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I. INTRODUCTION

Missing data for longitudinal surveys occur in a variety of patterns which can be sorted
and categorized into different classes of missingness depending on the survey unit. For
this study, the survey unit is a person. Therefore the missingness that occurs in the data
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period in the survey, record-type nonresponse where an entire module of related data is
unavailable, and item nonresponse in which data is missing sporadically throughout the
person record. For this study we focused on record-type nonresponse for a single

continuous variable. It is important that these types of nonresponse to be addressed as

they occur generously throughout a longitudinal survey. Also, simulation of record-type -

nonresponse provides reasonably sized data files to study and manipulate. It is important
to nate that the techniques investigated can be employed to compensate for both item
and record-type nonresponse.

The objective of this study is to evaluate seven different methods of imputation for
continuous data in a longitudinal survey. The methods compared are described below as
are the procedures to compare them. In our comparisons, we employed a variety of
summary statistics and graphic techniques. The particular findings are detailed in the
body of the text and a number of graphs and tables are included in the Appendix to
support these findings. No information was observed to support any assumptions of
normality in the data studied, and the analysis proceeds using a variety of nonparametric

techniques.

In Section II we describe the data used in this study and discuss how it was used. In
Section III we discuss each of the alternative imputation strategies that are compared
against one another. In Section IV the methods used to compare the different procedures
are described and the results of our analysis are presented. Findings are summarized in
Sections V and VI, and an Appendix contains the tables, graphs, and summary statisties

used in our analysis.
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II. SIMULATING MISSING DATA PATTERNS

Twelve-month longitudinal data extracted from the 1979 ISDP (Income Survey
Development Program) survey were used in this study. These data were entered into a
SIR (Scientific Information Retrieval) database, from which free-format simulation data
files were extracted. Subsequent manipulation and evaluation were performed using
special purpose FORTRAN programs and the SPSS-X statistical package on a Univac
1100 and IBM-XT at the Bureau of the Census.

For this study, missing data were simulated using records on which the variable of
interest was completely reported, and for technical reasons records with zero responses
for the variable of interest were excluded. We then had the original values for the

misssingness that was simulated in the file to use later in analyzing the properties of -

imputations obtained by the selected imputation methods. The continuous variable used
in the study is wages and salary. The following indicates the simulation procedure used

to induce missing data on records.

(1) Define a longitudinal record for wages and salarv to be a person record of
responses to the question: What were your wages and salaries for month (j),
j=1, 12 in 1979?

Jd F M A M J d A S 0 N D
Ex: Recl 100 100 150 145 120 200 150 200 100 100 150 175
Rec 2 10 10 10 10 50 50 50 50 50 50 50 50

(2) Randomly select 500 person records for persons, age > 16, with at least one
missing response, i.e., month (j) = -1 for some j, and at least one complete
response, i.e., month (j) > 0 for some j. (The value "-1" is a place holder for a

missing response.)

J F M A M J J A S 0] N D

Ex: 100 100 -1 -1 -1 100 100 100 150 150 150 150

(3) Select approximately 2,000 person records with complete responses for every
month (j), i.e., month (j) >0 for all j=1, 12.



(4) Induce the missing pattern from a record in the set (2) onto a record for a full
respondent in set (3) by a nearest match procedure. That is, let Xn,j=month G)

for some case n from data set (2) and let Y; ; = month (§) for some case i from

data set (3), and find the record Y, in the set (3) to minimize:

12 0
Y (X(n,j) - Y(i,j) )°.
i=1

We set X(n,j}Y(i,j) = 0 for X(n,j) missing.

One then induces the nt!' missing data pattern from (2) onto the ith full respondent in (3)
to obtain 500 simulated person records with missing wave responses. In all, 410 unique
complete respondents were used in simulating the 500 records with induced missing

responses.
. SEVEN IMPUTATION PROCEDURES

The seven imputation procedures examined in this study are described below. The first
three employ regression type techniques which utilize the entire data set to (1) model the
missingness that occurs in the entire set of data and (2) derive model-based imputes for
the misssing values. The last four procedures implement averaging techniques in which
only data for the current case is used in determining an impute for a missing month's
value. The regression-based imputation procedures: Iterated Buck, Logarithmic Iterated
Buck, and Cube Iterated Buck; and the four averaging techniques: Arithmetie Smoothing
(1) and (2) and Multiplicative Smoothing (1) and (2); were tested and evaluated on the
simulated data set described above.

(a) Iterated Buck Techniques

The Iterated Buck procedure is a sequential regression technique that estimates
regression parameters, derives imputes based on these parameters, and repeats this
process until the sequence of estimated parameters converge. For a detailed description
and derivation of the Iterated Buck method the reader is referred to papers by S. F.
Buck, [ 2 ], and Beale and Little, [ 1 ], pertaining to missing values in multivariate
analysis. The important thing to note here is that Iterated Buck is an EM-Algorithm that
gives maximum likelihood estimates of the population parameters when there is the
assumption that the data has a multivariate normal distribution.



However, no distribution;al assumption of normality of the data is justified here, as
indicated in Figures 1-4. Histograms of the residuals for Iterated Buck, Logarithmic
Iterated Buck and Cube Iterated Buck are presented with a normal overlay represented
by the dotted line on the histograms. Comparing the two distributions in each of the
histograms suggests that a normality assumption for the data is unjustified. Even in the
absence of normality the Iterated Bucks method can be used to derive imputations. Of
course, since the data is not normal, our analysis will proceed along nonparametric lines,

and considerations especially appropriate to normal data will not be addressed.

We now describe the steps involved in the Iterated Buck procedures. Assume for a set of

h h

N observations and n variables that x;; represents the value of the jt variable in the it

)
observation for j=1,...,n and i=1,...,N. Let m; denote the sample mean value of the jth

.variable over all complete observations and Uik denote the sample covariance between

variables m; and my over all complete observations. The Iterated Buck method uses m;

and ujk to compute:

(1) X5 = Xijo if X;; is observed
a linear combination of the set of variables observed in the ith

observation, otherwise

(2) Cijk = partial covariance of m; and my if Xjj and x;,. are both unknown
0, otherwise
: )
3 x.-= X../N
] jgp 13107
N - -
(4) a5 = Zl (xij- xj)(xik— X, ) * ¢k

Set m; = )—cj and uy, = ajk/(N-l) and repeat (1) thru (4) until there are no further changes
in mJ and Ujk. The term Cl]
in the formation of 8- The procedure is applied to a longitudinal record for the variable

wages and salaries by setting Xjj = AMT(,j) for person record i, i=1,N and month j, j=1,12.

K is a correction term for the bias that would normally occur

The Logarithmic Iterated Buck is the same algorithm as just described, the only
difference is that Xjj = log(AMT(,j)) for the ith person record and jth month. (This is the
reason we omitted records containing zero responses.) After the algorithm is satisfied,



Xij is transformed back to original amounts and corresponding imputes. By using the
logarithm of amounts of wages and salaries one reduces the impact of skewness in the
data and avoids the problem of generating negative imputes. Similarly, Cube Interated
Buck operates on X5 = (AMT (i,j))l/ 3 until closeness criteria are met. The X;; are
transformed back to original values and corresponding imputes.

(b) Smoothing Procedures

The two averaging techniques examined here are termed Arithmetic Smoothing and
Multiplicative Smoothing because the imputes are based on the arithmetic mean and

geometric mean respectively.

. Arithmetic Smoothing essentially allocates an equal additive subdivision to each missing .
value which depends on the length of the interval of missing values in the data record and
the reported values on either side of the missing data. For example, suppose March,
April, and May values were missing for a particular record, denoted by X, then the

record looks like the following:

J F M A | J J A S 0 N D

*m,3 *m,4 *m,5 ¥s X7 *8

missing interval

We determine the difference in the bounding reported values of the missing interval and

divide by the number of subintervals to arrive at

We then add d to xq consecutively to obtain imputes for xm,3, xm’4 and xm’s. Explicitly,
xm’3 =Xq *+ d
Xm,4 = X9 + 2d

xm,5 = Xg +3d.



For the general case, let r = (X;,...,X; ) be a logitudinal record of amounts. Suppose Xm

is a missing response bound below by x; and above by Xy

(1) Compute k = j-i
(2) Computed = (xj - xi)/k

Then (3) X =X+ (m-i)d .

Note that xj=xi+k'd .

One difficulty with this method is that bounds may not exist around missing responses,
specifically, when endpoints (month (1) and/or month (12)) of the record are missing.
Two solutions to this problem are examined. The first solution is to substitute the .
arithmetic mean of the record's complete responses, ( E xi)/ p , where p is the
number of reported responses, into the endpoints whenev;; ine or both endpoints of the
record is missing. The second solution is to substitute the arithemtic mean of the two

nearest values for missing endpoints. Numerical comparisons of both methods are

included with all other results at the end of this report.

Multiplicative Smoothing abides basically by the same principles as Arithmetic
Smoothing with the difference that the geometric mean of a missing interval's bounding
responses is employed, and equal multiplicative subdivisions are allocated to missing
values in an interval of missing responses. That is, for Multiplicative Smoothing we
determine the quotient of the bounding reported values of the missing interval and base
our imputation on that value. For the general case let r = (xl,...,xlz) be a longitudinal
record of amounts and let x, denote a missing response bound below by x; and above by

Xj.

(1) Compute k = j-i

(2) Computeq = (xj/xi)l/k



(m-i)_

Then (3) X = xi e q

m

Note that xJ =X qk.

The two methods used to correct for missing endpoints on a recoi‘d corresponding to the
situation for Arithmetic Smoothing were, (1) use the geometric mean of the record's
complete responses, ( I X, )1 /p , and (2) use the geometric mean of the nearest two

values for any missing Er_'n}points.

It should be noted that Multiplicative Smoothing of amounts of wages and salaries and
Arithmetic Smoothing of the logarithm of amounts of wages and salaries give identical

results. The following shows the relationship between the two procedures.

The basis for Multiplicative Smoothing is that for some missing interval of length k
bourffed below by x, and above by x,, and with x_  missing in that interal,

a

1) x_ =x_ o q(m-—a) where q = (x,/ xa)l/k.

Taking the logarithm of (1) gives
(2) logx, =log x, +(m-a)logq .

and by setting y, =log x, and y, =1log x, we get

(3) logq = e m e — e - g_
(m-a)
_Ym” Ya
(m-a)

Letting log q equal d and substituting into (2) we obtain
(4) ¥y, =y, *+(m-a)d

which is the basis for Arithmetic Smoothing as discussed above.



IV. COMPARING THE PROCEDURES

There are several questions to be addressed when analzying the effectiveness and
efficiency of an imputation procedure, and by focusing on theée questions particular
imputation procedures can be identified that maximize the desired end results. The final
decision as to which imputation strategy is best to use for particular survey items must
rest with subject-matter specialists who are familiar with the subject-matter of the
survey, the questionnaire form, and the underlying target population. In this report, we
present a number of descriptive statistics for each of the procedures described above.
These can be compared against one another and serve as a basis for an informed decision
as to which procedure is to be preferred. In general, the questions that must be

addressed are:

=(1) What does a completely reported data record look like? Is it typically
reported consistently, erratically, in particular patterns, or does it follow

some distribution?

(2) What are the imputations expected to accomplish? Should the derived
imputation resemble the reported data, implement a presumed relationship, or

smooth over the missingness?
(3) What criteria should be used to evaluate and compare methods?

The data for wages and salary are at times reported consistently across a 12-month
period, reported erraticaily other times, and may or may not follow a particular pattern
of responses based on ISDP waves the (3-month interval to which a questionairre
refers). Ideally, the optimal imputation procedure would adhere to patterns of
consistency or erraticism of the reported data for each individual person record.

As discussed in Section II, we start with completely reported longitudinal records and
then blank out responses conforming to missing patterns from a set of longitudinal
records having nonresponse. We then impute for the induced nonresponse and compare
the imputes with the original values that were blanked out. These comparisons form the
basis of our analysis. As noted earlier, normality assumptions are not supported by the

data, and accordingly, the analysis is nonparametric.



We let
X = (X1, XgyeeeyX19)

be a completely reported record, and we assume the value for month j was blanked out,
A
X,

: Thus we have the following:

and the imputed value is denoted by

xj = The amount of wages and salaries for some month j,

A . .
x]- = Imputed value of xj for some imputation procedure,

l'j = XJ-/Xj+1, and

A .
ry = x]-/x]- +1 Where at least one of X OF Xy, Was imputed.

The analytical variables computed and evaluated for each imputation method are
(1) e; =X - Qj
(@) ¢ = (x; - K/,
(3) e =1y -{'\j
(9) ¢j = (rj -/?j)/rj.
Note that:
(a) x]- - Qj represents the difference between original value and imputed value,

(b) (xj -‘Qj)/x]- represents the relative difference,

(e) rj - /1}]- represents the difference between the ratio of adjacent months when

one was imputed, and

(d) (rj - /r\j)/r]- measures the relative difference of these ratios.
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The statistics we will use to examine these analytic variables are:

( ri
i) Sy = c.,
172 i

(i) T oe2

ii Sy = e, ,
2745 d

(i) ( rzl

iii S, = ¢.)/n ,
37 0ys i

. 1 -2

(iv)  S4= Z (ec;- &)*/n ,

-
—

where m is the total number of cases for which ¢; # 0 and
_ m
c = () ¢, )/m .
i=1

Table 1 contains numerical comparisons for analytical variable e =X - é\c] The seven
imputation procedures are listed horizontally and the four derived statistics used for
evaluation are listed vertically. If one of the smoothing imputation methods has a (1)
appended to its name, the method substitutes the mean of all reported months for
missing endpoints of a record; if a (2) is appended to the name of the procedure, the
mean of the two nearest reported values was substituted for missing endpoints. Table 2
presents the numerical results for the analytical variable ¢; = (x]- - Qj)/xj and is set up
identical to Table 1. In both Table 1 and Table 2, there are a total of 3183 cases. Tables
3 and 4 contain, respectively the numerical results for the two analytical varaiables
¢} =T -{'\J and e; = (rj -f\j)/rj. A total of 2820 ratios were used in these calculations.

V. OBSERVED RESULTS OF THE COMPARISONS

(a) Tables 1-4

One initial reason for carrying out this study was to determine whether straight Iterated
Buck is a better imputation procedure than its counterparts, Logarithmic Iterated Buck
and Cube Interated Buck. For each of the analytic variables, the better a procedure
simulates an aspect of missing data, the closer the relevant derived statistic (either St

Sgy Sg, OF S 4) will approach zero.

The most decisive finding in this study is that for every derived statistie, Logarithmic
Iterated Buck outperformed Iterated Buck. Using the Logarithm of wages and salary
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rather than actual amounts provides a two-fold improvement over the Iterated Buck
procedure by eliminating negative imputes and increasing the accuracy of the imputes.
Moreover, in every statistic except the first and third on Table 1, Cube Iterated Buck
outperformed Iterated Buck. From these observations, it is clear that either Logarithmic
Iterated Buck or Cube Iterated Buck is superior to the simple Iterated Buck.

Results comparing Logarithmic Iterated Buck with Cube Iterated Bueck are mixed. In
Tables 3 and 4 Cube Iterated Buck performs better. Most often in Tables 1 and 2,
Logarithmic Iterated Buck does better. All in all, the results are close. One interesting
observation is for the statistic

n

A
] ((x- &7 2

i=1
Cube Iterated Buck far out performs all other procedures. That is, Cube Iterated Buck
seems to do well for scaled residuals. On the other hand, for the statistic

n
A
Lo (- xi)z
i=1
Logarithmic Iterated Buck does best of all. For the last two analytical statistics
presented in Tables 3 and 4 Cube Iterated Buck outperformed all other imputation
procedures for each statistic calculated, with Logarithmic Iterated Buck a fairly close

second best.

Arithmetic Smoothing (1) and Multiplicative Smoothing (1) using the mean of a record's
reported values for missing endpoints virtually tie in comparison to one another and
outperform their counterparts Arithmetic Smoothing (2) and Multiplicative Smoothing (2)
the majority of the time. Logarithmic Iterated Buck and Cube Iterated Buck do a little
better, all in all, then the smoothing techniques. However, the ease in implement either

of the two smoothing techniques may strongly argue in their favor.

(b) Figures 4-11

In Figure 4 we present a histogram of the amounts of reported wages and salarys that fall
into the range $0. to $5,000. Histograms of values produced by each of the seven

imputation procedures appear in Figures 5 through 11.
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Histograms of the data completed by Logarithmic Iterated Buck in Figure 6, Cube
Iterated Buck in Figure 7, Arithmetic Smoothing (1) in Figure 8, and Multiplicative
Smoothing (1) in Figure 9 look very much alike and also appear to reasonably resemble
Figure 1. Although histograms of Arithmetic and Multiplicative Smoothing (2) in Figures
10 and 11 look somewhat similar to the true data, there appears to be a slight more

grouping of the data than in the reported data.

The data for this study was not edited. However one extremely large value for monthly
wage and salary amount was deleted as an obvious edit failure as it caused some
problems in obtaining informative graphs of the data. Unbounded histograms were

produced but offered very little extra information so were not included here.

(¢) Figures 12-18

Figures 12 thru 18 present scatterplots of the amounts of wages and salaries versus each
imputation procedure in the same order as the histograms are listed. The more linear the
relationship the better the imputation procedure is in simulating the reported data.
Ideally, we would like the standard error of the estimate

(¥ xp- 8% =)/
i=1

to be small, the intercept near zero and the slope close to one. The correlation and
R-square values which measure the relationship between the values and the goodness of
fit of the linear model respectively, should approach one for the best method. The
standard error of the estimate, intercept, and slope of the linear relationship listed at
the bottom of each scatterplot all appear best overall for the Logarithmic Iterated Buck
procedure, Figure 13. Iterated Buck gives a negative intercept as a result of negative
imputes and the standard error of the estimate is the worst of all the methods. Statistics
for Logarithmic and Cube Iterated Buck are very close in comparison to each other, with
Logarithmic Iterated Buck just slightly better. Scatterplots of the Arthimetic and
Multiplicative Smoothing (1) procedures basically have the same statistics and are both
better than Iterated Buck except for the slope statistics. Arithmetic and Multiplicative
Smoothing (2) have the worst slope and intercept but the best fit based on the R-squared

value.
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(d) Figures 19-25

Histograms of scaled residuals, that is, (x]. - Qj )/xj , are presented in Figures 19 thru
25. The imputation procedure used to get the estimated impute is listed at the top left
of each histogram. Iterated Buck and Log Iterated Buck most often overestimate true
values and all four of the smoothing techniques most often underestimate true values.

However Cube Iterated Buck underestimates more often than any of the other

s S ada Wi N “ v Al

determined by counting the number of negative scaled residuals in
each of Figures 19 thru 25 and compare them to the number of positive scaled residuals.

The smoothing techniques tend to spike around zero.

(e) Brief Summary of Observations:

~

Based on the statistics generated as part of this analysis, the four procedures that appear
best gre: Logarithmic Iterated Buck, Cube Iterated Buck, Arithmetic Smoothinz (1) and
Multiplicative Smoothing (1). The residual sum of squares presented in Table 1, Row 2 is
a traditionally used comparison criterion, and based on this statistic Logarithmiec Iterated
Buck is the best procedure. When examining histograms of data completed using each of
the imputation procedures to the true data, Cube Iterated Buck, Arithmetic and
Multiplicative Smoothing (1) appear almost as good as Logarithmic Iterated Buck. Other
statistics provided in Tables 1 thru 4 indicate that each of the four methods are favored
by different criteria. The issue is to choose comparison criterion that address specific
needs of the data problem at hand. Survey-specific needs should be brought to bear in
accessing the merit of each of the procedures discussed. The diverse statistics presented

in this report may aid in this analysis.
. VI. CONCLUDING REMARKS

Of the imputation procedures examined in this report, Logarithmic Iterated Buck and
Cube Iterated Buck outperformed straight Iterated Buck. Of the smoothing techniques,
Arithmetic Smoothing (1) and Multiplicative Smoothing (1) outperformed Arithmetic
Smoothing (2) and Multiplicative Smoothing (2), respectively. All Iterated Buck
procedures must consider a sample of cases with missing values to derive parameters for
imputing for nonresponse. Both smoothing techniques need only consider one record at a

time and bounding values when deriving an imputation for nonresponse. A variety of
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summary statistics are presented to assist SIPP specialists in the determination of the

most appropriate method for SIPP needs.

In this report-we did not add variability to the imputes in the form of a residual. To the
extent that thisis a comparative study, we felt adding residuals could be omitted at this
stage. tOf»cours‘é, in implementing any one of these procedures, one may add some
variablity factors. Variability can be computed from the entire data set and added into
each impute or computed on a record by record basis where the variability added to the
imputes for each record is based on the record under consideration. An alternate form to
adding variability on a record by record basis is to split the data file into two or more

groups of records. One group might contain cases that report consistently over time and

the other group might contain erratic data reporters. The variability added to each

record will be determined by the group in which the record lies.
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FIGURE 2

HISTOGRAM OF RESIDUALS
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FIGURE 3

HISTOGRAM OF RESIDUALS
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FIGURE 4

HISTOGRAM OF REPORTED AMOUNTS
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ITERATEL BUCK
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FIGURE 5
HISTOGRAM OF DATA COMPLETED BY IMPUTATION

ONE SYMBOL EQUALS APPROXIMATELY 12.00 OCCURRENCES
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LOG ITERATED BUCK

COUNT

422
5%%
516
“99
&73
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264

| el

—udd P SRR COCNONOS

VALID CASES

"W -
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1450.00
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1750.00
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2550.00
2650.00
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FIGURE 6

HISTOGRAM OF DATA COMPLETED BY IMPUTATION

ONE SYHBOL EQUALS APPROXIHATELY 12.00 OCCURRENCES
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FILE:

FIGURE 7

HISTOGRAM OF DATA COMPLETED BY

cuse ITERATED BUCK
HIODPOINT

COUNT

397
558
546
537
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424
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246
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168
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13
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ONE SYIBOL EQUALS APPROXIMATELY 12.00 OCCURRENCES
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FILE:

FIGURE 8

HISTOGRAM OF DATA COMPLETED BY IMPUTATION

ARITHMETIC SMOOTHING (1)

COuNT
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2650.00
2750.00
2850.00
2950.00
3050.00
3150.00
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4750.00
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5999

ONE SYMBOL EQUALS APPROXIMATELY 12.00 OCCURRENCES
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FILE:

FIGURE 9

HISTOGRAM OF DATA COMPLETED BY IMPUTATI1ON

MULTIPLICATIVE SMOOTHING (1)

COUNT

504
502
495
534
495
410
436
2%7
351
251
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350.00
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2050.00
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2550.00
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3050.00
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ONE SYMBOL EQUALS APPROXIMATELY 12.00 OCCURRENCES
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FILE:

FIGURE 10

HISTOGRAM OF DATA COMPLETED BY IMPUTATION

ARITHMETIC SMOOTHING (2)

COUNT

514
544
507
521
523
375
456
270
374
269
237
164

-

-l
PUVNHWNMWOYHOWNNONG W

VALID CASES

HIDPOINT

50.00
150.00
250.00
350.00
450.00
550.00
650.00
750.00
850.00
950.00

105C.00
1150.00
1250.00
1350.00
1450.00
1550.00
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2650.00
2750.00
2850.00
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4650.00
4750.00
4850.00
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0

ONE SYMBOL EQUALS APPROXIMATELY 12.00 OCCURRENCES
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FIGURE 11
HISTOGRAM OF DATA COMPLETED BY IMPUTATION

FILE:
MULTIPLICATIVE SMOOTHING (2)
COUNT  HIDPOINT  ONE SYMBOL EQUALS APPROXIMATELY 12.00 OCCURRENCES

562 0. (00 900800 2000 D000 000 00 06 00 0 00 00 00 D000 06 06 00 0000 D0 0 00 0 00 0 00 008 000 00 000 00 0 00 4 90 00 00
510 TS0 . O0 060000 06 0000 00 00 50 00 08 10 00 00 20 00 00 06 20 00 0 00 00 00 00 00 00 00 20 00 0% 00 04 08 00 00 06 00 08 06 00 0 00

501 200,00 00305 05000580006 0030 06 00 00 00 0 00 0000 05 00 00 B0 08 00 00 00 00 08 0F 0 00 00 00 00 08 00 08 00 0 00 00

514 BS0 . 00 06000 00 0.0 00 06 5030 0000 00 00 08 00 00 30 08 08 00 04 00 00 00 00 06 00 50 0006 06 00 36 08 30 00 N 00 00 00 00 00

528 G0 . 00 065000 0000000 06 000 0000 000000 00 0F 0800 08 A8 06 00 00 08 6 6 36 08 04 0t 00 060000 0 30 40 00 0 08 8 08 06

383 G50, OO0 400000 50000000 00 0000 00 0008 00 30 00 00 00 00 06 00 00 00 30 08 00 00 08 04 90 04 0%

“57 G50, 00 000000 7000000003008 300000000 08 00 0006 08 30 00 00 90 00 00 00 00 00 00 00 00 600 00 04 08

269 TS0 . OO0 909000 0000 0000 5008 08 00 50 00 0890 00 30 00 90 00 00 08 * = IMPUTED AMOUNTS
371 GBSO 00 06005t 00000030 0808 3800 0038 00 0358 0030 00 08 00 08 08 08 08 96 08 908 0%

270 QGO . 00 00900000 06 0800 54 30 00 24 00 00 98 08 36 08 06 0% 90 3 000
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20 2950.00 wn
l8 3050.00 =nn
* 19 3150.00 ##
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3350.00
3450.00
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DOWN:  ANT
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"FIGURE 12

REPORTED AMOUNTS BY IMPUTED AMOUNTS
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FIGURE 13
REPORTED AMOUNTS BY IMPUTED AMOUNTS
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FIGURE 16
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FIGURE 17

REPORTED AMOUNTS BY IMPUTED AMOUNTS

aCROSS: ARITHMETIC SMOOTHING (2)

‘unununan’ IS PRINTED IF A COEFFICIENT CANNOT BE COMPUTED.

DOWN: ANT
250.000 750.000 1250.000 1750.000 2250.000 £750.000 3250.000 3750.000 4250, 000 Q750 000
,Q----'----Q-.--g----q----‘---~0--—-Q----Q----Q----Q.---Q----Q----Q----0----0----Q----q----o- ------- ¢,
5000.000 ¢ 1 I #e 5000.000
; i I s 1
b 4
§ 1 1 L 2 (] ¢
1 1 1 L 1 '
4500.000 ¢  § 1 2w # ¢ 4500.000
1 I " w2 I
1 1 ! s %
1 ) 4 b ¢ -
: i : : L] . 4%000.000
4000.000 * X I " 4 .
o b I X 2 2 1
I 1 1 LI 1 L) 1
1 I I « @ " 1
I b Is S " b ¢
35008.000 * I [ 1 Sun L] ¢ 3500.000
1 1 L] 13 L  {
1 cecficacesflecfancncloranranccscceficerennnenemn=]
1 4 " s 2nn B ] 2 ¢
I 1 neag Jouoe " 1
3000.000 * 1 “ uwg n »f L) + 3000.000
1 I §592 & 4l L] I
1 1 O n772 wu @ 1 [} [ 2] 1
1 1 ] "9 # 1 = [ ] 1
1 1 nan 2w " »n [} L] ¢
2500.000 . 1 9 3 In [ ] ¢ 2500.000
1 "] 8402 Hn B B | I
b e b ¢ %593 2u 2unn . 1 - 1
1 " 2un 773 an " ] X " I
1 I H2NNZNGN & & # 1 ] I
2000.000 * I w299 32w "'3! ) 4 + 2000.000
1 " M 4R 26992 " 1 1
1 L1 44n994732 b § 1
. 1 3--2-#3429982u2 34 -6 cceccmermermnretcnnnnaaan-]
X L 2unn2 4999u424916 " 1 X
1500.000 . " % 56427997923925258 1 ¢+ 1500.000
_ I wen  %27899949N22%2 2228 B 1 !
1 " # #459799999308 2 1 I
1 " wun3IS5L8799995n6 # W u 1 I
: b ¢ " "un3999999997¢ # ) § 1 b ¢
1000.000 * 246989999999932 #» 1 1 ¢ 1000.000
b § %25699999995999992 2 1 ) 4 1
I 3667999999399999994% [ ] ) 4 1 1
19999999329999999442 b4 1 1
19925326399999954142 1 ) § I
500.000 o #37999999934 » 1 1 ¢+ $00.000
I. 999999933 2 I 1 I
1i%9999993 2 b 1 , 1
199999982 1 I 1
19999¢n 1 1 1
0.0 *9934 I I ¢ e.0
S T o oo I P S e Y TR T PP L e (R TR D il tatale t--=-9.
0.0 500.000 1000.000 1500.000 2000.000 2500 000 3000 000 3500 000 4000.000 «500 000 5000.000
STAYISYICS.. *
CORRELATION (R)- . 96440 R SQUARED - . 93046 GH A -
SID ERR OF EST - 1864.66221 INTERCEPT (A) - 155.0509% 2&&'?%."“ - . ::32032
PLOTTED VALUES - 5955 EXCLUDED VALUES- 45 HISSING VALUES - []



' FIGURE 18 e

REPORTED AMOUNTS BY IMPUTED AMOUNTS
DOWNS  ANMT ’ across: MULTIPLICATIVE SMOOTHING (2)
250.000 750.000 1250.000 1750.000 2250.000 2750.000 3250.000 3750.000 4250.000 4750.000

. Q---.q-.--'--...-..-Q-.--g.-o-g.-.-.-.--9.---'--.-'.---g-.--.----q----.--.-.----.----'----q----.----¢ N

$000.000 ¢ 1 1 #¢ 5000.000
1 1 1 : %
¢ 1 1
1 1 1 t H u
b § 1 1 - L) I '
4500.000 ¢ 1 | 2 % ¢ 4500.000
1 ¢ 1 LI T4 I
b § b ¢ 1 1
1 b ¢ b4 8 L] 1
: T i . " . 4000.000
4000.000 o I I 6 nw . .
1 I = 1 2 2 ¢
1 I 1 " e . 1
b § 1 1 P " 1
1 1 Is § “.. 1
3500.000 o I = ) O 1 1 » ¢+ 3500,000
I 1 L] 13 » ¢
1 efjecvnciicoficssvelirsrsrennenccaldeliceecnvnesncens]
1 h 4 " " 260 u ] 2 1
1 I % u n9 Juaan [ 1
3000.000 o b ¢ “ w9 a uf L] ¢ 3000.000
I  § $92 #  #»] L] I
b ¢ X ® # #8772 uu w 1 " [ 1] ) §
b ¢ b 4 [] %9 n an I = “ 1
I ) 4 uee 28 " = [} [ } ¢
2500.000 I 3 In L L + 2500.000
1 ™ Y TETRE R ) S b §
1 I %593 2n 2uan LI § L] 1
1 " 2un 773 un [ ] 1 1] 1
b 4 Y W2un2u50 % # # 1 [ ] ) ¢
2000.000 o I %6299 3I2s u--}n ) § + 2000.000
1 " uE 4N 269928 . ¢ I
1 ug G44n994732 I I
. 1 3--2-030299020234mwncnacecd - 1
1 L] 2uun2 49998424936 ] 1 I
1500.000 ¢ ® # # 56427997923925258 1 ¢ 1500.000
I wne 8270999498222 2224 # I I
b ¢ " # NN5979999939n 2 # I 1
I # HEN3I54879999504 B W\ 1 1
1 [ ] *un39999999974 # b ¢ 1 I
1000.000 L4 26469569999999932 #n 1 1 ¢+ 1000.000
1 #25699999995999992 2 b ¢ I I
I 3667999999399999994# 1 | 1
19999999329999999442 1 1 1
1992532439999995u842 1 1 1
500.000 ¢+ %1799999993» = b ¢ 1 ¢+ §500.000
I . 999999933 2 I I 1
1'%9999993 2 1 1 PR |
199999982 I 1 1
1999944 I 1 1
0.0 *993n 1 I [ 0.0
BT T L Lt T T T Ry il el At St TEEEY TRy TR T —pemnae,

0.0 500.000 1000.000 1500.000 2000.000 2500.000 3000.000 3500.000 4&00O. 000 4500. 000 §000.000

STATISTICS.. ' ¢
COPRELATION (R)- . 96460 R SQUARED - .93046 SIGNIFICANCE - .00000
S10 ERR OF EST - 184.66222 INTERCEPT (A) - 155.05096 SLOPE (B) - ¢ .89032
PLOYTED VALUES = 5955 EXCLUDED VALUES- «5 MISSING VALUES - °

‘ununnupn’ 15 PRINTED IF A COEFFICIENT CANNOT BE COMPUTED.



ITERATED BUCK

Count
i0
1%
12
10
21

12

10 -

19
18
12
14
14
i |
14
29

--
-’

b §
T2
28
=b
A%
4T
4&
4%
bé&
=3
&1
&2
B84
81
102
b
170
182
194
174
141
112
103

[
-t

59
48
<6
19

-
- o

-y
-

17

=
-

11
6
10D

-t

Midpoint
-5.73
-1.67S
-1.625
-1.575
-1.3525
-1.425
-1.37S
-1.275
-1.225
-1.175%
-1.125

-1. C)75

-1.028,

e 975

~ =928

-.B7S5
- -
[ ] - -l

-/7%

- &75
- ~e

- -’
e 575

 —fienl
o

-.47%
-. 425
- 275
-.325
-. 275
-. 225
-.175
-.12%
-.07S
-, 029

. 025

.07%

.12%

<178

Lol Y —o
. ot

.275

hd =
. {'2—’

« 73
425
<875

® "
.d:d

« 573
« 625
« 675
« 725
« 775
« B82S
- 875
925

«97S

S\ \ = AMOUNT-IMPUTE

FIGUrT 1%

HISTOGRAM OF SCALED DIFFERENCES

AR
D
‘1
"\
LR RN R
N

mAS RN AMOUNT 3
Vi »
L

Vi

VA

IR RN

i ;
IR R RN -
i -

T

Vv

v

IARN R RN

Vil

Vit

TRl

Lty

tiiitrirnsniniigy

tititiiaingg

AN ER RN R R R R RN

tiitaiinnninnewy

iy

tiiriiirinininnngg
SRR N N N AR R AR R RN
SRR N R AR R R AR RRR

NN N N NN RN R NN R AR R RN R AR AR RN
SR N R R NN N RN AR R A R R AR R A RR R AR
R N N NN S RN AR RRRRRRARY
R N N N N N N R N N N N S R R RN R R TR R R A
SRR N N N N N RN R RN R R R AR R R
CE R N N N R N R AR A RN AR R AR

AN N N N R R R R R RN

AR N N N N AR AR RN RN

trtriiinviigg

trritririivagy

AR RRRRRRRR A

Vil

vy

AR R R RN

LARRNN!

LR B

(RRA T
R %

\\

W\

\\

\

I.I.O‘..‘.I....‘I...I....*....I....’...‘l-ll.*.‘..l
o 40 80 120 160 200
Histogram Fregquency



10G ITERATED BUCK

- .
RO CUDLEUSDIINNLUW

34

125
166
154
=241
272
25
227
207
141
118
102
6Z
€7
64
44
S

[
-’

-
L3

16

19

20

1t

-1.725
-1.4&75
-1.62%
-1.825%
-1.475
-1.425
-1.375
-1.325
-1.273
-1.22%
-1.175%
-1.125

-1.07%

=-1.025.

-.97Z
e 9:‘:
-.875

- e
o Lralud

-.775
%725
-. €75
e ﬁ:::

-
"GS/-J

-e
e -t

e 475
-.425

e 375
-.325
- 275
-.22%

-.175
e 1:5
-. 075
-. 28

. 073
L1275
3175

-~
. o)

275

i
* wae ot
L3275
.42%
L4875

& e
o wdom =t

«S7S
« 625
« 675
e 725
e 775
.B2%
.875
« 925
£ 9735

FIGURE 20
HISTOGRAM OF SCALED DIFFERENCES

\ - AMOUNT-IMPUTE

i

-

\

- T o e

\ A

A

VA

A\

1 <
VA

Ay

Vi

VA

VA i
titvay
vy
tiiivinnvny

Tty
(R RN RN

R S R S R R RR RN

CEE NN R AR R AR AR
SRS RN NN N N R AR R RN AR
\\3\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
TR RN RN R N N N S R R R S R R R R
RN N S A S AR R AR R
CEUUNU R R R AR R R R R
AR RN SRR R R R
vy

RE R R R R RN RN

Vil

VvV

T

AR NN

IR RRRN

Ay

Ty

\\

\

\\

\\

\

\

\\

AMOUNT

1...-"'..--1-.-.‘*-...1....*--.-l..--"’-.--I.--.*-...I

O 80 160 240
Histogram Frequency

-
el

410



UBE ITERATED BUCK
.Count Midpoint

0 -1.7750

S -1.7250

© -1.67350

é -1,6250

1 -1.5750

0O -1.52%0

S -1.47350

g -1.4250

2 -1.3750,

7 -1.32%0

7 -1.2730

S -1,2250

é -1.1750

S . =1.1250

S -1.0750
1z -1.0250
S -. 9720
11 -. 2250
15 | -.8750
20 -.B250
12 —-.77S0
11 -, 7250
22 -T6750
21 -, £250
32 -. 8750
35 -.5250
48 -.48750
51 -. 4250
4 -.Z750
7 -. 22580
21 - 2750
116 -, 2250
174 -. 1750
1£8 -. 1250
187 -. 0720
274 - 0220
249 L O2%0
250 . 0780
219 L1250
ies « 1750
12¢ . 2250
121 . =750
Z . I2S0
&0 . T750
60 L4250
b6, LA750
48 LS250
24 .5750
beds « 6250
12 <6750
16 « 7250
<5 e 7750
=0 .82%0
4 .B750
14 . 9250
B . 9750

lid Casez TiET

FIGURE 21
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HISTOGRAYM OF SCALED DIFFERENCES
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FIGURE 25

HISTOGRAM OF SCALED DIFFERENCES
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Multiplicative

Arithinetlic

Multiplicative

A Logarithmie Cube Arithmetic
cj =X % Iterated Iterated Iterated Smoothing Smoothing Smoothing 8moothing
Buck Buck Buck ($Y) (1) (2): (2)
4 e - -198,198.8 182,713.8 244,585.5 150,246.2 191,657.9 1717,842.6 198,243.3
|
z c‘2 881,607,100 791,591,000 835,303,408 836,990,100 823,631,700 880,733,300 874,453,700
{
L e
l-ﬁ-- -62.268 $7.403 76.835 47.203 60.213 $5.873 62.282
b 4 (c‘-c)
l/--ﬁ ----- l 2173,008.5 245,398.1 156,550.8 260,729.8 255,135 273,571.6 270,848.4
/
NG
Wi o
N .
3183 cases .
TABLE 1

- 1 = only imputed values



Wy

X -?‘ Logarithmic Cube Arithmetic Multiplicative Arithmetic Multiplicative
c,= ————- Rterated Jterated Iterated Smoothing Smootinng Smoothing Smoothing
Xy Buck Buck Buck (1) (1 2 b))
e v -5792.08 ~-1001.723 -1120.027 -734.0713 -661.089 -£99.351 -661.261
|
.‘i‘ ¢y 2 3,594,429 952,807.2 $8973.7 1,024,158 1,007,087 1,032,134 1,013,160
s ey
!ﬁ- - -1.820 =315 -.352 -231 -.208 -.210 -.308
z (e -8)
l---ﬁ---- 148,434 16.454 18.404 16.804 16.827 17.016 16.985
3163 cases .
{ = only imputed values TABLE 3

"



A Logarithmic Cube Arithmetic Multiplicative Arithmetic Multiplicative
cy=r -1 Iterated Iterated Iterated Smoothing Smoothing Smoothing Smoothing
Buck Buck Buek (1Y) 1) (2) (1]

z e ~2,252.849 -1040.282 -957.758 -1482.371 ~1514.899 -1512.831 -1522.117

l .

o i 3 4,071,898 122,187.8 119,478.895 1202,261.8 221,854.2 213,856.489 216,824.703

i

e i

-‘--ﬁ- =799 -.369 =340 ~5268 -.5317 -.538 -.540

z (el-fi)2 Y

l---ﬂ---- 1,443.303 43.188 42.253 71.448 78.383 75.547 80.144

I.’
]
| = only imputed values TABLR 3



L -? ! Logarithmic Cube Arithmetic Muitiplicative Arithmetic Multiplicative
6= ~=5°° Herated lterated Iterated Smoothing Smootiung Simoothing Smoothing
i Buck Buek Buek ) (1) (2) 2

e i -2960.78 -1756.1681 ~1679.103 ~2258.004 -3,305.211 -2295.991 -2320.885

i

I e i 1 4,074,304 123,128.9 121,931.687 215,218.4 232,074.2 221,100,922 237,474.719

i

Ze i

1~ﬁ- -1.050 -623 -.505 -.801 -.817 -.814 -.823
Z (o -e)
i N~ el 1443.693 43.275 42.884 75.8711 81.628 79.868 83.533

N TABLE ¢

i = only imputed values



