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Seasonal Decomposition of Deterministic Effects 

Let ft be a deterministic function of time. Suppose we have modeled a time 

series as 

Zt = ft + (Zt - ft). 

To seasonally adjust zt we must assign part of ft to the seasonal component. The 

remaining part of ft can be broken down into an indigenous f-effect (such as trading day 

and holiday) and part of the trend. We first show how to remove the seasonal part for a 

general ft and then show how to decompose trading day and holiday effects. 

Removing Seasonality From ft 

Suppose ft = fst + fnt where fstisthe seasonal part of ft and fntthe nonseasonal 

part. Then we require that: 

(1) fst = f%+K!j j = + l,+ 2,... 

(2) U(B)fst = 0 where U(B) = l+B+...+Bll, SO fst sums to zero over any twelve 

consecutive months 

(3) fst and fnt should be orthogonal overthelong run,thatis 

1 
ti ; (fs 

1 
t x fnt) + 0 

To achievethis we proceed as follows: 

asn+m 

n 

(i> compute fi = lim ,1 C fi+12j i=l ,***, 12, 
n+w j=l 
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the long run monthly means of ft (we assume these exist) 

(ii) compute =f =L l; 
12 i=l 

Ti the overalllong run mean offt 

(iii) if (j,i) corresponds tot (yearj , month i) set 

fst 
= fi - ; fnt = ft - fi + ; 

Thus, we remove the monthly means and add back the overall mean to getfnt. 

The above procedure is equivalent to regressing ft on the variables SMit 

i=l ,...,ll over an infinite time horizon and taking the predicted values for fst and the 

residuals for fnt where the SMit are as follows: 

month of 
t S"1t SM2t SM3t . . . Tot ?1t 

Jan. 
Feb. 
Mar. 
Apr. 
May 
June 
July 
Aug. 
Sept. 
0 ct. 
Nov. 
Dec. 
Jan. 
Feb. 

1 
0 
0 
0 

0” 
0 
0 
0 
0 
0 

-1 
1 
0 

0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
-1 
0 
1 

0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 

-1 
0 
0 

0 
0 
0 
0 
0 
0 

. . . 0 
0 
0 

:, 
-1 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 

-1 
0 
0 

. . 

. . 

. . 

Notice that SMit i = l,..., 11 and I+, (=l for all t) span the same space as the monthly 

mean variables MIt = 1 in Jan. and 0 otherwise, M2t = 1 in Feb. and 0 otherwise, etc. All 

deterministic seasonal components are in the space spanned by the SMit i=l,...ll, which 

is orthogonal to the space spanned by It. If ft has been decomposed as fst + fnt + xt 

where xt is another effect (for example trading day or holiday) we can check that the 
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decomposition is correct by checking that in the long run 

(i) fnt and xt (or the independent variables used in them) are orthogonal to 

SMit i=l,...,ll 

(ii) fst can be perfectly predicted from the SMit i=l,...,ll 

(iii) the independent variables used in xt are orthogonal to all the trend 

independent variables in fnt (often just It, but perhaps including t, t2, or 

something else). 

An alternative approach to removing long term monthly means and adding back 

the long term overall mean would be to just regress ft on SMIt,...,SMll,t over the 

observed stretch of data (t=l,...,m say) and take the residuals. This makes (fnl,...,fnm,)' 

orthogonal to (SMil,...,SMim) i=l,..., 11 but has the disadvantages that 

(9 the definition of seasonality and trend change depending on the time frame 

ofthe data set 

(ii) the decomposition may have to be recomputed for each new data set instead 

of just substituting in some parameter 

(iii) the orthogonality properties need not be preservedinthelong run,or even as 

a few new data points are added 

Seasonal Decomposition of Trading Day Effects 

L Flow Series 
7 

In this case the trading day plus level effect is ' Bi Xit which may be written 
i=l 

as (Xit = # of i daysin month t i=1,...,7) 

7 6 
c BiXit' 

i=l 
C o"j (Xjt - X7t) + B mt 

i=l 
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17 7 
B = ; c fii, ii = fli - 8, mt = c Xit = length of month t 

i=l i=l 
Notice 

i - n “c(x it X7t) + 0 i = 1 6 ,... 
t=1 

1 
i(x 

n - 
n t=l it x7t)SMjt 

1" = 
ii tfl(Xit-X7t)Mjt 

1 - 
5 tfl(Xit-X7t)M12,t 

+o+o as n+= i=l ,...,6 j=l ,-•*, 11 

6 
Thus c ii (Xit - 

i=l 
X7t) is orthogonal to the seasonal variables SMit and the 

Constant variable It, and so is part of the pure trading day effect. 

We now need to decompose B mt , or just mt' Thelongterm monthly means of 

mtare (ignoringtheloss of aleap year every 400 years) 

31 Jan., March, May, July, Aug., Oct., Dec. 

30 April, June, Sept., Nov. 

28.25 Feb. 

The mean oftheseis .w, = 30.4375. Thus,the seasonal component of mtis 

.5625 Jan., March, May, July, Aug., Oct., Dec. 

Et = -.4375 April,June,Sept., Nov. 

-2.1875 Feb. 

The deviations of mt from its monthly means are zero for every month but February, and 

for February are 

-.25 -.25 -.25 .75 -.25 -.25 -.25 .75 . . . 

We now write mt as 

mt = (mt - LFt- 30.4375)+LFt+ 30.4375 = St+ LFt+ 30.4375 
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where 

LFt = 
t 

-.25 in a non-leap year Feb. 
.75 in a leap Feb. 

0 otherwise 

Here LFtsumsto zero over any 48 months,soitis aleap year effect which we assign to 

the trading day component. Its long term monthly means are zero so it is orthogonal to 

both the seasonal and constant trend components. Also notice mt - LFt - 30.4375 sums 

to zero over any twelve consecutive months. Moticethat(1-B12) mt= 0 + (l-B12) LFt+ 0 

which is nonzero only in leap year Februaries andtheim mediately following Februaries. 

Finally, we write the trading day pluslevel effect as 

7 6 
c Bi xit = c iii 

trading day 

i=l i=l (Xit - '7t 
) + i3 LFt effect 

+ B5, 

seasonal 
effect 

+ B(30.4375) 
nonseasonal 

effect 

IL Stock Series 

Let Ft be a monthly flow series andlet 

t 

It = 10 + C Fj 
j=l 

be the end of the month stock series, starting at I, at t=O. Assume the trading day 
7 

effect in 1,is zero. Then,ifthetrading day effect in Fjis c B. x. ., that in It is 
i=l 1 ‘J 

t 7 t 7 
c wixij= c 

j=l i=l 
’ [(Bi - B)xij + Bxij] 

j=l i=l 

t 7 t 
= c c 3.x.. 

j=l i=l ' lJ 
+ B Em.. 

j=l J 



-6- 

t 7 
One waytolook atjsl izl E.X.. 

1 1J 
is to consider what happens on a daily basis- 

the appropriate Fi is added in for each day in months 1, . . ..t. If kt is the type of day 

month tends on and koisthetype of day just before the start of month l,then if k. < kt 

t 7 
c c :-x*- = (ii, +l+...+i$+&+...+& 

j=l i=l ’ ‘J 

+...+ 
0 0) 

+ (8ko+l+...+8k 
0) 

k0+1+“‘+8ko) + 8ko+~+“‘+Bk, 

= ii ko+l+"'+'kt 

since each of the sums in parentheses is zero. Also, 
t 7_ 

for k. = kt we 

see j $ i El 'i 'i j \ 
= 0, and for kg> kt 

t 7 
c c 5.x.. = gk +l+...+&+~l+...+$ 

j=l i=l ' lJ 
= -&+I:...+$ 

t 

0) 
. 

Now define 

9 = F, + Y7 

y2 = El + E2 + y7 
. 
. 

;fj = ii, +...+ F6 + y7 

y7 arbitrary 

Then 
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t 7 'kt - 'kg ko 5 kt 
c c 'ii&. = 

j=l i=l 1 'J -(yk 
0 

- Ykt) ko > kt 

= 
'kt - 'kg 

7 
= 

k:l 
Yk’ It(k) - Yk 

0 

where It(k) is 1 if month t ends on a k day and is zero otherwise. By picking 

Y7 = -(f$ -+ ...+8ko N ) we make yk 
0 

= 0. Thenthetrading day effect in It 

1 7 
is(Y = 7 ' yj) 

i=l 

t 7 7 t 
c c 8.X.. = C YiIt(i) + B C mj 

j=l i=l ’ ‘J i=l j=l 

7 t 
= ’ (Yi - 

i=l 
T)It(i) + Y + B C m.. 

j=l J 

Notice that yis a level effect (part of trend) and 

1, “c i(Y 
n t=l i=l 

j-F)1 j+12t(i) =iIl 7 (Y.-T) 1 “c Ij+12t(i) 
n t=l 

7 1 
+ c 
i=l 

tyi - 7) ; = 0 

7 
sothelongterm monthly means(and alsothe overall mean)of c (vi-y)I,(i) are 

i=l 

t 
zero,and it is a trading day effect. It remains to decompose c m. 

j=l J 

From the previous results we can write 

t t t 
c c 5. + C LF 

j=l mj = j=l J j=l j 
+ (30.4375)t 
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t tt12 
Now c 

. 
Sj = j fl Sj 9 s-me Sj sums to zero over any twelve consecutive months; 

j=l 
thus,thisis a series of monthly means. The overall mean is 

l- "c i 5. 
12 t=l j=l J 

which depends on the month the series starts in (t = 1). The overall means for each 

starting month are 

J F M A M - - - - - 3 

-.6979 -1.2604 .9271 .3646 .8021 .2396 

J A S 0 N D - - - - - - 

.6771 .1146 -.4479 -.0104 -.5729 -.1354 . 

t 

Denote these by Ek k=l,..., 12. If the series starts in month k then c sj - 1, will 
j=l 

be a seasonal effect and 5, will be part ofthelevel of the series. 
t r 0 

Notice c cj = = 0) where risthe remainder on taking t/12, 
j=l 

c cj (define c 5. 
j=l j=l J 

thatis,the number of monthsin 1 ,...$in excess of complete years. 
t 

Next we must decompose c LF.. 
j=l J 

Since LFj sums to zero over any 48 

t tt48 
consecutive months cLF.= c LF., 

t j=l J j=l J 
and since LFj is nonzero only in 

February, c LFj is constant from any February to the following January, and it 
j=l 

changes again in the next February. For example,if t = 1 corresponds to the January 
t 

following a leap year,then c LF. 
j=l J 

behaves as follows: 

t=1 

J F M . . . J F M . . . 3 F 

0 -.25 -.25 . . . -.25 -. 5 -. 5 . . . -. 5 -.75 

M . . . J F M . . . J F M . . . 

-.75 . . . -.75 0 0 . . . 0 -.25 -.25 . . . 
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t 
Other patterns will arise depending on what month we start with. Since c LFj is 

j=l 

t 
constant from any February to the following Januaryitis easy to see that c LFjis 

j=l 

t 
orthogonal to SMit i=l,..., 12 over each such period,and hence c LF. 

j=l J 
is orthogonal to 

the seasonal component in the long run. All we need now dois removethelongterm 

t 
mean of c LFj, which is the same as the mean overthe first 48 months since 

j=l 

t tt48 
c LFj = C LF., or equivalently, over 48 months starting with the first 

j=l j=l J 
February. This mean is the same as the mean of the four February values, and depends 

on whether the first, second, third, or fourth February is the leap year February, 

accordingtothe following table 

Feb.thatis a 

leap year Feb. 

Long run mean 
t 

of c LF. 
j=l J 

1st 

2nd 

3rd 

.75 t .5 + .25 + 0 = 
4 

-.25 t .5 t .25+ 0 
4 

= 

-.25 - .5 t .25+ 0 
4 = 

4th 
-.25 - .5 - .75+ 0 
- = 

. 375 

. 125 

. 125 

. 375 

Let 6Qt take on the gth value ( R =1,2,3,or4) in the above table for allt depending on 
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whether the first, second, third, or fourth February is aleap year February. Then 
t 
c LFj - 6Rt is a leap year effect (part of the trading day effect) which is 

j=l 
orthogonal in the long run to the seasonal and trend components. 

We must also decompose the linear function t since it contains a seasonal 

component (if the series starts in January, t increases each year from January to 

December). Let 

YRt 
= 6.5 t 12[(t-1)/12] [ ] denotes the greatest 

integer function 

and consider 

t=(t-YRt) t YRt. 

YRt makes a step increase of 12 every 12 months (6.5,l8.5,30.5,...) and thus follows a 

linear trend when considered from year to year. We show thatt- YRt sums to zero over 

anytwelve months (let t=lZkth Otk,lth<l2): 

tt11 (tt11)(tt12)-(t-1)t 
tt11 

jft (j-YRj) = 
j-l 

= -12(6.5) - lzjFt c-1 

t 2t23t+132-t 2tt 12kt12 
= - 78 - 12 c Q-1 - 1 

2 12kth l2 

12(ktl)th-1. 
- 12 c cJ-l 1 

12( k+l)tl l2 

12kt12 12( ktl)th-1 
= 12tt66-78 - 12 c k - 12 c ww 

12kth 12(ktl)tl 
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= 144k +12h-12-144k t 12kh-12k-12kh-12ht12ktl2 

= 0. 

Thus,t - YRtis a seasonal effect. 

Combining all the above results, we write the trading day terms used in modeling 

a stock series as 

t 7 t 7 
c c Lx.. 

j=l i=l ' lJ 
tBcm.= 

j=l J 
' (Y-j 

j=l 
4)1,(i) + 7 

t t 

’ ‘I( ’ 6j-tk) t fk t ( C LFj-Ggt) 

i=l j=l 

+ Qt 
t 30.4375((t-YRt) + YQ)} 

7 
= c (Yj - W,(i) + B( E LFj - Q) trading 

i=l j=l day effect 

t 
+ B{( ' Cj - 5,) t 30.4375(t-YRt)} seasonal 

j=l effect 

+ 7 + p 11, + 611t + (30.4375)YRt] 

7 t 
= ' (Yj 

i=l 
-?)I#) + 8( c LFj-Qt) 

j=l 

trend 
effect 

t 

' B( C (mj - LFj) - E, 
j=l 

- (30.4375)YRt} 
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+ 7 + f! {$ + tjQt + (30.4375)YRt} . 

Seasonal Decomposition of Holiday Effects 

The same basic principles as used before can be used to break down holiday 

effects. Weinvestigatethe Easter effect modeled as Et = aH(T,t) where l-l(~,t) 

is the proportion ofthe time period T days before Easter that falls in month t. If 

T G 21, then H(-c,t)is zero except in March and April. Let n3T denotethelong 

term monthly mean of H(r,t) for March, and n4T that for April. Notice 

n3T + n4T = 1. Let M At be n3'c in March, n4= in April, and zero otherwise. 

Then we write 

H( 0) = C H(O) - MAt] t [ MAt- 
hIth 

and notice that the long run monthly means of H( ~,t) - M At are all zero, and 

MAt- ik sums to zero over any twelve consecutive months. Thus, 

a CH(-c,t) - MAt] is the (Easter) holiday effect, a [ MAt- 
Tel 

is a seasonal 
a 

effect, and - 
12 

is part ofthetrend. To apply this we use the values for n4-r given in 

the following table and use n3T = 1 - n4*. 

T 1 2 3 4 5 6 7 8 910 

n4-r l 740 .730 .715 .698 .680 .663 .646 .630 .614 .599 

T 11 12 13 14 15 16 17 18 19 20 

n4-r l 582 .564 .548 .531 .515 .498 .480 .463 .446 .429 

T 21 22 23 24 25 

n4T 
.412 .395 .379 .363 .349 

These values were obtained by averaging H(T,~) values for Aprils from 1901 through 
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2100. We could expect slightly different values to be obtained if a different long stretch 

of data was used. The values for -c > 21are correct for n4T, but when 'C > 21 H( ~,t) 

can be nonzeroin February so that n3T is not l- n4t, and we could calculate a nonzero 

average, n2 ~, of H( T,t) for February. Then n2r + n3,t n4T = 1. For 'C = 22, 23, 

24,or25the n2,,s willbesmall,and n3T willnotdiffer much from l- n4-r. 

Final Note 

If one is concerned only with the adjusted data then it is not necessary to 

distinguish effects such as trading day or holiday effects from the seasonal effect. We 

need only decompose ftintotrend and other effects. The more detailed decomposition is 

useful if we wish to examine the relative magnitudes of the seasonal and trading day or 

holiday effects. 


