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UNDERSTANDING THE STATI PLANE COORTINATE SYSTEMS

Joseph F. Dracup
Naticnal Geodetic Survey
National Ocean Survey, NOAA
Rockville, Marylancd

ABSTRACT. 1In the more than 40 years since
the development of the State plane coordinate
systems, 35 States have passed legislation
permitting their use in defining preperty
boundaries and for other purposes: but many
surveyors still do neot utilize the systems.
During this period several publications

have been issued and numercus papers presented
which describe the value of the State grids
and provide, coften in great detail, instruc-
tions on how to employ the systems including
the computations involved. Although recently
mCre surveyors have shown an increasing
interest in State plane coerdinates, their
numbers are still small.

The major reasons cffered for not using the
systems relate primarily to several miscon-
ceptions about the State grids, and in
particular to a lack of understanding of two
corrections to distance measurements. These
gorrections inveolve the reduction to the seaa
level reference and for the scale distorticns
which result from confining a poreion of the
Eazth's surface within the mathematically
defined dimensions of the map projections
used in the State systems. Although both
corrections are arithmetical in nature and
can be combined or even ignored in numerous
cases, these arguments are ¢ften lost
because of long held preconceived concepts.

In an attempt to overcome the reluctance of
many in the profession to employ the State
systems, the principal affprt is directesd to
explaining these corrections. By using
simple terminclogy and graphic demonstrations,
the intent is to show that these reductions
are far easier to understand than most believe.
As &2 new generation of surveyors is about to
assume their place in their chosen profession,
this approach will hopelully lay aside many
fears held previously.



INTRCDUCTION

~he State plane coordinate systems have been in existence
for more than 40 years, and 35 States have enacted laws
permitting their use to define positions on the surface of the
Earth for describing property boundaries and other purpesses.
Howaver, few surveyors use the systems on a day-to-day basis,
although the number is slowly increasing. The geodetic
community and others interested in a more general implementa-
tion of plane coordinatss have conducted numercous inquiries
diracted toward tha rasluctance of the practicing surveyor to
utilize the State grids. Nc ona axpects the avarage
practitioner to expend the energy and cost to extend control
over long distances to sites where none exists, even though
modern eguipment can often substantially reduce the effort and
the cost., Most other reasons, and there are many, really are
net acceptable when viewed in the clear light of day. Some
cast the blame on the application of scale factors and
reductions to the sea level reference which in fact may not be
necassary for much of the work undertaken by many of thesa
suIveyors. Others take issue with the large numerical values
assigned the coordinates and are difficult to convince that the
sclution is very simple -~ only use those portions ¢f the
cocrdinate values sufficient to keep the quantities within the
survey area positive. It is necessary, of course, te record
on the documants, .the constants which when added to the
"abbreviated coordinates” will place them on the State grid.
There are still cthers who believe that since the systems were
developed by gecdesists, they must be inherently difficult to
understand and employ. Nothing is further from the tzuth.
The State plane coordinate sy<+tems, for all intents and
Pur.©ses, ars nothing more ‘c.ar an adaptation cf the practice
of latitude and departures which have been used by surveyors in
cne form or another to define points on the Earth for perhaps
5,000 years. Nothing that will be presanted here hasg not been
discussed over the years. However, the major emphasis is
placed cn thoss segments of tha plane coordinate concept
which are least understood or where the greatest misconceptions
exist. To fully understand how to amploy tha State grids may
take a few hours, but once learned, the simplicity of the
procedures involved are in marked contrast toc the solution of
many other surveying problams. :

COCRDINATE SYSTEMS

By definition,cocordinates are linear or angular guantities,
or both, which designate the position of a point in relation to
a2 given reference frame. There are two general divisions of
coordinatas used in surveying: polar coordinates and rectangu-
lar cocrdinataes. These may each be subdivided into three
classes: plane coordinates, spherical c¢oordinates, and space
coordinatas. In this pamar +he discussionsg are orimarilv
directed tc plane coordinates in a rectangular systes,
specifically the State grids. Brief mention is made of
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tangent plane and purely local grids (latitudes and departures!
in order to cemonstrate problems common to ali plane
coordinate systems.

Prior to the introduction of State grids, many citijes and
counties employed plane rectangular coordinates for genera:l
surveying and mapping purposes. These coordinates were calcu-
lated from the gecgraphic positions determined from the
rigorously adjusted results of well-scaled and coriented triancu-
lation nets. As a rule, these basic frameworks were tied tc
the Naticnal network. To compute the coordinates, the
geographic positicn of one of the stations OT some point,
preferably located near the center of the system, was seliectec
ag the crigin. Usinc¢ this position and the geograghic pesiticrne
¢btained from the adjustments of the observations, computaticns
Quite gimilar to the gecodetic inverse problem were carrieé cuc
with the end result being rectangular cocordinates expresses :in
the form of X = =5 S8in o anéd ¥ = =5 Cos ¢, where "S" = geodeti
gistance and "ag" = the gecdetic azimuth (references from south)
of the line from the oricin teo the point. In many instances,
Zirst~crder and occasionally second=crder traverses were fi<sed
te the primary system +o ¢omplets the network.

In some instances the results were published with the
appropriate signs, in order to indicate the cuadrant in whieh
the peints fell; but this was & source for mistakes. 7o
eliminate the posgibility of errors octurring from the sicns
being improperly applied in differing the values, the nominal
coordinates of the orxigin X = 0 and ¥ = 0 were, in many czses,
assigned sufficiently large constants to keep all cooriinates
positive. On occasion the coerdinates were rotated for one
Teason or ancother, which often lead to confusion at lataer dazes.

For simplicity sake, this system is identified as a ¢ancens
Plane on the premise that only cone point, the origin, wzs
coincident with the sphercid (ellipsocid) of reference. I
reality, it closely approximates the azimuthal eguidistant map
projection. By limiting the extent of the system from the
origin,scale distortions and problens due to the convercence o7
the meridians are minimized.

In a purely local system of latitudes and departures cr
cocrcdinates derived from these QuaAntities, in which some
arbitrary peint in some meridian is selected as the oricin,
the problem related to the convergence of the meridians is ==e
most botherscme, althoush scale distortions will eventually
occur il the grid is considerably extended from the origin.
It would indeed be rare when these systems are expanced o a
point that scale problems arise, but this is not the case :i-n
the matier of convergence. Taking New York as an examtle, =-e
convergence amounts to about 48" for each mile that a peint ==
east Or west ol the crigin. These SYETems are thpose faveorac
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Dy land surveyors and for engineering projects of very limited
extent and for these purposes ars entirely satisfactory.

Map projections are classified as conformal and non-conformal,
For a projection to be conformal, the scale ratio (scale
factor) at a point is idantical for a finite distance in any
azimuth; while for a non~conformal system, the scale at a point
varies with tha azimuth. The tangent plane systexm is non-
conformal since the scale is exact on the lines betwaen all
points and the origin, but varies in other azimuths. In evary
ca3e, except on lines to the origin, the grid distances arg
longer than measured distances. Since these systems seldonm
extend very far fram the origin, this correction can be safely
ignored. For example: at 20 miles from the origin, the
naximum scale difference is only 1:70,000: but at 80 miles, the
scale can differ by as much as 1:5,000. This brief discussion
on projections has bean presented for three reasons. Cne, tg
intreduce the thought that scale factors exist in any coor-
dinats system which extends an appreciable distance; tweo, to
describe the major difference batwean conformal and non-
conformal projections: and three, why the uniformity of scale
At a point is essential, as a matter of convenisnce, in
selecting & grid encompassing large areas. Furthermere, and
perhaps most important, larger areas can be accommodated by
using conformal projections.

The coordinate systams censtructed By the National Ocean Survey

formerly the U.S. Coast and Ceodetic Survey) are all derived
{rom conformal map projections, except that developed for Guam
which is on a tangent plane. For States whose primary extent
is east-west, toe lambert conformal conic preojection was
sele.ced because the scale vz _es with latitude; thus, a
State the size of Tennessae could be covered with one zone.
The transverse Marcator projection was best suited for those
States whose areas lie mostly north~south, since the variation
in scale depends on the diffarence in longitude. New Jersey is
one of several States which has only a single zone on this
system. The confiqurations of two States, florida and New York,
require that the Lambert projection be used for northern
Florida and Long Island, while the remainder of the States are
divided into zones served by the transverse Mercator grid.
Michigan uses both systems. The original State grid was on the
tIansverse Mercator projection. Later it was decided that the
Lambert grid would be better for the State, since the populaticn
TASS was concentrated in an east-west pattern. Subsequently,
this projecticn, referenced to an elevation 800 feet above sea
level, was adopted as the legal State grid by an act of the
legislature in 1964. Alaska requires a skew projection for the
scutheast section, eight zones on the transverse Mercator

system for the major land mass,and the Lambers grid for the
Aleutian Islands,



In developing the State systems, there were three
considerations. One, the zones were to be defined by County
or eguivalent political bocuncaries. This condition was me:
except for Alaska an? Washington. In Washington it was
necessary to celineate the 20ne beundary aleng a parallel
passing through Grant County. Twe, the scale recuction was
not to be worse than 1:10,000. This limit was selected because
for many surveycrs at the time the State systeams were preparecd
and even for much ¢ the work undertaken today, the scale
factor could and can be ignored without any serious consecuences
resulting. Also, by maintaining the scale ratio at 1:10,000,
a zone could be 158 miles in width, extending around the werl:s
on the Lambert system and to within apout i0° of the norti pole
for the transverse Mercateor projection.

There are 130 zones which include both systems in Michican
to cover the 30 States. Including the systems prepareé Ior
Guam, Puer<o Rico and the Virgin Islands, and American Samea,
there are 134 zones. Of this total, onliy 11 zeones have
maximum scale recuciicons in excess of 1:10,000, the werst Deins
Alaska zene 10, ¢overing the very sparsely settled Aleutian
Islanés, where the maximum reduction amounts to 1:6,600. AScus
88 percent of the scale reductions are better thap 1:13,002.
The third consideration was to select the zone boundaries such
that the scale variations weuld be minimized in the vicinity of
the majer metrcpelitan regions. In many cases, this was
accomplished; however, it was not possible to meet the condition
in every situation without increasing the number of zones. TO
date, only one additicnal zone has been reguested for that
purpcse. This is zone 7 in Califernia, which covers Los
Angeles County ané has a maximum scale reduction of 1:87,300.

SEA LEVEL REDUCTION

State plane coordinates, with the exception ©f those
computed on the lLambert projection for Michigan, are referenced
to sea level. For those surveys where tihe mOsSt @Xact Iesu.is
are desired from the cbservations and the observations have
been cbtained using eguipment and preocedures commensurate with
the desired exactness, then each length should be recuced o
the sea level refsrence using the mean elevation of the twe
points involved. In many cases, however, a mean elevaticn IcT
the entire area may be satisfactory: and in other instances
where the survey preocedures do not justify this computaticn or
ehe alevations are near ssa level, thiz reduction can be
ignorsc.

Once a good understanding of the actual influence of sea
lével and scale reductions on measursd lengths and the reiazicn-
ship between the corrections, which will be discussed later,
is reached, a mazcr source cf aprrehension in emploving tle
State grids is eliminated. There is nothing mysterigus about
these reductions; they aze simply arithmetical operations. Whas
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one has to learn is when the correcticns should be applied and
what errors are introduced when they are omitted. This matter
will now be taken up. First, a graphic reprasentation of the
reduction to sea level, followed by the simplified formula for
making this reduction, examples of the reducticn of a langth,
computations of the sea level factor, and a table of factors
with the correspconding proportional part changes to the lsngths
for selected haights abova sea level seems in order. In this
saction, elevation and height are used interchangeably.

Ground level

— o Sea level
BI

Canter of Eareh

Figurae 1. Reduction to ssa lavsl,

Figure 1 shows graphically the reduction of the horizental
ground length A=B to the sea level or geodetic length A'-~R'
Except for Death Valley and a Zfew other locations where ths
land liass below ssa level, this diagram is correct within the
intent of this paper.



For computaticnal purposes:

Horizontal sround distance A o B = §

Sea level distance A' to B' = §' = Geodetic distance
Mean elevation of A and B = h

Radius ¢of Zarta = R = 20,506,000 feet

NOTE 1: "S” may be in any linear unit (feet, meters, varas,
etc.}, but "h” must be in feet if "R" = 20,506,0CC
is used, :

OTE 2: “R" varies with latitude and azimuth; but for mes:
purpcses in the contermincus States, the value given
i of sufficient accuracy.

o

§' = (8 x 20906000),/(20906000+h)

Wo proef for this formula is given here, as it may be found in
manv surveying texts and publications.

Where "h" is the average or adepted elevation ©of the are: to
be surveved ané the terrain is relativelv level, a single
factor can be determined by the formula R/ (R+h) and used acs a
multiplier to reduce all the horizontal ground distances to sea
level. "Relatively level" is a functicn of the desired acouracy
of a survey. For sxample: if the survey reqguirement is
1:20,000 or better, then differences in elevation of as nmuch 28
1000 ft. can probably be tplerated; where an accuracy cof 1:3030
will satisfy the specificaticns, elevations differences of
2000 f£t. are acceptable: ané in some cases, the heicht variance
coculd approach 4500 £t.

Examples follow:
a. Reducticn <o sea level:

& = 239%35.64 {any linear unit) and h = 1837 ft.
§'= (23935.64 x 20906000} /(20906000 + 1837}

= {23935.64 x 20%06000) /(20907837
E'= 23533.54

r

Determinacion of sea lavel facepnr:

h = 1837 fe.
Sea level factor = 20906000/(20906000 + 1837) = 0,885%1z.



Table 1. Sea level factors and agquivalent proportional part
changes in leangths.

Elevation Elevation

{£f€.) Factor l:Part In {fe.) Factor l:Part In
0 1.0000000 - 3go0 0.9998565 69§?

500 0.9999761 41841 3500 0.9998326 5974

1000 0.9999522 20920 40400 0.9598087 5227

13500 0.9999283 13947 45400 0.9997848 4647

2000 0.99995043 10449 5000 0.9997609 4182

2500 0.9998804 8361 3300 0.9997370 3802

t# there was no other consideration in reduecing the lengths,
such as the scale factor, a surveyor knowing the mean elevation
of the place to be surveyed or having decided that some height
would best serve his interests could by a simple inspecticn of
the propertional parts given in table ! decide whether or not
his measured lengths need be reduced. In the next section the
cembinacion of the sea level and scale factors into a single
factor will be discussed.

Before leaving the subject of elesvations, one further poiat
must be made. For all intents and purposes, slope distances
redv 33 #o the horizontal ars t the mean elavation of the two
points. See figure 2 for « graphic display. The formulas for
making the slope corraction can be modified to place the
herizontal distance at the elevation of one of the points: but
this is seldom done. When a survey is made over terrain with a
wide range of elavation and the computations are to be made on
a local system {latitudes and departures]), it is wise %o
detarmine the effect of these elevation differences and perhaps
select scns reference surface to which the distances would be
reduced. This reference surface need not be sea level; but if
thae slevation chosen is greater or less than the actual
minimim height, one has %0 keep in mind that those distances
below the reference surface must be made longer and those ahove
shorter. The factors given in table 1 can be used for this
purpose by merely assuming the selected reference to have a
zars elevation. Latar, methods tc use horizontal ground level
lengths and modjified State plane coordinates (Project Datum
coordinates) will be discussed.

SCALE FACTORS

Scale factors are simply numerical values which when
muiziplied by the sea level distance between Iwo points produces
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a grid distance. The question is often asked = why are scale
factors necessary? The explanation <an be demonstrated by
considering a block of wood one inch square. Should the
requirement arise to fit this block of wood exactly in a hole
ene half inch sguare, we have two choices. One, scale or
reduce the block to fit the hole; or two, enlarge the hole.
View the hole as being part of a structure which cannot be
enlarged unless the entire structure is enlarged; and since the
structure is completed, there is only one choice, the block of
wood must be rsduced in size. The structure is analogous to a
map projection where a portion of the Earth, a curved surface,
has heen fitted to fixed dimensions, determined by mathematical
procasses; the hole represents a segment of the Earth within
tha porticn and the block of woocd the mesasurad distances through
that segment which must be reduced accoxrdingly so that a
homogenous structura is retained.

It is at this point that many surveyors simply <cannot accept
the Stats coordinate systems, since to change accurately
measured distances often by very significant amounts is not
consistent with time honored practices. The counter argument
that thess changes are ;erely computational processes is very
often completely overshadowed by the initial reluctance o apply
reductions which are not understood. There are many instances
where the opposition remains, even when it is shewn that the
end vesults can easily be used to reproduce the measurements
which differ only fram the original values by adjustment
sorrections. By carefully viewing the examples which will be
presented shortly, this reluctance should be largely overcome.
Again, it oust be emphasized that understanding is the key to
what actually is a very simpls problem.

Prior to presenting the exnaples, a few illustrations
(figures 3, 4, and 5) may aid in obtaining a better grasp of
scale factors and their relation to the sea level reductions.
These illustrations are simple graphic representations and
should not be construed as being exact port-avals of what aze
rather complex mathematical developments.

Figure 2 illustrates the regions where the scale factors are
less than unity, exact and more than unity or the Lambert
projection. TFor this projection, two-thirds of the zone fall
between the standard parallels with cne-sixth north and
cne-sixth south of standard parallels. .RBetween the standard
parallels, the scale factors are less than one, egual to one on
the standard parallels, and greater than one to the north and
south of these parallels. The maximum scale factor is about
midway between the standard parallels. It now follows that
since the grid distances are simply the sea level digtancas
multiplied by the scale factor for the mean latitude of the
line or, as is mores often the case, the survev area, the
Zoliowing is trye:



a. Grid distances between the standargd parallels are
ghorter than the sea level distances.

b. Grid distances north and south of the standard parallels
are lenger than the sea level distances.

Figure 4 is the graphic illustration for the transverse
Mercator; and rather than parallels, the scale factors are lecs
than unity between the grid meridians (where the scale is exzc:,,
which are equally spaced from the central meridian and creater
than one east and west of these grid meridians. There geenms nc
need to repeat the explanations, as given for the Lamber<
Frojection since they are identical when grid meridians anc
€ast anc west are substituted for standard parallels, and norzh
and south respectively. Thers is one slight difference; the
maximum scale recduction is along the central meridianm, while
for the Lambert projection the maximum reduction is rot exactly
micdway between the standard paralleals.

Figure 5 shows the relationship of cround measuremenzs =o
se2 level reference and the reduction to the grid plane for
ebservations in the areas where the "scale is too small," as
well as where the “scale is too lavge.® This illustratien
2pplies to both the Lambert and transverse Mercator projectiens.

To further demonstrate the graphic presentations shown by
figures 3, 4, and &, the example noted previously is now
presented in two parts. The first where the scale factor is
less than one, and the second where iz is greater than cne.
Either of the two projections employed by the grezt mejority of
the State systems cculd be used o illustrate the reductiorns.
It is thought, however, since cne scale factor depends on ke
mean latitude of the two points and the second on the mearn
€istance (X') from the central meridian for the zone to provide
& sample computation for each case.

Case 1. Lambert system - the distance between stations
ODAIR USBR and DAVIS USBR in the State of Washingten is
measured with the intent to determine the ascuracy cf
the distances in a2 specific network.

The horizontal grounéd distance, as reduced from the
observations, is 25106.12 £t.: and the Dean elevation (h) of
he two stations is 2036 ft.

Washington north zone plane coordinates and the approximate
iatitudes follow:

X
Station Y Latitude
OBAIR USER 2388787.91 45° 37 1gv
230831.04
DAVIS USER 2388121,.53 47 41 23

«55632.39
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Figure J.~--Lambert projecticn = cone secant £o sphere

Figure +i.--Traasverse Mercator preiection - ¢vlinder secant ts schere
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Step 1 - Reduce the horizontal ground distance %o sea level.
Det:rmine the sea level factor from table 1 or by formula:

0.9999043 = [(2036 - 2000)/500) x 0.0000239 = 0.9995026
Sea level distance = 25106.12 x 0.9999026 = 25103.675 ft.

Step 2 - Compute the scale factor for the mean latitude
using table 2: '

Mean latitude = 47° 39' 20" = 47° 39!3
Scale factor = 0.9999754 - (0.3 x 0.0000023) = 0.9939747

Step 3 - Determine the grid distance by multiplying the sea
level distance (Step 1) by the scale facteor from Step 2:

Grid distance = 25103.675 x 0.9995747 = 25103.04 f£+. from
cbservations.

Step 4 - Difference the known coordinates ¢o obtain 4X and
AY and compute the grid distance by the formula v/ 4X° + B8%°

QODAIR USBR to DAVIS USBR AX = -333,62 AY = -25101.35
Grid distance = 25103.57 ft. from known coordinates.

Step 5 - Compare the results obtained in Steps 3 and 4. The
comparison indicates the adjusted data with respect to the
distances in the vicinity of the two stations is on the order
of 1:47400 teo long. For those surveys made in this area,
which are primarily distance dependent, the position closures
can be expected to approximate this ratio provided the same
carr and procedures are exer- .za¢ in securing the measurements,
as was takan on this chbservatioun.

By combining the sea level and scale factors, the reduction
to the grid is accomplished by a single multiplication. T
combine the factors, they may be multiplied together or added
and 1.0000000 subtracted from the sum.

Combined factoer = 0.9999026 x 0.9999747 = 0.99398773 or
0.9999026 + 0.2999747 - 1.0000000 = 0,9998773

Grid distance = 25106.12 x 3.9998773 = 25103.04 #t., which
checks the value computed in Step 3.

Nota: When tha points lie in the area of a zone where the
scale factor is less than unity, the combination of Zhe scale
and sea lavel factors have a compound effect. In the second
example, the line selected falls in that part of the zone where
tha scale factor is greater than cne; and in these instances,
the combination of the factors has a lessening effec=. Thig,
of course, only holds true when the points are above sea lavel.
In those few areas which are locatad below sea level, the
opposite is fze.
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Figure § illustrates the reduction of the horizental g¢round
distancc between stations ODAIR USBR and DAVIS USEBR, a-
carried out in Steps l1-4,

Turninc now to the case where the grid distance is known and
there is a requirement tc know the herizental ground distance,
this value is determined by dividing the grid value by the
combined facter:

25103.04/0.9998773 = 25106.12 ft., which is identizal ¢to the
given distance.

Table 2. Scale factors for use with coordinates con Lamber=
systemn.
Scale
LAMBERT PROJECTION FOR WASHINGTON (NORTH) Factior
Lazt. R y' Tabular Scale in Seale
(feet) ¥ value on | difference | units of eXpressed
central for 1 sec. | 7th place | as 2
meridian of lat. of logs Tatio
{feer) {feer)
47% 36' | 18,987,002.43 { 218,861.00 | 101.32333 - 74,5 0.8980828
37 18,980,925.03 | 224,940.40 | 101.52533 - 85.6 0.8995803
38 18,974,843.65 | 231,015.80 { 101.32350 - 96.4 D.9500%78
39 18,568,764.22 | 237,099.21 | 101.32350 =106.8 0.98885732
40 18,962,684.81 | 243,178.62 | 10t.32387 ~-116.9 C.999973]

Case 2 - Transverse Mercator system - the distance between
stations REDWOOD and GRANITE in the State of New York was
neasurec for the same reason as Case 1.

The horizontal ground distance, as reduced frem the
observation, is 39028.80 £t.; and the mean elevation (h) of the
two stations is 6§10 ft.

New York east zone plane coordinates and the corzespending
X' fellow:

X
Station i 2 £
GRANITE 84086,.55 415913
1581012.62
REDWOOD 122981.72 377018
1584282.84

* X' = X=-500000.00 and for this purpose is always considered
cositive.
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25106.12 ft. DAVIS USBR

Horizontal ground
distance
h = 2036 fe.

CDAIR USER

Sea level factor = 0.9999026 Sea level distance

35103.04 fr.

Scale factor = 0.9999747 Grid distance

Center of Earth

0

Figure 6.--Reduction of horizontal gIound distance to sea
level and grid- .ale factor less than unity.

Stap 1 - Reduce the horizontal ground distance to sea level.
Deternine the sea level factor froem table 1 or by formula:

0.9999761 - [(610-500)/500] x 0.000023% = 0.5999708
Saa level distance » 39028.80 x 0.99997Q08 = 39027.660 ft.

Step 2 - Computs the scale factor for the mean X' using
table 3:

Mean X' = 396466
Scale factor = 1.0001430 + {1466/5000) x 0.0000045 = 1.0001463

Step 3 - Determine the grid distance by multiplying the sea
level distance (Step 1) by the scale factor Irom Step 2:

Grid distance = 39027.660 x 1.0001463 = 3%033.37 I, fzom
ohservations,



- -
-

Step & - Difference the known cocrdéinates to Obtain iX and

LY anc co=pute the grid distance from the formula v X « 27

GRANITL o REDWOQD 22X = =38B95,17 pY = =3271.22
Grid distance = 38032.49 ft. from known coordinates.

Step 5 - Compare the results cbtained in Steps 2 and 4., The
compariscon indicates the adjusted data, with respect to the
distances, in the vicinity of the two stations in on the crder
of 1:44400 too short.

Ter those surveys made in this area, which are primarily
distance dependent, the position closures can expect to
arproximate this ratic provided the same care and procedures
are exercised in securing the measurements, a5 was tiaken on this
obhservation.

As was done for Case 1, the gea level and scale factors are
combineéd. Thus, the horizontzl ground level distances carn be
reducec =0 the grié by a single multiplicatien.

Combined factor =.0.9995708 x 1.0001463 = 1,0001171
0.9999708 + 1.0002463 - 1.0000000 = 1.,9001171

Grid distance = 35028.80 x 1.0001171 = 35023.37 f¢., which
checks the value computed in Step 3.

Where grid distance is known, the horizontal groundéd cistance
is computed in the same manner as for .the jLambert ceoordinate
system, i.e., 39033.37/1.0001171 = 35028.80 ft., which agrees
with the given distance.

The practice of measuring the distances between known
points, when this can be done, is highly recommanded. By
comparing the measured distances with the adjusted values one
can determine the relative accuracy of the adjusted data. Many
control surveyors utilize this procedura and in due course
build up a file, with respect to anticipated closures between
peints in various areas.

Ficure 7 illustrates the reduction of the horizontal grounc
distance between stations GRANITE and REDWOOD, as carried out
in Steps 1«4,

The guestion often arises = how accurate nesd the variocus
data (elevations, mean latitude, and mean X') from which the
factiors are computed be known? Rather than attempt to answer
the guestion, with respect to the accuracy of the data, it is
far easier ro examine the influence or the lengths due ©o
changes in the factors. One can then, by simple computations,
deternine from the maximum differences in the variots &ata the
accuracy recuired or whether one ©or several faetprs will be
needed tc assure the survey results are acceptable., Several
exanples will be given later.
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Table 3. Scale factors for use with coordinates cn transverse

Mercator systenm.

TRANSVERSE MERCATOR PROJECTION FOR NEW YORK

EAST

Scale

Factor

Scale in Scale
units of expressed

X 7th place as a

(fent) of logs ratio
350,000 +463.0 1.0001067
385,000 +480.5% 1.0001107
360,000 +498.2 1.0001148
365,000 +516.2 1.0001189%
370,000 +534.4 1.0001231
375,000 +552.9 1.0001274
180,000 +571.6 1.0001317
385,000 +590.8 1.0001380
380,000 +6095.8 1.00014058
395,000 +629.3 1.0001450
400,000 +649.0 1.0001495
405,000 +663.0 1.0001541
410,000 +689.2 1.0001587
415,000 +709.7 1.0001635
420,000 v730.4 1.0001le82

Tabulated below are the effects on the lengths for a change
ef 21 in the designated decimal places,
effects, i.e., a change of 23 at the same decimal place would
effect the distance by three times the amount of a difference

of zl.
Decimal Place

Seventh
Sixth
Fifeh
Fourth
Third

As can be easily seen., the average user need not he =00
concerned with variances in elevations, in mean latituda (Sor

These are linear

l:Part In

10,000,000
1,000,000
100,000
10,000
1,000

Lambert system) and mean X' for transverse Mercator coordinates

uniess the combined effect amounts to rerhaps four in the
£ifth decimal place (1:25000); and in most cases a change oI
cne in the fourth decimal (1:10000) weould cause lissle worzv
This explanation is given to provice a further undarstandiag ©
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the use ©f these cuantities in practical applications anc nest
tC encourage a careless approach to the use of the varicus

factors.,
GRANITE 300353.37 fr. REDHOOD_
Grid distance
Scale factor = 1.0001363 35028.80 fr.
Horizontal ground
- - distance .
Sea level factor s 0.99957(CS 39027.66 fr. s 610 fz.

S5ea level disiance

Center of Earth

Figure 7. Reduction of horizontal ground Aistance to sea level
and grid-scale factor greater than unity.

A few examples follow:

l. Assume that a survey is run in a north to south direc=icr
in the vicinity of the central meridians for New York east,
central, or west zones at an elevation of 1000 ft., which is
the average alevation for New York. The scale reduction is a=
the maximum less than unity on the central meridiar. The scale
factors on the central meridians are 0.999555Y for the east
zZone anc 0.9999375 for the central and west zones. What is =he
maximum error introduced if the sea level and scale factor
reductions are not applied? :

{a) About 1:12500 for the east zone and 1:9100 for the
central and west zones.

2. Assume the same Survey is observed except the elevatien
is 2000 £t. Whaz is the maximum error introduced if the sea
level anc scale factor reductions are not applied?
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{a) About 1:7800 for the east zone and l:5300 for the
central axl west zones.

Jd. Thase are the worst cases for the elevations given. A
survey on the grid meridians, where the scale factor is unpity
and only the ssa leval correction is ignored, the distances
would be im error by:

(a) At 1000 ft. elevation 1:20900 for all zones.
(b) At 2000 f£. elevation 1:10400 for all zones.

4. Assune the same survey as described in (1) and (2) is
carried out, except that the distances aze raduced from a mean
elevation of 1500 ft. What are the maximum errors introduced
at those points located at elevations of 1000 £+. and 2000 £&.
by ' using a mean elevation?

{a} At points situated at elevations of 1000 ft. and 2000 fe.
1:41700 for all zones.

Although the preceding examples are all associated with
differences in elevation, the same tests can be applied o
variances in scale factors and the combinaticn of the two
factors.

As cxampleé:

l. An east-west survey 70000 ft. in length on the transverse
Marcator systems in New York ‘s established between two points
loc_ted 350000 Zt. and 4200.. "t. froem the central meridian at
an elevation of 1000 ft. The scale factors at 350000 f=. and
420000 £¢. from the central meridian for the central and west
zones are 1.0000775 and 1.000135%0, respectively. What is the
range of the errors introduced by omitting these reductions?

{a) At 1000 £+, elevation 1:8300 to 1l:17000 for the east zone
1:11000 € 1:33700 for tha cantral
and west zones.,

2. Same survey as (l), except the elevation is 2000 ft.
What i{s the range of errors introduced by cmitting these
reductions?

(a) At 2000 ft. elevation 1:13800 to 1:91000 for the east zone
1:23100 to 1l:55000 for the central
and west zones.

l. Same survey as (1), except the distances are reduced by
the comhined factor derived from the mean scale factor and a
Tean elevation of 1500 ft. What is the errcrs in the lengths
at the terminal peoints of the survevs?



{a) AL 1000 £+. and 2000 £t, elevation and 2350000 £:. frem
the cenwral meriéian 1:145000 and 1:18200 for all zcnes.*

(5} At 1000 £+, and 2000 ft. elevation ant «20000 ft, foom
the central meridian 1:18300 anéd 1:149000 for all 2cnes.*

* These are the proportional part errors at 1000 ft, and 200C
ft. elevazion, respectively, assuming the elevations a:e at the
points located 350000 £t. and 420000 £+, from the cents

meridian.

No ecmputaticnal detalils are -rovncec for these examcles.
There is sufficient dats given wizh'the examples and elsewners
te verify the calculatiens. Tables 1 and 3 and the varicus
computations concerned with the reductien of horizonial grouns
distances are the ssurces of infcrmation elsewhere,

PUBLISHED DATA, AZIMUTHS, BEARINGS, AND MAPPING ANGLZIE

Published dats issusd by the National Gecdetic Survey
inciucde azimuths which 2re referenced ¢lockwise fr-on the scuih
and ¥ and Y values for tha coordéinates. The X and ¥ guantities
are actually ezst ;ngs and northings, respectively. Most
surveyors prefer 4o use north as the azimuth seference 2:nd.
northincs and eastings in that eprder. No harm whatsdever
results if the user simply adds 1B0° 00' 0070 to the puklisgned
azimuths and interchanges the X's and Y's. The data aze now
in a Samiliar foym,

Turning now ¢o the use of bearings, bearings may be
convenient in cescribing lanc boundaries but guite awkwaré to
use in computations, since angles measured clockwise oz countar-
clockwise, as the case may be, are not acdded or subtracted i=n
uniform fashion. The argument that fewar ex-zors zesul: when
bearings are emploved is open to cuestieon. In fact, a gcounser
argunent can be made that there are probably more errors nade
in leocating boundary corners f£rom offset points, due. to the
use of bearings, than would occur if aziwuths were emploved.
This is the author's contenticn: and while more ané meooe
Eurveyors are turning to azimuths, the great majority still
prefer a svstem that enarced when Compass SUIveys were e rule
rather than the exception.

Mapring angles identified as "delta alpha (As) angles"™ when
agsociated with transverse Mercator coordinates and "thetz (£)
angles™ in the lambert system are simply the zmall angles 2t

ints Zormed by the intersection of geodetic meziZians Dassing
through those ;oints and corresponding ¢€rid mecifians., These
ancles are ecual o 2erpo con the central meridian ané increase
in size %he further the points are east and wes: of thi
mericdian. East of the centrzl meridian the angles are rositive,
anc necasive to the west ¢f this meridian., Geodetic azimuznls
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2re equal to the crid azimuths plus the mapping angles taxing
int» consideration the sign of this angle.

Although the ceomputations can be made in different ways, the
napping angle in seconds at a point is actually equal to tle
sine of some latitude (¢) multiplied by the difference in
saconds of longitude (3\") between the point and the cencral
meridian or the origin. This formula is expressec 2s Zollows:

Mapping angle = Sineexii”

It may come as a sSurprise to scme that mapping angles are
innerent to all grié svstems, including lecal ones. All
surveyors are aware that the azimuths or bearings ¢l lines are
not in the same meridian as the suxvey is extenced east QI west
of the origin; but few recognize the sinmilari4y between the
differences on the local grid vis-a-vis the State grids.

Only the formulas are given here., Compleze exannles are
given in the Preprint "Pundamentzls ¢ the State Plane
Coordirate Systems,” which is available Zrae oI charge Izim the
¥asional Geodetic Survey. The first Zormulas ¢iven in each
instance are thcse that may be used if cecgrachic Tesiticone,
tither computed or scalad frocm a good map, ars availabla; and
the sacond for use when only plane ¢oordinates ¢n a lccal o
Sta.a srid are on hand.

Lambert sys:ems (1} §" = L{Agm-Ap)" difle
kBe in seconds

L} ]
1]
u
L1}
m
-
HH
1]
1
»-
"
]
“
mn
1]

(2) 8 = a=2 tangant (X«C)/{R-Y)

ransverse (1} 20" = Sined (A og=Ag)" = ¢ diffarence
Mercator (Aem=3.) must be in seconds
systam: P

(2) La™ = M(X=C) = a

Local system: (1) 8a" = Sineayn(Ag-2p)1"  difference (A, -4,)

mist be in secends

2
(2) 4a” = Tans, (Depavsure _.)/102  the sicn
of the Departure ,.p Rust te taken

into account and the quansity must
bhe in feet.

NOUTE: Qeparture g.n is the Derarture (fasting) -etwean
the origin and the ceint,



-
-

z = latitude ) = lengitude A = gentral

" meridian
$. ® latitude of ‘p = longitude ol Ao = loengitude oI
il point point erigin

$mn™ mean of latitude of the origin and latitude of point.
X and ¥ are State plane cocrdinates of point.

Ryr €/ A.ms and L are constants given in Table of Constants

included with the projection tables for each State. See

table 4 for example. A table containing values of "g" fer
latitudes 24° to 50° and 4A" from 0" to 6000" is included wizh
the projection tables for all States using the transverse
Mercatocr system,

values for "M" anc "e" are given in a table included in the
srojection tables for those States using the transverse
Mercator system sxcept Alaska. See table 5 for example.

COMPUTATION OF A TRAVERSE
Computaticns for this example will be made as follows:

l. Plane azimuths from south, horizontal ground level
lengths and X,Y State plane coordinates.

2. Plane bearings, grid distances and N{Y), E(X) Sta:te
Plane caordinates{

3. Plane azimuths from north, horizontal groungd level
iencths and x,y Project Datum coordinates.

Computations (2) angd (3) will be shown tc produce identical
results when certain reductions are made. Computation (1) is
for comparison purposes only. Balancing will be accomplished
by a procedure identified in much of the world as the Bowdisch
Rule. In the United States, this method is known as the
Compass Rule. It is indeed strange that in the country ©f his
birth, Nathaniel Bowditch is not recognized for his develormesns
¢f this methoed for balancing traverses.

No detailed explanations for many of the computations are
provided, since it is thought all surveyors are familiar wizh
distTibuting angular closures and the Bowditch Rule {(Compass
Rule) for adjusting positional closures. Much of this paper
has been directed to sea level and scale factors, individualiv
and in combination; and there sedms no need to repeat that
inZormaticn here. The Project Datum coordinate concept will >
explained in sufficient depth to assure & good understandinc o
when the system may be peneficial and how the computaticns are
Zace.

H



Table 4. Conatanty for New Yorx

Constant

Central Maridian
lag
Scals reduction

{Central
Meridian}

log (6—,;2:’)

sin 1°

Zone

East

74°20" Q02000
.1“..

1: 30,000

L 580 7HOO =20

- ns ISR -20

(_) .T285 x 10730

-2T.%
1 & 16,000

L,580 7483 20

9.295 173 «20

0.735%5 2 30~1°

L,EBO 78525 =20
9,895 2076 =20

0.7856 x 1010

West Long Ialand
78°35 0020QG%  THUCUTOCTO00
-T73.5
1 : 156,000

2,000,000,00 2t,

2k, 552,545, 30 re,
227,54 =,
0.65% 08209
2.358 z 10730

0.5372 3603 -10

9.815 63223 -10
7.805 U3807

"C" for all transverss MercaioTr systeams except
Alaska and New Jersey = 300,000.00 feet.



Table i.

Mand & Vilues

TRANSVERSZ MZRCATOR PRCJIETCTION

New Yark
AC = M=x! [ ]
E Bagt zone Central and west zones
T | ¥ aM M &y
0 0.008 259 806 0.008 2558 &0
100, 000 0,008 Eog 812 0,008 an slg
200,000 0.008 &21 81 0.008 812
Zso,ooo 0.008 85032 82 0.008 5025 g25
S0, 000 0.008 5858  £32 0.008 5880 8§32
99,000 0.008 €690 -szg 0.008 6652 E£uD
00,000 0.008 7522 8 C. 005 7532 shz
700, 000 0.008 B37 3 0.008 8379 g
£00, 000 0.C08 5230 8B 0.008 623 £81
500,000 0.000 D031  8&AQ 0. 009 005 855
1,000,000 0.00% 0880  £76 0.000 0063 875
1,100,000 0.00S 1836 88k 0.005 1839  8s&k
1,200,000 i 0.005 2720 &2 0.009% 2223 gs2
1, 300, 000 0.009 3612 901 0.009 E 1 s01
1,400,000 0.008 U513 g0f 0.009 is1 ooe
i, goc , 000 0.009 Bh21 91 0,008 Q1
00, 000 0.008 2 §2 0. 009 3#1 82
1 700 000 0.00% 726k 93& 0.008 7257 ©34
1.soo,ooo 0.005 512 L3 L0065 8201 alj
1,900, 000 0.002 9151 0.000 g1ik
L
xl
y 100,000 | 200,000 | 300,000 | 400,000
o 0.0 0.1 0. 0.6
1,000,000 0.0 0.1 0. 0.5
2, 000, 000 0.0 0.1 0.4 1.0
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The coordinates are assumed to be New York east zone and the
mean elevation of the survey is 1231 feet abcve sea level.

AZ MK

O~.

JOE

@3 Fixed statien _

A Vew station
0 Azimugh =azk

Figure

Observed Ancles

JCE
AZ MK to BUD 20L°*
3UT
JOE to JIM 129
JIM
BUD to AZ MK 232

FTixed Cocrdinateas

JOE

JIM

b3
b4
X
b 4

134895.36
476523.10

146175.22
475177.82

23
42
07

JIM

BUD

AZ MK

Sketch of sample traverse.

Distances in Fest

Frem To Horizontal Grid
JOE BUD SL75.62 S5175.91
45° BUD JIM 7393.74 7394.15

15  Sea lavel factor = 0.8999411
Scale factoer = 1,0001144
€8 Combined factor = 1.0000555

Mn X' = 359483

a Az o Az Mk Plane
From South From North Bearing

107° 16' 34" 287° 16' 34" N 72° 43° 26" W

311 30 4¢ 131 30 40 S 48 29 20

n



mDuiaticn anc Adiustment of Plane Azinuins

From 5 Asimuth LOTT. Adi, Az From Nerth Bagring
SOE A MK 107 16’ 347 107° 36 34 I87° 1€’ 34U N TR0 a3t I
y-.q 201 23 4§

wm
'

JOE  BUD 306 40 19 -4 308 40 15 128 40 15 S5 51 18 4

4 129 42 35
U JIM 238 32 54 - 8 258 22 46 78 23 46 N5 22 &
JIM  BUD 76 22 54

232 o7 58

JIM ACZ MK 311 30 52 «12 311 30 40 131 30 20 S48 29 ¢ =
FIXED 311 38 40
CLOSURE - 12
12/3 = -2 per angle

Computation and Adjustment ©Ff Coordinases

Computation No. 1

Staticn Hor. Dist. Depart. Lat. X i 4
Flane Azimuthe

JOE 134885.36 476923.1¢C
+4040.86

30B°® 40' 13" Bl7E.62 138936.22 4726E5.14

=3233.89¢ (.33 -0.25

BUD 138936.55 473685.58
+7242.1%

258° 22' 46" 7393.74 146178.4) 475178.4¢

+)489.32 +0.81 .64

JIM l4€6179.22 475177.82

Sum 125€68.36

* Azimutks from south Closure = v (0.81)° + (0.84)° = 1.03 Z2¢.
= 1:12200

Zfactor = +0.81/12.56936 = «0.06444 per 1000 £t.

Zactor = -0.64/12.56936 = =0.03092 per 1000 £+,

' D6

Latitudes, Horizontal Dis*ances and Azimuthe

Adiusted Departuras,

From To  Dezars:. Lat. Hor. Dise. Azimuth
JOE 3UD  +4041.15 =3234.22 5176.04 208° 40°' 15"
BUD JIM  +7242.§7 +1488.954 7394.13 258 22 S§9

Many mayr believe that the balancing Process will take care
CI errors introduced by not applying the elevation-scale
Teduction o the horizontal ground level distances. AS a gener:z.
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rule, this will not be true; although there are certainly
occcasions where there are only small differences between the
adjusted coordinates. This seems to be the case here, since
the adjusted coordinates determined in Computation No. 1 and
No. 2 for station BUD differ by only 0.03 f£t. in X and 0.14 fr.
in ¥. However, the horizontal ground level distances derived
by dividing the adjusted grid distances from Computation Ne, 2
by the combined factor differ by considerably larger amounts
from those determined in Computation No. 1. A comparisen of
tesults follow Computation Ne. 3.

nggutation and.Adjustment of Coordinatas
Computation No. 2

Station Grid Dist. Lat. Departe. N(Y) E(X}
Plane Bearing

JOE 476923.10 134895.38
-3234.14

§ 51* 19' 45" E 5175.91 473688.96 138936.44

+404%.08 -0.22 +Q.08

BOD 473488.74 138936.52
+1489.40

N 78" 22' 46" E 7394.15 475178.368 146179.013

+7242.59 ~0.54 +3.19

JIM 475177.82 14617%.22

sSum 12570.06

Closure a / (0.54) ¢ + (0.19)° = 0.57 f=. = 1:22100
N(Y) "actors = -0.54/12.57006 + -0.04296 per 1000 f«t.
E(X) factors = +0.19/12.57C% = +(0.01512 per 1000 £%.

Adjusted ratirndes, Departuras, Grid Distanées, and Rearincs

Frem To Lat. Depare. Grid Dise. Bearing
JOE BUD -3234.36 +4041.16 5176.10 S 51* 18' 40" E
BUD JIM +1489.08 +7242.70 7394.19 N 78 22 55 E

Project Datum Coordinates - Among the reasons offered by some
surveyors for not employing the State grids is the reguirament
that the final adjusted distances be horizontal ground lavel
values., It is true that, except for the Michigan grid, all
other Stats systems are referanced to sea lavel. TFurthermoras,
every State system involves the use of scale factors., =arlier,
i« was shown that under some conditions the sea lavel and scala
reductions could be omitted; but for hicher accuracy surveys,
this was not racommended. Also several examples wera given of
the ~eduction ¢f grid distances to horizcntal ground level
lengths., All these examples involved State plane coozéinazes.
dowever, for limited areas with mccderate terrain ralief, State
plane ccordinates can be converted <o Prciect Datum plane
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cocordinzTes. Simply stated, the State ceerdinates are zraazed
im suen a fashicn tha®t the reducticns =T 322 level ani f-r
scale are, within the limizations ©f the conversion crocess,
effective.y ramoved. The distances cdeterminec by dilferenmzing
Srcject patwh coordinates are, for all intents and pusposes,
herizeontal ground level guantities at the mean elevation of the
survey site or whatever elevation reference was adopted. Since
the combined elevation-scale factor enters inte the conversicr,
tests should be made to assure that the results at the
extremities of the survey fall within acceptable limics.
Azimuths (bearings) computed from Project Datum coordinates arce
the same a5 those calculated from Staste plane cocrdéinates.

rojecs: Datum cocrdinates may be computed by two methods.
One, compute and balance the survey using regular procedures
such as"Computation No. 2 and then @ivide each coozQinate by <The
comzined elevaticone~scale factor to . obtain Project Datum valuses.
Two, éivide the coordinates for the fixed contrcli points anc
use horizon+al ground level lengths, as is ‘done in Computation
Ne. 3. In any case, the Project Datum cooriinates should pe .
made unigue so that they would not be confused with State plane
ccordinaces. In adcdition, sach document showing these toor-
¢inates should carry an exglanation including the combined
factzcr and whatever constants are recuired to convert th
values o the respective State crid. In the case ol
Compusasion No. 3, the fixed coordinates for JOE and JIM were
dividéed tv the combined facter 1.0000555 and 100,000.00 and
400,000.00 were then subtracted from the Project Datum
ccorcirates, respective.y, to obtain x and y. The azlnmuihs oo
bearings are the same &s usel in other calculations. Horizeon=al
ground level &istances replace grid distances., The basancing
ef the traverse is carried out, 25 was done previpusly. A
comparison of the results of the three computations is given
later,

Cemputation and Adjustment of Project Datum Coordinates

Computation Ne. 3

gtaticen Her. Dist. Depart. Lat. X Y
Plane Azimuth® -
JOE 348B7.B7 76896.£2
+4040.86
12B* 40' 135" 5175.¢62 38528.73 73€62.67
~3233.96 +Q.08 =-0.22
BUD 38928.81 73662.4
+7242.19
78° 22' 4¢" 7393.74 46170.92 7513°.9¢
+l489.32 | +0.19 ~0.54
JIM 46171.11 7513i.453

Sum 312569.3¢
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* Azimuths from nerth Closure = v (0,19} ° + (0.34) = 0.57 f£t,
= 1:22,100

x factor = +0.19/12.56536 = +0.01512 per 1000 £ft.

y factor = =0.54/12.56936 = -0.04296 per 1000 £¢.

Adjusted Departures, Latitudes, Horizontal Distances and Azimuths

From To Depare. Lat. Hor. Dist. Azimuth
JOE BUD +4040.94 -3234.18 §175.82 128° 4¢*' 20"
BUD JIM +7242.230 +1489.00 7392.78 79 22 35

COMPARISON OF RESULTS

Computations
Coordinates l=2 Jm2w
BUD AX = «0,14 £=. AX = 0

AY = +0,03 f£r. AY = @
Distances
JOE to BUD +0.23 £¢. +0.01 ft.
BUD to JIM +0.35 f+. Q
Azimushs (Bearings)
JOE o BUD +&" Q
BUD to JIM +4" 0

Note: Computation No. 2 wae .3 2 as the base for comparison
purposes.

* The adjusted cocordinates and distances from Computation No. 3
were multiplied by the combined factor 1.0000S55 to chtain the
cemparisen with similar gquantities in Adjustment No. 2. Prior
to converting the X,y cocrdinates from Adjustment No. 3, the
constants 100,000.00 and 400,000.00 were added to these values,
respectively.

SUMMARY

The main thrust of this paper was to describe graphically
and in the simplest possible terms the reduction of horizemtal
ground level distances to sea level (elevation) and for scale
when these distances are used in computaticns involving the
State grids. Hopefully, this intent was successful. Discussions
related to mapping angles and computations were Presented Merely
to provide a broad overall picture of the concept of plane
coordinates and their easy utilization. Information conecerning
small correcsicons to the cbserved angles, identified as seconce
term or (t~T) corrections was deliberately cmitted since this
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is essentially a computaticnal matter and as such outside the
primary purpese f{or preparing this paper. It should be ncied
that these corrections are not difficult to understand or

compute.
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