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ABSTRACT 

When redesigning a survey with a multi-stage design, it is sometimes 

desired to maximize the number of first stage units retained in the new sample 

without altering unconditional selection probabilities. Using transportation 

theory, an optimal solution to this problem for a very general class of 

designs was recently presented by Causey, Cox and Ernst. However, that 

procedure- has not yet been used in the redesign of any survey because it 

requires the knowledge of certain joint probabilities which are often not 

known in practice. In this paper an alternative linear programming procedure 

is presented which requires only probability information that should always 

be available, and which, under certain conditions, is optimum among all 

procedures requiring only this information. This procedure has recently 

been used in the redesign of two major surveys conducted by the U.S. Bureau 

of the Census, the Current Population Survey, and the National Crime Survey. 
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1. INTRODUCTION 

In national household surveys employing personal interviewing the sample 

selection process is typically a multi-stage process in which the first-stage 

sample units are contiguous geographic areas. These geographic areas are 

known as primary sampling units (PSU's) and commonly are of a size appro- 

priate to be covered by a single interviewer. The selected PSU's are sub- 

sampled for one or more further stages until, at the final stage, the sample 

units are the desired analytic units, such as households or persons. 

The sample PSU's are generally selected as follows. The set of all 

PSU's are partitioned into subsets known as strata. The partitioning places 

together PSU's with similar characteristics in order to increase the pre- 

cision of the estimates. From each stratum a fixed number of sample PSU's 

are chosen. In most surveys the same number of PSU's are chosen from each 

stratum, with one or two often being that number. In order to further 

increase the precision of the estimates, these units are usually not chosen 

with equal probability but instead proportional to some measure of size 

associated with each PSU, such as the population of the PSU in the most 

recent census. Furthermore, in the case of m per stratum without replace- 

ment designs with m>2, not only is the individual probability of selec- 1 

tion for each PSU in a stratum predetermined by the sampling procedure 

employed, but also the joint selection probability for any set of m PSU's in 

the stratum. The reader is referred to [3] and [9] for further information 

on multi-stage sampling and sampling proportional to size, and to Cl1 and 

[lo] for examples of m PSU's per stratum without replacement selection 

procedures. 

If the survey is periodic, at some point more current data may become 

available, such as data from a new census, which could be used to obtain an 
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improved partitioning of the PSU's into strata and better selection prob- - 

abilities. A redesign would than take place in which a new set of sample 

PSU's is chosen using the new stratification and selection probabilities. 

For example, such a redesign has been conducted at approximately ten year 

intervals for the household surveys conducted by the U.S, Bureau of the Census, 

using data obtained from the most recent U.S. Census of Population and Housing. 

The new set of sample PSU's may of course be selected independently of 

th? initial sample PSU's. However, additional coqts, such as the expense of 

training a new interviewer, are generally incurred with each change of sample 

PSU. Consequently, it may be considered desirable to maximize the expected 

number of sample PSU's retained in the new design, while strictly maintaining 

the requirements of probabililty sampling. That is,, such a procedure would 

not alter the unconditional selection probabilities for any set of PSU's in 

a new stratum, but would condition each such probability on the set of 

initial sample PSU's in such a manner that the conditional probability of 

a new PSU being selected would in general be greater than its unconditional 

probability when the PSU was in the fnitial sample and less otherwise. 

Keyfitz [63 presented an optimum procedure for one PSU per stratum designs 

in the special case when the initial and new strata are identical, with only 

the selection probabilities changing. For the more general one PSU per 

stratum problem for which the strata definitions can change in the redesign, 

Perkins [83, and Kish and Scott [7J presented procedures that are not optimum. 

Fellegi [4] considered a particular two PSU's per stratum design, but his 

procedure is also not optimum. None of these authors used the techniques of 

mathematical programming. 

Causey, Cox and Ernst [2] obtained an optimal solution to the overlap 

problem by formulating it as a transportation problem. Their procedure is 
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very general with no restrictions on changes in strata definitions or number . 

of PSU's per stratum. (Raj c9] had previously employed the transportation 

problem approach, but only with the restrictive assumptions considered by 

Keyfitz.) However, the procedure of [Z] requires that the joint selection 

probabilities is the initial sample be known for any set of PSU's that are 

in the same stratum in the new design. If the initial sample was not chosen 

independently from stratum to stratum, this information may not be available. 

This is explained further in the next section. Such a situation existed for 

the recently completed redesign of the household surveys cono"cted by the 

U.S. Bureau of the Census, and consequently, the procedure of [2] could not 

be used in the selection of new sample PSU's for these surveys. 

In this paper an alternative overlap procedure is presented which only 

requires knowledge of the joint selection probabilities in the initial sample 

for sets of PSU's that are in the same initial and new strata, and which, in 

certain circumstances, is optimum among all procedures which require only 

this amount of information. This alternative procedure formulates the 

overlap problem as a linear programming problem, but not a transportation 

problem. Not only was this procedure usable for the recently completed 

redesign of the U.S. Bureau of the Census's household surveys, but it was 

1 
indeed used for selecting PSU's for the only two surveys that employed an 

overlap procedure, the Current Population Survey (CPS) and the National 

Crime Survey (NCS), _ 

In Section 2 the need for an alternative to the procedure of [2] is 

explained further. The new procedure is presented in Section 3 and illus- 

trated by a simple example in Section 4. Finally, in Section 5 we discuss 

the application of this procedure to the redesign of the CPS and the NCS, 
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which includes a description of how the objective function can be modified . 

in situations in which not only the strata definitions and selection prob- 

abilities change in the new design, hut also the PSU definitions. 
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2. NEED FOR AN ALTERNATIVE OVERLAP PROCEDURE 

It will be assumed throughout this paper that the initial design is 

ma1 PSU's per stratum without replacement and that the new design is 

m'al PSU's per stratum without replacement. The overlap procedure of 

[2] and the overlap procedure to be presented in Section 3 can both readily 

be modified to apply to other designs. For example, if the new design is 

mc PSJJ's with replacement then the selection of sample PSU's in each new 

stratum can be treated as rn* identical one PSU per stratum problems. 

The optimal overlap procedure of [2] requires that the joint selection 

probabilities in the initial sample be known for any set of PSU's in the same 

stratum in the new design. If the initial sample was chosen independently 

from stratum to stratum, then these joint probabilities are easy to compute. 

Simply partition the set of PSU's in question into subsets determined by 

the initial stratum in which each PSU was placed. The joint selection 

probability in the initial sample for each such subset should always be 

known, since the probability for subsets consisting of exactly m PSU's is 

predetermined, from which probabilities for subsets of fewer PSU's can be 

obtained. The joint probability for the entire set would then be the product 

1 of the joint probabilities for each subset. 

Unfortunately, there are several sampling techniques which when used in 

the PSU selection process in general destroy this independence. One such 

technique is controlled section, which is describ.ed in [53 and [21. More 

interesting, perhaps, is the fact that all overlap procedures destroy this 

independence in the following manner. Suppose that the initial set of sample 

PSU's was chosen independently from stratum to stratum and that a new set of 

sample PSU's is chosen using an overlap procedure. The new set of sample 

PSU's, as will be illustrated below, would not have been chosen independently 
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from stratum to stratum. Consequently, if a subsequent redesign were to take 

place, what were the new sample PSU's would then become the initial sample 

PSU's which would not have been selected with the desired independence. 

To illustrate the fact that the new sample PSU's would not be selected 

independently from stratum to stratum when they are chosen with an overlap 

procedure, consider the following situation. Two PSU's, which we denote by 

PSU 1 and PSU 2, were in the same initial stratum but are in different new 

strata. Furthermore, the initial design was one PSU per stratum and PSU 1 

was in the initial sample. Then, in general, in that situation PSU 1 would 

have a conditional selection probability in the new sample greater than its 

unconditional selection probability, while the opposite would be true for 

PSU 2 since it could not have been in the intial sample. Thus,. these two 

PSU's would not be selected independently in the new sample. 

In the case of the household surveys conducted by the U.S. Bureau of 

the Census, both controlled selection and overlap procedures had been used 

in the last two redesigns prior to the current one, and hence the independence 

assumption did not hold for the current redesign. Although theoretically 

the joint probabilities required to use the procedure of [2] could still 

have been computed, it would be a laborious task in general, and an impossible A 

task for these surveys, since some of the data needed to perform the computa- 

tions were no longer available. Consequently, it was necessary to use an 

alternative overlap procedure, which will be described in the next section. 
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3. THE PROCEDURE 

Note first that for any overlap procedure, each stratum S in the new 

design represents a separate problem. Let TI, . . . . Tr denote the initial 

strata that contains PSU's in S. For each i, unconditional selection prob- 

abilities in the initial sample are known for every subset of Ti. The 

problem noted in the last section can only arise when sucti probabilities are 

also needed for sets of PSU's that were in more than one intital stratum. 

It IS this observation that motivates the procedure to be described. The 

general idea is to select one of the Ti and then condition the selection of 

the set of new sample PSU's in S on the set of initial sample PSU's that are 

in Tins. Furthermore, in general, one specific Ti is not chosen with 

certainty, but instead probabilities yi, . . . . yr are assigned to T1, . . . . T'r 

respectively. The chosen Ti is designated by T. The yi's are variables in 

the optimization process. Thus, the selection of a set of new sample PSU's 

in S is a three stage process. First T is chosen, then the set of intitial 

sample PSU's that are in T0S is noted, and finally the set of new sample 

PSU's in S is chosen conditioned on the outcome of the first two steps of 

the process. 

To proceed further some more notation is required. For i=l, . . . . r let 

Iijs j=L . . . . ui, denote the possible outcomes for the set of PSU'S in Tins 

that were initial sample PSU's; designate by Ii the actual outcome; and denote 

by pij the probabililty that Ii = Iij. Similarly let Nl, . . . . Nn denote all 

possible outcomes for the set of new sample PSU's in S, designate by N the 

actual outcome, and denote by "k the probability that N = Nk. Note that each 

Iij contains no more than m elements, that each Nk contains exactly m' elements, 

and that the pij 's and Irk's are known values. 
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Returning to the three stage event described above, let xijk' i=l, . ..) r, 

j=l, . . . . Ui, k=l, . . . . n, denote the joint probability that the initial stratum 

Ti is chosen, that Ifj is the set of initial sample PSU's in TfnS and that 

Nk is the set of new sample PSU's in S. That is, with the notation just 

described, 

Xi jk = P (T=Tf ' If =Ifj, N=Nk) c 

The Xijk'S will be the only other variables besides the yf's in the linear 

programming problem to be described. After an optimal set of values is ob- 

tained by solving the linear programming problem, the desired probabilities, 

which are the probabilities of selection of each of the Nk’S conditioned on 

the entire set of initial sample PSU's in S, can be expressed in terms of the 

optimal Xijk's and the known pfj'S as follows- Because T is selected inde- 

pendently of the initial sample we have that for each i, j, k, 

P(N'NkIT=Tf' IfsIfj) f 
P(T~Ti,. IjfIi~.,- N=NI<) xijk 

=- 

P(T"Tf' If’zfj) yfpfj' 

from which it follows that if 1~ ji <uf for i-l, . . . . r, then 

P(N=NklIl’Iljl, l ee, Ir=Irjr) 

= iy* P(N=NklTsTf' If=Ifj,) = 
r xfjik 

id 
C (3.1) 
izl Pfj, 

All that now remains is to state the linear programming problem that 

yields the optimal xfjk'S. The constraints will be presented first and then 

the objective function.- Since new unconditional selection probabilities must 

be preserved, the probabilities of all the three stage events with Nk as the 

set of new sample PSU's in S sum to Wk, that is 

r ui 

it1 j=l 
C Xijk = mk, k=l, . . . . n. (3.2) 
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Similarly, since P(T=Tf, Ii’Iij) = pij yi, we also have 

n 
c Xijk = pij Yis i=l, . . . . r, j=l, . . . . lJi* 

k=l 
(3.3) 

The final constraint is 

r 
CYi =L 
i=I 

(3.4) 

which arises from the fact that exactly one initial stratum is chosen. 

As for the objective function, if for each i, j, k, a constant cijk 

could be 

PSU's in 

then 

determined which would be the conditional expected number of sample 

Nk that were in the initial sample given that T = Tf and If = Iij, 

L 
Ui n 

i=l jc-1 k=l 
E cijk xijk (3 05) 

would be the unconditional expected number of PSU's in S that are in both 

the initial and new samples, which is what we seek to maximize. 

Hence the linear programming problem is to maximize (3.5) subject to 

(3.2), (3.3) and (3.4), and the only remaining task is to specify the cijk’s 

used in (3.5). To do this, we first for k=l, . ..) ll, let Nkh, h=l, . . . . mL, 

denote the PSU's in Nk; let p'kh denote the unconditional probability 
1 

that Nkh was in the initial Sample; and let pO'fjkh' i=l, . . . . r, j=l, . . . . Ui 9 

denote the conditional probability that Nkh was in the initial sample 

given that T=Tf and IiTIfjm 

Then clearly 
m' 

cijk ? c P'*fjkh- 
h=l 

Furthermore, the following known values are to be used for pcOfjkh: 

pecijkh = 1 if Nkh E Iij, 
0 if Nkh c TfwIij' 
p#kh otherwise. 

(3.6) 
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The values given for p'#ijkh in the first two cases above are obviously the . 

correct ones. As for the third case, if the initial sample had been selected 

independently from stratum to stratum we would indeed have p**ijkh = p*kh, 

that is the conditional probability of selection would simply be the uncon- 

ditional probability. Although we are specifically not making this inde- 

pendence aSsuInption, and hence p@*fjkh = pckh is not necessarily true, it is 

used anyway in this case. This is because if Nkh @ Tf then we lack a better 

estimate of p*'fjkh, since knowing that If f Ifj does not in general pro- 

vide any information concerning whether Nkh was in the initial sample. In 

addition, it is believed that the use of pOkh instead of the unknown true value 

of pNcijkh would not alter the expected overlap greatly. Furthermore, because 

(3.2) holds irrespective of the values used for the pMdfjkh's, this procedure 

always preserves the new unconditional probabilities of selection, that is 

the p'#ijkh's affect only the objective function not the constraints. This 

contrasts with the method of [2], where joint probabilities that are not nec- 

essarily known are needed in the constraints, and if incorrect probabilities 

are used then the requirement that the new unconditional selection probabilities 

be preserved would not be met. 

Thus, in summary, the overlap procedure presented in this section always 

preserves the new unconditional probabilities of selection without any knowledge 

of joint selection probabilities in the initial sample for any set of PSU's 

not contained in a single initial stratum, and is optimum among all such over- 

lap procedures provided the initial sample had been selected independently 

from stratum to stratum. 
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4. AN EXAMPLE 

In this example, which illustrates the method presented in the previous 

section, both the initial and new designs are one PSU per stratum. S con- 

sists of five PSU's, designated S1, . . . . S5, with new selection probabilities 

.40, .15, .05, .30, .lO. Then n=5, Nk={Sk), k=l, . . . . 5, and the given 

probabilities are the values of ~1, . . ..a5 respectively. 

We are further given that the initial selection probabilities for the 

five PSU's were .50, .06, .04, .60, .lO, and that S1, S2, S3 ere in one 

initial stratum and S4, S5 in a second initial stratum. Consequently r=2, 

SnT1 = {Sl, S2, S31, SnT7 = {S4, S53, u1 = 4, ~2 = 3, and the Iij’S are: 

Ill = {Sl>, I12 = {Sp1, I13 = {s31. I14 = g, I21 = tS4}r 

I22 = {S51~ I23 = 8. Furthermore, from the given initial selection prob- 

abilities we have ~11 = .5, ~12 = .06, pl3 = .04, p21 = .60, p22 = -10, while 

P14 = 1 - ~11 - ~12 -p13 = .4 and ~23 = 1 - ~21 -p22 = .3. In addition, 

since m'=l it follows that Cijk = pc'fjkl for all i, j, k and that 

t'ikl = Sk. Consequently, the cfjk's are as given in Table 1, 

Table 1. cijk's 

1 2 3 4 5 

1 0 0 .6 .l 
0 

tl 
0 .6 

0 - 1 .6 :: 
0 0 .6 .l 

.5 .06 .OS 1 0 

:: .06 .06 .04 .04 0 0 i!i 

‘L 
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Upon maximizing (3.5) subject to (3.2), (3.3) and (3.4) with the pfj's, . 

Hk's, and Cijk 'S as above, an optimal set of xijk's is obtained, which is 

presented in Table 2. 

Table 2. Xfjk'S which maximize (3.5) 

t 
Ll) 
12) 

1 2 3 4 5 

.400 .ooo .ooo .ooo .ooo 

.ooo .048 ,000 .ooo .ooo 

.ooo .ooo .032 ,000 .ooo 

.ooo .042 .018 .180 .080 

.ooo ,000 .ooo .120 .ooo 

.ooo .ooo .ooo .ooo .020 

.ooo .060 .ooo .ooo .ooo 

The corresponding yf's are y1 = .800 and y2 = .200, and the maximum value 

of the objective function is .740. This compares with an overlap prob- 

ability of ,401 if the new sample had been selected independently of the 

initial sample, and an overlap proability of .880 if the initial sample 

had been selected independently from stratum to stratum and the optimal 

method of [2] had been used. 

Finally from (3.1), Table 2 and the pij 's above, an optimal set of con- 

ditional probabilities are obtained, as given in Table 3. 

Table 3. P(N=Nk 1 I1 = Ilj,, I2 = I2j,) 

k 

.800 

.Boo 

.800 

.ooo 

.ooo 
,000 
.ooo 
.ooo 
.ooo 

i .ooo 
~ .ooo 
~ .ooo 

.ooo 

.ooo 

.200 

.800 

.800 
1.000 

.ooo 

.ooo 

.200 

.105 

.105 

.305 

.ooo 
,000 
.ooo 
.ooo 
.ooo 
.ooo 
.800 
.800 
.800 
.045 
.045 
.045 

.200 ,000 

.ooo .200 

.ooo .ooo 

.200 .ooo 

.ooo .200 

.ooo .ooo 

.200 .ooo 

.ooo .200 

.ooo .ooo 

.650 .200 

.450 .400 

.450 .200 
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5. APPLICATIONS 

The procedure described in Section 3 was used twice in the recent rede- 

sign of the household surveys conducted by the U.S. Bureau of the Census. 

It was first used to maximize the number of sample PSU's common to the old 

and new designs of the Current Population Survey (CPS), which is a monthly 

survey that provides estimates of labor force characteristics, including the 

U.S. unemployment rate. The procedure was subsequently used in the redesign 

cf the National Crime Survey (NCS), a survey that produces estimates of 

annual crime victimizations. However, the set of new sample PSU'S for NCS 

was not chosen to maximize the overlap with the old NCS sample PSU's, but 

instead to maximize the overlap with the new CPS sample PSU's, which had 

been selected first. This was done primarily because of the belief that 

greater operational efficiencies could be achieved if the new NCS and new 

CPS samples had as many PSU's in common as possible, since the interviewing 

for both surveys in any such PSU can generally be performed by the same 

interviewer. 

In overlapping the new NCS design with the new CPS design, a modification 

of the procedure presented in Section 3 was necessary, which will be detailed 

1 here because of its potential general applicability. The new CPS and new 

NCS are both one PSU per stratum designs. However, not only are the set of 

strata different for the two surveys, but some of the NCS PSU's are not 

identical to any CPS PSU, that is the set of NCS PSU's and the set of CPS 

PSU's constitute two somewhat different geographical partitionings of the 

United States. Consequently, the objective of maximizing the set of sample 

PSU's in common to the two designs no longer has a precise meaning. The 

description of the resulting neccessary modification of the overlap procedure 

will be presented in generality. That is, we will refer to the initial and 

-_ 
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the new sample instead of the new CPS sample and the new NCS sample respec- . 

tively, and the presentation will not be restricted to one PSU per stratum 

designs. (In the one PSU per stratum case, the changes to be described are 

due to Alexander and Roebuck [ll].) 

When the set of PSU's in the two designs are not identical, our modified 

goal is to maximize the expected number of PSU's in the new sample in which 

at least one initial sample interviewer resides, since any such new sample PSU 

would not requiring hiring a new interviewer. This, in turn, requires that 

the Ti's, Iij 'S and p"ijkh's have a new, more general meaning. TI, . . . . Tr 

are now the initial strata that have at least one PSU that intersects a PSU 

in S; Iij, j=l, . . . . ‘Jj, denotes all the possible outcomes for the set of 

PSU's in Ti that intersect PSU's in S and were initial sample PSU's; and 

p*'ijkh is the conditional probability that the interviewer from at 

least one initial sample PSU resides in Nkh given T = Ti and Ii = Iij. 

With this more general meaning for p"ijkh , cijk is now the conditional 

expected number of PSU's in Nk in which at least one initial interviewer 

resides given T = Ti and Ii = Iij, and (3.5) remains the desired objective 

function, which is now the expected number of the new sample PSU's in S in 

which at least one in 

It remains to exp 

First, let Iijt, t=l, 

denote the proportion 

tial sample interviewer resides. 

ain how p"ijkh is to be computed with its new meaning. 

. . . . Vij, denote the PSU'S in Iij and let fijtkh 

of Iijt that iS in Nkh based on the new measure of Size. 

Now, any information that may be known concerning where the initial sample 

interviewers aCtUa1 ly reside Cannot be used in computing the p"ijkh's, 

since the objective function must be completely independent of the initial 

sample. Instead, we take the conditional probability that an interviewer 

resides in IijtnNkh given that Iijt was in the initial Sample to be fijtkh, 
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and then let 

p.'ijkh = l-C’:? (lmfijtLh)lqfi 
u4 %' 

t=1 
(l-w~lP'qw[l- II 

t=1 
(I-fqwtkh)]). (5.1) 

=: = 

vij 
To understand (5.1), first note that II (1-f. 

t=1 
ljtkh) is the conditional proba- 

bility given T=Ti and Ii’Iij that no initial sample interviewer from a PSU in 

Ti resides in Nkh. For q+i, p'qw 
hw 

[l-t~l (l-fqdkh)] iS the unconditional 
f 

probability that Iq=Iqw and at least one initial sample interviewer in Iw 

resides in Nkh, and then 

is the unconditional probability that no initial sample interviewer in any 

PSU in Tq resides in Nkh. It then follows, upon combining these, observa- 

tions, that (5.1) is the desired expression for p'*ijkh provided the initial 

sample PSU's had been selected independently from stratum to stratum. (The 

use of this independence assumption in obtaining 5.1 is analogous to its 

use in Section 3 to obtain (3.6).) 

The results of using the overlap procedure in selecting the new CPS and 

NCS samples are as follows. For the new CPS sample the proportion of overlap 

1 
with the old CPS sample is .56. This compares with an expected overlap propor- r 

tion of -39 if the new CPS sample had been selected independently of the old 

CPS sample. (S ome PSU's, because of their large size, were selected in the new 

CPS sample with certainty and are omitted from these calculations.) The corre- 

sponding proportions for the overlap of the new NCS sample with the new CPS 

sample are .81 and .59 respectively. 
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