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JOINI TRIANGULATIONS AND TRIANGULATION MAPS

Alan Saalfeld
Statistical Research Division
Bureau of the Census
Washington, DC 20233

ABETRACT

In rubber-sheesting epplications iIn
cartography, 4t {s useful to seek
plecewise-linecar hoseomorphisas (PLH
saps) between rectangulsr regions
which saP an arbitrary sequence of n
points "l' pz. ....pn) fros the in—_
terior of one rectangle to & corre-
sponding sequence (Q , Q_sccep Q) of n
points in the interior of the second
zegion. This peper proves that 1t is
aluays possible to find such PLH asps
and describes thes in terms of a Joint
triangulation of the dosain and the
range rectangular regions.

One naive approach to finding e MM
aap 1s to triangulate (in any fashion)
the domain rectangle on 4ts n points
and four corners and to define a
plecevise affine map on esach triangle
lpupup“ to be the unique affine map

t sends the three vertices ’l" v
p _of the triangle to the three
eo;tcapondinn vertices qu. ll‘z. Q“ of
the image triangle Aququq 3" such
piecevwise affine maps send triangles to
triangles, egree on shared edges, and
thus extend globally, and will be called

trisngulation meps. The shortcoming of
building transformations in this fashion
is that the resulting triangulstion mep
heed not be one-to-one, although there
is a simple test to determine if such a
map is one-to-one (see Theoream 2
bslow). If the map is one-to-one, then
the fsage triangles will fora a
triangulation of the range space; and
we will have a Joint triangulation. If
the ssp 1is not one-to-one, then there
will be folding over of triangles. It
say be possible to alleviate this folding
by choosing a different triangulation of
the n dosain points, or it may be the
case that no triangulation of the n
domain points will work. (See figures 5
and 6 below). We show that 1t will be
possible, in all cases, to rectify the
folding by adding appropriate additional
triangulation vertex peirs (p P PR
"l ne2
o P ) and (q e Q veses Q ) and
nea n+l ne2 nea
getriangulsting (see Theoream 1 below).
This paper exasines conditions for tri-
angulation maps to be homesomorphisas
and explores different ways of wmsodi-
fying triangulations and triangulation
aaps to make thea Joint triangulstions
and hossosorphisas.

The paper concludes with a section on
alternative constructive approaches to
the open problea of finding Joint tri-
angulations on the original sequences of
vertex pairs without asugmenting those
sequences of pairs.



The existence proofs 1in this paper do
not solve cosputstional g@geometry prob-
Jems peor se; instead they perait us to
forsulate new cosputational gecestry
problems. The probleas we pose ars of
interest to us because of & pearticular
applicetion in sutomated cartography.

1. BASIC CONCEFPTS AND DEFINITIONS

2.1, Refinewents and Triangulation Meos
A rsfinesent T' of a triangulation T 1is
a triangulation, each of whose triangles
fs contained n & triangle of T. 1It §s
sasily shown that 8 triangulation T' is
a rpfinesent of a triangulation T 1f and
only if each edge of T 15 & union of one
or more edges of T'. Refinemssnts play
an isportant role in the definition of
triangulation msaps; refinesents provide
sufficient flexibility 4n the triangu-
iating set to guarantes that triangulas-
tion aaps, a3 we define thea, will be
closed under cosposition.
Amapping ¥ froa R toR_is & fxian-
gulstion map if there exists a triangula-
tion T of R such that ¥ restricted to
every %rlmlc of 1‘1 is affine.

mm The cosposition of two tri-
angulstion saps is a trisngulstion asp.

- - -—”.
’l ¢ 1

] > R > R
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Proof that 9-¢ s a triangulation ssp
fnvolves choosing & suitable triangula-
tion refinement of the polygon overlay

formed by the edges of T, and o"az).

1.2. FLH Naps and Joint Trisngulations

If & triangulstion map is a hoseosor-
phisa, then it is s [FLH _8ap. end the
two associated triangulations are &

Joint trisngulation,

2. FUNDAMENTAL EXISTENCE THEOSREM

The following existence theorea shows
that triangulstion refinesent ‘can be a
valusble tool £n building piecewise
1insar hoseomorphismas. The proof £s by
geometric construction:

Ihecren 1. 6Given .. on-ocv ’l\’ all
distinct in the interior of rectangle R,
and (9 , q ..-..qn) all distinct in tAo
interior of rectangle Iz. there §s a
triangulation u'. A'..... A‘) of -l'
and a homseomorphisa ¢: R —eR , such
that 0:4 is affine for + = ), 2,...,k,
and o(p‘\ =q fort=1, 2...m.

The vertex set of the triangulation of
.l say be chosen to contain the points
.. P’O---vl‘n’o although it will
usually not be possible to triangulate
on only the set (P s P_oecceoP ).
1 2 n

The proof of theorea ] is by induction.
Figure 1 4llustrates how ‘to triangulate
and define our FLH affine map wvhen n = 1,

l .
Figure 1. Joint triangulation on
one interior point.
Suppose that we can find a desired
plecevise map ¢ that aaps the first k
points, (P .+ P_eceer P ), Onto the cor-
responding Kk points, (g, qzt sosy ql,.
of the other set. If pk“ goes to q“‘
under ¢, then we are done. so, sup-
pose otherwise. We now define a series
of ®local” sodifications A, (also tri-
angulation maps) to be composed with ¢

which will sove the image of ’kol Sacross
ane trisngle at a time until it aligns

with Q.‘x .




Lat T' be an fmage triangulstion ¢(T)
of a triangulation T of the dosain spece

that ncludes (P ., P s eoen 'k" the
fFirst k points, in its vertex set. Then

¥ dncludes the set (G, Q ,e0.s ).

Lot o 0(p ) lfie in triangle t ¢ and
kel [ ]

et t.. tl...-.. t’ be & seguence of

triangles In T*' such that t s adjacent

to t“‘. and qk“ is In t’.

Figure 2. A ssequance of adjacent
triangles from £ to o’
¥e now define triangulation maps (A ) on
the fmage space which move only points
in the two adjacent triangles t and t
and leave all other triangles }uod. ‘g
aay aake these maps carry the centroid
oft‘ontothomttoldoft using the

+
following ®diamond trick™ refineasent:

Figure 3. Eight corresponding triangle
pairs of diamond trick
The "diasond trick®™ subdivides the two
adjacent triangles into eight subtri-
angles in two different weys so that the
ebvious correspondence of subtriangles
and their wvertices associates the cen-
troid of ¢t In the first subdivision

with the centroid of t‘ﬂ in the seconmd
subdivision.

A sisple piecewise affine transforastion
v, involving only @ refinemsent of t and
the fdentity sap outside of t ,' moves &
anto the centroid of ¢t  and another g
moves the centroid of onto s

3 xol

Figurs 4. Boving a triangle interior
point to the centreoid.

Then the composite (triangulation) mep:
a*A A ®cec® A *A v will send p ¢to

“ fo’r &l‘ - l,;..:.k’lo 1

The above existence proof does not
translate very efficiently into a
constructive procedure. The cosposite
functions used to “"msove”™ the faage of
’kol over to qlul recuire elaborste tri-
angulatfon refinessnts to be realized.
An alternative approach to the so—called
*"sxtension problea®™ described above
involves ssarching for a 3joint
triangulation on only the original sets
"1' onoooo Pn, and (Qlo qzvoooo ﬂn’o
and asugsenting those sets only when
NeCcCessary. Detersining when augesen-
tation 1s necessary, bhow msuch sugsen—
tatfion £s necessary, and how to augment
efficiently are such harder probleas.

3. THE GCENERAL UNAUGMENTED PROBLEM

3.1. The Problen Statesent

We restate the open probleas in a slight-
ly msore general context: 6&Given two
arbitrary sequences of nh points, P =
“’l. P occor ’l’\’ and Qs ‘Qlo Qz'---o ‘n)o
when can we triangulate the convex hull
of the first n points and associste with
each component triangle 4 pupup“ the
corresponding triangle 4 qnqlqu!
such a way that the resulting set
triangles 4n the convex hull of the

second set of n points gives a trian-



gulation of the second convex hull? In
other words, when and how can we tri-
angulste on the indices of the p_.'s and
q. 's sisultansously to obtain trian-
gulstions of both sets? The goal is &
procedure which finds a Joint triangu-
lation when it exists and which deter-
mines efficiently when mo such 3Joint
trisngulation exists.

2.2. Sose Examples

Pefore discussing progress on the
problen, it s 1lluminating to ses two
simple examples that show that there
are pairs of sequences for which no
Joint triangulation exists (see Figure $
below) and also show that there are
sequences P and Q@ for which soae
triangulstions of P yfeld triangulstions
of @ amd for which other triangulations
of P do not (see Figure 6 below).

Figure 5. No Joint triangulation exists.

Y TS

Frigure 6. One triangulation of P woctks.

3.3. Non-constructive Approaches

A non-constructive approach to the
problea would determine whether or not
a 3joint triangulation exists without
actually finding one. Such an approach
would describe verifiable sufficient
conditions for existence. Practical
sufficient conditions are sore difficult

to find than necessary conditions; and
80 far we have no sufficient conditions.
?
In the resainder of this section, we
analyze necessary conditions for the
existence of a Joint triangulstion In
order to characterize triangles along
the outer edges. In a later section, we
sketch an approach which builds a Jjoint
triangulation froa the outside-in by
fFirst finding paired triangles having a
vertex on ths boundary of the convex
bulls.

Suppose that a Joint triangulation exists
and 1t 1s given to us. By examining
some Of {ts properties, we can derive
necessary conditions for its existence:
3. Buppose the k vértlccl P 1’ p‘z. coss
’ik make wp the cx:trne points of the
convex hull for P (in cyclic order).
Then the k corresponding vertices qu.
Q. s osep qklnkc up the extrenme
points of the convex hull for Q; and
consecutive points are linked by edges.
(This necessary condition was violated
in Figure 5; hence, thare was no Joint
triangulation.)

2. Lat P* be the extrese points in the
convex hull of P; and let Q" denote the
extreme points in the convex hull of Q.
tat R (the "ring”™ of P) be the union
of clg of those triangles having a vertex
in P*; and let R (the “ring"™ of Q) be
the union of :11 of those triangles
which have a wvertex in Q. Then the
triangles (and their wvertices) of R
sust patch the triangles (and thclg
vertices) of lq.

S. Lat P* De P - P*; and let Q° be Q -~
Q*. Then P' and Q' are sade up of
interfior or non-extremal points. Let
E, (the enclosing polygon of P') be the

union of the remaining triangles after
removing those triangles making up the



ging. Sisilarly define £ . Then the
triangles of £ have gnly interfior
(non—-extrene) ’olntlof P.o pz..... ’n
as vertices; and the triangles of £
have only interfior (non-extrese) polng-
of Q¢+ Q seeey§ @8 vertices. The
trhnnln of E ~ match the triangles of
:-\dthohanhryofl: , Bust aatch
tgebnnhryofl:o point for point and

edge for edpe.

4. The Pp s and the Q"l in the
mwo} € and € need not

consist of mly' oxtrene pc:lntl of the
redyced convex bhulls of P' and @°,
respectively; nevertheless, points which
generate those convex hulls sust lie fn
the boundsries of the enclosing poly-
gons £ ed E , for, otherwise, they
could not be enclosed by polygons
stringing other p_ ‘s or q.*s together.
The f!qur'- below iilustrate the sets P,
o, R, R, ' . &and ':Q'. Motice that
the intersectionof R and E 15 &
cycle of edges that asust msatch, edge

for edge, the intersection of Rouu:l E .

Figure 7. Rings and polygons for
astching triangulations
Finally, the corner visibility conditions
fros wvertices on these cycles sust
agree sufficfiently to cosplete a
trisngulation of the rings R and R .

We list some of those conditions bclano

S$. Suppose we wish to triangulate an
anmular region using only lines crossing
between the inner and outer polygons.
It fs necessary (figure 8a), but mnot
sufficient (figure 8b), that every

vertex of either polygon msust be able
tom.tlmtmnttuaf'ﬂncunr

polygon.

Figure 8. Two eases for which no ring
triangulation exists using cross lines.
One probles with the second example
above 1s that the visibility conditions,
while overlapping, seea to double back.
Ve define the visibility set v of a
vertex b of either polygon to be the
collection of all vertices of the other
polygon which can be linked to the
vertex b without ‘Passing through
either polygon. Visibility constraints
of an individual vertex sust sosehow
consider constraints for neighboring
vertices sisultaneously, since lines
drawn from the neighboring vertices
can restrict visibility, and since each
triargle vertex s linked to (at least)
three other vertices (its two polygon
neighbors and one vertex opposite).

6. A better criterion (necessary and
sufficient) for the existence of an
annular trisngulation using only cross
1ines requires that the visibility sets
¥V _of each vertex b, of the inner (or
outer) polygon each contain a subset L]
of gonsecutive vertices of the other
polygon such that the intersection of U
and o“ is & singleton vertex which is
the right-most wvertex of U and the
left-most vertex of U a’ in the cyclic
ordering regarded as left-to-right. The
U s are nothing sore than the collec-
tton of wertices to be linked to the
correspording b °s in a legitisate
triangulstion o} the annular region.

10



4. TESTING TRIANGULATION NAPS
FOR HOMEDFORFHIESH

Before examining several constructive
approaches for Joint triangulstions,
there are sose results from applications
in sutoasted cartography that are worth
ssntioning. For those applications, it
is desirable to have Deslaunay tri-
angulations on one or both of the
spaces to be Jointly triangulated. (In
practice, this reduces the likslihood of
folding.) It is also desirable to use as
few additional points as possible in a
Joint triangulation. (In practice,
satched pairs are derived froa non-
gecaietric external sources.) As a result
of thess criteria, one usually builds a
Delaunay triangulation of the dosain
space .\d'then simply checks to see 1If
the image triangles fit together in a
triangulation. If they do fit, then
there will be no further work. If not,
then a 3Joint triangulation is sought
first by trying altermative trianguls-
tions of the domain space. If desired,
we can always recover Delaunayhood in
the domain space by refinesent. The
following theorea provides & simple test
of given triangulation sap to see 1f 1t
is & hoaeosorphisas

Iheorem 2. Suppose that a triangula-
tion mapping fros a convex region aaps
the boundary of the convex region one-
to-one onto a sisple polygon. Then the
trisngulation sapping is biljective if
and only if it either preserves orients-
tion on every triangle or it reverses
orientation on every triangle.

fet ¥s € —> D bes a triangulation asp-
ping which sends JC, the boundary of
C, one-to-one onto the simsple polygon 8
in D.

By connectivity properties, the {faage

triangles sust cover the interior of the
simple polygon 8; for otherwise, the

11

image ©of the convex gegion D could be
setracted onto the sisple polygon; and
the comsposition of the triangulation
aapping with the retraction followed by
the Snverse of the triangulation sap
(restricted to the boundary) would
retract the convex region D onto its
boundary, 3, which is ispossible.

SN £
- AL
[ I’ ‘.v

Figure 9. Contradiction {if convex hull
imnge does not cover sisple polygon.
The sua of the areas of the isage
triangles sust always be at least as
great as the area of ths simsple polygon.
tie show that the areas are equal if and
only if all triangles have the same
orientation.

Our proof of the theorea makes use of
an area formula for s simple polygon.

Lot (P, P seccesP )} be the vertices of
the boun}lng pglyqon 3 in counter-
clockwise order; and to sieplify
notstion, let p -p-. Let (P ¢ P oecve p-.

eeeesP )} be all of the vertices
(includlnq interfior wvertices) 1in our
doassin region being triangulated. De-
note the (2n-a-2) triangles of & tri-
angulstion T of C by:

s 1, 2,.c.,(2n-8~-2))
(“”lP’zP,’ 3 = » . . 0
where we will let p - for con-
venience of not-t!on, .mlj assume the
triangle vertices are given in counter-
clockwise order. We let p = (x , y‘).

F
end similarl = (x Yy ).
y Pﬂk *o %
Then the area of C is:
»
frsa (C) = % (v‘:“ n" ‘v“_nvz.
i=]

12



Also, sach triangle has ares:

Ares (p_p_ 9 )

» N 12»
s fly x -y y/2.
g1 31 3(1-1) 31 3(3-1)
Therefore:
{(Zv-a-2)
Area (C) = I Area up”p’zp”)
=1
(n-a-2) 3
-l I (y = -2y y/2.
el a1 31 3(2-)1) 31 3(2-)1)

Motice that each (y = -y )
tera in the dodnz‘ 3g-gm%u&.‘lo
a particulllr directed segment, and that
each interfor triangle segment belongs
to exactly two triangles, and the signs
of the teras are oprosite—hence teras
cancel each other for interior segments.
Thus one may derive the formula for
the simple polygon froa the triangle
formulas using geoaetric or algebraic
reasoning. MNMoreover, the algebraic
argusents about cancelling of teras
hold even 1f the triangles fold over.

Now suppose that, under a triangulation
aap, the p ‘sasponto q 'swhere g =
(a‘. b‘). If the (G , Q _ceees q.) form
the vertices of a simple polygon 8 in
counter-clockwise order; and f, as
before, to sisplify notation, we 1let
qO- q.s then the following derivations
also give the area of 8:
]

Area (B) =% (b a

-ab ,no
gel 1 (1-1) i (2-))

(2n-e-2) 3

-3 b 1 )

a -a b y/2.
gl gal 31 3(1-1) 31 3(1-1)

(2n-a-2)

-’:lctm Area “qglquq”)

13

(by thes same algebraic argusents given
for the p".)

where:
Signed Area (M”Q”Q”)
3

=z

- 91%3¢1-1)" P35®(1-1)7*

% Area
- (N’lﬂ,zll”)
shere the sign s (¢) 1f the wvertices
are ordered counter-clockwise and (-)
4f the vertices are clockwise in order.

The sum of the signed triangle areas is
aluays exactly egqual to the area of the
sisple polypon and is always less than
or equal to the sua of the actual
triangle areas. Noreover, the sua of
the signed areas can only be equal to
the sum of the .arsas if all signs are
positive; and that will happen 1f and
only if no orientations are reversed.

Conversely, §f no orientations are
geversed, then the true triangle
areas will exactly account for all of
the area of the simple polygon—hence
there can be no overlapping:; and the
sapping sust be one-to-one.

The case where all orientations of
triangles are reversed correspords to
the situation In which the boundary
orientation is changed to clockwise.

S. PRELININARY CONSTRUCTIVE
APPROACHES 70 THE OPEN PROBLEM

The problem of constructing a Jjoint
triangulation zremains open. It is not
yet known {f the problea is NP-coaplete.
Some possible approaches to the problea
which have not been fully successful are
described below.

14



5.1. rind all sliqible trisnales.

The following agprosch to Joint triangu-
lstion was suggested by David ‘Nount eof
the University of Naryland.

Fore the set of all triangles on the set

Ps (p‘.vz.....pn) that satisfy the
follouwing necessary conditions for the
axistence of a Joint triangulation:

3. Each component triangle 4 p“pup“
and {ts associsted triangle 4 q

In0 e {qQ ,9 ¢.c.09 )} 18 empty (til
is, the triangle contains no other

vertices from the same set P or Q.)

2. Each component triangle 4 p lpup“
and $ts agsociated triangle & q 12
in the set (ql. qz..... qn) c tgne

same order type or orientation.

Foraing this set of eligible triangles
can be done in polynoaial time. The
unresolved issue is s iecting a subset
of the triangles on one of tiwe sets
P .o P _ooeesr ’l'l, or ‘ql. qzooo-v qn, such
that the subset triangulates its spece.
By our result in Theorea 2, ths other
spece will be triangulated as well by
the corresponding subset of triangles.

It 4s known that the general problea
TRI of finding a triangulating subset of
edges among an ardbitrary collection of
edges is WP-complete.

It 1s not known to the author $f the
general problea of finding a triangula-
ting subset of triangles esmong an
arbitrary collection of triangles 1s
WP-cosplete.

It 4s not known whether the oollection
of trisngles erising from the 3Joint
triangulation conditions (1) and (2)
above will be well-behaved enough to
perait special analysis and a polynomial
tise selection of a triangulsting subset.

15

Finding & triangulation seess to be &
two-diasnsional snalogue to finding a
Namjiltonian circuit; and thers fs no
guarantes or even expectation that local
adjusteent will suffice for finding a
trisngulation from & group of triangles
in the general situstion. Nevertheless,
there are special properties of the
triangles of Joint triangulations that
peruit soase local asnalysis, especially
along convex hulls and convex layers.

The next approach has thus far been
Jeast fruitful. It also s sotivated by
Theorea 2.

5.2, °Fix" a triangulstion mab.

The basic idea of this approach s to
start with any triangulation map and to
iteratively {mprove the aap based on
some @easure of distance froam homeo-
sorphisa, such as the nuaber of tri-
angles whose orientation is reversed, or
the mumsber of edge intersections occur-

ring in the faage.

This approsach also locates the probles
areas (where folding occurs) and
focuses adjustaents to the triangulstion
of the domain space in those areas.

In order for this approach to succeed,
one sust guarantee that the solution set
is accessible from any triangulation by
iterated iaprovesments and that the
iterated {isprovements (such as Quadri-
lateral diagonal swapping) will converge
to a global solution provided that one
exists; and the {isproveaents will
terainate or will permit the recognition
of the impossibility of finding a 3Joint
triangulstion when none exists.

No progress has been made with this
approach except to examine, in a few
simple cases, the triangulation aaps
that can be converted to Joint trian-
gulations with a single diagonal swap.

16



The ¢third approach aakes use ©f many
of the constraints that sust 9- present

in & Joint triangulstion.

5.3, Iuild rings froe outside-in,

ahis ayproach uses the convex layers
of both sets P and Q0 and tries to merge
those layers to fora ring-like or
ammular segions which are partial Joint
triangulations. The ring laysrs corre-
spond to the depth (from the outside
extreme points) of a minimal-depth Joint
triangulation—a point will be on ring
layer B if and only Af 1its eoraph
distance to an extress point is st least
s on any Joint triangulation.

The follomwing lessa 3Justifies our
format fon of annular regions.

Lensma. Suppose that not every point of
P is an extrese point of P. Then 1If
thare 1is a %0int triangulation of P and
Q, then there is also a Joint triangu-
latfon of P and 0§ having no edges
between extreme points other than the
necessary bounding hull edges.

This Jlemaas 1is interesting in that it
promises the existence of 3Joint
triangulations of a nice type 1f they
exist at alll

The Jlemma 13 easily proved using the
convexity of any quadrilateral whose
disgonal s a straddling edge.

W€

Figure 10. One can alweys swap with a
straddling edge betwesn extreme points.
Using the notation and properties
described 4in section 3.3., we outline
our approach to build a suitable 3Joint

17

triangulation of the two spaces by first
constructing appropriate trunqux.tlm
of rings R and R . Mrlno- R and
R (i.e. t&lr triangulat fons) ul'n be
le to be specified provided that we
can describe the enclosing polygons E
andE , along with .pptoprtat’c
vlub?nty constraints on their vertices.

In order to determine l:" ad E , we

define & pair of .oqucnccs of -nclosinn

Mm (r . en? ®°°¢ and
. .'.'.f r'f B 3

l&ch -\dr is a

legitinate mciosim polygon for the
sets P and Q' fndividually.

2. All the indices of r’.‘ are con-

tained N F

Q' (i )’
3. All the indices of l‘o.‘ are con-
tajined In F

Pr(141)

4. The indices of I and F
Pt o't
aatch exactly.

Ie-tartbylctttml"lldr be the
first convex layer polygons fpor each of
the iIntsrior sets (i{i.e. the extreae
points of the sets P' and Q°, in order,
Tespectively).

We then &ocdify the enclosing polygon
r . to 4dnclude interior points by

exanining constraints {msposed by the
other set's polygon, F For exasple,

l
any index appearing cln sust be
added to l' and .docuno this

i¢)
index (ln e )-ppropri-tc position or

sesquence) will require (1) testing
feasibility of addition of the index by
Jooking at sutual visibility conditions,
and (2) adding esdditional {ndices, 1f
monary.tol"' . fn order to maks
it a legitimate enclosing polygon.

Any enclosing polygon for either P’ or
Q* can be obtained by iterated

a8



sodification (edding one wvertex st a
tise) starting with the convex hull
polygon. Jotice that the cyclic order
of the wvertices Iin the convex bull
polygons cannot be altered by the
itersted procedure, since the procedure
s serely an insertion procedurs to the
existing set. Siowever, the points to
be added to the enclosing polygon aay
be added at sore than one position,
- although edding thes at differsnt
positions will produce added wvisibility
constraints for neighboring points.

TThe feasibility of going froa l'"‘ and
r_- r involves
-g;':l.m t:::‘&?-’t. of wl‘:cl: to ssintain
cyclic sequencing of the original two
1ists. visibility constraints of the
original lists assist $n this 1list
serging, since the resulting lists sust
have the cosbined constraints.

After the annular triangles are added
legitimately, what was the interior
enclosing polygon will become the
outside frame, and the remaining
interior vertices will be used to make a
new enclosing polygon. Although the
new outside frasme s mno longer
necessarily convex, we believe a siailar
annular construction say be used, and
identical visibility criteria say be
applied.

It remains to show that selecting a
legitimate triangulation for the ring of
a particular enclosing polygon will not
possibly lead to a dead-end later on,
whereas a different ging triangulation
would have worked. We are exploring
an argument similar to that of Leama )
that says if a triangulstion exists for
¥hich the enclosing rings are “deeper®”
than produced by the above F sequences,
then there also exists a legitimate
Joint triangulation which corresponds to
the F sequences.
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