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Abstract

This paper discusses the discretization of continuous-time filters for application to discrete time
series sampled at any fixed frequency. In this approach, the filter is first set up directly in
continuous-time — since the filter is expressed over a continuous range of lags, we also refer to
them as continuous-lag filters. The second step is to discretize the filter itself. This approach
applies to different problems in signal extraction, including trend or business cycle analysis, and
the method allows for coherent design of discrete filters for observed data sampled as a stock
or a flow, for nonstationary data with stochastic trend, and for different sampling frequencies.
We derive explicit formulas for the Mean Squared Error optimal discretization filters. We
also discuss the problem of optimal interpolation for nonstationary processes — namely, how to
estimate the values of a process and its components at arbitrary times in-between the sampling
times. A number of illustrations of discrete filter coefficient calculations are provided, including
the Local Level Model trend filter, the Smooth Trend Model trend filter, the Band Pass filter,
and the Henderson filter. The essential methodology can be applied to other kinds of signal

extraction problems.
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1 Introduction

Economic data are typically sampled as a stock or a flow, are often nonstationary with stochas-
tic trend, and may differ in sampling frequency. In this paper, we propose a general method for
obtaining filters for such data and for addressing the interpolation problem that arises when esti-

mates of data or components are needed in between observation times. An efficient way to initiate



the general analysis is by setting up an underlying continuous-time model, as in Harvey (1989) and
Harvey and Stock (1993). These authors proceed, as is usually done, by discretizing the under-
lying model, so that the subsequent analysis is done with discrete-time signal extraction methods.
Recently, McElroy and Trimbur (2006) have proposed an alternative method based on filters set
up directly in continuous-time, referred to as continuous-lag filters because the lag/lead index of
the filter coefficients can take on any real value.

This paper develops methods for the discretization of continuous-lag filters. Such filters arise
naturally in considering continuous-time models for economic variables'. One advantage of the
continuous-lag approach to filtering is that one can produce filter estimates from a sampled version
of the series obtained at any fixed sampling interval, and also obtain estimates at intermediate
times between the samples. One simply changes the value of § — the sampling interval — in our
formulas. Our method does not depend on the continuous-lag filter being derived from a specific
time series model — nonparametric filters such as the Henderson filter in Dagum and Bianconcini
(2006) may also be used.

In this paper, we derive explicit formulas for the Mean Squared Error (MSE) linear optimal
discretized filters. We also discuss the problem of MSE linear optimal interpolation for nonsta-
tionary processes, for values of the process and its components at arbitrary times in-between the
sampling times. The aim is to allow for coherent design of discrete filters for different problems in
signal extraction, such as trend or business cycle analysis, and to handle observed data sampled as
either a stock or a flow. A further advantage is that we are able to work with continuous-lag filters
that specifically target some property of interest, for instance the velocity and acceleration filters
for turning point analysis (see McElroy and Trimbur, 2006).

Section 2 briefly reviews continuous-time processes and filters. This material sets up the back-
ground and notation; a more complete treatment is given in McElroy and Trimbur (2006). Section
3 discusses filter discretization for stocks and flows and presents the main results: Theorem 1 gives
formulas for the discretization of general continuous-lag filters for stock and flow data sampled from
a trend nonstationary process; Theorem 2 gives similar formulas for the trend extraction problem.
These new results are formulated using frequency domain methods, and at each step we allow
for a general sampling frequency d, as well as treatment of interpolations for both stock and flow
variables.

In Sections 4 and 5, several illustrations of filter coefficient calculations for sampled series are
given. We show how to discretize a continuous-lag Henderson filter (Dagum and Bianconcini, 2006),
and provide derivations for the well-known Local Level Model and Smooth Trend Model. This
latter example amounts to a generalized Hodrick-Prescott (HP) filter (Hodrick and Prescott, 1997)

!Bergstrom (1988) argues that it is natural to consider continuous-time models to represent underlying economic
processes. For example, for many flow variables linked to the macroeconomy, increments from production and

exchange occur on a more or less constant basis.



adapted to stocks and flows and appropriately interpolated, and so the results may be compared
with those in Ravn and Uhlig (2002). More generally, we treat the discretization of the continuous-
time analogue of the Butterworth (BW) filters; see Gémez (2001) and Harvey and Trimbur (2003).
Further, we derive discretized filters for the continuous-lag Band Pass (BP) filter. The same basic

method can equally well be applied to other problems in signal extraction.

2 Processes and Filters in Continuous Time

This section presents the theoretical framework for the analysis of continuous-time processes and
filters. A fuller treatment is given in the companion paper McElroy and Trimbur (2006), which
derives MSE linear optimal filters for continuous time signal extraction problems. Here we just
discuss some concepts and notation that will be needed in the development that follows. Let y(t)
for t € R, the set of real numbers, denote a real-valued continuous-time process that is measurable
and square-integrable for each . The process is weakly stationary by definition if it has constant

mean — set to zero for simplicity — and an autocovariance function that depends only on the lag h:
Ry(h) = Ely(t)y(t + h)] heR. (1)

Thus if y(t) is a Gaussian process, R, completely describes the dynamics of the stochastic process.

A convenient class of stationary continuous-time processes has the form
(o)
y(t) =@+ O = [ b@)(t ~a)da. @
— 0o
where 60(-) is square integrable on R, and ¢(¢) is continuous-time white noise (WN) — see Priestley
(1981, p.156). In this case, Ry(h) = (6 % 67)(h), where 6~ (z) = §(—x) and * is the convolution

operator. We define the continuous-time lag operator L via the equation

Ly(t) = y(t —x) (3)

for any = € R and for all times ¢ € R. We denote the identity operator L° by 1, just as in discrete
time. Then a Continuous-Lag Filter is an operator (L) with associated weighting kernel 1

(an integrable function) whose effect on a process y(t) is given by
VL) = [ o) ylt ) do = @ p)(0) (®)

Heuristically, we have W(L) = [*_4(x) L” dz in analogy with discrete-lag filters. The requirement

of integrability for the function ¢ (x) is a mild condition that we impose throughout. Then the

frequency response function (frf) is obtained by replacing L by the argument e~

W(e ™) = / Y(x)e M dr, NeR. (5)
—oo
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Denoting the continuous-time Fourier Transform by F[], equation (5) can be written as ¥(e~) =
Fl]. There is a similar treatment in Priestley (1981, pp. 150-183), although our notation is
slightly different. The power spectrum of a weakly stationary continuous-time process y(t) is the

Fourier Transform of its autocovariance function R,:
fy(N) =FIR (N, XeR (6)

This exists when R, is integrable, and the process y(t) is said to be stochastically continuous
(see Priestley (1981, p.151)). We will also need to consider generalized spectra, which includes
non-integrable functions f, — see Hannan (1971, Section I1.9). For example, continuous-time white
noise has generalized spectrum given by a constant — which is bounded but not integrable (Priestley,
p.156, 1981). In this case (6) is interpreted as being true in the sense of tempered distributions
(Folland, 1995).

As in discrete time series signal processing, passing an input process through the filter W (L)
results in an output process with spectrum multiplied by the squared modulus of \I/(e*“‘). Note
that in contrast to the discrete case where the domain is restricted to the interval [—m, 7], the frf
(6) is defined over the entire real line. The inverse Fourier Transform of an integrable function g is
defined by L e |

Fgl(x) / dN)ENT N,z ER. (7)

=5 N
For nonstationary models, the mean-square derivative operator D plays a key role (again, see
Priestley (1981)). In the time domain, it is expressed as D = —log L, and its frequency response is
iX. The operator D gives the continuous-time analogue of the difference operator used in discrete-
time to define nonstationary processes such as the standard ARIMA class, which are difference
equations built on discrete-time white noise. In the same way, nonstationary continuous-time
models may be defined as stochastic differential equations built on continuous-time white noise.
See Brockwell and Marquardt (2005) for further discussion.

Let C? denote the space of all processes that are dth order stochastically differentiable (see
Priestley (1981, p. 153)); when d = 0, CY refers to the space of stochastically continuous processes
— for these an orthogonal increments representation exists by Theorem 4.11.1 of Priestley (1981).
If y € C?%, we say that y is integrated of order d, or is I(d), if w(t) = D%y(t) is a weakly station-
ary continuous-time process (but any lesser number of derivatives does not result in a stationary
process). The CARIMA class of processes (Brockwell and Marquardt, 2005) furnish convenient
examples of I(d) processes. The major topic of this paper is the optimal discretization of a given
continuous-lag filter W(L) that is applied to an I(d) process y(t). A secondary topic is concerned

with the case that W(L) is a signal extraction filter, when y(¢) has a signal plus noise decomposition

y(t) = s(t) +n(t) (8)



with signal s(¢) and noise n(t). It is assumed that s is I(d) just like y, but that n is weakly
stationary — possibly n ¢ C°. Letting Ds(t) = u(t), it will be assumed that u(¢) and n(t) are
uncorrelated with each other. Even though it is possible that w is not stochastically continuous,
we let fu,(\) = fu(\) + A22f,,(\), which is interpreted as a generalized spectrum when it is non-
integrable.

Examples of continuous-lag filters can be found in McElroy and Trimbur (2006), which discusses
BW and HP filters, as well as model-based low-pass and band-pass filters for estimating trends and
business cycles. Recently, Dagum and Bianconcini (2006) have proposed a weighting kernel to
define a continuous-time version of the Henderson trend filters that are commonly used in seasonal
adjustment methods such as X-12-ARIMA. Stock and flow discretizations of all these filters are

presented in Sections 4 and 5, for any sampling interval length 4.

3 Discretization

In this section we discuss how a given continuous-lag filter ¥(L) can be optimally discretized. The
problem is formulated as follows: the filter output is z(t) = U(L)y(t) = (¢ *y)(t), and the available
sample of data is Y. This sample consists of a bi-infinite collection of regularly sampled stock or
flow observations. We obtain the MSE optimal linear estimate of x(¢) given the sample Y. We
also examine a related signal extraction problem, namely how to estimate s(t) given (8) in an
MSE optimal fashion from the given sample Y. In both cases, the time point ¢ is allowed to come

in-between the sampling times of Y.

3.1 Stock and Flow

In economics, most time series are classified as either stock or flow. This distinction expresses
how the data are sampled from an underlying process. Stock observations are estimates of levels
at particular time points, while flow observations are accumulations over time intervals. These
properties are formalized by setting up a continuous-time model with characteristic measurement
equations; see, for example, Harvey (1989, Chapter 9).

As indicated, we now suppose that the observed data are measured at evenly spaced intervals
of length §. The basic timing unit is defined in the fundamental continuous-time setting, and is
set so that 6 = 1 corresponds to these time units. For example, if we have annual units, then
for quarterly data the sampling interval is 6 = 1/4 and the sampling frequency is 4 observations
per year. In the analysis that follows, results are derived for general §; the effects of changing §
are therefore explicit in the formulas. Observations in the discretized series are indexed by integer
values 7, so that the 7th observation occurs at the time §7. In referring to a discrete-time process,

the time index 7 is thus used to represent particular points in continuous-time.



Starting with a base model in continuous-time, the classification into stock and flow is reflected
in the measurement of observations. Given the sampling interval § > 0, a stock observation at the

7th time point is defined as
Yr = y(éT)' (9)

We never make stock observations of processes that are not stochastically continuous, since this
is not well-defined mathematically (as shown in Appendix A.1, the spectral density of the stock

observations of such a process would be undefined). A series of flow observations has the form

ot

= [ e (10)
o(t—1)

Note that flow variables may also be formulated as differenced stock variables, if the stock variable

can be expressed as the cumulative integral of some other underlying process.

3.2 Discretization of Filters

Now assuming that y € C% and that D%(t) = w(t), where w is stationary, then from Hannan (1971,
p.81) it follows that

-1 ,;
o) d
y(t) = ) =y (0) + [Iw](?), (11)
i=0
where y(0),y™M(0),--- 341 (0) represent successive derivatives of y(t) evaluated at time zero.
The I operator is defined by [Tw]( fo ) dz, and I%w is obtained inductively for d > 1. Using
integration by parts, we can write [Id+1 fo )t —s) ds/d!, for any t € R. Now a stock
observation of (11) at time 7 satisfies
d—1 (5
yr =y =y (0)77 + [1%w](67). (12)
— ;!
7=0

The process {y.} is a d-integrated discrete-time process, and is reduced to stationarity by taking d
differences (with B = L%):

wy; = (1 — B)%y, = (1 — B)¥[1%](67). (13)

The stationarity is proved in Appendix A.2; note that w, # w(d7). Now the process {y,} can be
completely described through {w.} and d initial values, say y* = (yo,y—1,*- ,y1-4q) as shown in
Bell (1984). Note that these initial values are distinct from the {y()(0)} when d > 1. We have two

assumptions on the initial values:

*

y* is uncorrelated with {w,}>2

*

y* is uncorrelated with {w(t)},cp- (15)



Clearly (15) implies (14), since the former is concerned with the stochastic process w(t) at all times
t, whereas the weaker condition is only concerned with the (differenced) sampled values. While
(14) is sufficient for a purely discrete-time setup (e.g., when no interpolation is considered) and is
implied by Assumption A of Bell (1984) — a commonly employed assumption in the theory of signal
extraction, the stronger condition (15) is needed to establish optimality in the more general case.

If on the other hand we flow-observe (11), then

1 oT

DO = =17+ [ i) (16)

5j+1
G+

d
Yr =

=0

<

This too is a d-integrated discrete-time process, and in this case d differences yields:

oT

wy = (1—B)Yy, = (1— B)d/ [Tw] (v) dv. (17)
oT—0

Now the initial values y* and {w.} have different formulas, but we still refer to the initial value
conditions (14) and (15), with w, interpreted appropriately.

Much of our treatment relies on frequency domain methods. When sampling at fixed in-
tervals, the range of frequencies considered is restricted to [—m/d,7/d]. For any frequency out-
side this interval, the discrete-time behavior is equivalent to that of an “alias” frequency within
the interval; see Koopmans (1974). Below we use the concept of the “fold of a spectral den-
sity”: [fls(A) = 671302 f(A+ 2nwl/5). This is the definition; if Z~1[f] = R, it follows that
[f1s(\) = 3202 R(Sh)e™ as well, so [f]s is the spectral density of the stock-sampled (sta-
tionary) series (9). A discussion of the derivation and etymology of this concept is included in
Appendix A.1 (also see Koopmans, 1974).

Now we address the problem of finding the minimal mean square error linear estimate of x(t),
given the data Y = {y;}, which is either stock- or flow-sampled according to (9) or (10) respectively.
Here t = 67+ dc, where 7 is the greatest integer such that 67 < ¢, and ¢ € [0,1). Thus, ¢ determines
to what extent x(t) is placed in-between the sampling times; allowing for ¢ # 0 in our optimal filters
provides interpolation estimates of the underlying trend. The optimal solution can then be written
as U.(B)y,, where W (B) is a discrete-lag filter with each coefficient dependent upon c. Below, we
present formulas for the frf U.(e~) (for A\ € [~7/§,7/d]) of the optimal filter, for both the stock
and flow sampling cases, given that y(¢) is an integrated process of order d satisfying (15). In both
the stock and flow cases, VU, (e_i)‘) will be seen to depend on ¢, d, and 9, on the continuous time
frf F[i)] = g, and on the (generalized) spectral density f,, of the continuous time process w(t). We
use the notation m;(\) = A7/, and e.(\) = e,

Theorem 1 In the situation described above assume (15), and that f,, has d continuous derivatives

and is positive and bounded. Then at time t = T + dc, the frf of the optimal filter ¥, (B) is given



by

—ingy _ L9ecfumadls(A)
ele ) = s OV

Y N i [gecfumadsi]s(N)
Pele™™) = 1—e 0 [fumaogials(\)

for the stock (9) and flow (10) cases, respectively.

For the case when ¢ is a sampled time ¢ = 7, so that ¢ = 0, we call the filter Uy (B) the optimal
discretization of W (L); also Theorem 1 is then true for stocks under the weaker assumption (14).
At in-between times t with 0 < ¢ < 1, by setting W (L) equal to the identity filter ® (L) = 1,
Theorem 1 provides the frfs of the filters ®.(B) that yield optimal interpolation. That is, for a

Gaussian process (where the linear optimal estimate coincides with the conditional expectation)
Ely®)[Y] = @ (B)yr- (18)
Explicit formulas for @, (e‘i)‘) are given below.

Corollary 1 Under the assumptions of Theorem 1, the frf of the filter ®.(B) is given by

—ingy _ Lecfumadls(A)
Pele™) = [fuwmadls(A)

—iAGy i lec fumaa+1]s(A)
Be(e™) = 1—e 0 [f,magials(N)

for the stock (9) and flow (10) cases, respectively.

3.3 Optimal Signal Extraction

The next theorem describes the frf of the filter that provides the optimal signal extraction estimate
U.(B)y; of the signal s(¢) when the process y(t) has a decomposition (8) with I(d) signal component
s(t) and stationary noise component n(t). It is assumed that w(t) and n(¢) are mean zero and
uncorrelated with one another — a common assumption in the signal extraction literature. We do
not assume that n or u are stochastically continuous — for example, they can be white noise. Since
s € C% with s ~ I(d), in analogy with (11) we have

d—1 j

s(t) = 3 Zs(0) + [1%] (1) (19)

i
=07

Note that (11) holds for y(t) only if n € C%, but in general we do not assume this. Were this true,
we could write Déy(t) = u(t) + Dn(t), called w(t) say, and this would be a well-defined stationary

process. If in addition w € C°, then its spectral density would be well-defined:

fw(A) = fu()‘) + >\2dfn(>‘)‘ (20)



Now in the general case where n ¢ C? we still define the non-integrable function f,, via (20),
since it still plays a role in determining the signal extraction filter. Of course f, and f, can be
well-defined even when u,n ¢ C°, being the Fourier Transforms of the respective autocovariance
functions, with transform interpreted in the sense of tempered distributions (Folland, 1995). We

only assume that f, and f, are bounded. Next, putting (8) and (19) together yields
.
y(t) = =s9(0) + [IM](t) + n(t). (21)

Now this form (21) is either stock- or flow-observed, as described by equations (9) or (10). However,
it seems to make little sense mathematically to stock-observe a process that is not stochastically
continuous — in this case the spectral density of the stock would be infinite, or undefined (see
Appendix A.1). Therefore, we suppose that when y(t) given by (21) is stock-observed, n € C%; in
the flow case, we only require that f,, be bounded.

Next, relations (12) and (13) hold in the stock case with s in place of y, and w in place of w;
similarly in the flow case (16) and (17) hold. But these relations don’t necessarily hold for y, since
we do not assume y € C?. Nevertheless, in either the stock or flow case y, is reduced to stationarity
through d differences, and thus by results in Bell (1984) can be represented in terms of initial values

y* and the well-defined process w;. For initial value assumptions, we have

y* is uncorrelated with  {u,;}>2 __ {n;}22 (22)

y* is uncorrelated with {u(t)},cp, {n(t)}icr- (23)

Note that (22) corresponds to the (canonical) Assumption A of Bell (1984); but the stronger
assumption (15) is needed to establish optimality when interpolation is being considered, or when
we are estimating from flow observations (though see Section 3.5 below).

We employ similar notation to that of the previous section, so t = §7 + dc, etc. The optimal
signal extraction filter that accomplishes interpolation is denoted by W.(B), and its frf is given in

the theorem below.

Theorem 2 In the situation described above assume (23), and that f,,/ f has d continuous deriva-
tives and is positive and bounded. Assume that u and n are uncorrelated with one another, mean
zero, and weakly stationary, and that f, = F[Ry] and f, = F[Ry] (with Fourier Transform inter-
preted in the sense of tempered distributions) are bounded functions. In the stock case, also assume
that n € C°. Then at time t = 67 + dc, the frf of the optimal filter ¥.(B) is given by

e fumaals(\)

[fuwmaals(A)
(e~ M) i lecfumaatri]s(N)

Cl—eiN [fwmadia]s(N)

for the stock (9) and flow (10) cases respectively.

\I]C(efi)\(;) —




Remark 1 The formulas in Theorem 2 are obtained from those of Theorem 1 by letting g = fi./ fuw,
which is the frf of the optimal continuous-lag signal extraction filter described in McElroy and
Trimbur (2006). Also, we note the following connection with the results of Bell (1984): in the stock
case with ¢ = 0, we only need to assume (22) — this is found by examining the proof of Theorem
2 — and the given frf is precisely the ratio of pseudo-spectra for signal and data process coming
from the stock-discretizations of the continuous-time models. That is, we note that [f,maq]s is
the spectral density of {u,}, the differenced stock-sample of the signal process; and [fi,maqls is
the spectral density of {w;}, the differenced stock-sample of the data process. Thus Theorem 2
is a natural generalization of classical signal extraction results to handle interpolation, stocks and

flows, and generic sampling frequency.

3.4 Computing Filter Coefficients

Now in order to obtain the filter coefficients, we must calculate integrals of the frf, i.e.,

Ui(c) = 9 /W/a W, (e )N g
27 —7/d ¢ '

Noting that in general

5 w/d

ISC S T A kA gy _
ar | s = o | e an = Fw)

we can compute filter coefficients given [m;]s(\) for various j. General formulas for these functions
are provided in Section A.1l of the Appendix; they are always periodic in A with period 27 /4, and
so it follows that for the various cases of stock and flow:
1 [ - o
U©) = 5 [ 90 AN fama 5 () ay

2 J_ &

1 & 1g(A w A — % c
00 = 5 [ a2 s famasnal; (e

(In the case of signal extraction g = f,/fu, but the case of a generic filter is also covered by these
formulas.) In order to compute the s, one must first compute the folded quantities [f,,m;]s,
and then use the method of residues to derive the inverse Fourier Transform. This can be quite
challenging in certain cases, but in Sections 4 and 5 we give a few examples where explicit solutions
are possible.

The following result gives an alternative formula for the coefficients vk (c), which is more useful
when the frf g of the continuous-lag filter is not available, or is difficult to compute from a given
kernel . For this result, we suppose that the interpolation filter of Corollary 1 is available, and
that ¢y (c) is known. Although such filter coefficients are defined for ¢ € [0,1), we will here extend

them for all ¢ € R via the following rule:
¢r(c+J) = dr+j(c)  Veel0,1),j integer. (24)

10



This permits a convenient short-hand for the filters, and is justified as follows: the estimate
®.11(B)y,, if defined, should correspond to an interpolation estimate of y at time t = d7+d(c+1),
and thus should be identical to ®.(B)y,+1. Identifying coefficients yields ¢p(c+ 1) = ¢ry1(c), and

by extension we obtain (24).

Proposition 1 With the interpolant coefficients extended via (24), we have
o)
Yr(c) = 5/ Y(0z + 0k)po(c — z) dz.

This result holds for either the stock or flow case, by using stock or flow interpolants as appropriate.
It is particularly elegant, since it shows that filter discretization occurs as a convolution of the
given kernel with the interpolant filter function. This result is useful for the discretization of the
Henderson filter discussed below. As an example, with the “nearest-past neighbor” interpolant

¢j(c) = 1qj—0}, we obtain
dc+6k

i(e) = /5 (2) dz.

c+0k—0
3.5 Flow Estimates

Finally, we consider the situation where we are interested in a flow estimate of the form | gj;i Se g(v) dv,
rather than the stock form §(t). (The same type of estimate can be obtained for signals §(¢); in
the following discussion, just use g = f,,/fw.) The results of Theorem 1 are easily adapted, and we
obtain the filters (for stock and flow data respectively)
1— e [gee fumagii]s(A)

i [fuwmaals(A)

—iAOy [gec fumad+2]s(N)
el ) = T maar2ls (V)

via integration. The results of Corollary 1 and Theorem 2 can be adapted in the same fashion to

\I,C(e—i)\é) —

generating flow estimates. Of particular interest for applications is the flow-signal estimate from
flow data, which has frequency response

—iNGY lecfumadyals(A)
Lele™) = [fumadta]s(A) - (2)

If one is interested in estimates of this form and ¢ = 0, we can relax condition (23) to (22) in

Theorem 2, and we see at once that the stated frf exactly matches those of Bell (1984) after

flow-discretizing the continuous-time processes for signal and data.

4 TIllustrations of Filter Discretization

In this section we set out some explicit examples, intended as illustrations of Theorem 1; we consider

illustrations where the given filter is either a Butterworth filter of order m (abbreviated BW(m))

11



or is a Henderson trend filter. Extended derivations of formulas are in the Appendix. When in the

frequency domain, we use the notation z = e~**° and z = €',

4.1 Butterworth Filters Applied to a Random Walk

We now consider that the data process is a random walk, and we apply a BW(m) filter with
m = 1,2. Note that, although BW filters may be given a model-based interpretation — and under
this interpretation, their application to a Random Walk has little motivation — they can also be
viewed in their original sense, namely as simple nonparametric trend filters giving an approximation
to the ideal low-pass filter (Gémez, 2001). As discussed in McElroy and Trimbur (2006) the BW(m)
frf is g(A) = (1 + )\Qm/q)fl. We proceed somewhat generally at first, with general d > 0 and
fw(\) = 2. Then for the stock and flow cases of Theorem 1, we have the following frequency

response functions:

lgeemaals(A)

[maals(A)
e i [gecmaqi1]s(N)
Ue(e ™) = Y [de:L]l()\) '

\I/c(efi)\é) —

If g is a rational function in A, we can use Theorem 4.9b of Henrici (1974) to compute [ge.m;]s(\)

for various j. The formula is

lgeem;ls (V) = —= Z Res < A+ 27+ /8)(A+ 27 - /) 27”?2? ,g) ¢ider, (26)

As usual the sum is over the poles ¢ of the functions g(A+27-/6) and (A + 27 - /6) 7. The latter has
a pole of order j at —d\/2m, whereas the former has a pole at —0(A —w) /27, where w is a pole of g.
For the BW(1), these poles are simple and occur at —§(A £1i,/g)/2m. For the BW(2), the poles are
also simple and occur at —§(\ — ¢'/%e*™/4) /21 with k = 1,3,5,7. Let x(z) = 2mie?™® /(e?™® — 1),

so that for either m = 1 or 2 we have

Res (g(A + 21 JO) A+ 21 - /6) T, —5)\/27r>

J i—1
<2€r> (j—ll)laa;—l 9\ +272/0)X (2)] |o=—62 /2

SN 1 -1\ -
(52) G (U4 ) P oem e
Res (g()\ + 21 /&) (A +2m - /8) X, —6(\ — w)/27r)
= Res (g(\ + 27 - /8), —0A/2m) w ™I x (=6 (N — w)/27).

Appendix A.3 contains formulas for various higher order derivatives of y evaluated at —d\/27.

Applying these formulas, we can compute all the desired frfs. We present results for the stock case
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of Theorem 1, with m = 1,2 and d = 1. For BW(1) we have

—ix6|2 -6 5
\Il(e—iAé)_l_c+C€iA5+|1_e ] < e Vi e* Ve )
C - .

26,/q e—i0Xe=0a _ 1  e—i6Ag0Va _

It is easily checked that Wy(e™*) = Wy(e~™9)ei*?, For BW(2) we have

— 1—z|?
\IIC %Y — = _ 1 1 |
e(i—1)50q1/4/\/§ e(l—i)5cq1/4/\/§
’ {(1 — i) (zeli=Ddea VR 1) (1 — g)(ze(1-i)dea /1 /V2 )
e(*i*1)50q1/4/ﬁ e(i+1)5cq1/4/\/§

+ (i + 1)(26(—i—1)5cq1/4/ﬁ —1) B (i + 1)(26(i+1)6Cq1/4/\/§ —-1) }-

These formulas are derived in Appendix A.3, as are the coefficients stated below. For m = 1 we

have

(1 — 675\/5)266\/6(04’].4’1)

- ) < =2
¥j 20,/g J >
b= sinh dc,/q N (1- e*‘s\/g)Qe‘s\/ac
- NG 20,/q
Co=1—ct sinhd,/q(c — 1) N (1- 6_5\/§)2€_5\/§(c_1)
=1-c¢
0 51 20,/q
(1 _ 6—5\/5)26—5\/§(C+j—1) .
For m = 2 we have
1/4
P = q\//i Re [(1 i) (L - DIV (g eO*i)éq”‘*/ﬁ)6<1fz>6<c+j>q1/4/ﬂ} i< 2
_ 1 N—=1 (—(144)cdq"/*/V2 _ (1+i)edg /2
@b_l—c+2\/§q1/46Re [(1+z) (e e )}
b T d e =18V (] i )8gA VB (] _ = (+i)5g AV
\/§q1/46R6 [( +1i) e (1—e )(1—e )]
ey b N1 (D e=1)0a 1 /VE = (1+i)(e-1)3g/1/V2
o =1 c+2\/§q1/45Re [(1—1—2) (e e )}
1 N _ e 1/4 i 1/4 _ i 1/4
_ \/§q1/45R6 [(1 + i) lem (HDeda V2 _ (i41)0gT VY (o= (1+i)dg /\/5)]
1/4
W = QJ% Re [(10) 7 (1 = el V) (1 i A2y s(eria V] s,

4.2 Henderson Filters

The Henderson trend has a long history in actuarial science and the X11 seasonal adjustment

procedure (Findley, Monsell, Bell, Otto, Chen (1998)); a continuous time version of the Henderson
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kernel has been discovered by Dagum and Bianconcini (2006) using the methods of reproducing

kernel Hilbert spaces. According to that work, the third-order Henderson kernel v is given by

298792800 — 16144331 12722 4 269593079422* — 1799967994325 4- 419677512828
N 1786542091

Y(z) Ly, (),

from which it is easily verified that W(L) passes cubic polynomials. The frequency response of the
Henderson is tedious to write down, and has non-simple poles at the origin. It is thus easier to
compute the discretization filter coefficients 9y (c) using Proposition 1. We only need to know the
interpolation filter coefficients, and then convolve with ¢ as indicated.

For example, suppose that the data process is a simple continuous-time random walk, so that

d =1 and f, o 1; then for stock observations we have

oAy [ecma]s (M) — (1 —¢) & e
P = gy e

In other words, ¢o(c) =1—cand ¢_1(c) = c for ¢ € [0,1). A short calculation (using the fact that
1 is supported on [—1,1]) yields

1 0
o (c) :5/0 ¢(6z+5c+5(k—1))zdz—5/_1w(6z+5c+5(k+1))zdz.

From here, the exact determination of the bounds of integration will depend on § and k. That is, z
is constrained to [(1 —k —¢)/d, (2 —k —¢)/d] N[0, 1]; these types of calculations can easily be done

numerically, but are not very simple to express algebraically.

5 Illustrations of Signal Extraction Discretization

In this section we consider some applications of Theorem 2 to models of great interest to econo-
metricians. Specifically, we address the calculation of signal extraction filters for the Local Level
Model (LLM), Smooth Trend Model (STM), and Band-Pass Model (BPM), and also consider a
Turning Point (TP) filter for the STM.

5.1 The Local Level Model

The LLM - introduced in Harvey (1989) and further described in McElroy and Trimbur (2006) —

has the following continuous time formulation:

Ds(t) = u(t) ~ WN(qo?)
n(t) ~ WN(co?)

where W N (b) denotes continuous time white noise with spectral density equal to the constant

b. Because of the presence of continuous time white noise n(t) in the underlying process y(t) =

14



s(t) + n(t), it only makes sense to consider flow observations. The flow case of Theorem 2 yields

l [ecm3]5(/\)
1 — e [my]s(A) + [ma]s(N) /g

35 ((eim +1)— 02’1 . 671')\6‘261')\6 —2¢(1 — ei/\6)>

N §2(2cos A8 + 4) + 6|1 — e=X|? /g

,ch(e—i)ﬁ) —

If we are interested in a flow-signal, then (25) yields

[ecm4]5()\)
[ma]s(A) + [ma]5(X)/q
52 ((2 oS AS +4) + (1 — e~ M) (1 — ¢A9)? — 3¢2|1 — ¢=M|? 4 3(e — e*ixé)>

B §2(2cos A8 + 4) + 6|1 — e=¥|? /¢

\ch(e—i)\é) —

The coefficients depend upon the roots of a certain polynomial, which in turn depend upon the
sign of %2 — 6/q. We assume this is negative, since generally both § and ¢ are small (see McElroy

and Trimbur, 2006); some of the following derivations will be changed if 62 — 6/q > 0. Define 1

and 72 by
~ —(26%+6/q) + /302(6% + 12/q)
nm = 52— 6/q
_ —(26%+6/q) — /30%(6% +12/q)
m 0% —6/q '

Now 0 < 1 < 1 but 72 > 1. Then the coeflicients in the case of a flow-signal are:

. 52 (63(1 — ) 4+ 3¢3(1 —m)*m + 3c(1 — n?)ym + (9} + 4nf + 771)) i 2
_ -
j (82 = 6/¢)(m —112) j<

523
Y11= 5 670
62 —6/q
6 (63(1 —m)” 431 —m)’m + 3e(L — nd)m + (nf + 40} + m)) e
_|_
(02 —6/q)(m — m2)
52(1—¢)?
Yo = 72( )
6> —6/q
62 (=31 = m)® + 3e2(1 = m)? + e — 1) + (o + 4my + 1)) ;"
+
(02 = 6/q)(m — m2)
621 —¢)?
by =g
6> —6/q
62 (=31 = m)° + 3621 —m) +3c(r? = 1)) wl ™" + (nf +4my + 1)
+ j>1

(62 =6/q)(m — n2)
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In the case of a stock-signal they are:

B 30 <02(1 — 771)2 +2¢(1 —m)n + (2 + ?71)> 771_j_2 .
e & =6/ —m) is-

35¢2
Y=
30 (02(1 —m)? + 2¢(1 —m)m + (nf + 771)) !
i (52— 6/9)(m — m2)
30 <02(1 - 7]1)2 —2¢(l—m)+ (1 + 7]1)) 77{ »
Y = Jj=0

(62 —6/q)(m — m2)
5.2 The Smooth Trend Model

The smooth trend model — see McElroy and Trimbur (2006) — has the following continuous time
formulation:
D?s(t) = u(t) ~ WN(qo?)
n(t) ~ WN(ao?).
As before, we must consider only flow sampling; the flow case of Theorem 2 yields

—iAS\ _ i [ecmi|5(A)
\ch(e ) T ] = et [m6]5()\) + [m2]§()‘)/q

=50%(c*z)1 — 2| + 43 (1 —2)1 — 2P+ 62(1 — 2)(2 — 2)

—8c(14 2)(1 —2%) +4c(z+2)(1 —2) +122(1 + 2))
-1

: (54(66 4262 + 267 + 2% + 22) + 120[1 — z|4/q)

For the case of a flow-signal (25) we have

[ecma](;()\)
[me]s(A) + [ma]s(A)/q

6
— 54( ’

\I,C(e—i/\é) —

1—
05’72 +5¢1 — 2[* + 103 (2 — )1 — 22 4+ 20¢% (2 — 7)?

+10%(z + 7)1 — 2> — 30¢(z — 2)(1 + 2)(1 + 2) + 30¢(22 — Z2) + 5¢(z — 2)|1 — 2|
+ (66 + 262 + 26z + 2> +2%))
4 L2, =2 4, \ 7!
: (5 (66 + 262 + 262 + 22 + %) + 120|1 — 2| /q) .
The coefficient formulas are quite complicated. As in the LLM, we make the assumption that ¢

and ¢ are small, such that 6* < 120/q. Define the quantities

Y 266* + 480/q + /60(768 + 9605 /q)
2(64 — 120/q)

265" 4 480/q — /60(75° + 96054 /q)

B 2(6% —120/q) '

g

16



Then the following quantities are defined in terms of o and f:

Ot S FOV/: ey S TV/:
SR |

Y2 = 2 ’ 2

It follows that 0 < v» < 1 but v3,v4 are complex conjugates with unit modulus. Also, we let
O.(z) be the numerator polynomial in the expression for the filter frequency response function as
a rational function, and similarly ®.(z) is the numerator polynomial of W.(x~1) when expressed as
a rational function. For the flow-signal case (25) these functions are given explicitly by

O.(x) = 64 (P (1 — 2)° + 54 (1 — 2)*z + 103 (1 — 2%) (1 — 2)? + 202(1 — a;2)2

—102(1 — 2)*(1 + 22) 4 30cz(1 — 22)(1 4 2)* — 30cx(1 — )
1—2?) + 2 (z* + 262° + 662 + 262 + 1))
5

+ 5ex(1 — z)*(

D, (2) = 64(A(1 — 2)° + 5 (1 — 2)* — 103(1 — 22)(1 — 2)® + 20¢2(1 — 22)°
—10¢%(1 — 2)3(1 + 22) — 30¢(1 — z2)(1 + 2)? + 30¢(1 — 2%)
—5c(1 —2)*(1 — 2?) + (2* + 262° + 6622 + 26z + 1)).

Using these formulas, the coefficients in the flow-signal case are given by

_ Oc(a)vy Oc(vs)vy
Vi = (6% —120/q)(va — 1) (V3 + Bra + 1) * 2(6% —120/q)(vs — va) (V3 + avs + 1)
Ou(vg)vy 72 ,
* 2(6% — 120/q)(y4—33)(1/2+ay4+1) s 2
_6.(0) 60(V2)V2_1
¥-1= 54 —120/q * (6% —120/q)(va — 1) (V3 + Bra + 1)
. Oc(vs)vy . Oc(va)vy !
2(64 —120/q)(v3 — va) (V3 + avs + 1) 2(6* —120/q)(va — v3) (V3 + avg + 1)
®.(0) (I)C(V2)V2_1
Yo =51z 120/q (0% —120/q)(vy — 1) (12 + Bra + 1)
N D (v3)vg n Do(vg)vy !
2(64 —120/q)(v3 — va) (V3 + avs + 1) 2(6* —120/q)(va — v3) (V3 + avg + 1)
_ O (vo)1 ! ()]
Vi = (6% —120/q)(va — 1) (V3 + Bra + 1) * 2(6% —120/q)(vs — va) (V3 + avs + 1)
D (vg)] ! .
+ Jj= 1L

2(6% —120/q)(va — v3) (V2 + vy + 1)
Now for stock-signal case the roots v; and «, 3 happen to be the same, but ©. and ®. are different:
Ou(z) =503 (1 — ) + 43 (1 — 1)z + 622(1 + 2)(1 — 2)? + 8cx(1 + x)*(1 — 2)
—dex(1 —x)(1 + 2?) 4+ 122%(1 + z))
D (z) =58 (cte(1 — 2)! —4c2(1 — 2)* + 6c%2(1 + ) (1 — 2)* — 8ea (1 — z)(1 + z)?
+dex(1 — x)(1 + 2?) +122%(1 + 2)).
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Then the coefficients in the stock-signal case are given by

_ Ocv2)vy Oc(vy)v”
Vi = (6% —120/q)(va — 1) (V3 + Bra + 1) * 2(6% —120/q)(vs — va) (V3 + avs + 1)
+ Oclra)vy” j< -2
2(6% —120/q)(vg — v3) (V3 + vy + 1) -
5cte3 Oc(12)vy *
V1= 120/q (6" = 120/q)(va — 1) (2 + Bra + 1)
N Oc(vs)vs ! N Oc(va)vy!
2(6%* —120/q)(v3 — va) (V3 + avs + 1) 2(6* —120/q)(va — v3) (V3 + avg + 1)
(I)C(V2)Vgil (I)C(VS)Vgil
Vi = (6% —120/q)(v2 — 1) (V3 + Bra + 1) * 2(6% —120/q)(vs — va) (V3 + avs + 1)
+ Delva)v j>0.

2(6% —120/q)(vg — v3) (V3 + vy + 1)

All of these formulas are derived in the Appendix.

5.3 Turning Point Filters

If a given continuous time filter ¥(L) produces a smooth trend estimate, then the filter with
frequency response iAW (e~*') estimates the velocity of that trend (see McElroy and Trimbur (2006)
for a discussion). When the velocity changes sign, this indicates a turning point in the estimated
trend. Here we apply this concept to the flow case of the STM. Using Theorem 2, we see that the

frequency response function of the discretized TP filter is

i[ecm5]6()‘)
[me]s(A) + [mals(N) /@’

\Ilc(e—i)\é) —

which is just 1 — e =" times the frf for the stock-signal case of the STM. So using the notation ~to
denote the TP functions, we have W (x) = (1—xz)WU.(z), and hence O,(z) = (1 —z)O.(x). Likewise,
U, (1/z) = (x — 1)¥(1/x)/x, which implies that ®.(z) = (z — 1)®.(z), but an extra = factor shows

up in the denominator. The result is the following coefficients (where the constants have the same
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definition as in the discussion of the STM):
Oc(v2)(1 — vy)vy ' 2 Oc(vs)(1 — vg)vy '

vi= (6% —120/q)(va — 11)(v3 + Bry + 1) + 2(6% —120/q)(vs — va) (V3 + avs + 1)
N Oc(vg)(1 — V4)V4_]_2 o
2064 —120/q)(va — v3) (2 +avg + 1) 7=
¢ . 564(53 @c(VQ)(l — V2)V2_1
Tt 120/q T (67— 120/q)(v2 — 11) (V2 + Brg + 1)
N O.(v3)(1 —v3)vg n O.(va)(1 — vyt
2(64 —120/q)(v3 — va) (V3 + avs + 1) 2(6* —120/q)(va — v3) (V3 + avg + 1)
o = 56%(1 — (1—¢)") Do(v2) (12 — 1)1y
0 54 —120/q (04 —120/q)(va — 1) (V2 + By + 1)
n D (vs)(vs — iz ” o (va)(va — vy °
2(6%4 —120/q)(v3 — V4)(l/§ +avs+1)  2(6* —120/q)(vs — 1/3)(1/2 +avy +1)
s = Oc(va)(va — )1 > . O.(v3)(vs — 1)1~
(0% = 120/q) (v2 — 1) (V2 —|— Bra+1)  2(0* —120/q)(vs — va) (V3 + avs + 1)
N Oc(va)(va — 1)~ s

2(6% —120/q)(va — v3) (V2 + vy + 1) -
5.4 Band Pass and Low Pass Model Filters

The trend-cycle-irregular model in continuous-time is discussed in McElroy and Trimbur (2006),
where continuous-lag Band Pass (BP) and Low Pass (LP) filters are derived. In this model there
is a trend component m, cycle component ¢, and irregular component i, which have the following
CARIMA models:

We must consider only flow sampling because of the continuous white noise irregular. Here ¢ and
r are positive signal-noise ratios, and p indicates the strength of the cycle peak in f.. Values of
p closer to zero indicate a higher peak, with the location of the maximum occurring close to +A..

The component pesudo-spectra are

fz()\) = 0‘2
7’0‘2
fc()‘) -

(02 + (A= 2P+ A+ A)?)
Using the calculus of residues, we find that
rolerll

Rele) = ApAc(AZ + p?)

Re <ei’\c|”"‘()\c - pz)) .
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The BP filter that we consider is the signal extraction filter for a process with a cyclical signal and
a trend-irregular noise. So we apply Theorem 2 with the role of signal and noise swapped (so that
the signal is stationary and the noise is nonstationary), which is only a change in nomenclature.
The LP filter corresponds to a trend signal with cycle-irregular noise. Focusing on the case of a

flow-signal (25), the BP and LP frequency response functions respectively are given by:

v e fema] 5(N)
Ye(e™) = [gma + ma + femals(N)
U, (e~ = (ecqmal; ()

[gma +ma + fema]5(A)
The explicit expression is complicated. Formulas in Appendix A.1 can be used to compute [e.m4]
and so forth; [e.f.mals is given below:
ro? 126(X\2 — p?) c 1
(P22 (p?+22)° <Z—1 |1—Z|2>
_53< 3 . 3c? +30(2’—?) 2(z —7)° Z2+7Z >)
e e L e T

[ecfcm4]5 = 6

B ro2 (()\c N Z‘p)_5Z(eié)\c(c—l)e—ép(c—l) _ e—i&)\c(cﬁ—l)eép(c—l)) _ (Ciid)\cce—épc _ e—i5)\cce5pc)
8Acp (2: — eé(p—z)\c))(z — 6_6('0_7'/\0))
B ()\ _i ),52(87;6)\5(0_1)66/)(6_1) _ e—i(s/\c(c—l)e—ép(c—l)) _ (eiéx\cceépc _ e—ié)\cce—(ch))
¢ P (z — 6—5(p+i)\c))(2 — 65(P+i)\c)) )
This is derived in Appendix A.4. Now for a stock-signal we have
\ch(e—i/\é) _ Z[ecfcmii]é()‘)
(1 = 2)[gma + ma + fema]5(N)
‘ch(e—i)\é) _ i[ecquﬂ]&()‘)

(1 —2)[gma +ma + fema)s(N)

The formula for [e.f.ms]; is given below:

i6%ro? c? 2¢ (z—2) 2ira?(\2 — p?)
lecfemsls = 5o |71 T 2 T |7 242
2007 +229)7 L# 1=z =21 (P +X)(z-1)
B ro2 ((}\ i )_42(61'6)\6(071)676,0(071) + efié)\c(cfl)etsp(cfl)) _ (ei(s)\ccefépc + efizS)\ccezSpc)
8Aep ¢ P (z — e3p=ire)) (2 — e=0(p=ire))

\ ‘ _4z(6i6)‘0(c_1)65p(c_1) + e—it”\c(C—l)e—éﬁ(C_l)) . (eiékcceépc + e—i5)\cce—6pc))
— (A —ip) (z — e Tr)) (7 — d(o+in) '

So the frfs for the BP and LP filters are fairly complicated, and at present the coefficients must be
determined by numerical integration of these functions.
Appendix

The material in this Appendix is organized in correspondence with the order of topics in the main
text. Hence we first discuss folds, then give the proofs of Theorems 1 and 2, then give details on

frf and coeflicient calculations for the applications in Sections 4 and 5.
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A.1 Computing Folds

Much is known about folds in the engineering literature: see Solo (1983), and the literature on
Laplace/Z Transform pairs in control engineering (Kuo, 1963 and Jury, 1973). The innovation here
is that we incorporate the sampling frequency d and the interpolant ¢ into the discussion, and make
distinctions between stock and flow sampling. Suppose that a mean zero stationary continuous

time process z(t) has orthogonal increments representation (Brockwell and Davis, 1991)

x(t) = /_OO e Z(N)

where E[dZ(\)dZ()\)] = f(\)d\/27. For example, if = is stochastically continuous, then Theorem
4.11.1 of Priestley (1981) guarantees the existence of such a representation. Then the autocovariance

function is

R = 5= [~ ermyan

T o oo
which is defined for all real numbers h. If we stock observe x via the equation x, = xz(47), where
T is integer, then

[e.e]

@rDm/3 ITAO m/o 1TAS =
Ty = Z /( e dZ(N) :/_W/ée Z dZ(X\ + 27l /6)

= —oo Y (2I=1)7/d I=—— oo

by change of variable. Likewise, the autocovariances are only considered at lags dh where h is now
integer, and we can write
— R(sh) = 7w g A+ 271 /) dX
Ry, = R( )—g q/ae Zf( + 27l /6) dA.

l=—00

Hence the spectral density of =, is given by

o0 o0
> Rpe = % > f(A+2ml/s) A€ [-n/8,7/d);
h=—00 l=—00

this latter formula is denoted by the notation [f]s(A). It is called the “fold” of f, since it is
obtained — graphically speaking — by chopping f up into contiguous domains of size [—m/d, 7 /]
and overlaying the corresponding functions (see Koopmans, 1974 for a picture). It is obvious from
the above equation that the fold is periodic if we view [f]s as a function on the real line. In order
to be well-defined, it is necessary that the tails of f decay faster than 1/A; methods for computing
folds from a given f are discussed below. Now from the expression for [f];()\), we see that the
highest frequency that can be observed is 7/§, and at any A the value of the spectrum [f];()) is
confounded by the aliases f(A + 27l/d) for all integers . The frequency 27/9 is referred to as the
Nyquist folding frequency (Blackman and Tukey, 1958).
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For a flow observation of z(t), we obtain z, = [ e®™(1 — e~ (iA) TTdZ(N), with autoco-

variance function

1 s i FN+271/68
Ry, = R(0h) = QW//éehM\l 28 |2 Z )\+2ﬂl/§)d)\.

The corresponding spectral density is [fma]s(A)[1 — e‘“‘5|2.
In several places in Section 4, we need to calculate [e.m;|5(A) for various j > 2. When ¢ = 0

and A # 0, we can use Theorem 4.9a of Henrici (1974) as follows:

(e 9]

) =5 > (A +2mh/0) 7 =~ 3 Res(A +2m - /6) 7a, )
h=—00 ¢

where the sum is over all the poles ¢ of the function (A 4 27 -/ 5) , and Res denotes the residue.
The function a is defined by a(z) = 7 cot mz. This formula does not cover the case that A = 0, since
the fold explodes to infinity at that frequency. The above application of Theorem 4.9a of Henrici
(1974) can be made to compute the fold of any function g, so long as it is a rational function of A

with a zero of order at least two at infinity. In our case, we have a pole of order j at —d\/27, so

ki) =~ 5= <2‘;>jau—1> ( —;;A) |

We pursue a method of calculation for this below, which is easier than a brute force approach. In

the case that ¢ # 0, we instead apply Theorem 4.9b of Henrici (1974) (which also covers ¢ = 0, but

the fold is given by

typically involves more computations):

1 - —J idc T
[ecm;]s(N) = 6hZ_ (A + 27h/5) J gidc(A+2mh/5)
eié)\c )
= =5 D Res((A+2m - /8) 7x,()
¢

where the sum is over all the poles ¢ of the function (A + 27 - /6) ™, and

2mice (627m'z o 1)_1 .

x(z) = 2mie
Now letting g;(A,c) = [ecm;]5(A) and using the product rule, it is easy to see that the following

recursion applies:
1/0 .
gji+1(A,¢) = ~3 (8)\%()\’0) — zécqj()\,c)> .

Starting with go(\, ¢) computed through brute force, we can use this recursion to obtain these

functions for j = 2, 3,4, 5,6, which are all needed in Section 4. Using the shorthand z = e~ we
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have

leema], () = 2 HE—1)

11— 2
20% 4 2 -1 2
eemals (V) = - (E=2)N1 =2 = =)~ =261 27
53
[ecma]s(N) = 5 ((Z +z4+D1 -2 = -1 =331 — 2 2+ 3¢z — 2)|1 — Z|74)
%0t 4¢3 6c2(z —2z)  8c(z —2)?
c A) =
[6 m5]5( ) 24 (Z_1+|1_Z|2 |1—Z|4 ‘1_/2‘6
de(z+7)  6(z—2)°  6(22—7Z2) z2—Z )
-z -z -2 -
leamgls (V) = ﬁ( e 5ct 103(z — %) 20¢%(z — Z)*
crbl 12002 —1 " [1—2> [1-z* 11— 2[°
103(z+2)  30c¢(z—2)° 30¢(z2—7z2)  bBe(z—2z) 24(z—32)*
11—z 11—z 11—z L=z 1"
36(z —2)*(2 + 2) 247z n 12(224-52)4—2(2—2)2)
11— 1 —z* 11— .
A.2 Proofs

Proof of the stationarity of (13) and (17). More generally, we can define the continuous-time
process w(t) = (1 — B)*[I%](t), with W(67) = w, in the stock case. Now using induction and the

defining property of the I operator, we have

0 é
w(t):/--~/ w(t — 81—+ —8q)dsy - dsq,
0 0

which is stationary with autocovariance function given by

2d
Fw(N)ePM d. (A1)

A

1 00 1_6—1')\5
|

So long as d > 1, this function is continuous at the origin, which shows that it has an integrable
spectral density, even if f,, is non-integrable of the form f,(A) = fu(\) + A2?f,()\). For the flow
case, observe that (17) can be written as w, = (1 — B)*™ ' [I%1w](47), and apply the previous

arguments with incremented d.

Proof of Theorem 1. For any t = 7 + dc, the filter discretization error process is
€r = \IIC(B)yT - (E(t);

it suffices to show that this error process is orthogonal to the available data Y. We first demonstrate

that this error process is stationary with mean zero. Consider that y, is a stock (9); then the
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polynomial term in (12) under application of the filter W.(B) is simply

dl -1

) o7 . :
Z ]‘ y Z Q;Z)k ' Z/;](?) 67;] (\ch(e—zé)\)ezz\éT) |>\:O~

At the same time, the polynomial term in z(t) is, using (11),

IS

<
[l
o

d—1 =1 0) &
SO ey oy Jor —vp do =3V O (g0 () o
< = Vi

So in order for the polynomial terms in the expression for €; to cancel out, it is sufficient that
(gec)(k) (0) = gk (0) for all k < d, where by \I!,(;k)(()) we denote the kth derivative with respect to A
of the frf W (e~*M), evaluated at A = 0. It turns out this condition is true for any j < 2d. Define
the function

-1

) = o[ o] L () — Fu(X +271/6) A j
pi(A\) = fum;[fumy]y (A) = 6 1+; o <>\+27rl/5>

Since f,, has no zeroes or poles, it can be shown that
p;(0) =46 p;(2nl/6) =0 if 1 #0.

Also the first j —1 derivatives of p; are all zero at 27l/§ for any integer [; this requires the existence

of the first j — 1 derivatives of f,. Now using the stated formula in Theorem 1, W.(e™*%) =

[gecp2dls(N). Tt follows that

ok — k
g Vele ™) azo = (9e0)P(0) Vh <24~ 1,
which is obtained by expanding the fold of ¥.(e™**), use of the product rule, and use of the
above-stated properties of pag.

In the flow case let ©.(B) = (1 — B)¥.(B); then the polynomial term in (16) under application

of the filter ¥.(B) is simply

d-1 gitl

S )
v i) = y(0) —i0A) LIAOT
;) (j+ 1 (Z Oi(c — 0k) > o JZO PG4+ DN+ (60(6 Je ) A=0;

where 0 (c) are the coefficients of ©.(B). So in order for the polynomial terms in the expression for
e, to cancel out, it is sufficient that (gecsr)?(0) = (Qu(e=9)e7) I (0) /(i(j + 1)) for every .
Using the stated formula for the flow frf in Theorem 1, we have ©(e™*%) /i = [gecmf1p2d+g]5()\),
whose kth derivative at A = 0 is equal to k(gec)(k_l)(O) (or zero if k = 0). Then

1 i+l (k=1) (\ (s s \i+1—k L [ ) oo svj—k ")
ijZO( i >k(9€c) (0)(i67) = kgo (k) (gec)™(0)(i67)" ™" = (gectr) "V (0),
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as desired. Now returning to the stock case, our error process is
e = (\I!C(B) - \I/(L)L*‘SC) [1%w] (67). (A.2)

In this formula, ¥.(B) operates on [[%w] as a discrete filter on a discrete (stock-observed) process,
whereas W(L)L ™% operates on [I%w] as a continuous-lag filter on a continuous time process; we
have shown above that ¥.(B) — ¥(L)L ™% annihilates polynomials of degree d — 1 in an integer
variable 7. Now since w(t) = (1 — B)*[I%w](t), we can apply Lemma 1 of Bell (1984) to obtain a

representation
d
[14w)(67) = Y Ajrral1%0](5(j — ) + E-(B)w(67), (A.3)
j=1

where A; - is a deterministic coefficient sequence dependent on time 7, which is completely deter-
mined by the differencing polynomial (1 — B)?. Also, the time-dependent discrete filter Z,(B) is
given by the formula ]
E(B)1-B) =1-) Aj qB". (A.4)
j=1
The coeflicient sequences A; - consist of polynomials in 7 of degree at most d — 1. Moreover, since
w(t) is a stationary process with integrable spectral density, it is stochastically continuous and
thus has an orthogonal increments representation w(t) = [*_ e d((\) — see Theorem 4.11.1 of
Priestley (1981). Also, from (A.1) we know that E|dC(A)]* = |1 — e‘i)“s\Qd)\_Qdfw()\)d)\; then by
(A4)

o M S A ids(dy)
= (B)w (o) = / Lz it
—00 (1 — €_Z>‘6)
with the integrand being bounded. Putting this together with (A.2) and (A.3) yields
/°° N7 (Te(e™™) = g(Mee(N)
€r =

oo (1 — e—ird)e

d¢(N),

d¢(N).

This shows that the error process is stationary with mean zero. Moreover, (A.2) shows that the
error process is orthogonal to y* under condition (15) — but note that (14) is not sufficient in

general. It only remains to show that the error process is orthogonal to {w;}:
Efes 1, 4p] = / e () — g(Nee(N)) (1 - M)A, (1) dx
T ian —iXd g\
I (Wele™ ) Imaafuls(N) = [maagecfuls(V)) (1= )" d,

using the property of folds, and the periodicity of the frf of ¥.(B). Now the stated stock formula
in the theorem makes this covariance identically zero for all 7 and h.
Finally, we turn to the flow case; the argument is essentially the same, with a few computational

differences. Now letting w(t) = (1 — B)* T [I9+1](t), we note that by (17) w(67) = w,; moreover,
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w(t) is stochastically continuous with integrable spectral density, so it has an orthogonal increments
representation [ eMd((\), with E|dC(A)[? = |1 — e=*"2A=2d=2¢, (A\)dA. The analog of (A.2) is
now

er = (©u(B) = W(L)L™D) [1%1u) (57),

with similar interpretations of the discrete and continuous-lag filters (recall that D acts by differen-
tiation, mapping [I%+1w] to [I%w]). Moreover, the expression in parentheses annihilates polynomials
of degree d in an integer variable 7, which is implicit in the earlier flow calculations of this proof. So
we obtain that y* is orthogonal to the error process under (15). We can also find a representation

for the nonstationary process [I9T!w](§7) exactly analogous to the stock case; the upshot is that

o /oo ei)\&r (@C(efi/\é) —g(A)ec(A)i)\)

—00 (1 — efi)‘é)djq

dc(N).

(Recall that the frf of D is ¢\.) Finally,

d+1

Ele,wy ] = / T minoh (@c(efm) . g()\)ec()\)i)\) (1 — )T \=24=2¢ (3) A

/s . o
=8 [ (O masafuls (V) = dlmassagectuls (V) (1= €2) ™ ax

which is identically zero by definition of V.(B) and ©.(B). This completes the proof. O

Proof of Theorem 2. This proof follows along the same lines as Theorem 1, though it is not a
corollary. We first consider the case of a stock; then by assumption n is stochastically continuous

and thus can be written as n(t) = [ €*d(,(\) with f, integrable. The error process is then
P A

Now applying the machinery of the proof of Theorem 1 to the process s;, we find that the operator
U.(B) — L% annihilates polynomials of degree d — 1 so long as \Ifgk)(O) = (ec)(k)(O) for k < d -
essentially we substitute ¢ = 1 in the calculations in the proof of Theorem 1. We likewise have
U (e7) = [ecfupaa/ fuwls(A), and it follows that

k

k; | z
S ele Moo= (7)) (1) 0 = (@) V0) vk <2a-1.

e fw

The last equality follows from the fact that the first 2d — 1 derivatives of f,/f, are zero at A =0,
but the value of the function at zero is unity. Applying this result, we see that e, is stationary;

using techniques from the proof of Theorem 1, we easily obtain the representation

—iAd
e :/ei)\érqjc(e—i/w) an()\) +/eiA67\Ilc(€ A )_ec()‘) dCu()\);

(1— e—i)\5)d
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where E|dC,(A\)[? = [1 — e~ **A=2df, (\)d). Likewise, we have
wr =ur + (1 — B)dnT = /e’MT dCu(N) + /ei’\‘sT(l — e_i’\‘s)d dCn(N).

Now for optimality, it suffices to show that y* and {w;} are orthogonal to the error process; in

order for E[y*e,] = 0 we need to assume (23). Then we have

Ele;wrip] = / e (=M (1 — )T E () d

. U, —iAd\ __ <\ )
+ /e_z)‘ah ((i - e)““:;d( ) 11— 6_1)\5’2d)\_2dfu(>\)d)\

_ / e (L= ) () () — el W) (W) A dA

i 20 3%
=6 s e "R (1 — iN) (\I/c(e—Z M fwmaals(A) — [€Cfum2d]5()\)> ),

which is identically zero by the stated formula for the frf of U.(B). Turning to the case of a flow,
we no longer have n stochastically continuous, but we can still write n, = [ M7 dC,(N) with
Eld¢,(M)[? = |1 — e*““sﬁx\ﬁfn(/\)d/\, since the flow-sampling of n, considered as a continuous-time
process, will be in C°. As for W.(B) — L™% operating on s, this annihilates polynomials and
reduces the signal to stationarity — simply use the concepts from the proof of Theorem 1. Then we

obtain

‘ ‘ ] @c —iN0\ . )i
o= / (e AN +/ o Ei - e)i)\;dg-l)z dGu (),

with E|d¢,(V)]* = |1 — e_i/\5|2d+2)\_2d_2fu()\)d)\. Hence y* is orthogonal to the error process under
(23), and

E[67w7+h] _ /ei)\(Sh\IIC(ei)\(S)(l _ €i)\6)d‘1 . efi)\(S‘QAfon()\) d\

Cien ©c(e7) — e (N)iA _ing 2442 _oq_
—l—/e Adh El—e)—i/\(s)dil) |1 — e~ AT272E (V) dA

= /eiMh(1 _ eiAa)dH (@c<e*i>\5)fw()\)/\f2d72 _ iec()\)fu(/\)/\fsz) d\
w/8 ) ' ‘
=4 s e~ MR (] _ ez,\é)d+1 (@C(e—zAé)[fwde+2]5()\) — i[ecfum2d+1]5(>\)) d\.

This is identically zero by the stated formulas for the frf, and this concludes the proof. O

Proof of Proposition 1. We first derive the following property:

5/_00 Y(02)ec— (A + 2715 /5) dz = ec (N + 277]'/6)5/_00 W(dz)e_, (A + 2mj/0) dz

— oA+ 2mj/B)g(A + 27 /0)
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for any integer j. Thus, using this relation we can easily show, for stock or for flow, that
W, (e7) = (5/ Y(02) P (e7) dz.

—o0

This is obtained by using the explicit formulas in Theorem 1 and Corollary 1. Now
71)\6 Z¢k —iXk _ Z ¢O(C — st k)efi)\(sk’
k
utilizing (24). Hence we have
. 00 . 0 .
T(e) =) "6 / p(62)¢o(c— 2+ k)e ™ Fdz =) "5 / V(82 + 6k)go(c — z) dze ™k,
k B k >

Now Fourier Inversion concludes the proof. O

A.3 Derivations for Section 4

The derivatives of x. By definition x(z) = 2mie?™® (27w — 1)_1, so by the product rule

k

. . 17U
X(k) (x) = 2mi Z <I;> €2mcw(2ﬂ_ic)k—l (eme 1) 1 ()'

=0

We list the first five derivatives of (™ — 1)_1:

0 2mix -1 2mi
ox (6 ) (1 _ e27rza:)(1 _ e—2mz)
92 orin 1 (27.”-)2(62772'90 o —2mm)
W(e N 1) - 27iz )2 e—2miz 2
“3 (1 —eme)"(1 - )
93 orin e 2(27”) ( 2mix 27rm)2 (27.‘.2')3(6277% + 672m'x)
@(6 n ) B (1 _ 627rzx)3( —27rzx)3 + ( 627rix)2(1 _ e—27rix)2
84 omin ) -1 6(27T’L) ( 2mix 2#130)3
@(6 n ) B (1 _ 627rzm)4( —27rzm)4
6(27rz') ( dmix —4mm) (277@')4(@2”” - e—Qm'm)
(1 _ e27rwc)3(1 _ —27rzx)3 (1 _ e27rix)2(1 _ 6—27rix)2
9’ wrir | 1 24(2m)5(€2mx _ 6727ri:p)4 36(27ri)5(e2““ _ 6727”'1)2(62#1‘:): + eﬂm’x)
ﬁ( B ) B (1 _ 627rix)5(1 _ e—27rix)5 (1 _ 627ri:v)4(1 _ e—27rz':v)4
(27T’i)5 (12(€4mm + 6—47r2'93) + 2(627”‘17 — e—?wia})2> (27ri>5(€27ri:t: + 67271'1'1)
+ (1— e2miz)3(] — g—2miz)3 (1-— 627riz)2(1 — e~ 2miz)?’
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Next, we evaluate at x = —d\ /2.

S\
K0 (=) = i (S 4=
I c? 2¢ (z—%2)
@ (-2 = (2mi 3zc< + )
X (%) S e A TR T
oA A 3¢? 3¢(z—2) 20z-2?% (2472
@) ([ —=2) = (2mi)*2° + + -
X ( 27T> (2m) 2=l 1=z =zt -z 12
P ct 4¢3 6c2(z —2)  8c(z—32)?
@ (=2 = (2mi)°2° + +
X ( 7r> @)=y -z J1—2z* 11— 2|
de(z+7%)  6(z—2)° 6(22—72) (2—2))
=z =z -z -z
P e 5ct 103(z—2)  20c%(z—2)*  10c%(z +2)
G (—=Z2) = (2mi)52¢ +
X ( 27r> SRE -z 1-z 11— 2[° 11— z[*
30c(z —2)°  30c(z22 —22) Be(z—2) 24(z—2)"  36(z—2)%(2+72)
11—z 1—z° 1=z 1=z 11—z
12224+ 22) +2(z—2)°  (2+72) )
11—z 11—z

Derivations for Butterworth Filters on a Random Walk. For the m = 1 case, note that

g(0) =0 and g(0) = 1. Thus using (26), we have

[gecmals(A) = —?{(2‘;) (?Q@X (—gi) +90x (—;2))

L va ( 5() ;zm)( vt 0, ( (A-;Zf)><_i i

4m

eidAc 5 2 . S\ 5 e~ i0Ac0y/Gc e~ 10Ac—8\/Gc
TS <27r> X <_27T> + 2./q L—i(s,\eé\/a_ 1 e 0re—6va _ 1] '

7i)\6|—

Now using [ma]s(\) = |1 — 2, we see that W.(e~**) simplifies to the stated formula. For
m = 2, we have ¢(0) = 0 and g(0) = 1 as well. The residue calculations at the poles of g are given

below:

) —_§(\—qgl/4eikm/4
_5(>\_q1/462k7r/4)> R (—( i ))

Res (g()\+27r./(5)()\+27r-/5)—2x o —5- 4/t )

with £ =1,3,5,7. So by (26) we have
e 1 §\? (o S\ [ 86X
[gecma)s(A) = — 5 {<27r> (59(0)x (—27T> +9(0)x <—27T)>

5 _5()\ _ q1/4eik7r/4) ik /4
S X( Z ikl

k=1,3,5,7
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Again ¢(0) = 0 and ¢(0) = 1, and we observe that

(_5()\ . q1/4em/4)) (_50\ _ q1/46¢57r/4)>
X 9 - X
T 27

e(ifl)&:ql/‘l/ﬁ 6(1*2')5%1/4/\&
e—i0Xp(i—1)dcg /4 /v2 _ 1 B e—10Ae(1—i)dcq /4 /V2 _ 1
(_5()\ _ q1/4ei37r/4)> <_5()\ _ q1/4ei77r/4)>
X 5 - X
T 27
e(fifl)ﬁcql/‘l/\/i e(i+1)5cq1/4/\/§ ]

o= p(—i—1)dcg /4 /N2 _ | o—idAe(i+1)deq/4/V2 _ |

= 2mie” A [

= 2mje A% [

Putting these residues together we obtain

_ _ 1
[gecmals(A) = 8 (c(Z—=1) + 1) [1 — 2| + 2v2g1/h
(i=1)dcq'/*/v/2 (1-i)dcq'/*/V2
{— -
(1 — i) (zeli=Dded//V2 _ 1) (1 —4)(ze(1=Dea"/*/V2 1)
€(7i71)5cq1/4/\/§ e(i+1)6cq1/4/\/§

* (i + 1)(26(—i—1)5cq1/4/\/§ —1) B (i + 1)(Z€(z'+1)6a11/4/\/§ —-1) }-

Finally, dividing by [ms]s(\) yields the stated frequency response function. Next, we derive the

5 m/é U

o7 Jn/s C(e*i’\‘s)e"’\‘sj dA, we have by change of variable the following

filter coefficients. Since ; =

formula:

1 | Joe(z™h)a/" de >0
bi=5=g | (A.5)
T Jo el(z)z™ da Jj <0.

Here ) denotes the unit circle. Note that when j = 0, we can apply either case as we see fit.
These formulas are easily derived by just using the change of variable formula. The formula ¥.(z)
is obtained by substituting the variable 2 everywhere for z (and 2! for z), whereas for W (z~!)
we do the opposite. Now by considering the analytic extension of W, to the unit disk, the above

integrals are computed by calculating the sum of the residues at the poles of the integrand occurring

within the unit disk (see pp. 249-250 of Henrici (1974)). Focusing on the m = 1 case first, we have

_ 1—2)? e~ 0eva eV
U ()=t | (1= | _
(x) == (( c)x +c NG [me‘5\/§—1 IL‘€5\/6—1]

(1—z)? [ e 0va edeva
U.(1/z)=|(1—¢)+cx— NG [6_5\/‘7—m_65\/§—$] .

Suppose that j < —2. Then the only poles of W.(z)z~7~! that are inside the unit circle occur at
e~ 9V4. Hence

(1- 6—6\/5)265\/q(c+j+1)
26./q

¥; = Res (1115(x)a:‘j—1, 6—5\/?1) —
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The calculations are simple because the poles are simple. Now let j = —1; the integrand is just

U.(x), which has a simple pole at the origin (in addition to the other pole). So

sinh(dc,/q) N (1-— 6*5\/5)265\/5‘3
0\/q 20,/q ’
Next suppose that j > 1, and we use the other formula. There is only one simple pole at e=*V4 in

the unit disk, so

1¥_1 = Res (\Ifc(ac), 6_6\/6) + Res (V,(x),0) =c—

(1 — e~0v@)e=0valeti—1)
26./q

Finally, when j = 0 we use the first formula in (A.5) (since then the pole at zero will be simple,

1j = Res (\Ifc(l/x)a:j_l,e_é\/g> =

rather than of order two), and we obtain

1o = Res <\I/c(1/x)ac*1, e*‘s\/@) + Res (V.(1/2)z™1,0)
sinh(d(c—1)y/@) | (1- e V)2 e=0vale—1)
01 20,/q

Next, we turn to the m = 2 case, noting that of course (A.5) still applies. Letting j < —2, the
+i—1)

=1—-c+

relevant poles are el 5t/ /V2, They are still simple poles, though the residues are a bit more

difficult to compute:

Res <\Ifc(x)1;_j—17 e(i_1)5q1/4/\/§>
e(l—i)(c+j)6q1/4/\/5(1 — e(i—1)6q1/4/\/§)(1 . e(l—i)5q1/4/\/§)
2v2¢1/46(1 — i)
Res <\ch(x)$_j_17@(_i_1)5q1/4/\/§>
e(1+z’)(c+j)5q1/4/\/§(1 _ €(i+1)5q1/4/\/§)(1 B e_(1+i)6q1/4/\/§)
2v/2¢1/46(1 + 1) -

Adding these we obtain

Wi = e [(1 i) L (erda V2 o+ 186 /VE) (q e—(1+i)6q1/4/ﬂ)} '

1
-—— R
V2¢/45

For j = —1, we must compute the residue of W.(x) at the origin:

Res (\PC(IZ‘),O) —=c+ Re [(1 + i)_l (e—(1+i)65q1/4/\/§ _ e(1+i)05q1/4/\/§>:| .

1
2v/2¢1/46
Combining with the other residues yields the stated result for »_;. When j > 1 the residues are
e(z’—l)(c+j)5q1/4/\/§(1 _ e(i—1)6q1/4/\/§)(1 _ e(l—i)5q1/4/\/§)

2v/2¢1/46(1 — i)
e~ (LH)(e+)dq /4 /V2 (] _ ((i+1)3a"/4/V2) (] _ o=(1+0)3g"/*/V2)

2v/2¢1/45(1 + )

Res (\I/c(l/x):tj_l, e(i_1)5q1/4/‘ﬁ> —

Res (\Ifc(l/x)xj_l, e(—i—l)&zl/“/\/ﬁ) =
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Adding these we obtain
1
———Re
V2¢1/15

Finally, for j = 0 we use the first formula in (A.5), and compute the residue at zero:

Wb = [(1 n Z»)fle—(1+i)(c+j)6q1/4/\/§(1 _ 6(z+1)5q1/4/\/§)(1 _ e—(1+i)§q1/4/\/§)} )

Res (\I/c(l/x)xfl,O) 11—+ Re [(1 +i)? <e(1+i)(c—1)5q1/4/\/§ _ 67(1“)(0’1)541/4/‘/5)} )

1
2v/2¢1/46
This yields the stated formula for .

A.4 Derivations for Section 5

Derivations for the LLM. Using the formulas derived at the end of A.1, the formulas for the
frequency response functions are immediate. To get the coefficients, we express W.(x) as a rational

function:
52 ((x3 F 42 +2) + A1 —2)® + 322(1 — 2) + 3ex(l — x2))
2 (62(1’2 Fdr+1)—6(1— x)2/q>
o) — 30 ((x2 ta)+ A1 — )+ 2ex(l - x))
‘ o (82(2 + 42 +1) = 6(1 - 2)*/q)

\ch(w) -

for the flow-signal and stock-signal cases, respectively. So there is a simple pole at the origin; for
the other poles we must analyze the quadratic 62(z2 + 4z 4+ 1) — 6(1 — 2)*/q. It follows from the
quadratic formula that the roots are 11,72 as expressed in 5.1, and it is easy to see that 0 < < 1
and 72 > 1, using our assumptions on § and ¢. Now making use of (A.5), we must also compute

U.(1/x), which is expressed as a rational function below:

52 ((ac2 +42+1)— A1 —2)* + 321 — ) — 3¢(1 — x2))
(52(932 bz 1) —6(1— $)2/q>

30 ((ac2 + )+ el —)* — 2ex(1 — x))

x (52(502 +4xr+1)—6(1 — 55)2/(1)

U.(1/z) =

U.(1/z) =

for the flow-signal and stock-signal cases, respectively. So there is no pole at the origin, but there
are two simple poles at 71,72 just as for W.(z). So for the flow-signal case we must compute the

following residues to get the coefficients:

j = Res(Ve(x)z™ 7 m)  j <=2

Y1 = Res(Vc(x),m) + Res(¥c(x),0)
o = Res(We(1/z)a™" m) + Res(Ve(1/x)z~",0)
¥j = Res(Ve(1/z)a’ m) 5 >1



These residues are easy to calculate, and we obtain the stated formulas for the coefficients. For the
stock-signal case, the same formulas apply (although the residues themselves are slightly different),

noting that in the j = 0 case there is no pole at the origin, so that
Yo = Res(V.(1/x)z™1 my).

Derivations for the STM and Turning Point. The frequency response formulas follow im-
mediately from the formulas derived in A.1. To get the coefficients, we express W.(z) as a rational

function:

Oc(x)
x (54(954 + 2623 + 6622 + 26z + 1) — 120(1 — $)4/q) |

U.(z) =

noting that ©.(x) has a different definition for the flow-signal and stock-signal cases. This ratio-
nalization is obtained by multiplying numerator and denominator by z3. Likewise for ¥.(1/z) we

have

O ()
Pe(l/z) = 4(ph 3 2 4
04 (x4 + 2623 4 6622 + 262 + 1) — 120(1 — )" /q

for either of the cases, obtained by multiplying numerator and denominator by x2. So ¥.(x) has
a simple pole at the origin, whereas W.(1/z) does not. For their other poles, we must consider
the quartic function §*(z* + 2623 + 6622 + 26z + 1) — 120(1 — )*/¢. We employ the following

factorization:

5t + 262° + 6622 + 262 + 1) — 120(1 — z)*/q
= (6" —120/q) (z* + ba® + da® + bx + 1)
= (0 —120/¢)(2* + ax + 1) (2 + Bz + 1),
where b = (266 + 480/q)/(6* — 120/q) and d = (666* — 720/q)/(6* — 120/q). Note that the

symmetry in the quartic allows us to proceed without recourse to Cardano’s formula. Now in the

second equality, o and (§ are generally given by

b=V —4d+8 b+ VPP —4d+ 8

2 = 2 ’

which simplify to the stated formulas for a and 3 in 5.2. Each of the two quadratics is then further
factored using the quadratic formula, which yields the stated form for the roots s, vs,v4 (and
v; = (—a++va? —4)/2). Now from the formula for o, we can show that o < —2, which implies
that 1 > 1. Playing with the inequalities shows that 0 < v, < 1. As for the other roots, observe
that |3] < 2 (after some more inequality calculations), so that

OISR i/

2 2

V3

Hence they are complex conjugate, and their product is unity. So the coefficients are just given

by sums of residues, where the poles under consideration are vs,v3,r4 and zero. These are all
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simple poles, so the calculations are easy. Note that since the poles 3,74 occur on the unit circle,
we should multiply their contribution to the residue sum by 1/2 (Henrici, 1974). From here the
determination of the coefficients is straightforward.

For the turning point calculations, the coefficient formulas are straightforward using the new
numerator polynomials O,(z) and ®.(z). When j = 0, there is now a simple pole at the origin, so
we must also add in the residue
553 (04 — 43 + 62 — 4c)

6* —120/q

Res(Uo(1/2)(x — 1)/a2,0) = —2e1/T)

‘sz - -

Derivations for the BP and LP. For the bandpass filter, we first derive the autocovariance

function for c(t). Write

7’0'2

Jl) = i = A = i@ = A T i@ F A — i@ A

where w € C by analytic extension. The poles in C* are therefore +\. +ip. So for z > 0 we have

Re(z) = ;ﬂ/oo fe(N)e?TdA =i Y Res(fee'™ ()

¢eCt
_ 7“0'2 e—px eix)\c N e—ix)\c
8pAc Aet1ip  Ae—ip
r0.26—pa: eia:)\c
= 3 3 Re - .
ApAc(AZ + p?) Ae +ip

Noting that R, is an even function, we obtain the stated result. In order to obtain the spectrum

of the flow-sampled cycle, we must compute |1 — z|*[fsma]s. The fold is

dro? _
[femals(A) = m\l — 277

ro? g 1 e2(=ix) a1 020 (pFide) )
)

- Aetip) P+ e —ip) P

which is determined by using Theorem 4.9a of Henrici (1974). Alternatively, one can differentiate
with respect to ¢ the expressions given below, evaluating at ¢ = 0. Now multiplying the above
formula by |1 — z|2, we see that the spectrum corresponds to an ARMA(2,2) process.

We next compute [¢? fomy]s(\). By Theorem 4.9 of Henrici (1974) we have the fold equal to

_% ZR@S (fc()\ + 27 - /&) (N 4 27 - /5)—4%() eider
¢
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where the sum is over all poles (. There is a pole of order 4 at —%, and the residue is

1<5)4 (£ 2+ Fo)u-30))

6\ 27 2 2
1/ 6\* ro? 4 3 3c? 3c(z—2%) 2(z—%)* 247z
S (2} (T (oi)temiten + + + +
(o) (e ™) P R T T | (R T

2m 212ra?(\2 — p?) 2 —iseA < c 1 )
+ (=) ———————(2mi)%e "¢ + .
T T T G )

There are also simple poles at %(—)\ + A £ip), whose residues are given below:

2 et (D Ak At in)
- Q(SMWX(;T(—/\ — A —ip))
%Wﬂ;(—x detin).

Summing these and simplifying gives the stated result. Now we also note that

82

0
P

. [ems.fcmdé()‘) = i5[6106'fcm3]6()‘)

o e famy]s(N) = =02’ fama]5(N),

which allows us to obtain the other folds fairly easily.
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