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I. Int reduction 

Many analysts at the Census Bureau have experimented with X-ll-ARIMA, 

and have found that the results of running X-ll-ARIMA without the ARIMA 

forecasting option are not the same as the results given by X-11. An example 

of this is given in Appendices A.1 and A.2 of this document. The series 

FTDXULAR, exports to Latin America, is taken from Sandra McKenzie's concurrent 

adjustment paper. This series was seasonally adjusted with X-11 and X-ll-ARIMA 

(without the ARIMA forecasting), using identical selections for seasonal filter 

lengths, trading day regression, and other options. Appendix A .l shows the 

seasonal factors taken from the X-11 printout (listed above) and the X-ll-ARIMA 

printout (listed below). Individual X-ll-ARIMA factors which differ from X-11 

factors (when rounded to the same degree of precision as the X-11 factors) are 

circled. Although the differences between these factors are often small, we 

find large discrepancies for the months of September and October, with the pro- 

jected seasonal factor for both months differing by almost two full points. 

This difference is also apparent in the graphs of the seasonal factors by month, 

shown in Appendix A.2. 

This document describes three areas where X-11 and X-ll-ARIMA use different 

techniques to seasonally adjust a series. These appear to be the only signifi- 

cant differences between the two “X-11” procedures. These areas are listed 

below. 

1) Selection of Extreme Values : - Both programs test the irregular 

component for extreme values. X-ll-ARIMA has made changes which 

ensure that the same irregular values are selected as extremes 

if the data is seasonally adjusted in reverse time order. A de- 

tailed description of these differences can be found in section II. 



2) Replacement of Extreme Values : After the programs select which 

values are extreme, X-11 and X-ll-ARIMA will replace the SI ratios 

corresponding to the extreme irregular values. X-ll-ARIMA has made 

changes which treat the first and last few values the same as the 

central values for a given month, and which change how some values 

close to the ends of the series are replaced in certain situations. 

A detailed description of this topic follows in section III. 

3) Generation of Weights to Derive Seasonal Factors and Trend Cycle 

Estimates : - Moving averages are used extensively in both programs, 

primarily to estimate seasonal factors and trend cycle estimates. 

To obtain greater precision, X-ll-ARIMA calculates (rather than 

stores) weights for almost all the moving averages used in the 

program using their explicit formulae. A detailed discussion of 

this point can be found in section IV. 

A summary of these major differences is given in Appendix A.3. Another 

section on other differences between the two programs and some of the dis- 

tinctive features of X-ll-ARIMA is also included. 

II. Identification of Extreme Values 

The methodology discussed in this section is used to produce the B4, B9, 

B17 and Cl7 tables in both X-11 and X-ll-ARIMA. This procedure is also used 

in the strike adjustment option for the trend cycle. 

This procedure is always applied to an estimate of the irregular. These 

irregular estimates are tested for extremeness by using a standard deviation 



computed over a moving five year period (moved a calendar year at a time, 

except in special cases noted below). For examp le, the irregu 1 ar estimates 

for 1980 are tested against a standard deviation computed from data taken 

between 1978 through 1982. Note that 1980 is the central year in this span. 

Each moving 5-year standard deviation is used to test the irregular values 

in the central year of the span used to derive the standard deviation. Ir- 

regular estimates at the beginning or end of the series, those values which 

do not fall in the central year of any of the spans used to derive the stand- 

ard deviations, are tested with the moving standard deviation from the first 

or last span, respectively. 

X-11 and X-ll-ARIMA have different methods of determining the spans 

which are used to calculate the moving standard deviations. In X-11, the 

first 5-year span begins in the first available January irregular value. 

The next 5-year span begins with the January irregular value of the next 

year, and so on. The last 5-year span ends with the final December irregular 

value. 

X-ll-ARIMA will start the first 5-year span with the first available 

observation, regardless of what month the irregular value happens to fall in. 

The next 5-year span will start with the first January after the initial ob- 

servation, and the next span will begin in the next January. This continues 

until the last 5-year span, which will end at the last irregular value, 

regardless of month. 

To illustrate the difference between the two programs, we will use 

Appendices 13.1 and B.2. They contain the B3 (unmodified SI rat ios) and B4 

(replacement values for extreme SI ratios) tables from X-11 and X-ll-ARIMA 



runs performed on RHARDWARE, representing retail sales from hardware stores 

from Sandra McKenzie's concurrent adjustment study. The values of the 83 

table are used to derive a preliminary irregular series (which is not printed 

out). This irregular series is then tested for extremes. Also note that 

the B3 table for the X-11 and X-ll-ARIMA programs are identical: up to this 

point, the programs give the same answers. 

Note that the series in this table begins in July, 1967 and ends in 

June, 1979. This is because these SI ratios were computed by dividing the 

Bl table (original data or prior adjusted data) by a 2x12 moving average of 

the Bl table. Since a 2x12 moving average does not produce estimates for 

the first and last six observations of the series, the observations are taken 

to be missing by X-11 and X-ll-ARIMA, and no effort is made to replace them. 

Given the irregular derived from the B3 table, X-11 will compute its 

first moving 5-year standard deviation using irregular estimates from 

January, 1968 to December, 1972. This standard deviation will be used to 

test the values in the central year, 1970, as well as values for 1967 through 

1969. This can be seen by examining the standard deviations listed on 

table B4 of Appendix B.l; notice how the first four standard deviations 

listed are the same. 

The next moving 5-year standard deviation X-11 computes will use data 

from January, 1969 to December, 1973, and will be used to test the values in 

1971, the central year. This will continue until the last moving standard 

deviation, which will be computed between January, 1974 and December, 1978. 

The last standard deviation will be used to test the central year, 1976, 

and all observations falling after 1976. 



Now that we know how the standard deviations are derived, we will 

show how they are used in this process. Once the moving standard devia- 

tion for a span of values is derived (we will call it u), the central 

values in this span are tested to see if they differ from the mean value 

of the irregular component (assumed to be 0 for an additive adjustment, 

1.0 for a multiplicative adjustment) by more than 2.5~ (2.5 is the de- 

fault upper limit, it can be changed by the user). These values are con- 

sidered extreme, and are treated differently by the two seasonal adjust- 

ment programs. Both X-11 and X-ll-ARIMA will give this observation a 

weight of 0. However, X-11 will exclude this observation from further 

computations of the moving standard deviation if this observation should 

fall in a later span. X-ll-ARIMA will not exclude these extreme values. 

Each method, after computing the moving standard deviation for the next 

span, will continue in its own fashion until all the observations have 

been tested. 

After we have identified the extreme values among the irregulars, the 

moving 5-year standard deviations are recalculated as before, with X-11 and 

X-ll-ARIMA excluding those values flagged as extreme in the first iteration. 

After a moving standard deviation is recalculated, we give weights derived 

from this standard deviation to each of the irregular estimates in the cen- 

tral year. Let 
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It = irregular value tested at time t; 

U = mean of irregular estimate (0 if additive, 1 if multiplicative); 

cl = moving 5-year standard deviation used to test It; 

S, = upper limit for CI (default, S, = 2.5); 

Sk = lower limit for u (default, SR = 1.5); 

Wt = irregular weight assigned to It. 

Now if 

I It -u I 
Dt = , 

u 

then 

1 ifDt'SR , 

Su - Dt 
Wt= -- if S 

R 
<Dt<S , 

U 

-%I - sI1 

0 if Dt ) S, . 

Once weights have been assigned to each irregular value, the next moving 

standard deviation is recomputed. However, X-11 will exclude any value found 

to be extreme, i.e., any value with Wt = 0, from the calculation of the moving 

standard deviation, while X-ll-ARIMA will only exclude those irregular values 

flagged as extreme in the first iteration. Once the moving standard deviation 

is computed, the procedure continues until all the irregular estimates are 

weighted. 



Let us present a hypothetical example of how this difference in ex- 

cluding extreme values works to be certain that this important point is 

understood. A moving 5-year standard deviation is computed for observa- 

tions between January of 1978 and December of 1982. None of the observa- 

tions in this span has been previously classified as extreme. The central 

values are tested to see if they differ from the mean value by more than 

2.50 (provided the default sigma limit has been selected), and it turns 

out that one of the values, say December of 1980, is extreme. X-11 will ex- 

clude the December, 1980 value from the calculation of the next moving stand- 

ard deviation, while X-ll-ARIMA will not exclude it. 

In the next iteration, let us assume that none of the observations in 

this span, except December, 1980 has been classified as extreme by X-11 or 

X-ll-ARIMA. Both programs will now recompute the moving 5-year standard 

deviation for 1978 through 1982 without December, 1980 and will then weight 

all of the observations in 1980. Let us say that now two observations, June 

and December of 1980, are given weights equal to 0. X-11 will exclude both 

of these observations in computing the next moving standard deviation; 

X-ll-ARIMA will only exclude December 1980, since this value was the only one 

flagged as an extreme in the first iteration. 

The changes noted in this section have two consequences. First, there 

will be some circumstances where the values which begin and end the irregular 

series will be measured against different standard deviation values, depend- 

ing upon when the irregular series begins or ends and the program used. 

Second, since X-11 will exclude extreme values from standard deviation calcu- 

lations sooner than X-ll-ARIMA, the X-11 moving standard deviations for the 
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central years will tend to be smaller than those values for X-ll-ARIMA, 

since the inclusion of extreme values will inflate the standard deviations 

derived for X-ll-ARIMA. This can cause differences in the weights assigned 

to irregular values and can even cause X-ll-ARIMA to not adjust values which 

X-11 will flag as outliers. An example of this can be seen in the B4 tables 

from an X-11 and X-ll-ARIMA run performed on FTDXULAR, shown in Appendix B.3. 

Note that the X-11 moving standard deviations are almost all smaller than 

the X-ll-ARIMA moving standard deviations. This caused X-11 to flag five more 

extreme values than X-ll-ARIMA, and also caused differences in the replacement 

values, which we will discuss in detail in the next section. 

Why didn't this happen for the RHARDWARE series? The sigma limits used 

in the adjustment performed on RHARDWARE (Sk = 1.8, S, = 2.8) were different 

from those used in the adjustment of FTDXULAR (default limits). This, com- 

bined with the fact that RHARDWARE is a well behaved series, caused for few, 

if any, irregular values to be excluded from the calculation of the 5-year 

moving standard deviations, and therefore the two programs will give very 

similar, if not the same, values for the moving standard deviations. 

The reason the authors of X-ll-ARIMA made these changes was to make 

X-ll-ARIMA time reversible, that is, to make it give the same seasonal ad- 

justment with the data in reversed time order as with the data in the origi- 

nal order. We will pursue this matter in more detail in section V. 

III. Replacement of Extreme Values 

Once X-11 and X-ll-ARIMA derive the weights for the irregular component, 

these weights are used to replace extreme SI ratios. This procedure is used 



in producing the B4 and B9 tables, and in the strike adjustment option for the 

trend cycle. 

In both X-11 and X-ll-ARIMA, the weights for a given month are examined 

to see if any of the observations in a given month have an irregular weight 

less than one. If so, this value is replaced, using other values from that 

same month for different years. 

In X-11, the method for replacing such a value depends on where the 

offending SI ratio is. If this SI ratio is in the first or last two years 

of data, then it is replaced by a weighted average of that SI ratio and the 

three nearest fully weighted SI ratios for the same calendar month. If this 

value does not fall within the first or last two years, then the SI ratio will 

be replaced by a weighted average of the (i) extreme SI ratio, (ii) the two 

nearest fully weighted SI ratios before the offending value for the given 

month, and (iii) the two nearest fully weighted SI ratios after the value for 

the given month. If at least two fully weighted SI ratios cannot be found 

either before or after the value, but the month contains at least four fully 

weighted SI ratios, then the nearest four fully weighted values are used in 

the weighted average. If less than four fully weighted SI ratios are to be 

found for a given month, then the mean of all the SI ratios for that month, 

including the extreme values, is used as a replacement value. 

X-ll-ARIMA's procedure differs from X-11-‘s in two respects: 

a) In replacing the first and last two years, the four nearest fully 

weighted SI ratios are used in the weighted average instead of 

three; 
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b) In replacing certain central values, if at least two fully weighted 

SI ratios are not found either before or after the extreme value, 

the extreme value is replaced by the mean of all the unmodified SI 

ratios for that month. 

The first change was done to make the replacement process symmetric, so that 

the observations at either end of the series were treated the same as the 

central observations. The second change was done to prevent fully weighted 

values either before or after the replaced observation from having too much 

influence on the replacement value. 

To see how this would affect the replacement of the SI ratios, let's 

look at a couple of examples. Appendices C.l and C.2 contain sample unmodi- 

fied SI-ratios and irregular weights for a given month. The replacement 

values for each of the extreme SI ratios were calculated as X-11 and X-ll-ARIMA 

would perform them and were printed out. We will go through some of the cal- 

culations for both methods so you can see how each program performs the re- 

placement procedure. 

For the rest of this discussion, we will let 

Sit = unmodified SI ratio for year t; 

Wt = irregular weight for year t; 

Rt = replacement value at year t; 

t = 1, . . . , 13. 

For our first example, we will use Appendix C.l. In examining the 

seventh year, we see that S17 = 1.069 and W7 = 0.359 . In order to replace 

this value, we use the two nearest fully weighted values before the seventh 

year (SII and S13) and the two nearest fully weighted values after the 
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seventh year (SIB and SIg). The replacement value for both X-11 and X-ll- 

ARIMA will be: 

R7 = (SIl X wl)t(sI3 X w3)+( 517 X bd7)t(sI8 X w8)+( SICJ X wg) 
. , 

w1 + w3 + w7 t w8 t wg 

= ( .949 x 1)+(1.041 x 1)+(1.069 x .359)+(1.03 x l)t( 1.07 x 1) 
. -- , 

1 t 1 t 0.359 t 1 t 1 

= .949 + 1.041 t 0.384 + 1.03 + 1.07 
. , 

4.359 

= 4.474 
= 1.026 . 

4.359 

We see that the replacement value R2 is different for X-11 than for 

X-ll-ARIMA. 

For X-11: 

R2 = .949 + 1.041 + 1.030 t ( .926 x .763) 
. -, 

1 t 1 + 1 + .763 

= 3.020 + 0.706 3.726 
= = -- 0.990 ; 

3.763 3.763 
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For X-ll-ARIYA : 

R2 = .949 + 1.041 + 1.030 + 1.070 t (.926 x .763) 
. -- , 

1 t 1 t 1 t 1 t .763 

= 4.090 + 0.706 4.796 
= = 1.007 . 

4.763 4.763 

We will use Appendix C.2 for our second example. We see that the re- 

placement values R3 and R5 are the same for X-ll-ARIMA, but not for X-11. 

This is because in both cases there were not at least two fully weighted SI 

ratios before the extreme value being replaced. So the replacement value for 

X-ll-ARIMA was the mean of the SI ratios : 

SIi = 
13.658 

R3 = 1 = 1.051 = R5 . 
._I_ 13 
13 

While, for X-11: 

R3 = 1.076 + .973 + 1.073 + 1.064 + (.738 x .276) 
. - , 

lt 1 t 1+ 1 + 0.276 

= 4.186 + 0.204 4.842 
= = -- -- 1.027 ; 

4.276 4.276 

and 
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R5 = 1.076 + 0.973 + 1.073 + 1.064 + (.808 + .812) 
. , 

1 t 1 t 1 t 1 t .812 

= 4.186 t 0.656 4.842 
= -__ = 1.006 . 

4.812 4.812 

We also see that replacement values RI, R2 and RI3 are not the same for 

X-11 and X-ll-ARIMA. This is due to the difference in the way the two programs 

compute replacement values when an extreme value falls in either the first or 

last two years. 

So, we have shown how the two programs differ in the way they replace SI 

ratios in table B4 and B9. It should also be noted that, since the moving 

standard deviations described in section II are often different for the two 

programs, the weights derived for the irregular are also going to be different. 

This will cause some differences between the replacement values for X-11 and 

X-ll-ARIMA beyond those outlined in section III. 

IV. Generation of weights to derive seasonal factors and trend cycle 

estimates 

X-11 and X-ll-ARIMA use moving averages to derive estimates of the 

seasonal factors, trend cycle, and other intermediate variables. These moving 

averages use weights to derive the desired estimates for each observation. 

How do X-11 and X-ll-ARIMA get these weights? 

X-11 stores the weights for both central and end values, accurate to 

three decimal places. X-ll-ARIMA uses subroutines to derive the symmetric 

weights for the central values of both the seasonal factors and the trend 
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estimates, using floating point arithmetic to achieve greater than three 

places of decimal accuracy. The end weights for the seasonal factors are 

also computed algebraically. Only the end weights of the Henderson filter 

are stored in X-ll-ARIMA. 

To see how much of a difference this really makes in the estimation 

of seasonal factors, the weights used by X-11 and X-ll-ARIMA were applied to 

a sample set of modified SI ratios. The results are printed out in 

Appendices D.l through D.3. The SI ratios used were taken from the series 

RHARDWARE, and 3x5 seasonal filters were used in every month except the last, 

where a 3x3 filter was used. Appendix D.l shows the result of applying these 

factors to the SI ratios. We see some differences, mostly at the ends of the 

series. Appendix D.2 shows the result of a 2x12 moving averge of the prelimi- 

nary estimate of the seasonal factors, which is used to constrain the final 

seasonal factors for a given year to add to twelve. The result of dividing 

the values of Appendix D.l by the values of Appendix D.2 gives us our final 

seasonal factors, given in Appendix D.3. Note that the differences which 

were once apparent in the last two years of data have been practically wiped 

out, but there are still some small differences in a number of the seasonal 

factors. Although these differences are quite small, one should keep in mind 

that sesonal factors are not generated at only one point in the program. X-11 

and X-ll-ARIMA generate four sets of seasonal factors while doing the B tables, 

although all of these are not printed out. A sequence of small differences 

when computing seasonal factors can multiply when the procedure is repeated; 

the same applies to the generation of the trend cycle. 
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v. Other topics 

This section will document other differences between X-11 and X-ll-ARIMA, 

as well as some aspects of X-ll-ARIMA not covered in the X-ll-ARIMA manual, 

The X-ll-ARIMA Seasonal Adjustment Method by Dr. Estella Bee Dagum. A listing 

of some of the other distinctive features of X-ll-ARIMA is given on pages 15 

through 19 of the aforementioned manual. While some of the points in this 

section will expand upon some of the items taken from this manual, this sec- 

tion is not meant to be a substitute for it. 

A. Reversibility 

By using a more homogeneous method for identifying extreme values, 

X-ll-ARIMA has the property that it will give the same results when adjusting 

a series in reverse time order as it did when seasonally adjusting the data in 

its original order. Two points should be noted here: 

1) This property will not hold if trading day adjustment is performed also. 

2) This property will only hold if the annual and calendar month totals of 

the original series are preserved in the reversed time series. This en- 

sures, for example, that the January observations in the original series 

will be the same (although in reversed order) as the December observations 

in the reversed series. This may involve a shift in the time frame of the 

reversed series. For example, if a series runs from January 1971 to June 

1980, the reversed time series should begin in July 1971 and end in 

December 1980 to preserve the totals. 
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An example of this property is given in Appendices E.l through E.4 . 

Appendix E.l shows the series FULAR (imports from Latin American countries), 

pre-adjusted for trading day variation. Appendix E.2 shows the seasonal fac- 

tors and adjusted data for the original time sequence, while Appendix E.3 

shows the same tables for the X-ll-ARIMA run on the reversed sequence. From 

examining them, we see that the reversibility property holds. 

X-11, however, is not time reversible. Appendix E.4 shows the result 

of adjusting the series listed in Appendix E.l with X-11. Note there are dif- 

ferences in both the seasonal factors and the adjusted data. 

Why is X-ll-ARIMA time reversible and X-11 not? X-ll-ARIMA does not 

exclude extreme irregular values from the calculation of the moving 5-year 

standard deviation in the first iteration of the extreme identification pro- 

cedure detailed in section II. This means that each of the 5-year spans used 

to calculate the moving 5-year standard deviations of the original series will 

contain exactly the same data as a 5-year span in the reversed series. This 

would not be the case in X-11, where different values could be considered ex- 

treme, depending on what values within the span had been declared extreme 

before, and thus not used in the classification of the moving standard devia- 

tion. This would give different values of the moving standard deviation for 

the original and time reversed series. The same holds true for the recalcula- 

tion of the moving standard deviation done in the second iteration of this 

procedure. 
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B. Different Scales 

The X-ll-ARIMA program stores all of its variables in the original scale, 

while X-11 will store some variables at 100 times the value in the original 

scale. For example, an SI ratio stored by X-ll-ARIMA as 1.053 will be stored 

as 105.3 by X-11. It is unclear how this affects the final adjustment, but 

certainly X-11 needs to do many more computations, constantly multiplying and 

dividing by 100. 

c. Output Decimals Option 

Both programs have an option to control the number of decimal places 

printed out on the output of the program. X-11’s option refers to the number 

of decimals in the input data; if the user specifies that the data being input 

has two decimal places of accuracy, then the output will be printed to two 

decimal places. In X-ll-ARIMA, the user can specify the number of decimals 

printed out by the program to be different from the number of decimals re- 

quested on input. 

D. Minor corrections in X-ll-ARIMA code 

Some corrections have been made by the author to X-ll-ARIMA code at the 

Census Bureau as a result of this work. The first invovles tables B8 and B9. 

The original X-ll-ARIMA program did not print out the first six observations 

of these two tables because the program assumed that these observations were 

always missing. The second involves the output from using the special output 

option. This option allows the user to print out an X-ll-ARIMA table to an 

outside file, to be examined later by the analyst (X-11 currently does not 

have this option). With certain print options, the user can print out a label 
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which includes the calendar year in which the observations fall. The 

original X-ll-ARIMA was printing out improper values for this year in certain 

situations, in which the first observation in the table ws not the same as 

the first observation in the data. 

Both of these problems have been corrected. The corrections are pre- 

sented in Appendices E.5 and E.6. Any user who experiences a problem with 

these two corrected subroutines, or any other X-ll-ARIMA related problem, 

is asked to contact the author. 

E. Seasonal factor selection for short series 

X-ll-ARIMA will use stable seasonal filters to adjust the series if it 

is less than 5 complete years long. This affects the weighting of the quality 

control statistics also, as M8 through Ml1 will not be calculated if stable 

seasonal filters are used. 
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