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1.

A Comparison of Two Estimators for the Quarterly
Financial Report Survey

Introduction

The Quarterly Financial Report (QFR) Survey is a continuing survey
of about 15,000 corporations per quacxéﬁ. 0f these about 6,000 are cer-
tainty (self-representing) se]ectgdﬁs and are always in the sample. The
remaining 9,000 corporations are selected on a rotating basis. These
corporations remain in the'spmp1é for eight quarters with one-eighth of
the sample being rotated in'each quarter.

One half of the annual noncertainty sample (about 4,500 corporations)
is selected during the second quarter of each year and divided into four
panels of approximately equal size. These four panels are introduced,
one at a time, in the four quarters following the quarter in which they
were selected.

The method of selecting the approximately 4,500 noncertainty corpora-
tidns for the sampfe each year is a stratified random sample with an |
éppfoximate optimum allocation to strata based on previous data. The
strata are defined by the cross classification of asset size class and
type of industry. Both of these classification variables are subject
to change for a corporation between the time the corporation is selected
and the time it is-enumerated in the QFR survey. Some classifications

change because of actual changes in the characteristics of the corpora-

_tion over time., Other changes are due to classification errors at the

~ time of sampling.

The most important estimate derived from the QFR Survey is the esti-
maced tota: net income for all corporations in the population or in a

subpopulation (e.g., for corporations in & cpecific industry). If yy is



the net income reported for a specific quarter by the i-th corporation
in a subpopulation, and if wjy is the weight assigned to that corporation
for estimation purposes, the subpopulation total, Y, would be estimated

as follows:

?"'Z."‘i-‘/i .

- If the weight, wj, is set equal to the inverse of the probability

of selection, § is an unbiased estimator. ”iﬁ“mbgfréhrvey applications
wi is initially taken’to bé tgés inverse. However, wj is often adjusted
to account for nonresponse. Furthermore, wi is sometimes adjusted so
that the weights, add to known or estimated subpopulation totals. This
latter adjustment is usually referred to as a ratio adjustment or a
post-stratification adjustment. Post-stratification adjustments are
used in situations for which the mean square error of an estimator
should be reduced, even though the use of such adjustments introduces

a bias in the estimator.

With the current method of estimating Y for the QFR Survey, referred
to as the “variable-weights" estimator (VWE), the weight wj is not assigned
to a corporation based onAthe initial probability of selection. Instead,
the weights are assigned on the basis of only a pdst-stratification adjust-
ment. The post-stratification cells are defined by the joint classifica-
tion of initiaﬁ asset size ;1ass and type of industry at the time of
enumeration. Each sample corporation in a Spécific cell is assigned a
weight eqﬁal to the ratio of the estimated total number of corporations in

the cell at the time of enumeration to the number of sample corporations

in the cell at the time of 2numeration.

The m.re typical method of assigning weights to corperat:.ons--i.e.,

that basecd on initial selection prebabilivies-~ 2 noy boise ¢ oifared
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for the QFR. The estimator based on these wéights is referred to as the
"fixed-weights" estimator (FWE). The purpose of this investigation has
been to compare the VWE and FWE with respect to bias and variance and
to recommend which estimator to use. Since there is nc sampling error
associated with certainty se]ections,,ihé study has addressed only the
noncertainty portion of the sample:’:

Section 2 contains a summary of the results. Section 3 includes
the notation used in develobipg_aﬁd presenting the statistical resuIts.
An approximation for the biaé of the VWE is given in Section 4. Approxi-

mations for the variances of both estimators are given in Section 5. The

final section contains conclusions and recommendations.

-

Summary of Results

Since the VWE does not take into account the probabilities of selec-
tion, it is a biased estimator of a population total. Furthermore, the
bias of the VWE does ggg.décrea;e with increasing sample size. The level
of bias depends on the variatidn émong the fnitial stratum sampling
rates, which appears to be quite high. Since the weight assigned to a
corporation for the FWE of a total is equal to the inverse of its selection
probability, the FWE is unbiased. Consequently, the FWE has an important
advantage over the VWE in terms of bias.

‘ quever, for é;timating a subpopulation total for all corporations
in a specific type bf industry, the variance of the VWE is probably lower
than the variance of the FWE. This conclusion is based on the fact that
for the YWE all the corporations selected from a specific §§set size class
that are classified in the same type of industry at the time of enumeration
are given the same weight. On the other hand, the cignis gecirn - o

corporations for the FWE for the same subpopulation total will wary



somewhat because of corporation switches into that specific type of
industry between the time of sampling and the time of enumeration. This
wefght variation will generally add to the variance o% the FWE. As
discussed in more detail in Section 5, it is also possible, though not
evident, that the variance of the VWE-4is less than that of the FWE for

-

an estimator of a total for the entire population. Consequently, the

VWE appears to have an advantagg over the FWE in terms of variance.

The comparison of theiENE and the VWE amounts to a bias-variance
trade-off: The FUE is.unbiésed, whereas, the VWE is biased. However,
the VWE appears to have‘a lower variance than the FWE, at least for
certain subpopulation estimates. Unfortunately, it is difficult to
“compare the mean square error (MSE) of the two estimators because the
approximate variance expression for the variance of the VWE given in
Section 5 is rather complex. Therefore, there is épparent1y no straight-
forward algebraic comparison that can be made of the two estimators.
However, as discussed in Sections 5 and 6, other types of comparisons

are possible,

Notation

In an attempt to simplify the analysis without invalidating the com-
parisons, the sample rotation was not included in the analysis. Instead,
it was aséumed that the entire sample was selected at a single point in
time and that the data were‘gathered for all sample respondents at a
later single point in time. Of course, this simplified model still allows
for changes in both a corporation's asset size class and type of indus-
try betwzen the time of sampling and tha tine of enume-ztion.

The notation used in Zhc next two 2 cions 13w, 20 tewn . with zither

two or four subscripts. ¥or twe subscrip's, 1 .nd h, the first subscript



refers to the asset size class at the time of sampiing while the second
refers to the industry classification at the time of sampling. For terms
with four subscripts, the first two subscripts represent the same specifica-
tion as for a two-subscript term. The next two subscripts, j and k, repre-
sent the asset size class and the;indﬁgtry classification, respectively,
at the time of enumeration. ]

Specifically, the fol{owing_notation is used:
Nih - = the number of corpofations in the population that were in the

stratum specified by asset class i and type of industry h

at the time of sampling,

[}

Nih the sampie size allocated to stratum i-h,

?ih = nin/Njp = the initial sampling rate used in stratum i-h,

Ninjk the number of corporations in the population that were in stratum
i-h at the time of sampling and in asset class j and industry
type k (i.e., stratum j-k) at the time of enumeration,
[Of course, for i=j and h=k, Nihjk represents the number of
corporations in the population that start in stratum i-h and
are still there at the time of enumeration.j
Nihjk = the number of the njph corporations selected from stratum i-h

that end up in stratum j-k at the time of enumeration,
Yinjk = the total of the Y-characteristic among those Ninjk corporations

in the population that were in stratum i-h at the time of sampling

and in stratum j-k at the time of enumeration,

Y%hjk = the mean cf the Y-characteristic among those Nipjk-corporations
in the population that were 17 strosum i-h at the time of sampliing

and in stratur j-k at the tire of rumeratica,



yghjk = the simple unweightéd mean of the Y-characteristic among these
corporations in the sample that were selected from stratum i-h
and ended up in stratum j-k,

Sghjk = the variance of the Y-characteristic among those Nihjk corpora-
tions in the population thatw@ére in stratum i-h at the time of
sampling and in stratum jik at the time of enumeration.

A dot inserted in place of a subscript denotes summing or averaging over

the replaced subscript. Féh example,

ny,.x = % Z Nihjk = the number of corporations in the sample that
started in asset class i at the time of sampling and ended

in industry type k at the time of enumeration.

“As another example,

Yigk = % Ninjk Yihik/ g Mihik

the simple unweighted mean of those sample corporations
that were in asset class i when sampled and in stratum’
J-k when enumerated.

As a final example,

Y...k = the sum of the Y-characteristic for all corporations in the
population that end up in industry type k at the time of

enumeration.

Estimated Bias of the Variable-Weights Estimator

The VWE for a population total has been presented in Bureau documen-
tation in terms of Qi.jk’ an estimated total for all corporations in the
population that were in asset size class i1 at the time of “sampling and
and up 17 asset class j and industry type % at the time of enumeration.

Thess astimaras ore sunmed on i and j to obtain an estimated total for
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industry type k and summed on i and k to obtain an estimated total for

asset class j. The basic VWE is the following*:

. N,
Yo o = (==K ) ns o T oo, (1)
i.jk Y i.jk Yi.jk

where

e
\ - h = §r 'ih
Mo = DTS2 lin Mihik = L (=== ) ypege
hj Nih
The terms in equation (1) are defined by the notation scheme given in
the previous section.

The “variable weight® in the VWE is the term in parentheses in eqa-

tion (1). This post-stratum weight is simply the inverse of the estimated

4

time-of-enumeration sampling rate for units that started in asset class i

and ended up in industry type k.
By comparison, the fixed weights estimator, Y;.jk’ of the same total

is the following:

Vi = ) (-——- ) Mhik Yinjk -1 —2 ) Yinjk - (2)

For the FWE the "fixed weight" is the term in parentheses in equation (2).
This term is simply the inverse of the selection probability of the units
in stratum i-h at the time of sampling. The FWE is unbiased.

Since the VWE does not take into aécount the probability of selec-
tion, it is biased.’ An approximate expression for the bias of the VWE is
given be!ow:»

Bias (Yi.jk) = I Yingk :::LJEL::E- -1} . (3)
h % fin Nih.k

A

The derivation of equation (3) is given in Appendix *.

*Though the nctaticn varies somewhat frum that used here, the 05
a total is given in an Fconomic Surveys Jivision memorandum, '« ¢
IRS Portion,” dated Jawnary 5, 1983,

ic YME of
Tnriongtion:



In terms of the approximate expressicn in equation (3), the level of
bias depends upon the variation of the stratum sampling rates (fin terms)
applied at the time of sampling. In fact, this bias expression equals
zero if the sampling rates are all equal since; in that case, fip = f
and z fin Nipx = f 2 Nin.k = F Ni. ."’{Actuaﬂy, it is easy to show
that the VWE and the FWE are 1dent1ca1 if the stratum sampling weights
are all equal.) It should be noted that this bias is not a function
of sample size; that is, the,bias does not dedlrease as the nyp terms
are increased.

An interesting perspective on the bias of the VWE is obtained by
considering the VWE of Yj..k- This estimator is simply the sum over j
;} the Qi.jk estimator given iz equation (1). It is easy to show that

it can be written as follows:

Yi,.k = Ny, .k (¥i,.x/n 1..k)

Since, as shown in Appendix 1, N1 .k is an unbiased estimator of Ni..k»
the bias of V ..k comes primarily from the bias of the unweighted mean
(¥i..x/Mj..k) as an estimator of (Y; /Ny .x). An approximate expression
for the bias of Qi..k is obtained by summing over j fhe bias expression
for ?i.jk' This amounts to replacing Yipjx in equation (3) by Yip k-

It would be worthwhile to substitute values, or approximate values,
1hto equation (3) to obtain approximate bias levels for the WVWE. These
substitute values would be based on current or prior data from the QFR.
}For some factors, a range of values might be considered to investigate
the sensitivity of the bias expression to differing values qf the terms.

For the QFR sampie selected in 1984, the initial sampling rates

L3

fin values) have been enumera® < for all 150 <trata (v.e.. 7 2s
in .

size classes by 35 types of industry, minus oI emply celis). Howaver,
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values for the other terms in equation (3) were not available in time to

include in the results discussed in this report. Inspection of the

distribution of the 150 fyp values, provided in Table 1, still gives

some indication of whether or not the bjas of the WWE is important.

Initial Sampling Rate

Table 1. Distribution of~fnitial Sampling Rates

ror the 1984 UrR SampTe

Less
.005
.01
.02
.03
.05
.07
<10
.20
.30

.30

than .005

up
up
up
up
up
up
up
up
up
up

to
to
to
to
to
to
to
to
to
to

.01
.02
.03
.05
.07
.10
.20
.3N
.80
.90

Percent of Strata

16
23
19
19
15
19
16
17
4
0
2
150

-’

Number of Strata

10.7
15.3

It is evident from Table 1 that there is considerable variation in

the initial stratum sampling rates for this QFR sample. The mean of

these rates is 0.06 with a standard deviation of 0.10. This suggests that

the bias of the VWE may be large enough for serious concern.

Variances of the Estimators

An advantage that the FWE has over the VWE is that it is unbiased,

'whereas the VWE is biased. However, in addition to biases, it is impor-

tant to compare the variances of the two estimators. Approximate expres-

sions for the variances of the FWE and VWE are given in equations (4) and

(5) below:

13
Varf\Y.; W

\
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e

I

Hin 2 o
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«
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R 1 { N.
var(h ) & o L 20y ) T LK (4N )
i.jk Ez(”i..k) { i.jk F Tnik ih™ih.k
2 2
Ni .k E (yi.jk) ) " Ninh.k (Rsp = Nip i)
E2(n{. k) Ao N T

2 2 N... 2
) ihjk v
Ni. ok [% fin Nihjk Singk * % fin ——ﬁ%; (Nin=Ninik) Yingid

-+

) EZ(Yi.jk)Ni..k-[N ) NZ o]
E(Ni”k) . Took h 1h-k 1h
+ 2 Ny E(y; ) [Ys e " i Eiﬂ;ﬁ Yih'k]
- 2
N E(yi. k) :
f..k i.jk Niws _
2 (5 fop gk NG ) Tapa 38 . (8
E(ny k) - ih ™ ih™ih.k’ "ihjk

where

*

Elyi.gk) = g fip Yinjk and
E(ni, k) = % fih Nihk -

The derivation of these approximate variance expressions is given in
Appendices 2 and 3. In these derivations, finite population corrections
have been excluded to simplify the expressions. Also, in deriving the
approximate variance expressjon for the VWE, only the linear terms of the
Taylor series expansion for the VWE were retained. Higher order terms
were omitted because they’wculd add considerable complexity to the approx-
imate variance expression. In a MSE comparison, such terms would be
0(1/n2) or higher and would te dominated by the 0{1/r} teirs in the

variance express’on and the 0{1) terms in the bies axpress fon.
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Unfortunately, the approximate variance expressions given in equations
(4) and (5) for the two estimators are difficult to compare, primarily due
to the complexity of the variance expression for the VWE. Consequently,
mean square error derivations and comparisons have not been made.,
Even though a concise algebraiqﬂﬁdmparison of the two variances
does not seem possible, it does,épbear from examining the form of the
VWE and the FWE that the VWE has a lower variance than does the FWE.
Specifically, it can be obsgrved from inspection of the VWE of Yy ik
given in equation (1)_thatvthe'samp1e responses are all given a single
weight. However, referring to the FWE given in equation (2), the sample
responses will not generally receive the same weight. The fixed weight
=is assigned at the time of sampling in accordance with the sampling rate
used in the stratum defined by the initial asset size class and industry
type. The amount of weight variation depends on how many of the nj jk
corporationswhoved into industry type k between the time of sampling and
the time of‘enumeration. Weight variation generally causes some increase
in variance as compared to a procedure which assigns a single weight.
For an estimate of a total for all corporationé in the population, it
is not evident that the VWE would have a lower variance than would the
FWE. The estimator of a population total consists of sums of Qi.jk terms

; (WE)'ot?1 x terms (FWE). Since neither the Ys

1.3k terms nor the ?;.jk

oJ
terms are independent, the variance of the sum of such terms is not equal

to the sum of the variances. Consequently, even if ?i.jk does have a lower
variance than §;;jk for all i, j, and k, it does not follow that the sum

of the Yi_ jk terms would have a lower variance than the cerresponding sum of
~ :
¥i..¢ terms., Therefore, it it not possible to infer froaw vi: def.pitions

of the YWE and the FUWE which of these tw#c estimators has the loxro wvariance



in the case of estimating a total for the entire population {or for
most large subpopulations).

| An approach to comparing the variances of the VWE and FWE estimators
for Yi,jk would be to estimate the parameters in equations (4) and (5)

from data collected recently in the QFR.. .Deriving and substituting

P

sample estimates for the popuIationégarameters in equations (4) and (5)
might be tedious, but perhaps this could Se done for a subpopulation.

If sample estimates were also made for the parameters in the bias formula
for the VWE given in equatioh'(iy, a comparison of the mean sguare errors

could also be made.

Conclusions and Recommendations

As pointed out earlier, the fact that the FWE is unbiased, whereas
the VYWE is biased, is certainly an adyantage of the FWE. However, the
variance of the VWE of Yj jx is very likely to be less than that of the
corresponding FWE of Yi.jko because only a single weight is assigned to
the corporations for the VWE, whereas the weights assigned to the corpora-
tions for the FWE will vary.. This variation is due to the variation of
sampling rates from stratum to stratum and on the number of corporations
that change their industry classification between the time of sampling
and the time of enumeration.

Consequently, for estimating Yi_jk, there appears to be a bias-
variance trade-off involved with the chofce between the VWE and the FWE.
Ideally, a comparison of the mean square errors (MSEs) of the two estima-
tors would be made since the MSE incorporates both the variance and bias
of an estimator. Unfortunately, the bias and variance expréssions in
equations (3), (4), and (5) may bde too comrlax o a:iiow {00 & yzs il

algehraic comparison of the MSEs, In iiaht of this ' Fiiculny, Your
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optional approaches have been considered for comparing the VWE and the
FWE. Each of these options is discussed below.

(1) A numerical comparison of the MSEs of the two estimators
could be made by substituting into equqt%ons (3), (4), and (5) sample
estimates of the unknown parameters, as suggested in the previous section.
This approach would be most applicégle if the basic comparison of the
MSEs of the two estimators‘is not affected by the inclusion of the rota- _
tion groups in the ana]ysis.é It seems likely that the rotation groups
would not have an important impact on the comparison. Because of the
compiexities of the formulas, this approach would be tedious.

(2) 1If it is felt that the rotation groups would affect the
Zomparisons, they could be introduced into the analysis. If this were
done, the bias and variance expressions for the FWE and VWE could become
considerably mcre complex than they already are. This could make any type
of algebraic or numerical compari§on infeasible.

(3) For the full QFR rotation sample, variance estimators for
the FWE and the VME could be computed from the QFR data and compared.
Since the FWE is a stratified random sample estimator, standard formulas
could be used to estimate its variance. For the VWE, howevar, variance
estimation is much more difficult due to the assignment of weights after
enumer&tion.v (Actually, for the VWE, a variance estimator already exists;
however, its performance for this type of comparison may not be acceptabie.)
A rep]icatfon or pseudo-replication method--e.g., the jackknife method--may
have to be used to obtain an appropriate estimate of variance for the

VWE. If this were done, the same type of variance estimator should be

used for the FW: ‘or purposes of comparison. o com ol o, Do s
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of the bias cof the VWE weould have to be estimated and added to the estimated
variance of the YWE. This bias estimate would be obtained theoretically

by developing a bias expression for the VWE for the rotation sample that

is analagous to that given in equation (3). Sample estimates of the
parameters of the derived bias efpresé{on would then be needed. The

major problem with this type of cémparison would be the existence of

biases of unknown magnitude in the variance estimators. These biases
might be such that the compérison of these MSE estimators of the VWE and
the FWE would be misleading.

(4) The comparison of the VWE and the FWE could be based primarily
on bias considerations since the variance of an estimator can be controlied

“to a large extent by increasigé the sample size. This would dictate the
selection of the FWE since it is unbiased, whereas the VWE is biased and
the bias does not decrease with increasing sample size.

Of these four optional approaches to comparing the e;timators, per-
haps the most rig&rous comparison is the first one: estimating the para-
meters in equations (3)-(5) and comparing the MSEs. If this is done and the
VWE seems to have a lower MSE than does the FWE, consideration should be
given to reducing the variance of the FWE by applying a ratio adjustment to
it,‘based on known or estimated population totals. This would involve the
introduction of a bias, but it would decrease with increasing sample size.

If alternative (1) is not practical because of the cost and time
required for such an undertaking, we recommend that the FWE be chosen,
primarily on the basis of the bias comparison (alternative (4)). WMot only
is the bias of the VWE unknown and one that does not decr;;se as the sampl~
size increases, 1t could be relativeiy targe since the QR nitict s’ ratun

sampling rates appear to vary <orsideresly, a3 was demonstirated in Tadble 1

of Section 4.
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Furthermore, it is important to recognize that the FWE is a standard
estimator for the type of sample used for the QFR--a stratified random
sample with an approximate optimum allocation to strata. Coﬁverse]y, the
VWE is a nonstandard estimator which does not have a theoretical justi-
fication in classical sampling and estimation methods since it ignores
the initial sampling rates. Cons;dﬁently, the YWE should be viewed as
an experimental estimator and, as such, should not be chosen over the

FWE unless strong evidence'qf_its superiority over the FWE is presented.
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Appendix 1. Approximate Bias of the Variable-Weights Estimator

The variable-weights estimator of Yj jx ., given in equation (1) in

Section 4, can be written as follows:

N -
) Tk, 7 (6)

Mgk = ML (G

The advantage of writing ?i.jk in this form is that the three components of
equation (6) appear to be independent. It seems very likely that 5}.jk is
independent of each of the othé; %Qo since they are both functions of sample
sizes. With regard to the independence of the other two terms, the prcportion
of the nj_,¢ corporations that end up in asset class j would not appear

to pe related to the estimate of Ny  y. Consequently,

*

E (g TE (Vg0 £ (i 'Jt) EGg¢) - (7)
1.‘

Expressions for each of the three expected values in equation (7) are derived

below and substituted into equation (7).

- N. N:
E (Vi) = E L I njpge = £ (20 T Elngpge)
h j h
=1 ( ) 1 nin (-lhl—) LI Nhjk = Mok - (8)
h Mih hj

- Since y‘ .k = _l;l_ both the 2nd and 3rd terms in equation (6) are ratios
1.3k
of random variables. For a ratio of random variables, x/y , an apprcximate

expression for the expected value is:

+ var(y) - Covix,y). “ (9)

1
(y) E3(y) E2(y)

E(xiy) 2o+ 2

If x and y are positively correlated, the two higher order :erms in eguation (¢

will tend “o cencel each other to so~¢ extent. Tharefsr:, since the rumarator
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and denominator are obviously positively correlated for both the 2nd and 3rd
terms of equation {6), the ratio of the expected values will be used to
approximate both the 2nd and 3rd terms in equation (7).

N aky 2 E(y5) . »
St o B - (10)

- .

Since the numerator will cancel out uﬁbn substitution back into equation (7),

only the denominator of equation (10) needs to be derived:

. . - N . .
E(ny ) =1 7EMna) =7 5n, (20dKy =V N (11)
i..k h S ihjk h S ih Nin . ih "ih.k

For the 3rd term in equation (7),

-— YiJiky 2 E(yi 'k)
E (y; 5) = E (Z2=dX) = CNLSA (12)
o TRk ("i.jk E(ni, jk)

Since the denominator will cancel out upon substitution back into equation (7),

only the numerator of equation (12) needs to be derived:

~

E(yi.5k) = % E (nihjk Yinhjk) = % E(ninjk) E(¥injk)

Nipivs <
= §ngp (G0K) Vopoe = T fap Yipog o (13)
- ih Nih jhik o ih "ihjk |

Upon substitution back into equation (7),

E(ni, 51y (B, 4¢)
E(ni, k)" E(ng,jk)

E (Yy50) = E (Ng, ) (

(E(yi'jk)) - L fin Yinjk (14)

Teok E0y..0 1ok % fin Nih.k

From equation (14) on approximate bias expression for gi.jk is easily

" derived:
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Bias (Yi.3k) = E(Y4.3k) = Yiugx = E (Yi.5) - % Yihjk

25 fin My

5 T fanNinge MK ; Tinik
h -

h

’ fooo Ne
= % Y; b ek ooy,

Ny |
hJk L fin Nn 7

This bias expression is given as equation (3) in Section 4.
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Appendix 2. Approximate Variance of the Fixed-Weights Estimator

From equation (2) in Section (4), the fixed-weights estimator of
Yi.jk is
Vigk = 1 () Minjk Yingk -

h Mih
Using the conditional variance theorem,

Var(Y, k) = E[Var(};_jklnihjk)] + Var[E(};.jk]nihjk)] (15)

The two terms in equation (15)'are_derived separately. Ignoring finite popula-

tion corrections, the first term of equation (15) is

2
Ny — 2 S
E[Var(] (—Insnse Finak ! Ninae)] = ELD \—'3) 1hjk
E nin 1h§k fhikiMihjk 5 hin "ihik Mhik
- N:ip. 2 2 Nip 2 2 Nip s
=7 (A1) sih Elnspae) = 1 (=) S ns (=ihiky
f nih ihjk ihjk nonin ihjk "ik Nin
N, 2
- h
°g (;;;-;) Ninjk Stnjk + . (16)
The second term of equation (15) is
var[E(] (Mih) Minjk Yingk|fingk)] = Var(] (Riny hjk Yihjk)
h Pip h Nih
Nip 2 _ 2 Nip 2 _ 2 Nip s N s
= (-B) Vs var (Mipac )k = 1 (=hy v, o nap (ShdkyopoThik
hongp MK hak® = § g ThIk TR e Nin
i ) Mingky ( N; 7,2 17
“h\mh)(i‘mak) ihjk (17)

iherafore, ignoring finite population corrections, the variance of the fixed-
weights estimator is the sum of equations (18) and (17), as given in equation {«|

+in Section 5.
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Appendix 3. Approximate Variance of the Variable-Weights Estimator

In order to derive an approximate variance expression for the variable-

weights estimator, it was written in the following form:

~

~ N' ~ PR
= ..k -
Vi T ol ik T FN3, ks DL k-¥iL5k) (18)

Next, Qi.jk was expanded about (Ni,.k» E{ni. k), E(yi.jk)) using a Taylor Series -
expansion, retaining only the linear terms. From this expansion, the following

variance expression was derived:

- . ’ . Ni?.k 2(y4,3x)
Var(Yi .Jk) = EZ( )[E (y.‘.Jk) Var(Ni_.k) + EZ( ) Var(n1 k)
N n.
iaeK P ¢
- o 2
2 Nio ok B i) e
£ N7 var(ygg) - 2 ek 2 CoviNg, > N, L) (18)

E(ni, k)

[

A Ni2 o E(Yi.jk)
+ 2 Ni..k E(.Yi.jk) COV(Ni..k, y‘i.jk) - 2 1aok

E(ni, k)

Coving, ks ¥i3x}d-

The two expectation terms in equation (19) are given in equations (11) and {(13)
in Appendix 1. It was also shown there that E(Nj, k) = Ny, k. The three vari-
ance terms and three covariance terms in equation (19) are derived below, ignoring

finite population corrections.

2

- LN N;
Var(N; ) = VYar(} _ih Nink) = L ﬁ%hi var(nip . i)
L h Min
) Nin© Nina (g - Mnaky oy Mhek (o ong, ) (79)
= L el § O HAE R - —— = ——— P2\ . ol }
honin? " Nin Neh © h agp K
Var(nj, k) = Var(% Nih,k) = % Var(njp k) .
= T n. Hir'k (1- N"ih,¥) = 2 f‘ w”zh'- (Nw,,"’.i;x a} ‘\Z:
:. ih ;“:4"3 NTh h n Ni' 155 i K -
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Using the conditional variance formula and ignoring finite population

corrections,

Var(yi,jk) = Var(g Nihjk Yihjk) = g Var(nijhjk Yihjk)- (22)

oLy

Var(ninjk Yinjk) = E[Var(ninsk Yinjkimingk)]
+ Var[E(ninjk Yinjk!Mingk)]

. 51h v
C = Elngng ;—;l; ) *+ Var(ningk Vingk)

L]

2 _2
Sinjk E@ingk) + Yingk Var(ninjx)

2 Nips —2 Niv s Niy s
- = Seear nep andk Ly oS oL Cihgk p.lihjk
ihgk Min o= * Yihgk M e (i)

- ihik
= finh Nihjk Singk * Fin ——

== (N = Ninge) T4
Substituting equation (23) into equation (22),

2 Nih it _2
Var (y; k) = % fin Ninjk Sinjk * % fin —%;%— (Nip=Ninjk) Yinjk- (24)

. N:
Cov (N; vpns o) =Cov (I T () nivse, TF nupsn)
Ta.k? MLk K3 onin ihjk h 3 ihjk

| N Nin
Cov (I < mip vy $min i) = 1 =0 var(ng, o)
b Min ih. k ih.k E Min in.k
2

Ny N; N
Mn o ik g Ninak .y dh.k 25
% nih " Nin ( Nin )= Mk g Nin (25)

In order to derive Cov(N o Vil ik ), twi special result . are usci.
if x, v, and z are randor variab.es suun that z i35 indipende. .t o) bith % and y,

Cov {x, yz) = E(z) Cov {x,y). Gezond, suppos2 that a pz2vist on ~f % units
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is partitioned into k categories with frequencies Nj, N2, ..., Ny. Suppose
further that a simple random sample of n units is selected from N, without
replacement, and that the observed sample frequencies for the k categories

are ny, Ny, «.e, Ng. Then, Cov (ni, nj) = ~n [__) ( 3) for 1# j.

PE

Cov(N;, x» ¥i-jk) = Covl g ) ;;; ke L "ihsk Yinjk) :
N, _
= COV(Z b g . Z Mipse Yinie) = L =2 Cov(Min.xs Minik Yinjk)
nin ih.k ihjk 1h3k E Nin ih.k» "ihjk Jihjk
=] jali ETinik) COVlNin.ks Mpik) = L Nin Yinik Cov(nin.k» Minjk)- (26)
hnip Y o I i !

-

Qv{nin.k» Mihjk) = COV(L Mihjks Nihgk) = Var(ningk) + .Zt,COV(”ihjk’ nihj'k)
j 3]

Ningk( - Ningky . I o-ngg Ninjk Ninj'k
Nih Nih i'#] Nin Nin

= Nih

L]

Nev s Ny s .
hik ihik
Fin —E(Njp-Nipgk) = Fin =2 1 Ninj'k

Nin Nip  3'#J
N; Nin . T
= fin —2E (Njp-Ningk) = Fin ARIK(Np Ningk) = Tin =5 (NqpeNyp) - (27)
Nih Nip Nih

Substituting equation (27) into equation (26):

- N; Nihik
Cov(Ns vy Y5 1) =7 Jhy, Fon JDIK (Nop - N )
ek i.jk K onin 1h3k ih Nih ih h.k
=7 Mindk oNey - Ny ) Vo = i ogg = 0 Mihok v, . . (28)
£ TNin ih ih.k/ "ihik i.jk L Nin ihik

The derivation of Cov(nj, ,k» ¥i,ji} is similar te the derivation of

-~
Y

sy [N vi suYs
Sav (Mg, ks YiLgk)t
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Cov(ni,.k» ¥i.3k) = Cov(] nin.k> g fihjk Yinjk) = g Cov(nin.ks Ninjk Yihik)
n

N;

27T ] ihik
= I Vingk Covininis Mingk) = L Vingk Tin = (Nin-Nipi)
] " ih
ST o ihk (. o Y 29
L Tin s MineNinad Yingee (29)

Substituting the variance and covariance expressions in equations (20),
(21), (24), (25), (28), and (29) {qto equation (19}, the variance expression
given in eugation (5) of Sgctioh (5) is obtained. If expressions for E(nj,_ k)
and E(yi.jk) from Appendix 1 are also substituted into equation (19), the

following variance expression is obtained:

Var(¥; o) : (T Fn¥ipn)? T ek (N N )
arl{Y:; = . 2. flle sy Y.
i.3k (% fin Nip.k)2 - ih'ihjk & in ih™'ih.k
2 2 :
Nisae (§ Fin Yingk) Nip.g
: L fip o (Nip-Nip i)
(E fihNin.k)2 oo .
2 2 Ninsg _2
+ N T FinNingk Sthgk * 1 fin (=38) (Nip = Nnsk) Ting]
h h Nih
2
p Mok Fin Yinge)” (N 7 Min
% fihNih.k Teek T H TNin

N
+ 2 N (T Fan Yangd (Yo = =2 Yinge)
..k . ih "thjk j.jk r Nin ihjk

2
Ni. .k (E fin Yinjk)

} fin N
b ih "h.k

-2

h P _
[% Fin ('ﬁ?ﬁﬁ} (Ngn=Nipk) Yingel « (30)



