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Washington, DC 20233 

In rubb.r-.h..ting rppllcrtlon8 In 
cartogrrphy, it 1. u..fuI to l o.k 

pl.c.wl.8-lln8.r hommo~0rphi8rs (?U 

map.1 b.tw.on roctrngulw roqlonm 

uhlch mmp an rrbltruy rnaq~~~~ of n 

point. tP . P , l ..eP s from tbo ln- 

tmrlor 2f 28 roctnLtg18 to 0 ootrt 

SprdmJ .- tql, q2e-mme qn) of n 
point8 ln th8 interior of th. ncwd 

-ion. This peer pmwa tbmt it 1. 

elwya po88lble to f&d much GUI * 

rrd describes thar in terra of a *lnt 

trirngulrtion of tJa8 domdn ud the 

rubuenctrngutur.glau. 

am n.lv. wrorch to finding a mm 
. mmp 18 to tri mutilate <in my fuhlar) 

th. bouln rmctrrglo m it. n point. 

l d iour cornor and to 68fln. a 
plocwl88 mfflna e ar oath trmlo 

*IIpIIps3 
to b. the ullqw affirm r*p 

that l ards th. thre. wrtla. 
Pi1e P12e 

0 --of the trlrnglm to the thr.o 
Sr.8pordlngwrtlc88 q of 

th8 irage trimale 
’ qi2’ q13 

%42%- 
8ucb 

pSocwl88 mff%ne w 8end trSrrglm8 fo 
trlmgl.sr crgrw m ohrod mdme8. rd 

tlaa. oxtad glmbally, rd UlU h amd 

trfmmulmtlon w. ma mhortarrlng of 

hlldlnu trm8folmBtlau ln Ml. fuhlar 

18 thmt thm re8ultlng trlmgul.mtiar m 

n..dnotkme-to-one.rl~tmn 

1. l .isl. tmmt to d.t.xmln.'~f .u& l 

rmp 18 one-to-one (8.e Thooror 2 
klou). ~fth8rslaaM-~thal 

the lrrme trlrnglom will form l 

trlmauhtlorr of th rage .p8a; rd 

am ulll hrvm a %lnt trlrrgultiar. If 

thewl.notale-~.thmnt&rr 

will be folding over of trlmglas. lt 

may be po..lhl. to allwlrt. thl. folding 

by cfnoslng a dlffmrubt trlrrgulrtlar of 

ths n &main polnt8, or it MY b tbs 

case thmt no trlmngulrtlon of tbm n 
Wmmln point8 will uork. <meef1Qur885 

rd 6 bmlou). we l bu thmt It ulll k 

~.lbl., in ml1 CU.., to r.ctlfy th. 

folding by rddlng wro9rlrte ~ltlaml 

ml8 p4mr eacmmlne8 wndltiars for trl- 

annulrtlon up8 to bm bmmeowrphl8mm 

md 8xploro. different wry8 of rodl- 

fylnu trluwulmtlon8 md trhngulmtlcm 

me+8 to m&c* tha joint trlmngulmtlam 

rd ttamumorph1.M. 

Ttn mr amclule8 ulth l meetlab m 

mlternBt1v. con.tmJct1v. rppmmh.8 to 

th. apar pm&l.. of flrdlng Mint trl- 

avgdmtlau m th8 0rIgln.l l equences of 
wrtox prlr. without ~tln. tbs. 

ms of pmlr.. 
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l.BasIC~A)ID~Qli 

J-l= a 

A w V of l trlrrgulrtlon T la 

rtrl~lar, wd, of &08e trlmal88 

la mtrlnmd in l trimal of t. It 1. 

~811~ about thmt 8 trlmuulmtlm T* is 

8 gflnammt of l trim ior,Tifrd 

mlylfmodee ofr la ramla,oforw 

05 Mrm w of T'. R.flnn.nt. @aY 

ml irporbrnt rdlm ln thm bflnltiar of 

trlrrgulrtlar Mps; nfin.m.nt. provld. 

.ufflcl.nt fl..lblltty in th. trlmw- 

lmtlm mat toguumtoetlnt trlmgule 

t1m me ma w dsfln. ttasm, ulll b 

clowdurkr~ltlm. 
. 

AMpplnQTfm.u1tou21. l w 

~lfth.re wl.t.rttlmQule- 

tlon? of R 8uch that '1 zv8trlct.d to 

war+ trimat of T, Lm mff lnm. 

l!uaa&L- rmmritsan of t# trl- 

rngulrt1.n~ l.rtrlmwlatlarrup. 

lhroof thmt Wb la a trlmmulmtlon mw 

lnwlws cho#lng l l ultddo trlwomda- 

tian reflnrrrt of tb polafy -rlw 

f~bytbr~msofTlrde CT,,. 

2.-am-- 

ma folloulnQ ox1.tmnc. th.0r.m a. 

that trlmgulatlarr r8flnemnt �rn & l 

vrlumble tool Sn building ~f.corlse 

1lnMr hom.omo*1.m..m. proof r. by 
wtrlc wtxuctlmr 

B. Uim CP , p .--., p 8 aU 
dl8tlnct in tJn lntmrllor 0% &la It 

rd ml, q2,....q,) all dl.thct in tL 

lnt8rlor of -1. R2. therm 1s a 

trt-lm (4,. f. . . . . bg.' of u, 
rrdrhfJwowrPhl.. 0, ul-l?. l uth 
tlut l :A is mfflnm for 8 - 1: l,...... 

. 

- 1, t,.... n. 

Th8 wrt.. mot of th8 trlmgulatlon of 

Rl mmy be Wan to cmntmln the points 

tp,p l . ..@B. rlthouah it will 

atlas not L pslbl. to trlmaulmts 

ar asY tJt. - tP 
12 

, P ,.... Pn’. 

auproofofth.oN1l.by~lan. 

EXgur. 1 lllu8trrto8 how 'to trlmmulate 

rdd.flmour?U#mffln.nputmnnr1. 

1 1 
Mi I 

tlgur8 1. Joint trlmwlmtlar or, 

abm lntorlor paint. 

8uppose that us cut find a desired 

pl.c.ul.. up @ thmt w the flrmt k 

points, tp . P ,..., p 1, onto the oor- 
cvspmdlngl k 'points. 

k 
#co,. Q,*-r-0 <I* 

cfthsothmrm8t. If p *+; I& to <+l 
udrr l , then w uo donm. 80, ma+ 
-8 oth.nI1.8. We now define a l ~rl88 

of%ocml~modlflcations41 tale0 tr%- 

rngulrtian mop.) to k mmd ulth l 

rr)rl* will mow the fuee of pk+r 8cross 
at8 trlmgle at l MD. vlt11 it mllfFa8 

With 
fd 
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frtvb.r,lm.eetrfmguut ion l t?) 

d~trirOulrtian7ofWndovlnmpmce 

emt -a a , P , .-�, l I, ttm 

first k point., 8nfts2wti.. A m 

t' lnchd.. tb ..t ml, q2*.~** \I. 

cat 8 = l (P k+l# 11. in trlumls t8: rnd 

let to, tl,.i.* f, be l l equonce of 

trlmQl.8 lnT'tithBtt, 1. mdmt 

tot .ti 
I*1 f+l ,** 

1. in t 

Figure 2. a -0fd3mcmt 

trirrglos frolr 8 to 
mefmud.flnetrlmgulmt 

f+r* 
am m UsI on 

aa fmviw mpecerhlchaiveonlypolnt. 

SntJwtwd~centtrlrrgl88t mdt 

md lwve mU othar trlmnles # lxed. 
141 
u8 

uy uk. these w carry th. crrtrold 

oft,wtotln centroldoft 
I+1 

-ins- 

follwlng ~dluond trlck~ reflnmsnt8 

l1gul-m 8. Eight wmspardlna trlmglo 

plr. of dima trick 

nn .dlm tridr- mI#Alvld.. th. t.0 

d*cent trlmgles Snto l lght m&WI- 

awales ln two d1ff.m wym mo that t&n 

0bvIou8 ~rres~cs of ~rlmglo8 

rd their wrtlces u8ochtes tb an- 

trold oft in the first l uMlvlslon 

rith th. c&Ad of t 

~lvl.laa. 

l+1 in the mecond 

a l iql0 pf8~w88 dfinr, ttruforvtim 
a, tnvolvirroaalyr rrflnnent oft@mnd 

me idrntity u9 out.- of to,' BoV8. 8 
art0 tin centrold of t and l notber I 
uws tha mtrold of ? 

3 - f+l' 

A A 
Figure 4. bvlng l trirrqls Snterlor 

point tithe cantrold. 

n8atth. -it8 Ctrlmeu&tlan) y: 

The rbove l xlstonce proof does not 

translate vrry.~fflcl.ntly into l 

~.tnJctlw pmc.ar.. ma mite 

f8nctlabs ud to -rm- tin u of 

'k+l 
owrto 

f+l 
rmqulr+ .Irborrtr trl- 

mgulmtlon rvf -a to k roalltd. 

An~t.rrrrRlww~drtoth.~d 

l oxtenslon problem9 described mkvo 

lnvolvem l errchlng for l solnt 

trlumulmtian m mly the orlalnml mete 

aP , P ,..-. P B - 
12 

tcr , Q 
2 
. . . . . q I. 

md rugrsntl~ those mitti only sen 
nec..srry . Detsr8lnlng when rug~n- 
tation I. n.ces..xy. bow uch v 

trtlonl.necesmuy,mdh.uto~t 

mfflcl8ntly u8 mu& huder prmblm. 

Ye trstats th8 open problr in l l llght- 

ly more general contextt Given tuo 

l bltruy l 8qusrws of n points. l - . 

CPl, P2*- Pnl d 0 - 4q . Q2*r-*e qnL 
M un w trlmakdats A canvex hll 

of the first n points rd ~8oclmte with 

wdr -t trlrrglo 4 P,~P,~P~, t I= 
oomspondlng trlmgle 

' qllq12q13 In 
much l wy that the rrsultlng met of 

trlmngles in the ~VIX hull of the 
wooed l 8t of n points glws a trlrr 

s 6 



~la,OittBewoad - mll? In 

er wxds, br, ad h m w trl- 

mguttea,the~l~softb.pl~s and 
q/m l lull tubooumly to obtmln trln- 

gulrtlal. of both m.t.? nnglni Sam 
pmcmwra rhlch faam l *lnt trauma- 
Xmtlm dnn it acl8t8 md c+lI& dster- 

l lno8 l fflclmtly rrhm no much Mint 

trImlnubt;al atl8t8. 

Deform dlscussIng progress on the 

Wm. it l. llluln.tlng to m t# 

l lmple examples tbmt mhou tht th8re 

urn p.lrs of l e&aences for ublch no 

jolrlt trlmgul.tlar m.1.t. (a.. rigum 5 

klw) mnd tie0 mhou tb8t there are 

l equences l rnd 0 for uhlcb moms 

trlmgulday of l yield trlmvulatbn. 

of 0 rd for rhlch other trlmgubtlau 

d l do not <see Flaur. 6 below). 

/I .)I 2' 

.'a 

/' .I8 2’ .'a 

mm 5. No klnt trlwaulrtlon exists. 

pare 6. Qw trlmwlrtlar of l md8. 

A ‘non-constructlvs rpproach to tbe 
pwblr uuld determine tither or not 

a *lnt trlmngulatlon l xl8t8 ulthout 

rctumuy flndlng an. 8uchmqrrorch 

weld describe vrrlflmhle l ufflclent 

cabdltlons for l xI8tenc8. l rut Ical 
mafflclent aad1t1an. mro mro elfflcult 

b find thm (YCIsq arditiarr;md 

00 fu w b.ve 110 .ufflclmt -1tiwam. 
* 

In the rmmlnder of this eectlm. w 

malyre nec888rry condItiona for tbe 

mxI8tabc8 of l joint trlmmilatlan In 

order to ctmrmt8rl+8 trlmngl88 alaw 

the outer edges. In l later eectlm. w 

mketd, m rpproach rrhlch build8 l *lnt 

trlengulrtlon from the outslds-in by 

f1r.t finding pmlred trlrrgles hxvlng l 

vertr⌧ m th. fKumduy of tb. oonV8X 

bull.. 

-8 thet l joint trimgulatlon 8xlsts 

rd it is aim to a. uy l ⌧mlnlng 

mu8 of its prope*l.8, w an 6rlw 

n.c.8~ cod1t1aru for it. oxlet-: 

1. 6avose the k vdrt1c.s pilo pllm . . . . 

pU 3te rp th8 l xtrr# points of tb8 
con~8~ bull for ?' tin cyclic oxdsrl. 
Sfaanths k oomspordln6vsrtlc.s q 

11* 

q12 
. . . . . Q make up the extreme 

points of %8 convex hull for 0; rd 
ams8&lve polnts urn linked by -8s. 

(ml. mC...&ry oaditbn uD8 v10lmt.d 

snr:gur.5;b.nc.,fh.r.u..n.*int 

trluWulmtlen.) 

2. Irt F b8 the atrem points in the 

mvsx hill of ?I uu¶ let 0' dermtc ttn 

mxtr8m8 points In th8 anvex Idl of 0. 

iat1 (the wrlngg of ?I b the amion 

of rlT of those triangles hvlng l wrtex 

inPi UrdletI <the grIrW of 01 be 

the urlon of 211 of those trIenal88 

uhlch hws l verte⌧ in 0�. Iben tbs 

trl~les (end their VertlCeS) of R 
rust m the trlrngles (and their 

wrtlc..) of a. 
Q 

2. fat P’ b. t - Pi rd let 0’ k 0 - 

0-m Then ?* md 0' rr. mad. w of 
lnterlor or non-axtmmml points. tat 

C ,, (the onclo8lng polygon of P’) b8 th8 
vrlar of th8 remxlnlne trlrrgles titer 

rrwrvln6 thee trlrmgles mdclng rp the 

f 8 



ring. 8101&r1YWfIn. r . then tbe 

trlrrgl.8 of sp, yvo 8' nly interior 

omwat~l mint. of p . p :..., p 

a wrtlc..; d th. trl4l"2 of 

bmv. ably Snterlor Wcm-e.t 

ti q . q . . . . . qn ma vertlce8. 

trlrfipl.? of E 
tbo 

mmtcih th trlmle. of 

4. zba p ‘a tithe q’s 

ooru1.t of anlYp’mxt- glnt. of th. 

tedyced conV.X bull. of l ’ and 0’. 
~8pectlwly; neverthele88, p~lnt8 dldr 

gmnumts those amwxbull8~t~le ln 

tb. b#rdrIe. of the mnclo.Lng poly- 

ooru 4, m c 
0" 

for. otherwl... they 

could not be onclosed by polygon8 

mtrlnging other pig8 or qlom together. 

me f1Qur.8 bsl# 1ilu.trot.tbe .et.P, 

0, up* R*m cr.* ti '& Mot ice that 
th8 lnt8r88ctlanof R rd E 18 l 

cycle of odgss ttmt ‘-t m&8, dgs 
for~8.theSnter8ectI~ofR~rdE. 

0' 

rrgure 7. uIna8 Md polygon8 for 
wtaing tr1mnQulmt;au 

FInmlly, th8 wmu vlslbllIty uxxlltlon8 

from vertices on these cycles rust 
rnree l ufflclently to complete 0 

trlubgulatlar oftherlngs $ ud R. 
k A1.t momeofthorre~itlan8belou: 

0 

8. -8 w rlsh to trluqulets m 

- region Wing arly lines cro..lng 

betueen the inner uxl outer polygonm. 

It 1. wc..ury <fl6ur. 6e). but not 

l ufflclent (figure ab). that every 

a. b. 

r:Qurr 8. hro mea for *Id, Iy, rln6 

trirrquttim m.1.t. u.lnQ -8 1-s. 

Dns problem ulth the mecend example 

dove 1. tint ti vl.lblllty ard1tia#., 

r+rlte overlqping, l eemtodrrhlebmck. 

u. bfln. the vl.lblllty met v of a 
wrtrrrb;of dther polygon to'k tbe 

wllectlcxa of mll wrtlces of the otbsr 

polygon which can be linked to tbs 

wtiex b,vltbout 'pm8slng tbrou@h 
l lther polygon. VIslbIllty cuutrmlnts 

of m lndlvIdual vertex must maebow 

wnslder constrrlnts for nslghberlng 

v8rtIc88 l lrultmneou8ly, l lncs llne8 

drawn from the nelohborlng vertices 

cm restrict vl8lbIlIty, rrd l fnce omch 

trim18 wrtrx is linkal to <at 1-t) 

w other vertlce8 (its trm palm 

neld-4Ja.rrbawwrtexoggorltm). 

6. A better criterion Wecessrry rd 

l ufflclent) for the existence of an 

umulrr tr lmQulmtlm wing a3y -8 

llne8 requires Uut the vl8lblllty mete 

V,of wch wrtex blof the inner (or 

aater)poly9onwdrantalnr m&et Cl 

of B v.rtlce. of the oth.: 

pDlnimn suchthettb. lnter8ectlan of U - 
rdo is a mingletan wrtex rrhlch it 

th. i&Do.t wxtexof 0 rnd tbe 

left-t wrta of 0 . lnith. mic 

ordrrina mw+d ui+i?8ft--rl*t. lhe 

D*m ue nothing (IDL) m the wllec- 

tfon of wrtlces to bs lwted to tb. 

aorrrspandlrrg b’s in a legItlrrte 

trlmeulmt ion ol theu.WlarreQlon. 

a 10 
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kforo rxuInlne. l everml omaructlve 

owwoache8 for Mint trlmngul8tlam, 

them ar. w rm.ult. fror ~llmtlw 

in 0utorrt.d ~YthtO8VWrth 
o.ntlanlllg. ~rthwawlIcatlau, fit 

18 dsslrrble to tbmve Dslrunay trl- 

l gulmtlons on one or both of tbe 
mpmc..to~ *lnt1y tr1rroulrt.d. (In 

prmctlce, this &ce. the ~lk.llhood of 

foldinrp.1 It is al80 de8lr&le to ma a8 

few rM1tia8al p.lnt.u pM.lhl.sn l 

3olnt trlubguletlon. <In prrctlce. 

matched pmlrs are dsrlveU from non- 
g.o&tric qt8m.l -..I k l r8sult 

of these aIt8rlm, one~yh1U.a 

klrunmy trlmngulmtlon of tbe Quln 

we. m-Id*- alsly dwdu to mee if 

th8 lug8 trlmgles fit Mwtharlno 

trImgul8tlon. If they do fit, then 

th8rewlUb8nofirrthcruork. If not. 
then l Mint trlmngul8tlon la mought 

first by trying mltem.tIvs trlmuulm- 

tlcnu of the Win apnea. If 68lm, 

w can l lwys recevsr klanmytmod fn 

the domain mpmce by rsfInerent. The 

foU.owlne thsorr provI&s l 81~18 tost 
of qlm trlmauletlon rg to mme if it 

S.rhoDMamorg)llmma 

Irrrm.8 ttmt. 0 trknguLt 

tsar -Ing frol l -x reglal yI 

thebouxsuyofthe ommr reglanaw- 

a mtor m-18 pol~.ltmntb. 

trlmnuulrtlon mmpplna la bljectlw Lf 
rd mly If it afther prw8nve8 orlmta- 

tlan on wery trlmgls or It cvwr8e8 
oclmtotla,mmwrytrlmmle. 

fat 18 C -S 0 be l trlmgulmtlar w 

ping uhlch mmncla 8C, tJbe bwbdary of 

C, am4o-ms�anto tbs l lsls polygm 8 

in 0. 

my wn8b8ctivity p~rti08, * -8 
trlrrgles uut wr the lnterlor of th. 

8Irpls polygon 88 for 0theru188, tJm 

11 

~Ofth.C#W.X wlar 0 ould be 

rvtrmctsd mtotba m-l8 polywn;ud 
th8 compo8Itlon of the trlaneulatlon 

mi#&j ulth the trtrrctla, follamd bv 
the lnv8r8e of the t+lu8plotlon Yp 

(restricted to the boundoryl uould 

retrmct tb. mwx rmglon D onto ft. 

bowdary, m. rrhlch 1. ~..%hl.. 
I 

8 
tigun 9.Qrrtrdictim lf~vmt Ul 

l~e&e8notmvor8irpl8pol~. 

The mum of the oreas of the Some8 

trl~le8 must Jumys be ot hut u 

grututheuveofthe.lmaepo1Y9m. 

w8obowthBttheareumreaamllf~ 

only if rll trlubgle8 bve the mm8 

orlmtmtiar. 
. 

mr Qroof of th. mrmB Jtss US uf 

m w forrulr for 0 .lvl. Polnmn. 

u tPl , p ,....p 1 b. the wrtlces of 
the d boun lng $lygon #C in counter- 

clockwise orderi rnd to l lmpllfy 

notrtlon, let po*mo Lst (PaI P .--.. P . 

P ,...,p ) bs 011 of the2 wrtlS8 
(M'Ldlng Interior vertIce8~ in our 

dommln region being trlangulmted. De- 

note the <2n+-2) trlrrgle8 of l trl- 

uBgulmt!ontofcby~ 

t@,lp,2p33 
8 j - 1, 2,...rt2n-o-211r 

ahere w ~111 let p for con- 
venlence of notetI'&. 

- e 

ux?',s.um. tb. 

trlurgls wrtlces ue glwn in 00uater- 

clodwI88 0-r. us lst 
pl 

- WI, Y,). 

rd .IrIluly p 
yt 

- (x*. Y*'- 

men th. or.. of c 1.8 

l 

Aru <Cl * I (Y = 
1 (1-l) - xlyU-l) 

#II. 

1-l 
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a prrticulsr d1rrct.d 8-t. rd thBt 
uch interior trtrrgle 8-t be-8 

to emactly ttm trhqjlem, rrd th sIgru 

of thm teru arm 6uvmltm-tnncm tmN 

-1 08ch other for interior -8. 

Thus OC)e wy derive the foxmslm for 
the l frple polygon fr# the trirrgle 
formulas wing geometric or algebraic 

r.rsonlng. Moreover, the rlgebrrlc 

rrgumentm about cmc.lllng of tmrrm 
bid mven If thm trlrngles fold ovmr. 

(al. biD. 
a 8 
ff the oal, Q .-r., 0 1 lo:. 

the VmrtlCem Of l ml&e -y&b 8 in 

counter-clockwlme order; um9 if, OS 

before, to l lrpllfy notation, we let 

q-q t then tlkm folladne derlvrtlau 

A0 blv. thm arm. of 81 

Arrr (81 - I (b l -rb 
a-1 

1 (1-l) 1 ‘l-P* 

Qhero the 8lrn 18 (+I if tbm VW-tic.8 

ue ordered counter-clockulme rd (-1 

if the vertlcms arm clockwise ln oder. 

me am of the 81qwb trlmgle w 18 

rlumY8 exmctly UJml to the mrea of the 

slsl. polyuon rd 18 rlumys lemm thm 

or l qurl to the 8~ of the l ctuml 

trlurgle uemm. lforeover, the 8~ of 

themlqwdumu -artyb.mtO 
theaDofthe.mrB88 ii ti 8im M 

mltlve; rd the will bmgqlen if rd 

anly if no orientmtlanm are reversed. 

Conversely, if no orlentrtlonm are 

tovormed, then the true trlrngle 

- ufll eacmctly ucomt for Jl of 
thm uma of the l lmple palm 

there can be no overlmpplng; urd tbm 

~1ngrrutb.w~. 

The c8me where all orientations of 

trhnalem l e rmvereed corr.mpodm to 

the 8iturtlon in which the boundmry 
Od~t8t~OI3 18 c)wgsd to dOCkU~Se. 

. 

The Problem of constructing a )olnt 
trlmwlmtlon rmmmhm apmn. It 18 lmt 
Va known If thm pioblsm 18 -let.. 

8ame possible g9~ch.s to the prohlmm 
r+rlch bve not bea fully muccemmful ar. 

demcrlbmd belou. 
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lbrr the 8et of ml.2 trlrrglem a9 the 8et' 

P - &yP2.....Pnl tbrt 8rtlSfr the 
follouln9 necmmmmry wrmYltlw for tbm 

aclmtuhce of l *lnt trlrrgultiara 

1. cldr wwnmnt trlrrgle A0 p P 
11 12 11 

rd Its umoclmted trlagle & qIIql qib 

in 0 - fq rq l r..*q 3 18 l rPtY (t b l t 

88. the lt?lmnglen contrlnm no otbmr 

2. m amxamnt trirrgle A 

rd Its elated trlrngle A 

lnthe8et ml. Q ..a-. Q 1 

WY 0-r type or LntmtLa. 

lbrrlng this met of l lloible 

0-D 

Pllp12Plb 

qp\>2q 3 
tke 

trlmalem 

can be dmbe sn.polynalml tlme. ¶he 

uu.molvmd lmmum la a.-lectlng a mammt 

of the trlrnglem on one of tire utm 

tPa. P2m- Pn’ or tq , q2-. q 1 8ti 

tint tJu 8dmet trl~tem its"-. 

8y our rrmult In 3hmor.m 2, the other 
mpacm ~111 bm trlmngulatmd mm mll bv 

thm oommpondlrrp m&met of trlrrgl88. 

It is knawn th8t the generml prablmm 

VRI of filldine l trlawulmtlne m&wt of 

dgem m rr rrb1tru-y oollmctlaI of 

a&em 18 w-et.. 

It la not known to thm muthor If the 
genmrrl prchtmm of finding l trlmgula- 

tlng 8ubmet of trlangl88 mrong an 

rrbltrrrry collection of trlmnglem is 

Nlete. 

It is not knota whether thm aollmctlon 

of trlrnglem arlmlng from tbe Mint 

trlmgulrtlon condltlonm (1) uad (2) 

WV. ulll be wll-behaved enough to 

W-it 8pllc1ti UbdySlS rd l PolYnafti 

tame 8.1.Ctfa, of l trfmgulat inm met. 

rindinp l trluwulatlon ommu tobr 

-lDmnmlonml uamloew to flnalng a 

Umml~tmlmn rlrcultz ad theta is no 

guumt.eorovw oxpecbtlmth8tloul 

djwtnnt will Rdflcr for ftndfng l 

trimtim fror l orosp of trlrrglem 

Sn th general 8~tumtfat. Mmverthmlemm, 

there l e 8petlal propmrtlem of tbe 

trlmlem of *bat trlu9uhtlonm thmt 

perrit m aocal amlymlm, OmPmclally 

rlarrpcanwxbIllmrdcaw.x&y.rm. 

¶tbe next wromch &a thum fu been 
1088t fnaltful. It ml- la rotlvrtd by 

%tnoN 2. 

me bmlc me8 of this gprorch la to 

8trrt Ufth my tdWQUhtfCX-8 m rd t0 
lterrtlvely -rove the up based ah 

wmt W8mure of dlmturce from homoo- 
Dorptalmr, 8uch mm the nwber of trl- 

melem We orlentatlon la rwmrmmd, or 

the amber of ocbt lntermeetlau occur- 

rlnginthelmwe. 

3txlm mrrwch rlw loc8tem the parPblr 
are88 <where folding occurs) l nd 

focumem d)umtmmntm to thm trlmwlmtlan 

ofth.doulnBp8c.anthom.-. 

In order for this gpromch to muccmmd, 

w mlmt guarmtee th8t the molutlar Set 

la rmmmlhle fror my trlWtlar by 

iterated 1rproveBentm l d thrt tbe 
sterrted 1gmvmDmntm (much u ml- 

lmter8.l dl8gcnml sumppIng) vi11 converge 

to l olobel 8oluthn pwvlcled tint a%m 

crxlmtm; and the lrproverentm will 

te~lnmte or ~111 permit the rroognltlm 

of the l~mmlblllty of finding l *int 

trla3gulmtlon whmn nmm mmlmtm. 

No progress hm~ been ude with this 

WNch l XCePt to 8XYlne, an a few 

8 fBp1. C18.8, the trlangulrtlon ups 

ttnt can be mvert~ to joint trim 

WthXU With l #;1-8@1. dl8QS-l 8W. 

lb 
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nn third - wkem we of my 

of the oarvtrrlntm th8t -t +m pcwmrrt 

h l joint trirguicrtlon. 

qi%lm atpronch uses the canvex layers 

d both 8rtS ? rd 0 rdtriem to wrge 

those Xryerm to for0 rlna-Xlkr or 

mmulu mlaw rhlchue@utlrl. *lnt 

trlrrpulrtlau. ?herislglmYersoorm- 

l gDorxf to the depth (from the outmldm 
extreme potits) of 8 rlnlmml4mpth )otnt 

trluwul.mtlarrJ point UllJ bm al ring 

lryer l tf l nd only if its grrph 

elmt@ncmtomaltrarpo%ntlm8tlmut 
10nrry *lnt trlawulatim. 

trlulQulmtlan of the tra -8 by flrrt 

oorutnactlng wmprlrte trlmgulmtlahm 

ofrlnpm R rd R.l?nrlt& R rd 

3 (lee- 

tL ILmt It tr fau) "1L M 

. le to b8 mpeclflmd ptvvldmd ttmt we 

cr,demcrlbm the mnclomlng polygoru C 

-c ,. along with rpproprlmt% 

rlmlb Q llty amutrmintm m thlr vertlcem. 

Inorbrtodeterrlne C ad C,. ue 

dmflne l pmlr of 8 m&La of eAomlna 

pal- 
ct rt 

O-,.1, $, , . . ., F 

. . . . . r 
O'll. g& 

t t.d rd 

c o*tilr*r la a 

legltlute e!G 3 omlng poly$Z for thm 

l mtS l ' rrb 0' 1nblvlArlry. 

The folloulng lorra )umtlflem our 
fONthIt Of -U WQfOlU. 

W. 8483poee th8t not ewry point of 
l la m art- point of r. men If 

Ubere la a )olnt trlangulatlon of ? rd 

0, then there La alw l )oint trlmeu- 
lrtlon of l and 0 bmvlng no adgem 

bet-en mxtrema points other thm t&m 

nmcmmmuy-lngbu odgem. 

This lr la interesting ln thmt it 

prorlmem the l xlmtence of Solnt 

trluiwlmtloru of l nlcm typ lf t&y 

almtrtalll 

2.&U the indlcmm off 
trlned lnt 

Pi 
are con- 

o'U*l~* 

3.&U thm indlamof~ 

tr1nrdint 
0'1 

ue con- 

?*<;+I)- 

I.mcinalcemof r rd F 

vtda oxutly. 
l t 0.t 

ummtrrtby ImttlnQF rdc be the 

fire - Iayer p%na 02 uch of P 

the interior 8etm (1.0. the rxtrmma 

golntm of thm l mtm p* ud a', in o&w, 
rmmpmctlvmly). 

the 1m la mufly prwed amine the 

convexity of my quadrl&teral Mtome 

dlrgonil la l mtrrddllnae. 
I 

. @‘ @ 
Ye then rodlfy the enclomlng polygon 

c to include interior points by 
l %nlng conmtrmlntm irpommd by the 

other 8et.m polygon, F Cbr l rrgle, 

my Lndcx w lng *it;- F Al, -t be 
l nd r&Sine this 

e rpproprlrte pomltlmn or 

8equence) ulll require (1) testing 

feulblllty of ddlt1a.a of the lfu3ex by 

hokl~ 8t lutti vlmlblllty #rrdltfau, 

rd (2) ddlng dditiatal indlam. if 

-@-I to %<;+I, 
lnordertomdu 

ltrl~ltinte enclosIng plygab. 

&by mclomlng myemn for l lthmr ?* or 

0' con be obtained by lter8t.d 

1 
Clgure 10. Qrw m auym w ulth a 

8trddllnp tie btween mxttrw points. 

UmLn@ tbe notrtlon l nd proportlem 

kmcrlbmd Sn 8ectlon 2.2., wm outllrw 

aarqprorchtoRxJlldrNl~.)oint 

17 18 



I . - 

rodlflutlar tddltb9 08be vertex mt a 

tire) l trrtlng ulth the mwx bull 

gallroorr- Ibtl~~thecycllcoHer 

of the rertlce8 in tbe convex bull 

polygons cannot bm altered by tbe 
Stemted pwa&xre, 8hCm th pcoaara 

18 WWly Ut -rtfm procdrrr t0 tb 

oxlmtin9 oet. lfmuwer, the potntm b 

be--the -inowlvpan-Y 

be dd.d l t mmre thmn on. pomltlon, 

although .addlng them l t blffermnt 
pom1t1aru rlll pzxnsse M vlmlblllty 

aswt~lntm fornel9hbormpolntm. 

lln foamlblllty of eolrs fmm V'-,, l nd 

cyclic 8equmnclnQ of wn ul~lnal t# 
llmtm. v~mlblllty -trdntm of ttn 
orl9lnml llmtm rmmlmt in thlm llmt 

-roma* 8lnce the mmultinp llmtm ut 

8UW the ardirwd -tWint8. 

After the mnulu trlrrglem u8 * 

lmgltlutely, what urns the interior 

l nclomlna polygon ~111 become tbe 
outs lde f tame, and the rerrlnln9 

hterlor wrtlcmm ulU be umd to -8 l 

I)w onclomln9 poly9on. Altboqh the 

new outside frame is mo longer 

-SW&P CUW.X, W klfWe l 8181ti 

anullr aarmtructlal uy be rred, rd 

ldentlccl vS@lblllty criteria YY be 

-lied. 

It reulnm to 8bu th8t l electln9 a 

lm@tlmmte trlmgulmt Ion for the rho of 
l prrtlculu mnclomlng polygon will not 

polmlbly Iti to l 

hmv. u0rk.d. We uw oxplorlng 

muwment l lrlhr tothmt ofr 1 

ttvt 8mym if l trlmfaulatlar 8mlmtm 

thm aulomlng r-8 arm 

xlmtm l 
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