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CORRECTIONS APPLIED BY THE NATIONAL GEODETIC SURVEY 
TO PRECISE LEVELING OBSERVATIONS 

Emery I. Balazs  
Gary f.1. Young 

N a t i o n a l  Geodet ic  Survey 
N a t i o n a l  Ocean Survey,  NOAA 

R o c k v i l l e ,  Md. 20852 

ABSTRACT. The s i x  c o r r e c t i o n s  a p p l i e d  by t h e  Na t iona l  
Geodet ic  Survey t o  p r e c i s e  l e v e l i n g  observa tons  a r e  de- 
s c r i b e d .  These c o r r e c t i o n s  a r e  a p p l i e d  t o  observed l e v e l i n g  
d a t a  t o  minimize t h e  e f f e c t s  of known s y s t e m a t i c  e r r o r s .  The 
r o d  s c a l e  c o r r e c t i o n  e n s u r e s  a uniform s c a l e  which conforms 
t o  t h e  N a t i o n a l  l e n g t h  s t a n d a r d .  The rod temperature  correc-
t i o n  accounts  f o r  v a r i a t i o n  i n  t h e  l e n g t h  of t h e  l e v e l i n g  
rod '  s I ~ V ~ ~ / L O - V A R @ Str ip which r e s u l t s  from temperature  
changes. The l e v e l  c o l l i m a t i o n  c o r r e c t i o n  minimizes t h e  
e r r o r  caused by n o n h o r i z o n t a l i t y  o f  t h e  l e v e l i n g  i n s t r u m e n t ' s  
l i n e  of s i g h t  f o r  unequal  s i g h t  l e n g t h s .  The r e f r a c t i o n  
c o r r e c t i o n  i s  modeled t o  minimize t h e  r e f r a c t i o n  e r r o r  caused 
by t empera tu re  ( d e n s i t y )  v a r i a t i o n  of a i r  s t r a t a .  The 
as t ronomic  c o r r e c t i o n  c o u n t e r a c t s  t h e  e f f e c t s  of t h e  Moon and 
Sun on t h e  e q u i p o t e n t i a l  s u r f a c e s  of t h e  Ear th .  The or tho-  
m e t r i c  c o r r e c t i o n  e l i m i n a t e s  t h e  e f f e c t  of t h e  nonpara l l e l i sm 
of e q u i p o t e n t i a l  s u r f a c e s .  The h e i g h t  system p r e s e n t l y  used 
a t  t h e  N a t i o n a l  Geode t ic  Survey and t h o s e  h e i g h t  systems 
proposed f o r  t h e  f u t u r e  a r e  a l s o  desc r ibed .  

INTRODUCTION 

To a c h i e v e  t h e  h i g h e s t  d e g r e e  of accuracy  i n  t h e  measurement of e l e v a t i o n  
d i f f e r e n c e s ,  t h e  N a t i o n a l  Geodet ic  Survey (NGS), a main l i n e  component of t h e  
N a t i o n a l  Ocean Survey,  f o r m e r l y  t h e  Coast  and Geodet ic  Survey (C&GS), u s e s  t h e  
most modern l e v e l i n g  equipment a v a i l a b l e .  Observa t iona l  procedures have a l s o  
been des igned  t o  p rov ide  t h e  most e f f e c t i v e  method t o  a c q u i r e  da ta .  I n  addi-  
t i o n ,  t h o s e  s y s t e m a t i c  e r r o r s  which cannot  be s u f f i c i e n t l y  c o n t r o l l e d  by in-  
s t r u m e n t a t i o n  o r  o b s e r v a t i o n a l  t echn iques  a r e  minimized by app ly ing  a p p r o p r i a t e  
c o r r e c t i o n s  t o  t h e  observed d a t a .  

Rod s c a l e  and rod t empera tu re  c o r r e c t i o n s  have been a p p l i e d  t o  observed 
h e i g h t  d i f f e r e n c e s  s i n c e  t h e  beginning of p r e c i s e  l e v e l i n g  by C&GS i n  1878. 
The l e v e l  c o l l i m a t i o n  c o r r e c t i o n  has  been a p p l i e d  s i n c e  about 1900, when t h e  
F i s c h e r  l e v e l i n g  ins t rument  was in t roduced .  Orthometr ic  c o r r e c t i o n s  have been 
a p p l i e d  t o  observed e l e v a t i o n  d i f f e r e n c e s  s i n c e  1910, us ing  t h e  formula l a t e r  
adopted by t h e  Seven teen th  General  Conference of t h e  I n t e r n a t i o n a l  A s s o c i a t i o n  



of Geodesy i n  1912 (Bowie and Avers 1914). Ref rac t ion  and astronomic correc-
t i o n s  have been appl ied  t o  l e v e l i n g  da t a  s i n c e  1973. 

ROD SCALE CORRECTION BASED ON THE CALIBRATION OF SEVERAL ROD GRADUATIONS 

The l eng th  of t he  Invar  s t r i p  of  a  l e v e l i n g  rod used i n  p r e c i s e  l e v e l i n g  
should be t r a c e a b l e  t o  t he  Nat ional  l e n g t h  s tandard.  P rec i se  l e v e l i n g  rods 
should be c a l i b r a t e d  before  and a f t e r  each p r o j e c t  i f  p r a c t i c a l ,  whenever pos-
s i b l e  damage has occurred,  o r  a t  l e a s t  once during each year  of use. The ca l -  
i b r a t e d  l eng th  of a rod i s  u s u a l l y  determined by comparing i t s  Invar  s t r i p  t o  a 
s tandard  meter. The l eng th  excess  of an average rod meter i s  computed from the  
" a c t u a l  minus nominal" l eng th  d i f f e r e n c e s  observed a t  s e v e r a l  po in t s  a long  the  
rod. A rod  s c a l e  c o r r e c t i o n  i s  app l i ed  t o  t h e  observed d i f f e r e n c e  of e l e v a t i o n  
between permanently monumented v e r t i c a l  c o n t r o l  po in t s  (bench marks) us ing  an 
average l eng th  excess  f o r  t h e  rod pa i r .  The accuracy o f  t h e  rod s c a l e  correc-
t i o n  depends on t h e  accuracy o f  t h e  rod l e n g t h  excess  de te rmina t ion  and the  
s t a b i l i t y  of  t h e  Invar  s c a l e  wi th  time. The c o r r e c t i o n  i s  computed by t h e  f o l -  
lowing formula (Rappleye 1948) and added wi th  t h e  r e s u l t a n t  a l g e b r a i c  s i g n  t o  
t h e  observed e l e v a t i o n  d i f f e r ence :  

where Cr = rod s c a l e  c o r r e c t i o n  i n  millimeters, 

D = observed d i f f e r e n c e  of e l e v a t i o n  f o r  t h e  s e c t i o n  i n  meters ,  and 

e = average l eng th  excess  of t h e  rod p a i r  i n  mmlm.  

Example: S t anda rd i za t i on  r e p o r t s  prepared by t h e  Nat iona l  Bureau of  Stan-
da rds  f o r  two l e v e l i n g  rods  con ta in  t h e  fo l lowing  information:  

1. S t anda rd i za t i on  temperature:  2 5 k .  
2. Coe f f i c i en t  of thermal  expansion : 0.0000008 p e r  meter  per degree Ce l s i u s  . 
3. Actua l  l e n g t h  between designated po in t s  of t h e  rods  a t  t h e  s t a n d a r d i z a t i o n  

temperature  : 
Nominal l e n g t h  : 0-40 0-200 0-400 0-600 i n  ha l f -cen t imeters  

Rod 1 0.19990 0.99982 1.99985 2.99982 i n  meters  
Rod 2  0.19994 0.99998 1.99994 2.99994 i n  meters. 

The computed l eng th  excesses  of an average rod meter a r e :  Rod 1: 
-0.0213 mm/m; Rod 2: -0.0027 m / n ;  and f o r  t h e  rod p a i r :  -0.0120 m / m .  

The computed index e r r o r s  a r e :  Rod 1: -0.119 mm; Rod 2: -0.046 mm. 

The l eng th  excess  and index e r r o r  a r e  determined us ing  a leas t - squares  ad jus t -
ment. The index e r r o r  i s  t h e  d i f f e r e n c e  between t h e  "imaginary" zero mark of  
t h e  s c a l e  and the  r e f e r ence  po in t  on t h e  bottom of t h e  rod frame. The e f f e c t  
of index e r r o r s  i s  minimized by app rop r i a t e  f i e l d  procedures; e.g., "leap-



f rogg ing"  t h e  l e v e l i n g  r o d s  and us ing  an even number of s e t u p s  between bench 
marks, o r  "matching" rod p a i r s  wi th  ( n e a r l y )  e q u a l  index e r r o r s .  

ROD SCALE CORRECTION BASED ON THE CALIBRATIOL OF ALL ROD GRADUATIONS 

In 1980 t h e  N a t i o n a l  Bureau o f  S tandards  deve loped ,  a s  s p e c i f i e d  i n  a  NGS 
c o n t r a c t ,  a n  automated measurement system f o r  t h e  " d e t a i l e d "  c a l i b r a t i o n  of 
g e o d e t i c  l e v e l i n g  r o d s  ( B a l a z s  1980). The system i n c o r p o r a t e s  a 6-meter, 
one-dimensional measuring machine,  a  motor ized  c a r r i a g e ,  a  p h o t o e l e c t r i c  micro- 
scope ,  and a  helium-neon l a s e r  i n t e r f e r o m e t e r  i n t e r f a c e d  t o  a  minicomputer,  t o  
de te rmine  g r a d u a t i o n  l o c a t i o n s  on l i n e a r  s c a l e s .  Measurements can be made o f  
v i r t u a l l y  any  l e v e l i n g  rod s c a l e  wi th  s c r i b e d ,  engraved ,  o r  p a i n t e d  g r a d u a t i o n s .  
Data a c q u i s i t i o n  i s  t r i g g e r e d  by l i g h t - i n t e n s i t y  v a r i a t i o n s  sensed  by a  photo-
d e t e c t o r ,  which a l l o w s  b o t h  edges of every  g r a d u a t i o n  on t h e  I n v a r  s t r i p  o f  a 
l e v e l i n g  rod t o  be measured. The l a s e r  i n t e r f e r o m e t e r  p rov ides  a  l e n g t h  meas- 
urement r e f e r e n c e d  t o  e i t h e r  a f i x t u r e  mounted t o  t h e  f o o t  p i e c e  o f  t h e  rod o r  
t o  any g r a d u a t i o n  on t h e  rod s c a l e  i t s e l f .  The accuracy  ( s t a n d a r d  e r r o r )  of t h e  
system i s  r e p o r t e d  t o  be b e t t e r  t h a n  +50 micrometers.  ( A  comprehensive e r r o r  
a n a l y s i s  has  not  y e t  been completed.)- 

When d e t a i l e d  c a l i b r a t i o n  d a t a  became a v a i l a b l e  i n  l a t e  1980, a new procedure  
f o r  a p p l y i n g  t h e  rod s c a l e  c o r r e c t i o n  was implemented a t  NGS f o r  t h o s e  l e v e l i n g  
r o d s  which had r e c e i v e d  t h e  d e t a i l e d  c a l i b r a t i o n .  The procedure  de te rmines  t h e  
s t a n d a r d  l e n g t h  between t h e  c e n t e r  of t h e  rod f o o t  p l a t e ,  i n  l i n e  w i t h  t h e  s c a l e  
and e a c h  l i n e  g radua t ion .  Standard meter d i s t a n c e s  a r e  s t o r e d  i n  a computer 
f i l e  a l o n g  w i t h  t h e  nominal rod r e a d i n g s  f o r  t h e  cor responding  l i n e  g r a d u a t i o n s .  
The c a l i b r a t i o n  v a l u e  f o r  e a c h  rod r e a d i n g  is  o b t a i n e d  by e n t e r i n g  t h e  f i l e  w i t h  
t h e  nominal rod r e a d i n g  ( w i t h o u t  t h e  micrometer r e a d i n g )  and s e l e c t i n g  t h e  
cor responding  s t a n d a r d  meter va lue .  The micrometer r e a d i n g  i s  conver ted  t o  
mete r s  and added t o  t h e  s t a n d a r d  meter v a l u e  t o  o b t a i n  t h e  h e i g h t  i n  m e t e r s  
above t h e  rod f o o t  p l a t e .  The index  c o r r e c t i o n  ( e x p l a i n e d  p r e v i o u s l y )  i s  n o t  
needed when t h e  d e t a i l e d  rod c a l i b r a t i o n  i s  used. The h e i g h t  above t h e  rod f o o t  
p l a t e  must be c o r r e c t e d  f o r  t h e  d i f f e r e n c e  between survey-and-ca l ib ra t ion  I n v a r  
t empera tu res  u s i n g  t h e  c o e f f i c e n t  of the rmal  expansion exp la ined  n e x t  i n  t h e  
"Rod Temperature Cor rec t ion"  s e c t i o n .  

ROD TEMPERATURE CORRECTION 

The c o e f f i c e n t  of the rmal  expansion of t h e  I n v a r  s t r i p  o f  a NGS l e v e l i n g  rod 
i s  de te rmined  by t h e  N a t i o n a l  Bureau o f  Standards .  The c a l i b r a t e d  l e n g t h  of an  
average  rod meter i s  g i v e n  f o r  each rod f o r  a s p e c i f i c  t empera tu re ,  a s  d e t e r -  
mined from t h e  rod excess  computation and s t a n d a r d i z a t i o n .  The rod t empera tu re  
c o r r e c t i o n  i s  a p p l i e d  t o  t h e  e l e v a t i o n  d i f f e r e n c e  between bench marks u s i n g  t h e  
mean of t h e  I n v a r  t empera tu res  observed a t  t h e  beginning and end of a s e c t i o n .  
(A s e c t i o n  i s  t h e  i n t e r v a l  between a d j a c e n t  permanently monumented bench marks.) 
The c o r r e c t i o n  i s  computed by t h e  f o l l o w i n g  formula (Rappleye 1948) and added 



with  the  r e s u l t a n t  a l g e b r a i c  s i g n  t o  the  observed e l eva t ion  d i f fe rence  f o r  t he  
sec t ion :  

-Ct  - ( t m  - t ) DCE 
s 

where Ct = rod temperature c o r r e c t i o n ,  

t, = mean observed temperature of t h e  Invar  s t r i p ,  

ts = s t anda rd iza t ion  temperature of t he  Invar s t r i p ,  

D = observed d i f f e r e n c e  of e l eva t ion  between t h e  bench marks, and 

CE = mean c o e f f i c i e n t  of thermal expansion per u n i t  l ength  per degree 
temperature of t h e  rod pa i r .  

The u n i t s  of D, t,, and ts must be cons i s t en t  with the  u n i t  of CE. The u n i t  

of Ct i s  the  same as t h e  u n i t  of D. 

LEVEL COLLIMATION CORRECTION 

The e f f e c t s  of t h e  co l l ima t ion  e r r o r  of a l eve l ing  instrument a r e  bes t  mini- 
mized by f i e l d  procedures. I f  s i g h t  l eng ths  a r e  balanced, i .e. ,  DS = 0 and SDS 
= 0,  where DS i s  t h e  d i f f e r ence  between backward and forward s i g h t  l eng ths  a t  
one se tup  (DS = backsight  d i s t a n c e  - f o r e s i g h t  d i s t ance )  and SDS i s  t h e  accumu-
l a t e d  DS f o r  a  s e c t i o n ,  t h e  e f f e c t  of t h e  co l l imat ion  e r r o r  approaches zero. A 
well-adjusted instrument  a l s o  minimizes t h i s  e r r o r  without balancing s i g h t  
l e n g t h s ,  a l though t h e  co l l ima t ion  e r r o r  of most l e v e l i n g  i n s t r m e n t s  changes 
s l i g h t l y  throughout t h e  day as a r e s u l t  of changing temperature. 

When SDS o r  t h e  co l l ima t ion  e r r o r  of t h e  i n s t r m e n t  i s  not zero,  a  correc-
t i o n  i s  added with t h e  r e s u l t a n t  a l g e b r a i c  s i g n  t o  t h e  observed d i f f e rence  of 
e l e v a t i o n  of each running of a s e c t i o n  using the  fol lowing formula (modified 
from Rappleye 1948): 

where Cc = l e v e l  co l l ima t ion  c o r r e c t i o n  i n  mi l l ime te r s ,  

e = co l l ima t ion  e r r o r  i n  rad ians  x 1,000 o r  i n  mm/m, and 

SDS = accumulated d i f f e r e n c e  i n  s i g h t  l eng ths  f o r  t he  s e c t i o n  i n  meters.  

For t h e  Zeiss  N i  002 l e v e l i n g  instrument ,  t h e  co l l imat ion  e r r o r  should be 
determined a t  l e a s t  weekly du r ing  the  period when t h e  instrument i s  i n  use. For 



most o t h e r  i n s t r m e n t s ,  t h e  c o l l i m a t i o n  e r r o r  should  be determined each d a y  
d u r i n g  use. S e v e r a l  methods have been developed t o  determine l e v e l  c o i l i m a t i o n  
e r  tr ( Jo rdan  e t  a l .  1956, Rappleye 1948). Level  c o l l i m a t i o n  e r r o r  must no t  be 
derermined when t h e  t empera tu re  g r a d i e n t  a t  t h e  observ ing  s i t e  i s  p o s i t i v e .  A 
p o s i t i v e  t empera tu re  g r a d i e n t  occurs  when t h e  a i r  n e a r e r  t h e  ground i s  c o l d e r  
t h a n  t h e  a i r  d i r e c t l y  above t h e  same p o i n t .  A d d i t i o n a l  d e t a i l s  about  measur ing 
t empera tu re  d i f f e r e n c e s  a r e  s t a t e d  i n  t h e  " R e f r a c t i o n  Cor rec t ion"  s e c t i o n .  I f  
equipment i s  not a v a i l a b l e  t o  determine t h e  t empera tu re  g r a d i e n t ,  t h e  co l l ima-  
t i o n  e r r o r  should  be determined d u r i n g  t h e  t ime of day  between 2 h o u r s  a f t e r  
s u n r i s e  and 2  h o u r s  b e f o r e  s u n s e t .  I f  p o s s i b l e ,  t h e  su rvey ing  team should avoid  
f r o z e n  o r  snow-covered ground when de te rmin ing  t h e  c o l l i m a t i o n  e r r o r .  

REFKACTION CORRECTION 

A s i m p l i f i e d  v e r s i o n  of t h e  model developed by P r o f e s s o r  T. J. Kukkamaki of 
t h e  F i n n i s h  Geodet ic  I n s t i t u t e  (Kukkamaki 1939) i s  used t o  compute c o r r e c t i o n s  
t o  observed e l e v a t i o n  d i f f e r e n c e s  of a s e c t i o n  t o  minimize t h e  e f f e c t  of 
r e f r a c t i o n :  

where R = r e f r a c t i o n  c o r r e c t i o n  i n  millimeters f o r  t h e  s e c t i o n ,  
y = 70 (Hytonen 1967) ,  
s = s e c t i o n  l e n g t h  i n  m e t e r s ,  
n = n m b e r  o f  s e t u p s ,  
6 = " p r e d i c t e d "  t empera tu re  d i f f e r e n c e  i n  degrees  C e l s i u s  between 

tempera tu res  a t  2.5 m and 0.5 m above t h e  ground (upper  t empera tu re  
minus lower  t empera tu re )  , 

d = d i f f e r e n c e  o f  e l e v a t i o n  f o r  t h e  s e c t i o n  i n  u n i t s  o f  half-cm, and  
W = weather  f a c t o r  (based  on t h e  recorded  "sun code").  The weather  

f a c t o r  W i s  as fo l lows :  0.5 f o r  100 p e r c e n t  c loudy sky,  1 f o r  50  
p e r c e n t  sunny sky, 1.5 f o r  100 p e r c e n t  sunny sky. 

Note: W i s  a p p l i e d  o n l y  when 6  i s  p r e d i c t e d  as exp la ined  i n  t h e  n e x t  two 
paragraphs .  For  observed 6 ,  u s e  t h e  o r i g i n a l  Kukkamaki model shown i n  eq. 5. 

From 1973 t o  1980, NGS used  t h e  t empera tu re  d i f f e r e n c e s  t a b u l a t e d  by Best  
(1935)  f o r  0.3 m and 1.2 m above t h e  ground as t h e  p r e d i c t e d  v a l u e s  f o r  6 .  
R e f r a c t i o n  exper iments  conducted by NGS i n  1980 (Whalen 1980) i n d i c a t e d  t h a t  t h e  
t empera tu re  d i f f e r e n c e s  t a b u l a t e d  i n  t h e  Best  t a b l e s  ( B e s t  1935) were o f t e n  t o o  
s m a l l  f o r  t h e  Uni ted S t a t e s .  

Holdahl (1981)  has developed a model t o  p r e d i c t  t empera tu re  g r a d i e n t s  f o r  t h e  
conterminous  Uni ted S t a t e s  from h i s t o r i c  m e t e o r o l o g i c a l  d a t a ,  f o r  use  when 
observed t empera tu re  d i f f e r e n c e s  a r e  no t  a v a i l a b l e .  R e f r a c t i o n  c o r r e c t i o n s  f o r  
NGS l e v e l i n g  d a t a  t h a t  do no t  i n c l u d e  observed t empera tu re  d i f f e r e n c e s  a r e  now 
be ing  recomputed w i t h  new v a l u e s  p r e d i c t e d  by Holdah l ' s  model (Holdahl  1981).  



I n  t h e  f a l l  1980, NGS l e v e l i n g  u n i t s  began observ ing  tm tempera tu res  a t  
each ins t rument  s e t u p  t o  de te rmine  6 .  When t h e s e  two v a l u e s  a r e  observed a t  
each  s e t u p ,  t h e  r e f r a c t i o n  c o r r e c t i o n  i s  computed w i t h  t h e  o r i g i n a l  Kukkamaki 
model (Kukkarnaki 1939) and-added wi th  t h e  r e s u l t a n t  a l g e b r a i c  s i g n  t o  t h e  
observed e l e v a t i o n  d i f f e r e n c e  a t  a s e t u p :  

where S = s i g h t  l e n g t h  ( i n s t r u m e n t  t o  rod)  i n  m e t e r s ,  
6 = observed t empera tu re  d i f f e r e n c e  i n  degrees  C e l s i u s  between 

tempera tu res  observed a t  1.3 and  0.3 m (upper  t empera tu re  minus 
lower t empera tu re )  a t  each  s e t u p ,  and 

D = d i f f e r e n c e  of e l e v a t i o n  f o r  t h e  s e t u p  i n  u n i t s  of half-cm. 
Y i s  as d e f i n e d  p rev ious ly .  

It i s  assumed t h a t  6 observed  f o r  t h e  1.3- and 0.3-meter i n t e r v a l  i s  n o t  
s i g n i f i c a n t l y  d i f f e r e n t  from 6 observed f o r  t h e  2.5- t o  0.5-meter i n t e r v a l  
recommended by Kukkamaki. 

ASTRONONIC CORRECTION 

The as t ronomic  c o r r e c t i o n  i s  a p p l i e d  t o  account  f o r  t h e  e f f e c t  of t i d a l  a c c e l -  
e r a t i o n s  due  t o  t h e  Moon and Sun on t h e  E a r t h ' s  e q u i p o t e n t i a l  s u r f a c e s .  The 
as t ronomic  c o r r e c t i o n  i s  small, amounting,  a t  most ,  t o  0.1 mm/lan, but i t  accumu-
l a t e s  i n  t h e  nor th - sou th  d i r e c t i o n .  For  example, t h e  maximum accumulated a s t r o -  
nomic c o r r e c t i o n  between Spokane, Wash., and  San Diego, C a l i f . ,  i s  7 cm. From 
Alaska t o  Panama, i t  accumulates  t o  15 c m  (Holdahl  1979). It i s  n o t  u s u a l l y  
n e c e s s a r y  t o  a p p l y  t h e  as t ronomic  c o r r e c t i o n  t o  l o c a l  l e v e l i n g  s u r v e y s ,  b u t  i t  
shou ld  be a p p l i e d  f o r  sys tems of  r e g i o n a l  o r  c o n t i n e n t a l  e x t e n t .  

I n  t h e  p a s t ,  t h e  as t ronomic  c o r r e c t i o n  was d i f f i c u l t  t o  compute because i t  
r e q u i r e d  t h e  z e n i t h  d i s t a n c e s  and azimuths  of t h e  Sun and Moon. Today, computer 
s u b r o u t i n e s  e a s i l y  c a l c u l a t e  t h e s e  q u a n t i t i e s .  The r e q u i r e d i n p u t  f o r  t h e  
c o r r e c t i o n  i s :  t i m e  and d a t e  o f  measurements,  h e i g h t s  of t h e  bench marks ,  and  
g e o d e t i c  p o s i t i o n s  of t h e  "From" and "To" bench marks. It i s  a p p l i e d  s e p a r a t e l y  
t o  forward and backward r u n n i n g s  over  t h e  same l i n e  of l e v e l i n g  s i n c e  e a c h  
runn ing  i s  observed a t  a d i f f e r e n t  t i m e .  

The b a s i c  formulae t o  compute t h e  v e r t i c a l  and h o r i z o n t a l  components of t i d a l  
a c c e l e r a t i o n ,  go and ho , r e s p e c t i v e l y ,  o n  a  r i g i d  E a r t h  have been pub l i shed  
by s e v e r a l  a u t h o r s ,  e.g. ,  Schureman ( l 9 2 4 ) ,  P e t t i t  ( l 9 5 4 ) ,  Jo rdan  e t  a l .  ( l 9 5 6 ) ,  
and Longman (1959) .  NGS u s e s  t h e  e q u a t i o n s  developed and pub l i shed  by 
Longman (1959)  t o  compute t h e  h o r i z o n t a l  components of t i d a l  a c c e l e r a t i o n  
( o n l y  t h e  h o r i z o n t a l  components i n f l u e n c e  e l e v a t i o n  d i f f e r e n c e s ) :  

h = (3l~Mr)( s i n  28) /2d3 + ( 3 l ~ ~ r ~ )(5  cos2 8  -1) ( s i n  0 )  /2d4
m 



where hm = hor i zon ta l  component of t i d a l  a c c e l e r a t i o n  due t o  t he  Moon, 

h s  = hor i zon ta l  component of t i d a l  a c c e l e r a t i o n  due t o  the  Sun, 

p = Newton's g r a v i t a t i o n a l  cons t an t ,  

r = d i s t ance  from the point  on the  su r f ace  t o  t he  cen te r  of t h e  Ear th ,  

M = mass of t h e  Moon, 

S  = mass of t he  Sun, 

d = dis tance  between t h e  cen te r s  of the  Ear th  and Moon, 

D = d i s t ance  between the  cen te r s  of t he  Earth and Sun, 

0 = zen i th  d i s t a n c e  of t h e  Moon, and 

o = z e n i t h  d i s t a n c e  of t he  Sun. 

Addi t iona l  equat ions  and cons t an t s  a r e  given i n  'Longman (1959). The equat ion  t o  
compute t h e  i n c l i n a t i o n  of t he  E a r t h ' s  equator  t o  t h e  e c l i p t i c  i s  not given i n  
Longman (1959). It was taken from the  American Ephemeris and Naut ica l  Almanac 
(U. S. Naval Observatory) : 

where W = i n c l i n a t i o n  of t he  E a r t h ' s  equator  t o  t he  e c l i p t i c  i n  degrees,  and 
T = nunber of J u l i a n  cen tu r i e s .  

There a r e  36,525.0 days i n  a  J u l i a n  century. The days a r e  counted from Decem- 
ber  31, 1899, Greenwich mean noon, t o  t he  t ime of observat ion.  

Af t e r  and hs a r e  computed, t hey  a r e  converted t o  d e f l e c t i o n s  ( E )  by 
d iv id ing  them by a  g r a v i t y  v a l u e  (Simonsen 1965). A cons tan t  g r a v i t y  va lue  of 
980.39 mgal i s  used: 

where E m  = d e f l e c t i o n  due t o  t h e  Moon, and 

E = d e f l e c t i o n  due t o  t h e  Sun. s 
7 



The azimuth and d i s t a n c e  of t h e  s e c t i o n  a r e  determined from the  p o s i t i o n s  of 
t h e  "beginning" and "ending" bench marks. 

1The c o r r e c t i o n  (Ca) t o  minimize t h e  e f f e c t  of t h e  Sun and Moon i s  computed 
by the  fol lowing equat ion ( Jensen  1949): 

1
where Ca = astronomic c o r r e c t i o n  on a  r i g i d  Ear th ,  

s = s e c t i o n  l eng th ,  

K = t a n  E, cos (Am - a )  + t an  E~ cos (AS - a ) ,  

A, = azimuth of t h e  Moon, 

As = azimuth of t h e  Sun, and 

a = azimuth of t h e  s ec t i on .  

Because t h e  E a r t h ' s  c r u s t  i s  e l a s t i c ,  t h i s  c o r r e c t i o n  i s  reduced by 30 per- 
c e n t  i n  NGS a p p l i c a t i o n s  (Vanicek 1980). The f i n a l  form (which i s  app l i ed  t o  
t h e  observed e l e v a t i o n  d i f f e r e n c e  of t h e  s e c t i o n )  is:  

where Ca  = astronomic c o r r e c t i o n  f o r  an e l a s t i c  Ea r th ,  and 

K and s a r e  a s  de f ined  previously.  

ORTHOMETRIC CORRECTION 

The fo l lowing  formula i s  used t o  compute t h e  approximate o r thome t r i c  correc- 
t i o n  (based on normal g r a v i t y )  t o  t h e  observed d i f f e r e n c e  i n  e l e v a t i o n  of a 
s ec t i on .  The theory  and d e r i v a t i o n  of t h e  formula a r e  publ ished i n  Spec i a l  
Pub l i ca t i on  240 (Rappleye 1948: appendix C), and i n  Vanicek e t  a l .  (1980): 

Coa -2ha s i n  2p 11 + (a - 2 B/a) (cos  2p) ] dp 

where C o  = or thomet r ic  c o r r e c t i o n ,  

h  = average he igh t  of t h e  s e c t i o n ,  

a = 0.002644, 

8 



P = average l a t i t u d e  of t h e  s e c t i o n ,  and 

dp = l a t i t u d e  d i f f e r e n c e  between t h e  "beginning"  and "end" p o i n t s  of 

t h e  s e c t i o n .  ( d p  i s  p o s i t i v e  when t h e  "end" p o i n t  i s  n o r t h  of t h e  

"beginning" p o i n t ) .  

The u n i t  of o r t h o m e t r i c  c o r r e c t i o n  i s  t h e  sane  a s  t h e  u n i t  of h. The o r t h w  
m e t r i c  c o r r e c t i o n  i s  a p p l i e d  t o  t h e  observed e l e v a t i o n  d i f f e r e n c e  of t h e  
s e c t i o n  ( e l e v a t i o n  of t h e  "end" p o i n t  minus t h e  e l e v a t i o n  of t h e  "beginning"  
p o i n t ) .  The o r t h o m e t r i c  c o r r e c t i o n  i s  not  needed when g e o p o t e n t i a l  numbers 
( e x p l a i n e d  i n  t h e  n e x t  s e c t i o n )  a r e  used. 

HEIGHT SYSTEMS 

By a p p l y i n g  t h e  o r t h o m e t r i c  c o r r e c t i o n  and t h e  o t h e r  f i v e  c o r r e c t i o n s  ex-
p l a i n e d  i n  t h i s  p u b l i c a t i o n ,  NGS o b t a i n s  a  " b e s t  e s t i m a t e "  of obse rved ,  normal  
o r t h o m e t r i c  e l e v a t i o n  d i f f e r e n c e s ,  i . e . ,  obse rved  o r t h o m e t r i c  e l e v a t i o n s  based 
on normal ( n o t  -observed)  g r a v i t y  v a l u e s .  G r a v i t y  anomal ies  a l o n g  l e v e l i n g  
r o u t e s  have n o t  been i n c o r p o r a t e d  i n t o  h e i g h t  d i f f e r e n c e s  i n  t h e  p a s t  s i n c e ,  
u n t i l  t h e  r e c e n t  advent  of modern g r a v i m e t e r s ,  i t  was not  p r a c t i c a l  t o  measure 
g r a v i t y  o n  a  r o u t i n e  b a s i s  a l o n g  l e v e l i n g  l i n e s .  

Ob s e r v e d ,  normal  o r t h o m e t r i c  e l e v a t i o n  d i f f e r e n c e s  have been used h i s t o r i c a l l y  
by NGS a s  i n p u t  ( o b s e r v a b l e s )  t o  l e a s t - s q u a r e s  ad jus tments  t o  de te rmine  a d j u s t e d  
( " f i n a l " )  normal o r t h o m e t r i c  e l e v a t i o n  d i f f e r e n c e s .  By i n c o r p o r a t i n g  appro- 
p r i a t e  normal o r t h o m e t r i c  h e i g h t s  of p r e v i o u s l y  a d j u s t e d  bench marks d u r i n g  t h e  
ad jus tment  p r o c e s s ,  c o n s i s t e n t  a d j u s t e d  normal o r t h o m e t r i c  h e i g h t s ,  r e f e r r e d  t o  
a p a r t i c u l a r  v e r t i c a l  r e f e r e n c e  s u r f a c e  (e.g., t h e  N a t i o n a l  Geodet ic  V e r t i c a l  
Datum of 1929) ,  a r e  ob ta ined .  Adjusted normal o r t h o m e t r i c  h e i g h t s  r e f e r e n c e d  t o  
t h e  N a t i o n a l  Geode t ic  V e r t i c a l  Datum of 1929 (NGVD 29) a r e  t h e  h e i g h t s  p r e s e n t l y  
p u b l i s h e d  and d i s t r i b u t e d  by NGS. 

The e x p r e s s i o n s  f o r  approximate o r t h o m e t r i c  c o r r e c t i o n s  (based  on normal 
g r a v i t y )  were developed by Bowie and Avers (1914)  and a r e  s t i l l  used today i n  
North America. NGS-published e l e v a t i o n s  r e f e r r e d  t o  NGVD 29 a r e  based on t h i s  
s y s t e r .  Normal g r a v i t y  f o r  t h e  approximate o r t h o m e t r i c  c o r r e c t i o n  i s  computed 
w i t h  t h e  e q u i v a l e n t  of Helmert '  s I n t e r n a t i o n a l  formula (Rappleye 1948): 

where g '  = normal g r a v i t y  a t  l a t i t u d e  p and o r t h o m e t r i c  e l e v a t i o n  h ,  

y4 5 = 980.624 g a l s :  t h e  normal a c c e l e r a t i o n  of g r a v i t y  a t  s e a  l e v e l  a t  a 
l a t i t u d e  of 45O, 



a = 0.002644, 
f3 = 0.000007, and 
k = 0.0000003147, i f  h i s  i n  meters .  

The r e l a t i o n s h i p  between dynamic he ight  (H) and p o t e n t i a l  (W) was used t o  
de r ive  t h e  formula used t o  compute t h e  or thomet r ic  c o r r e c t i o n  (Rappleye 1948). 
The dynamic he ight  of a  po in t  i s  de r ived  from i t s  geopo ten t i a l  number. The 
g e o p o t e n t i a l  number i s  t h e  d i f f e r e n c e  between t h e  p o t e n t i a l  of t he  geoid and 
t h e  p o t e n t i a l  of t h e  s u r f a c e  on which t h e  po in t  r e s i d e s ,  and i s  expressed by 
t h e  fo l lowing  formula (Heiskanen and f i b r i t z  1967): 

C =JA gdn 

0 

where C = geopo ten t i a l  nwnber, 
0 = a p a r t i c u l a r  po in t  on t h e  geoid ,  
A = another  po in t ,  connected t o  0 by a  l i n e  of p r e c i s e  l e v e l i n g ,  
g = average va lue  of a c t u a l  g r a v i t y  between t h e  success ive  bench 

marks, and 
dn = e l e v a t i o n  d i f f e r e n c e  of t h e  succes s ive  bench marks. 

Geopoten t ia l  number i s  measured i n  geopo ten t i a l  u n i t s  (gpu) ,  where 1 gpu = 1 
k g a l  meter = 1,000 g a l  meters (Heiskanen and Moritz 1967). The use of  geopo- 
t e n t i a l  numbers ( i n s t e a d  of dynamic he igh t s )  was adopted by t h e  I n t e r n a t i o n a l  
Assoc ia t ion  of Geodesy i n  1955. Dynamic he ight  d i f f e r s  from geopo ten t i a l  
nunber on ly  i n  s c a l e ,  s i n c e  d i v i s i o n  by a  cons tan t  merely conve r t s  t h e  geopo- 
t e n t i a l  number t o  a  length .  

The use  of g e o p o t e n t i a l  nunbers ( i n s t e a d  of o r thomet r ic  he igh t s  based on 
normal g r a v i t y )  t o  r ep re sen t  t h e  p o i n t s  of t h e  Nat ional  Geodetic V e r t i c a l  Con- 
t r o l  Network i s  v e r y  advantageous. For example, geopo ten t i a l  d i f f e r e n c e s  be- 
tween two p o i n t s  a r e  independent of t h e  r o u t e  a long  which t h e  l e v e l i n g  i s  run; 
geopo ten t i a l  d i f f e r e n c e s  a l s o  provide an  accu ra t e  measure of t h e  " h y d r o s t a t i c  
head" between p o i n t s ,  i.e., i f  mean water  s u r f a c e s  of oceans o r  l akes  r ep re sen t  
a  p a r t i c u l a r  l e v e l  s u r f a c e ,  t h a t  su r f ace  has  t h e  same geopo ten t i a l  number a t  a l l  
l oca t ions .  In t h e  Great Lakes a r e a  of Canada and the  United S t a t e s ,  another  
v e r t i c a l  c o n t r o l  system i s  i n  use  by t h e  Coordinat ing Committee on Great Lakes 
Basic  Hydraul ic  and Hydrologic Data. This  system, t h e  I n t e r n a t i o n a l  Great Lakes 
Datum of 1955, uses  dynamic he ights .  

"True" or thomet r ic  h e i g h t s  are based on a c t u a l  g r a v i t y  values .  In t h e  next  
gene ra l  readjustment  of t h e  Nat iona l  Geodetic V e r t i c a l  Control  Network, now 
underway a t  NGS, g e o p o t e n t i a l  numbers, r e f l e c t i n g  a c t u a l  g r a v i t y ,  w i l l  be com-
puted f o r  a l l  bench marks. Geopoten t ia l  nunbers w i l l  be converted t o  t r u e  
or thomet r ic  h e i g h t s  a f t e r  t h e  new adjustment  of t h e  North h e r i c a n  V e r t i c a l  
Datum (NAVD 88).  Unlike or thomet r ic  he igh t s  based on normal g r a v i t y ,  t h e s e  
o r thome t r i c  he igh t s  w i l l  r e f l e c t  a c t u a l  g r a v i t y  a t  a l l  points .  The most approp-
r i a t e  formula t o  convert  g e o p o t e n t i a l  numbers t o  t r u e  or thomet r ic  he igh t s  f o r  
NAVD 88 purposes  has  not ye t  been s e l e c t e d .  
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