
mass formation are very similar to the results found
in Cox and Bryan (1984) and the real process taking
place in the Sargasso Sea. By examining the source/
sink map of the third layer, one finds a strong sink area
in the northeast corner which corresponds to a deep
water formation region, probably the Norwegian Sea
in the North Atlantic. The broad interior of the third
layer has a small source distribution which is due to
the slow upwelling from the abyss.

There is a strong source in the fourth layer near the
poleward wall. There is also a broad weak sink in the
interior which corresponds to slow upwelling of abyssal
waters.

By combining Figs. 8, 11 and 12, one finds a very
simple picture similar to the scheme proposed by
Stommel (1958) for the deep circulation. In a thermally
driven basin, warm surface water is cooled down at
places such as the Northwest Atlantic and the Nor-
wegian Sea. That is also the place where Budyko’s map
indicates a major heat loss to the atmosphere.

The deep water formed in the northeast corner by
convective adjustment flows westward along the
northern boundary, turns southward when it meets the
western boundary, and becomes a deep western
boundary current. Water in this deep boundary current
gradually returns to the interior and moves upward
through the thermocline. This slow upward motion
provides a source for the interior ocean which drives
a broad northward flow.

4. Conclusions

The main contribution of this study is the demon-
stration of a new tool for understanding the ocean cir-
culation. The isopycnal coordinate system and the
representation of the thermocline and abyssal waters
as three moving layers below a mixed layer allows an
extremely simple, but nontrivial model of the ther-
mohaline and wind-driven circulation. The model is
semi-Lagrangian in the sense that ideal adiabatic flow
would be exactly parallel to the isopycnal coordinates.
One of the great advantages of this coordinate repre-
sentation, as pointed out by Hoskins et al. (1985), is
that we can apply potential vorticity ideas directly to
the solutions without the complicated diagnostic pro-
cedures.
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FIG. 12. Source distribution (in units of 10~ cm' s7!), dashed contours for sink. (a) the mixed layer; (b) the second layer;
(c) the third layer; and (d) the fourth layer. Dotted lines are the outcropping lines.

We conclude that our method is adequate to repro-
duce important features of the potential vorticity field
in the main thermocline found in observations, al-
though our model has much less resolution than pre-
vious models based on fixed Eulerian coordinates. In
addition, the present model with a small number of
moving layers offers far more physical insight than Eu-
lerian models. Essentially, the isopycnal coordinates
reduce the three-dimensional solution to a small num-
ber of two-dimensional flows which are linked together

by areas of strong upwelling, sinking, or slow diapycnal
mixing.

The interaction of convection with large-scale flow
in the ocean is usually considered to be extremely dif-
ficult to include in any analytic model. For this reason,
little progress has been made in understanding its role
in the ocean circulation. An important part of our
model is a very simple representation of convection
which allows it to be seen in its simplest terms. In the
context of our simple layered model, convection is a
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constraint which does not allow the mixed-layer density
to exceed that of the underlying layer. To conserve
buoyancy in the water column, the change of buoyancy
in the mixed layer must be balanced by a redistribution
of thickness in the layers below. In most cases the layer
in contact with the mixed layer is thinned. In extreme
cases it will disappear altogether. The model shows in
a very simple way the dominant impact of convection
in the subarctic gyre as well as its less important, but
still very significant role in the subtropical gyre through
its effect on the potential vorticity of ventilated water.

The present model is only adequate to represent very
large-scale features of the ocean circulation. Only by
extending model calculations to the eddy-resolving
scale can a model determine its own diffusivity. Bleck
and Boudra (1981, 1986) have made initial tests of an
eddy-resolving model based on isopycnal coordinates,
but much work remains to be done to ensure that such
a model accurately simulates baroclinic and barotropic
instability of mesoscale eddies. To discuss the role of
the ocean in the global heat balance, heat and salinity
must be included as separate components in the model
with a realistic equation of state. The complexity of
the equation of state for sea water is a rich source of
nonlinearity and leads to possible multiequilibrium
solutions. This complexity has yet to be explored in
global numerical models.

In analytical theories of the thermocline, different
idealizations have to be applied to make the problems
analytically solvable. For example, in the LPS model
thermocline flow is assumed to be “ideal” in the sense
that potential vorticity and density are conserved along
geostrophic trajectories. In the generalized Parsons’
model (e.g., Huang and Flierl, 1987), neither diapycnal
nor isopycnal mixing is allowed, thus each layer has a
constant volume of water. A numerical model will not
ordinarily be able to simulate such flows. However,
this may not be such a serious drawback in the light
of recent evidence from drifters (e.g., see Krauss and
Boening, 1986) that flow in the thermocline is far from
“ideal” and diffusion of potential vorticity along iso-
pycnal surfaces by mesoscale eddies is a first-order pro-
cess in the North Atlantic.

In terms of upper boundary conditions on density,
the LPS model and the generalized Parsons’ model
represent two extremes in the specification of boundary
conditions at the upper surface. In the LPS model a
density distribution is imposed which is physically
equivalent to an overlaying atmosphere of infinite heat
capacity. In the generalized Parsons’ model surface
density is determined through global dynamical bal-
ance. It is only with a numerical model that one can
study the continuous range between these two ex-
tremes. In fact, our numerical experiments have shown
some interesting cases in this connection, and the re-
sults will be presented in future studies which will also
be supplemented by a more dynamical description in
terms of potential vorticity balance.
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APPENDIX ‘
The Turbulent Density Flux Across the Bottom
of the Mixed Layer

For numerical models, it is important to have some
basic quantities conserved exactly. As for our simple
model, we have chosen to conserve both the total vol-
ume and buoyancy. Although the volume conservation
is rather easy to maintain, the buoyancy conservation
is not as easy as it scems to be at first glimpse. For the
constant density layers, the buoyancy conservation
principal emerges as a means of determining the dia-
pycnal velocity, Eq. (12). Thus, the remaining issue is
to define the interface buoyancy flux on the boundary
between these two coordinate systems.

A possible numerical scheme is to use an upwind
scheme to define the buoyancy flux between layers and
use the buoyancy conservation law to predict the time
evolution of the density for individual layers. Although
this approach conserves both total volume and buoy-
ancy, and leads to a convergent solution, the grid spac-
ing in the density coordinate evolves with time. This
coordinate drift can lead to closely packed coordinate
surfaces, a rather undesirable feature.

As an alternative approach we have chosen to con-
strain the density in each layer to have a constant value.
To assure that both mass and buoyancy are conserved
globally in the hybrid coordinate system requires a very
specific definition of the buoyancy flux between the
mixed layer and the moving layer below. To derive the
buoyancy flux required, let us start with a general form
of the density conservation law

0p/0t +V(pu) = —~VF (A1)

where V is a three-dimensional divergence operator
and F is the turbulent density flux. Since isopycnal
coordinate is used, F has only diapycnal components.
Integrating (A1) over a vertical water column below
the mixed layer with unit horizontal section gives

%fffﬂdwffpundw—ffﬂ,ds, (A2)

where u, and F, are the velocity and turbulent flux
normal to the surface of the volume. If we write the
left-hand side of (A2) in discrete form we have

4 .

> [8/0thkpi+ oV, (W] + Wep2 = —F;,  (A3)

k=2

where u,” is the horizontal velocity of the kth layer, V,
is a two-dimensional operator defined on the isopycnal
surface, w, is the vertical velocity across the upper in-
terface, and F; is the corresponding turbulent density
flux at the upper interface. Note that the buoyancy
conservation for constant density layer requires an up-
per boundary buoyancy flux defined as w.p,, and a no
buoyancy flux condition has been used for the lowest
boundary.
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Substituting (13) into (A3) gives the turbulent buoy-
ancy flux at the upper interface

Fy=w%i(p3 — p2) + wii(ps — p3) (A4)

where w¥; and w¥, are the diapycnal velocity across
the interface between the second and third layer and
between the third and fourth layer. Substituting (29,
30) into (A4), one obtains

Fy=2ul(Apz+28p0)/h2 = (803 + Bpa)/hal.  (AS)

Equations (A3, 4, 5) are valid only if the second layer
has nonzero thickness. When the lower layers outcrop,
this relation should be modified to an appropriate form.
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