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TEE MEAN FLOW IN ROUND BUBBLE PLUMES

ABSTRACT

Previous experimental studies are reviewed and these whose data are deemed
reliable are identified. New experiments at larger scale are described and
the results are reported. These are combined with the reliable previous studies
to form a data set covering heights from 3.66 to 30 meters and gas flow rates
from 0.0002 to 0.39 normal cubic meters per second. This wide ranging data is
combined with an integral theory for bubble plumes to determine functional
relationships between lccal plume properties and the entrainment cogfficient and
+he fraction of the momentum flux that is carried in the turbulent velocity
fluctuations. These relationships together with the integral theory provide
a set of equations that are suitable for numerical solution for the mean flow
properties of any round bubble plume. Examples of the numerical soluticns are
presented and a comparison of one of these with existing experimental data is
given.



THE MEAN FLOW IN ROUND BUBBLE PLIRMES

by
Jerome H. Milgram

1. INTRODUCTION

When a continucus stream of gas is released in the iaterior of a liquid
the gas takes the form of bubbles which rise due to buoyancy and which impart
a generally upward velocity to the surrounding liquid. Such bubble plumes cccur
above blowouts of subsea gas-containing hydrocarbon wells and it is the desire
to understand the hydrodynamics of subsez blowouts that has stimulated the most
recent studies of these plumes.

Gas enters the liquid in the form of a jet and the reglon through which
the flow goes from jet-like to plume-like is called the zone of flow establishment.
The region of the flow beneath the upper surface of the liquid extending to 2
depth about equal to the plume diametex is the part of the flow for which the
influence of the upper surface is significant and 1t is called the zone of surface
fiow. Usually most of the vertical extent of the flow lies in the "pure-plume'
region between these two zones. It is called the zone of established flow and is
the subject of this paper. _

Extensive studies of single-phase plumes have taken place and a thorough
review of these ig that of Chen and Rodi (1980). The fewer studies of bubble
plumes that have been done show that chese plumes have both notable similarities
and differences with single-phase plumes. This paper extends the intagral thecry
of plumes to include some of these differences and determines approximations for
some of the needed functional rslationships by amalyzing existing small scale
data together with new experimental data for plumes of larger scale. A review
of important round bubble plume studies known to the author follows. All of
the experimental studies have been for air rezleased into water.

Xobus (1968) performed experiments on round bubble plumes in a laboratory
basin haviag 2 width of 8 m and a depth of 4.7 m with airflow rates up to
0.0058 N m®/s. For each airflow rate profiles of velocity vs radius were
measurad and each of these was fit with a gaussian curve whose width and center-
line velocity was chosen so as to minimize the error between the curve and the
measurad data. Kobus found it necessary to average hiz data over Ifive minute
intervals (presumably to obtain reliable results) because the flow was "subject
-0 considerable fluctuations'”. These fluctuations could have been caused not ’

only by local turbulence, but 2lso by lateral wandering motlons of the plume.



1f wandering did cccur, the long~term time average measurements would show
greater widths and smaller centerline velocities than actually exiscted with
respect to the instantaneous locations of the wandering plume centerline; a
fact which must be counsidered in interpreting the data.

Because the air nozzle diameter was very small (0.2 cm in most cases),
the flow in the nozzle was subsonic only for airflow rates below 0.000% N a’/s.
For the higher airflow rates the supercritical flow out of the nozzle could
have expanded rapidly to an unknown radius and interacted with the tank bottom
so as to add an unknown amount of momentum flux to the plume. Because of this
the sonic orifice data will not be'considered further here.

Subsonic orifice gaussian £it centerline velocity results were given by
Kobus for airflow rates of 0.00040 and 0.00057 N m3/s; Gaussian fit widchs
were given for the 0.00040 X n3/s case, but not at the same set of heights as
the velocity data so that interpolation between points is necessary to obtain
the centerline velocity~width pairs that are needed for the analysis hera.

Width data was not given for the 0.00057 ¥ m®/s case so it can only be approx-
imated by interpolating between the 0.00040 N m®/s case and the next lowest air
flow for which width data is given which is 0.C013 X m3/s. Due to the uncertainty
associated with these steps the Xobus data will not be included here in the
orimary datz set used for determining plume properties. However, thase data

will be analvzed so they can be compared with other data.

Topham (1975) performed experiments with air bubble plumes in Saznich Inlet
0ff Vancouver Island using air nozzle depths up to 60 m and airflow rates up to
0.66 N m%/s. Profiles cf flow speed vs radius were measurad at several heights
from a horizontal suspended 12 m long beam which supperted 20 vertical current
meters. A six minute average of the data from each current meter was used as
the veloéity at 2 radius equal to the distance‘from the beam center to the meter.
The results for plume radii and centarline velocities vs height snow tco many
daviations from smooth functions and vary in excessively irregular ways from
rast-to-test to be suitable for use here in the primary data set. Topham (private
communication) has indicated that these matters are related, at least in part,
to lateral motiocas of the beam caused by turbulence in the flow and the fact
that the lateral restraint was not stiff. Nevertheless, Topham's measurements
are in qualitative agreement with those of similar scale made by the author and

which are described subsequently.



Fznnelop and Sjoen (1980) conductad experiments in a laboratory basin
‘having a width of 10.5 m and a depth of 10 m using airflow rates up to
0.022 N m3/s. Fluid velocity at varicus poiunts was measurad and in order to
obtain "satisfactory rapeatability' they had te average their velccity data
over ten minute time intervals. Both the actual data and gaussian curve fits
to the profiles of velocity vs radius are presented. The normalized standard
deviation for the curve fitting is observed to be about 5%Z. Details of two
different methods for obtaining gaussian curve zpproximatioms and their results
for these data are described by Sjocen (1982). The standard deviation between
results of the two methods is on the order of 4%Z. For the subsequent analysis
and comparisons considered here, the averages of the two sets of results given
by Sjoen will be used.

Milgram and Vau Houten (1982) performed experiments on bubble plumes in a
1.65 m diameter laboratory tank with a nozzle depth of 3.66 m at air flow rates
uwp to 0.0023 N m®/s. In addition to measuring profiles of flow speed vs radius
at several heights, they also measured profiles of momentum flux and‘of gas
fraction. Observations and measurements of the plumes in the tank showed that
plume wandering was sufficient to bias measurements taken as long-term time
averages. This difficulty was overcome by the following procedure. Vhen a
measurement was to be made at a particular height and radius, three identical
measursment transducers were located om a horizontal circle of this radius and
concencric with the axis of the tank. The output from each transducer was
iow—pass filtered with a five second time comnstant. The resultant signals
were processed by an znalog-to-digital converter and a digital computer whose
progrem discarded all data except those for which zll three signais were equal
to within a small fraction of the average signal lavel. This procedure limited

ratained data to that for which the plume cemterline was nearly centered in the

tank so the radius from the instantanecus centerline to the instrument was xknown.

These centering events occurred about once every five minutes on the average.
For each transducer location circle, the experiment was continued until eight
centering events cccurred and the eight measursments were averaged together to
obtain the required data point. Profiles of flow speed, momentum flux and gas
fraction were fit with gaussian curves with the standard deviation of the rits

averaging to about 3% of the centerline values.



All current mean flow thecries for bubble plumes are integral thecries
for which the general forms for radial discributions of velocity and density
dafect (and the momentum flux by implication) are presumed to be known in
advance. The presumed general forms are chosen to agrse with experimental
findings. Gaussian forms are most commonly used with the mean velocity ead

mezn density defect given by:
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where: v is the vertical veloecity of the liquid,

z 1is the.height measured upward from the gas outlet,
r is the radius,

U is the centerline velocity,

b is the "plume radius”,
g

W ig the mass deansity of water,
pp is the mean mass density of the plume,

S is the density effect at the plume centerline,
A is the ratio of "gas~containing radius" to "plume radius'.
Ditmars and Cederwall (1974) developed an integral theory for bubble

plumes along the same lines as the intsgral theory for single phase plumes
presented by Mortom, Taylor and Turner (1956). Both theories are bassd on an
entrainment hypothesis under which the volume of surrounding ligquid that is
entrained into the plume per unit height is proportiomal to both the local center-
line velocity and the plume circumference 2%b, with a constant of proportion-
ality being the entrainment coefficient, ®. Both theories approximate the plume
density as that of the surrounding fluid when calculating the momentum flux and
the water mass flux so they contain errers that increase with increasing gas
fraction. Also, both theories presume the momentum Ilux is that of the mean
Zlow so cthe momentum flux carried by the turbulence is neglected. Differencas
in the theories are that Dirmars and Cederwall allowed the gas to move more

gquickly than the liquid by means of a pre-specified '

'siip velocity™ and they
inciuded the parameter A whereas it is absent in the single-phase plume theory

of Morton, at. al.



Ditmars and Cederwall made some conclusions about the wvalues of o and A
by comparing their theory to the datz of Kobus (1968). However, these must
be discounted, particularly those about A, due to the aforementicned artifacts
invelved with the Keobus ddta.

Fannelop and Sjoen (1980) determined both approximate similarity solutions
and numerically integrated solutions to a set of equations that neglected the
' glip velocity of the gas, but otherwise were substantiazlly the same as those
used by Ditmars and Cederwall. Fannelop and Sjcen applied their theory to the
conditions of their experiments to obtain a comparison between theory and exper—
iment, and to mzke estimates of the entrainment coefficient, . This was done
by choosing a value of & that was z constant, independent of depth, fof each
airflow rate such that the error between theory and experiment for plume radius,
b, vs height was minimized. They used a value of 0.6 for the gas/velocity radius
ratio, A; where this was based on qualitative photographic ohservations of the
radius of the gas-ccntaining regicm, The values.of a obtained in this way
incressed with increased gas flow rate; being 0.075 for a gas flow rate of
0.0050 ¥ m3/s and increasing to 0.102 for a gas flow rate of 0.022 ¥ =®/s.
The comparison between theory and experiment for centerline veiocity showed thert
the theoretical values averaged 15% greater than the experimental measurements.

Milgram and Van Houten (1982) developed z theory that included the effect
of gas fraction on mass and momentum fluxes and approximated the turbulent trans-
port of mean momentum flux by assuming that a fixed fraction of this flux was
carried by the turbulence. George and Tamanini (1977) found that 8% of the mean
momentum flux was carried by the turbulence in their single phase thermal plumes
in air. A comparison of velocity measurements and momentum flux measurements in
the bubble plumes of Milgram and Van Houten showed that an average of 307 of
the mear momentum f£lux was carried by the furbulence and this value was used in
applications of their theory. Bubble "slip veloeity" was included in the theory -
and for the same reasons &s are subsequently described here, a value of 0.33 m/s
was used for zpplicarions. A comparison of measured radial profiles of velocity
and gas fraction gave an average value of A of 0.8 and this value was used in
application of the theory. A fixed entrainment ccefficient, @ was chosen for
each gas flow rate in the same way as done by Fannelop and Sjcen. Milgram and
Van Houten also found that ¢ increased with increased gas flow rate; being
0.047 for a gas flow rate of 0.000205 N m®/s and increasing to 0.083 for a gas
£low rate of 0.00234 N m¥/s. However, a curve of their valuss of & vs gas flow

rate does not continue smoothly onto a curve for the Fannelop and Sioen data



which supports the result of dimensional reasoning that other factors besides
the gas flow must be involved in determining the entrainment coefiicient. The
comparison between theory and experiment for the centerline velocity U, vs
height for the Milgram and Van Houten study gives agreement without a systematic
bias and a normalized standard deviation of about 7%. This completes the revisy
of previous work. '

In order to be able to use an integrsal plume theory to predict the mean
velocity and density distributions in a bubble plume of arbitrary depth and zas
flow rate, values for four parameters are required. These are the bubble
"slip speed" U the gas/velocity radius ratio i, the entrainment coefficieant g,
and the ratio of total momentum flux to the momentum flux carried by the mean
flow which is callied y. The effects of expected variations from the values of
) and A that will be estimated subsequently have been found to be small by
numerical tests. A major purpose of this paper is to use experimental results

to establish funetional relationships between plume properties and < and v.



2. THECRY
2.1 The Integral Plume Eguations.

The integral plume theory is based on a principle of local similarity
for which radial profiles of velocity have similar forms at different heights
as do the radial profiles of density defect. These quantities can then be
specified by their centerline values U(z) and S(z); and their characteristic
radii, b(z) and Ab(z).

The gas is presumed to follow the isothermal expansien law and mean pressure
variations on horizontal planes are presumed to be small encugh tc have only
negligible effects on the plume dynamics. Under these conditions, for a liguid

of depth #H, the gas density, og(z), is given by
Dg(2)=oT(HB-z)/HT (2.1)

where o is the gas density at a pressure of one atmosphere, HT is the atmos-

pheric pressure head and HB iz the pressure head at the level of gas release.
HB=HT+H (2.2

The integral plume equations will involve the local mean gas fraction,
£{r,z), which is given by,

g —pD(r,Z)

f(r,z2)= (2.3

pw-og(z)
and the local gas velocity which will be approximated as the sum of the local
ligquid speed, u(r,z) and a comstant slip velocity, W to approximate che effesct
of the rise velocity of the bubbles&ralative to the ligquid. g(z), Q(z), Mz}
and 8(z); the gas volume flux, the liquid volume flux, the momentum flux and

the buoyancy per unit height respectively are expressed ia lerms of local

properties as:

g(z}y=2xn fm [u(r,z)+ub] Z(z,z)rdr (2.4)
Q(z)=27 [ u(x,z) {1-£(r,2)lrdr (2.3)
M(zy=277 [ lel(z,2do [1-2(r,2)] + [u(r,2)+u ]? o (2)i(r,2)irdr (2.6)

B(z)=27g [ [o -o_(2)]E(r,2)rdr (2.7)

-}



Y is called the momentum amplification factor and (¥-1)/Y is the fraction
of the mean momentum f£lux that is carried in the turbulence. g is the
acceleration of gravity.

Closure of the integral plume equations requires a relationship between
local plume properties and the rate of increase with height of the ligquid
volume flux. Ditmars and Cederwall (1974), Fannelop and Sjoen (19850),
and Milgram and Van Houten (1982) all used an entrainment hypothesis forx

the needed relationship and this will be adopted here. It is

Q. 276b (2)T(2) . . | (2.8)
where @ is the entrainment coefficient. Eowever, wheresas all previcus
investigators considered the entrainment coefficient as a constant to be
specified for any particular plume, Here it will be considered to be dependent
upon local plume properties.

The three integral plume equations can now-be determined. The first is
the conservation of liquid equation (2.8). The second is the conservatiocn of

gas equation which can be expressed as
Gully/{Hp=2) = q(z) (2.9)

where ¢ 1s the gas volume Zlow rata at a pressure of one atmosphere. The
third equation results from equating the buoyaney per unit height to the spatial

rate of change of wmomentum flux.

8(z) = % | (2.10)

2.2 Equatioms for Gaussian Profiles of Velocity and Density Defect

Experimental evidence shows that the radial profiles of velocity and
density defect are well approximated by gaussian'Curvés so equatiens (1.1)
and (1.2) will be used henceforth. For these profiles equations (2.4) through
(2.7) become:
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The plume equations (2.8), (2.9) and (2.10) then beccme:
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with 9o _(z) given by equation (2.1).

2.3 Initial Conditrions Near the Bottom of the Zone of Established Flow

Equations (2.15), {2.16) and (2.17) can be inctegrated upward numerically
if 21l parameters are known and if conditions near the bottom of the zome of
established flow are known so that the integration can be started. Equation (2.18)
for the conservation of gas is valid so two additional conditions are required.
The precise determination of these requires unavailable information about tie
zone of flow establishment, but suitable approximations for most cenditions can
be made. The reasons for this are that over most of the extent of the plume the
momentum gained in the zone of established flow dominates the momentuﬁ gained
in the zone of flow aestablishment, and solutions to the plume equations are
generally particularly stable to perturbatioms in initial conditiocns.

The momentum flux at the height where the intagration is to be startad, z_,
is estimated as the sum of the momentum flux coming from the gas outlet and an
estimata of the buoyancy in the zone beneath this height. To minimize the error
of this estimats, 2z should be chosen as low a5 possible so that the buoyancy |
beneath it is minimized. However, as the height of the gas cutlet is approached
there is expected to be more error in the first part of the integration due to

inaceuracies in both the gaussian approximations and the entrainment avpothesis.



The best choice for Zp is the one which gives the best bzlance between these
influences. Although this is not known exactly a reasonable position would
seem to be the greater of five gas outlet diameters, D, and the height of the
zone of flow establishment for single phase plumes given by Chen znd Rodi (1930).
This is: o
/3D
z, = min |

E éi-lOuo(D/g)%[pb(o)/o

=

(2.18)

-(-'l(u

J
WI £y

where u is the gas velocity at the outlet as determined from the gas volume

flow rate and the area of the gas outler.
Estimating the mean gas speed below z = zy 23 uo/Z, the estimate for the
momentum £lux becomes:

Zq(zE/Z)

M(zE) = qTog(H)uo + {pw—og(zE/E)Igze (2.19)

Q

Finally, the centerline plume deuéity defect is estimated as:

 S{z) = 9_/2 | (2.20)

It must be emphasized that thesae ;avalier estimateas of H(zE) and S(zE) are
not represented as accurate values for the top of the zone of flow establishment,
but rather are reasonable values for beginning the numerical integration at
z =z Figure 2.1 is an example of the imsensitivity of results over most of
the plume of the numerical integration to reasonable variations in the initial

conditions.

2.4 Theoretical Framework for Analysis of Velocity Measurements

The measurement data which will be usad to determine the relaticuship
between local plume properties and both the entrainment ccefficient, «, and
momentum flux amplification factor, Y, are the laboratory experiments of Fannelop
and Sjoen (1980) and of Milgram and Van Houten (1982) as well as the larger scale
experiments described subsequently. All of these axperiments Included measurements
of radial profiles of vertical velocity, but profiles of gas fraction and momentum
flux were only measurad in the second study. TFor the other experiments these
quantities must be determined by application of the plume theory to the velocity
measurements, and for consistency this procedure will be applied zo 211 of the dats.
application of the theory requires\é priori specification of the bubble "slip welccity"

L and of the gas/velocity radius ratio, .



Photographic measurements of bubble sizes made by the author (for air
bubble plumes in water) showed that most of the gas was carried by bubbles whose
volumes ranged from 0.01 to 33 cm?. Of these, most of the bubbles had volumes
between 0.02 and 0.5_cm3 for which Haberman and Morton (1954) found rise velocities
in still water between 0.23 and 0.25 =m/s. However, the larger and faster moving
bubbles contain much more volume than the smaller bubbles and Haberman and Morton

found a rise velocity of 0.45 m/s for 33 cm® bubbles. For the subsesquent appli-
cation of the theory here, & value of 0.35 m/s is used. Figure 2.2 shows an
example of the results of numerical integration of the plume equatioms (2.15),
(2.16) and {2.17) for four different values of B3 0.00, 0.30, 0.35 anéd 0.40 m/s.
The effect of £ 0.05 m/s variation in uy is small, but clearly uy cannot be
discounted altogether.

By comparing measured gas fraction profiles with measured velocity profiles,
Milgram and Van Houten found an average value for A of 0.8 for their laboratory
experiments. No other experimental values are available. However, under the
presumption that turbulent velocities scale with mean velocitias, & is expected
to be larger (but still less than 1.0) for the cther plumes to be considered
here since they are larger and faster than the Milgram an& Van Houten plumes.
Figure 2.3 shows an example with values of both 0.8 and 0.9 for Y. The effect
of the variation is quite small and a value of 0.8 will be used here in the
aﬁalysis of the measurements.

The gaussian approximations given by equatioms (L.1) and (1.2) for radizl
profiles of velocity and density defect will be used. For each measured radial
profile at a height z, U(z) and b(z) are determined by a fit of equatiom (1.1)
to the data. The local gas density is given by equation (2.1) and the local
gas volume flow rate is given by the left hand side of equation {2.16). The
local density defect can then be determined from equation (2.11) as,

(p -0, (23 1a(z)

5(2) = SBI@ (002)/(Thd) * uy] (221

The local momentum amplification facter, Y{z} will be obtained as the ratio of

the total local momentum flux, MT, to the momentur flux of the mean flow, Mm.

MT(Z)

Y(Z) = --——--——«Mm(z)

(2.22)

n L]

where Mm(z) is obtained from equation (2.13) with ¥ set egual to L.
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The total momentum f£lux at height z will be calculated as,

'Z .

Mo (2) = M (zg) + ] B(z")dz' _ (2.23)

z .
B

where the buoyancy per unit height, 3(z), is given by equation (2.14}:

The height z_ will be taken as the lowest height in the zone of established

B .
- flow at which conditions are measured or estimated. The momentum flux atc z,

)
is estimated in the fashion of equation (2.19), but since 23 is generzlly

considerably greater than z_ a different estimate for the mean gas speed below

E
z, is required. Within a short distance above the height of gas release, tie

-

moving material involves a volume flux of water that is of the same order of
magnitude as the volume flux of the gas. Therefore the average gas speed below

) : + . ) - o
z. will be estimated as the average of uoog(zB/Z)/ow and [L(zB) + ub]. Then,

B

MT(ZB)=quTuo . 2q(zB/2)ng[ow-pg(zB/Z)]/[uoac(zB/Z)/pW+U(zB) + ub} (2.24)

Beczuse of uncertainty of the buoyancy below Zps MT evaluated in this way cannot
be expected to be accurate enough for quantitative estimates of 7 at 2y For

all measurement heights above z_ that are used, MT(z)>>MT(zB) so that eguation

B
(2.23) is expected to be accurate enough for making quantitative estimates of
¥ by use of equaticn (2.22}.

The other parameter which depends on local conditions to be determined from
the experiments is the entrainment coefficient, a. Although it could be obtained
from experimental determination of the terms in equation {2.8), the differentiation
of the liquid volume flux would accentuate experimental errors. To avoid this,

2 will be determined by an integration of equation (2.8) between heights at which
radial velocity profiles are measured. Call these heights z, (i=1,2,...), Then,
under the presumptioms that 2 varies conly sligntly between 2, and 2 1 and that
the liquid volume flux, Q, is well approximated by a linear function in this

same height interval, the integral ¢f equation (2.8) is solved for x as

re 4
ETNSTE

Tz T

4

2 Qz;.4) - Qzy) (2.25)
T ib(zi)+b(zi+l)IEU(zi)+U(zi+.)IE;

wnere Q(z) is given by equation (2.12).



3. EXPERIMENTS
3.1 Facility and Equipment

In order to increase the range of scales of bubble plume data, experiments

for measuring velocity profiles were conducted with a gas outlet depth‘of' _ 7
(/5§;meters and gas flow rates up to 0.59 N m’/s. The experiments took place -
“1n Bugg Spring which is a natural sinkhole spring locatad at Okashumpka, Florida .

and which is part of the United States Naval Research Laboratory. Figure 3.1 is

a cross—sactional prefile of the spring. Both currents and spatial temperature

variations in the spring are smaller than can be measured with ordinary instruments.

A barge which is tightly moored to anchors on the shore by five cables floats

on the surface with one édge of the barge over the dee?est part of the spring.

an existing gantry was extende& to 2 distance of 4.6 m past this edge. A 2.5 meter

tall vertical air entry pipe having a 5 cm inside diameter was secured to a concrete
anchor block such that the upper open end of the pipe was 50 m below the surface

and vertically under the extended end of the gantry. Air was supplied to the

bottom of the pipe through a hose from an airflow meter om the barge which in

turn was connected by a hosa teo a rotary screw air compressor on the shore.

Velocity profiles were measured with the use of a horizontal array of 36
vertical current meters configured as & cross as shown in figure 3.2. Each of
the two arms of the cross was 12.9 meters long and the distance between adjacent
current merers was 0.75m. This permitted an accurate estimation of the location
of the imstantanecus center of the plume from the location on' each of the arms
on the cross at which the velocity was a maximum.

A system of four support cables was used to adjust the height of the cross
and to provide horizbntal rastraint against turbulence-induced motions of the
cross. A taut upper cable attached the upper bridle shown in figure 3.2 to
the gantry. A taught lower cable attached to the lower bridle passed through a
sheave near the air outlet and then to the parge. Two adjacent ends of the cross
rode on vertical cables tensioned to about 10° newtons which led from the edge
of the barge to anchor weights con the bottom.

The current meters were made from the mechanical spead detecting parts of
Aanderaa current meters and 36 electronic signal conditicners, sach of which
contained a low=-pass filter with a lOisacond time constant. The resulting signals
were sampled at a rate of 1 Hz through 36 analeg-to-digital chamnels of a digital
computer for 10 minutes for each airflow rate and current meter cross height. Each

of the groups of 36 samples was obtained in z time interval of about 0.3 milliseconc
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$0 the samples can be considered to be simultaneous. Finally, for each chaanel
each set of ten successive samples was averagéd tegether giving 60 of these
short~time averaged measurements for each of the 36 channels in a ten minute
measurement period. These measurements were made for airflow rates of 0.024,
0.118, 0.283 and 0.590 X m3/s; and for heights above the air outlet of 15.47,
25,62, 37.81, 43.90 and 46.95 meters.

3.2 Data Reduction

The purpose of the data reduction was to f£it a gaussian function as given
in equation (l.1) to every radial profile measured with respect to the instantaneous
location of the.plume centerline and thereby obtain values for the centerline
velocity, U, and the plume radius, b. This was done by the following steps:
1. TFor each 36 point, 10 second velocity average, there weres 18 values along
one axis of the measuring cross and 18 values along the other. Spline cubic
interpolating functions were fit to each of these 18 sets of poiats. The location
of the maximum of each of these functions was taken as the value in "cross
coordinates™ for the locaticn of the plume center. The distance from this
location te each of the current meters was determined so that 38 sets of values
(u,r) were obtained. This was done for all 60 sets of 10 second averages so
that 2160 pairs of (u,r) values were obtained for each airflow rate and measurement
neight.
2, The range of values of radius, r, was partitioned into segments 0.08 meters
long. The values of u for all the r values falling in any particular segment
were averaged together to obtain a value of u Zor the midpoint of the segment.
This reduced the number of pairs of {(u,r) values for each airflow rats and
measurement height to about 100. Figure 3.3 shows an example of 2 plot of these
values.,
3., A gaussian function of the form of equation (Ll.1) was fit to the reduced
data points with U and b chosen to minimize the standard deviation between the
function and the points. Figure 3.3 shows the gaussian approximation to its data.
4. The above procedure gave 20 radial profiles of velocity. The one for a
smeasursment height of 46.%5 m at an airflow rate of 0.118 N m3/s was "out of line"
with other profiles and the measured profile had excessive scatter. Thereiore
this profile was eliminated from the data leaving 19 of these larger scale profiles

available for analvsis.



5. The current meters measured velocities in the (r,z) plane. Since the
radial mean velocities are small in comparison to the vertical mean wvelocities,
their effscts on the measured mean velocities are small.‘ However, a small
correcticn can be, and was, made for this. For each airflow fate the values

of b(z) and U(z} were fit by spline cubic functions so that their derivatives
could be easily evaluated. Then, using the form of equation (l.1) and a radial
integraction of the continuity equation (div §=O, neglecting hers the effects of
the variation in mean density) gave the small radial velocity. From this and
the measured velocities in the (r,z) plane, the vertical velocity components
were calculated. These radial profiles of vertical velocity wers then fit with

gaussian curves as before. The results are shown in table 1.

1s.
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4, DATA ANALYSIS

4,1 The Data Set

The goals of the data analysis are the determinations of functional
relationships between local plume properties and the entrainment coefficient,
&, and the momentum amplification factor, Y. The experimentzl measurements
used for this are the relatively small scale measurements of Milgram and
Van Houten (1982), the measurements at about three times larger scale of
Fannelop and Sjoen (198Q) and the measurements at about fifteen times larger
scale made in Bugg Spring. Each of these sets of measurements contains several
radial profiles of vertical velocity at each of several airflow rates with these
profiles approximated by gaussian functions of the form of equation (1.1).
Thus the data to be used here are in the form of values b{z) and U(z) at
each airflow rate.

For the Fannelop and Sjcen experiments the lowest measurement height was
5.5% of the gas outlet depth, whersas for the Milgram and Van Houten experiments
and for the Bugg Spring experiments the equivalent percentages were 256% and 327
respectively. The percentage is small enough for equation (2.24) to be appliad
at the lowest height for the Fannelop and Sjcen experiments, but this is net the
case for the two latter experiments. In these cases, conditions at adequately
low points were estimated by an application of the integral theory. This was
done as follows. For each airflow rate, the plume equations (2.15), (2.16) and
(2.17) were numerically integrated several times starting at a height z;as
given by equation (2.18): each time with different values of ¢ and Y which wers
taken, for this step only, to be independent of height. The integration which
best fit the measured values of bh(z) and U(z) was chosen in each case. An
example of this 1s shown in figure 4.1, As is demonstrated in figure 2.1,
errors in initial conditions for beginning the integration are most influential
in the region below the minimum (maximum negacive} slope of the function U(z).

Therefore, a value of z, was chosen for application of equation (2.24) that was

B
above this peint of minimum slope and the raquired values of U(zB) and b(zB) ware
obtained from the numerical integration. The values used for 2, were 0.32 meters
for the Milgram and Van Houten experiments and 1.98 m for the Bugg Spring
gxperiments.

For all three sets of experiments, values of b(z) and U(z) were £it with
spline cubic functions. Instead of forcing these functions to fit all the
data points exactly, functions with four equally spaced ncdal points with
axtrapolatad end point curvatures were used subject to the criterion of minirmum
variance with the unsmoothed data. Since data at five or six heights were used,

this process introduced a small amount of data smoothing. The spline cubic



functions were used for the remainder of the data analysis. Table 1 shows both
the unsmoothed data and the evaluations of the spline cubic functions. At sach
data height these evaluations were used together with equations (2.21) and (2.14)
to determine the centerline densicy defect and the buovancy per unit height
which was then in turn £it with a four nodal point cubic spline functiom.

This was then integrated by quadrature to evaluate equaticn (2.23) at =ach

data height. With this done, the momentum amplification factor was evaluated
from equation (2.22) at each data neight except for the zB's and theése values
are also shown in table 4.1, TFinally, table 1 shows the wvalues of the liquid
volume flux, ({z) which were determined from equation (2.12).

The values of the entrainment coefficient, &, were determined from equation
(2.25) at positions midway between data heights and these are shown in table 2.
Values of both 2 and vy for the highest measurement point at the two largest
gas flow rates in the Milgram and Van Houten data appear "out of lime" with
other values. Therefore these two data rows for both the o and ¥y data are not
used in the subsequent data analysis. They are shown in tables 4.1 and 4.2

because they were used in the raw data set,

4.2 The Entrainment Coefficient

For single phase plumes'many investigators have proposed a constant value
for the entcrainment coefficient, while others (c.f. Fox, 1974;.or Seban and
Behnia, 1976) have suggested a functional rslationship between local plume
properties and the entrainment ccefiicient of the form,
= K +K,/(F )°

1 2 r

asingle
phase

(4.1)

where K, and X, are constants and the densiometric plume radius Froude Number

1 2
is given in terms of the variables used here as,

F = UVQW/ng : (4.2)

T

The entrainment coefficients for bubble plumes in the data sef are not constants
and a gquantitative comparison with eguation (4.1} shows that this functional
ralationship does not apply to bubble plumes. Therefore, the appreach takan
here is to determine an empirical functional relatiomship between dimensionless
local plume properties and the entrainment ecgefficient, bDased on the measursd

data and a few simple concepts.

-
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It is assumed that the viscous forces are small in comparison to pressure,
inerria and surface tension forces, Then the local independent variables axre
bs g, 3, pw-pg, Uy s T and (U or q). Either U or q can be taken as independent,
but not both. The relationship between the entrainment coefficient and each
dimensionless grouping of these variables with ratiomal exponents whose denom-

inators were 10 or less was examined and the one giving the best collapse of

the data is ~  1/3 2/5 3/10 /2 =i/2
& q g (o, =0 T

where & is the centerline gas fraction

s =8/ - | | 4.3)

This dimensionless group will be called the bubble Froude number, FB, and it

can be expressed as:

FB = Lm/LD o {08
where 1/s
L, = (¢*/g) (4.5)
and
vT/gle -0 ,)
Ly = ""E"T7?TJL_ (4.6)

Lm is the mixing distance of bubble motions in the turbulence Inasmuch as
it is the s$a;e of the distance that gas bubbles moving at the characteristic
speed (g%q) Dcan penetrate downward zgainst the gravitational hydrostatic

preséure. L is the characteristic distance between bubbles since fT/g(ow-c )

D
is the characteristic length scale of a bubble.

I

Figure 4.2 shows the data points of o vs FB. In addition to the data poiats,
- two additional conditions were used in determining a form for a functional

relationship between o and T These are

5"
1. As FB + 0 the plume becomes an occasional single bubble with no difference

in waks conditions between one height and another. For this limic the entrainment
coefficienr must be zero.

.2. As FB -~ o the bubbles are close to 2ach other and the plume ﬁust act as a
single phasa plume. TFor this limir the entrainment coefficient relationship

will be raquired to approach equation (4.1). A functional relationship which
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meets these conditions and which is consiscent with the trend of the datas in
Figure 4.2 is

- A1 Ao - 22 .
W(Fy,F )= {(FB) /145+F) }f{&lﬁczf(:r) } (4.7)

For fitting equation (4.7) to the data in table 4.2 each data point Gy was

assigned a weight W, taken as the ratio of the vertical distance 2,972 used

in equation (2.25) for evaluating 4y to the total depth H. The constants
Al’ Az, Kl and K2 were chosen so as to minimize the weighted square error

Eé over the 53 data points of table 2 which were used.

2 53 2
= - 4
ECt §=1Wj {cxj a(FB,FE) 1 : (4. 8.)

The value of KZ found by this process was so small that, over the range of

data points, the K,-term in equation (4.7) varied from 2% to 6% of the K -term.

The value found foi Al was 0.95. Because of these findings and the fact that
the data is neither comprehensive enough or accurate enough to predict @ in
complete de;ail, it was deemed appropriate to set KZ to zero and Al to 1 and
thereby replace equation (4.7) with the simpler form:

’F
a(Fy) = KB - (4.9)

At
A FB

The weighted error minimization process was then repeated with the results,
R = 0.165 A = 7.398 (4.10 a,b)

Figure 4.2 shows the function a(Fg).

Much of the scatter of the data points in figure &.2 has been found to
result from small variations from smooth functions in the measured values of
b vs z. This scatter can be greatly reduced by a consideration of averagas over
height. TFor each experiment at a fixed airflow rate, the bubdle Froude numbers
at different heights wary by up to 25% from their height-average as a rule. .
This variation is small enough to allow a compariscen of height-averaged
entrainment coefficient with height-averaged bubble Frouds number to be usaful,
In formingz these height averages, the individual quantities were weighted in
accordance with the values of W given in Table 2. Figure 4.3 shows the height-

averaged data points. A function of the form of aquation (4.9) was fit to these



data and the best (minimum RMS error) f£it was obtained with K = 0.1635 and

A= 7,907, Figure 4.3 shows both this function as well as the previous fit

to the individual data points with A = 7.398, The fact that the difference is
so small means that the influence of the scattar on the functional fit can be

neglected and the values given in equation {(4.10) will be used in'subsequent

sample calculaticns.

4.3 The Momentum Amplification Facter

A similar process was used to find an empirical function for the momentum

amplification factor, Y. The dimensionless grouping ¢f the independent

variables giving the best collapse of the data of table 4.1 is

1/2 =1/2 —2/3 ~1/2 '
Uz(pv-pg) g & T ., This quantity will be called the pnase

distribution number, NP, and it can be expressed as

= 1
NP LV/LD (&.1%1)

whare Lv is the vertical length scale of the plume motion,

L, = U*/gh ' (4.12)

Figure 4.4 shows the data points of Y vs NP. For determining the form
of a functional relationship between Y and NP two conditions were used in
addition.to the data points. These are:
1. As SP + 0 the plume degenerates to an occaslonal single bubble. In thié
limit, Y,tﬁe ratio of total momentum flux to the momentum flux in the mean flow
becomes large without limit.
2. As N, + = the bubbles are very closely spaced and the plume must act lixe
a single-phase plume. Most single phase plume investigations have been based
on Y=1 although the measurements of Gecrge and Taminini (1977), indicate
¥ = 1.07. Data fits for both asymptotic limits were determined.

Functional relationships which meet.the above conditions and are consistent
with the trend of the data points in figure 4.4 are:

)

1.0+ Cl/(NP} (4.13%

[}

Y(N)

D’?
L.07 + D,/ (%) © (4.14)

i
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Experimental wvalues of Y were not evaluated at the lowest of each set of
data heights shown in table 4.1 because of the large influence at these
heights of potential errors in the estimate of the buoyancy beneath them.
41lso the two aforementioned "out of line” points in the Milgram and

Van Houten data were excluded. This leaveg 53 data points., Cl’ CZ"Dl

and D2 were determined so as to minimize EY’ which is the sgquare errof over

these 33 points.

[Yj—Y(NP)]Z o (4.15)

Ho weighting function of height differences was used in this case becauss
the experimental evaluations of Y do not depend directly on measured differences
at two adjacent measurement heights as was the case with a.

The values obtained for C €,y D, and D, are:

L 1 2
¢, = 337.7 ¢, =1.25 B (4.15 a,b)
D, =977 D, = 1.5

Figure 4.4 shows these functional relatiounships.

4.4 Results from Other Experiments

The subsonic orifice data of Kobus (1963) and the data of Topham (1875}
ware analyzed in precisely the same way as done with the primary data set.
Tables 3 and 4 for the Xobus and Topham data are analagous to tables 1 and 2
for the primary data set. The calculated values of ¢ and ¥ for the Kobus
data are also shown in figures 4.2, 4.3 and 4.4. The ¥ valves for the Topham
data are not rzasonable. The o values for the Topham datz have unreascnable
variations with height due to the irregular shapes cf b vs z. However, the
height-averaged values of a for the Topham data are raasonable and these are

shown on figures 4.2 and 4.3,



5. PLUME WANDERING

If a radial profile of a phvsical quanticy in a bubble plume is
wmeasured by a set of long-term time averages, each at a radius reckoned with
respect to a vertical line agbove the gas outlet, plume wandering can influencs
tite measurements. In the presence of plume wanderinrs, such a measured profile
will generally have a smaller centerline value and a larger width than a

orofile reckoned with respect to the instantaneous location of the centerline.

3.1 Mathematical Model

Consider a horizental plane (X,¥) through a bubble plume whose wvartical
valocicy profile is given by: |
| _ mhy?
a=te O (5.1)

where ¥ and v are horizontal coordinates relative to the instantaneous
centerline location. Furthermore, suppose the location of the centerline is

a joint gaussian random variable (£,n) whose probability density funcciom is

siven by: ) 502+ﬁ02
z . i T T 2y
Pan(-go,no) ﬂ.c_z e o (5--—,‘
where g% = E24n2 ‘ (5.3

tae overbar designating the statistical average.

Let the origin of the (X,¥) plane be at the mean centarline location anc

)

consider measurements along ¥Y=0 which will be called uL.

. " 2 7
(%~ ) on *
Z

o]
a (X) = Ue b _ (5.4)

The statistical average of 4., wnhich is representative of the long-term time

L!
average of s is:

—an % .
= 70 - (& ,n )d& dn

uL(X) } Jr uLP;n(-:O’"!O) ‘90 o (
- i

L
.
Ll

~

Carrying out the integration results in:
X.’.

=t a 5 2 4
uL(X) = ULe op = (5.53
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2
= 17/ g, 3
where UL = U/(1 + bZ) . (3.7)
and ' b, = b/IF2/b? (5.8)

Since the plume width, b, at any height is 2 monotonically increasing function
of values of the entrainment coefficient, &, below this height; plume wandering
will result in overestimates of & if they are based on long-tarm time averages.
Let YL be the momentum flux amplification factor based on the long-term
time averapge measurements, UL and bL' Then, for the usual case of (f§<l, pg<<pw),
application of equation (2.22) gives:
g2
-YL = Y(1 "I"E'i" (5.9)
where 1 < £ £ 2 and £ increases with increasing U/[ub(l+k2)]. Therefore,
if a plume wanders, the momentwum flux amplification factor is expected to be

overestimared if it is based on measuresments of long-term time averages.

5.2 Considerations of the Experiments

Fazal (1980) measured long-zerm time averages of momentum flux and gas
fraccion at an airflow rate of 0.0023 N m¥/s in the same tank as was later
used by Milgram and Van Houten (1982). The momentum flux sensor used was
subsequently found to undergo random zero shifts so its data will not be
considered here. The calibration of the gas fraction sensor used is uncertain
so the magnitude of the gas fraction will not be considered. However, the
cas fraction profile radii, the ib's, can be compared to those later found with
respect to the instantaneous centerlipe location to show the influence of
plume wandering. These radii were determined for use nere by fitting a gaussian
curve to each of the gas fracticn profiles. The lowest height at which Milgram
and Van Houten measured gas fractions at an airflow rate of 0.023 N ni/s was
1.58 m. To obtain estimates lower in the plume the value of b from the velocity
data at a height of 0.96 m was multiplied by 0.8 (the estimate of A), and the
caleculated result at 9.32 m (zB) was included. Fizure 5.1 shows the rasults
for both the long-term time averaged data and the data with respect to the
instantaneous centerline location. The radii from the long-term time averages
are clearly wider which supports the visual observations of plume wandering in

the tank and the need to measure the plume properties with respect to the
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instantanecus centerline location. This was done for beoth the Milgram and
Van Houten experiments and for the larger scale Bugg Spring experiments.

The data of Fannelop and Sjoen, which were in the form of long-term time
averages were included here in the primary data set used to determine tche
relationship between plume properties and o and Y. This is only justifiable if
those data were not materially influenced by plume wandering. 4 taest of this
influence was provided by determining the relationship between plume properties
and o« and Y with the Fannelop and Sjoen data removed from the data set. There
was essentially neo change in the best relationship between plume properties and 2.
Equation (4.9) still provided the best relationship with K = 0,165. The only
change was that the coustant A changed from the value of 7.398 to 7.515. The
best relationship between plume properties and Y was provided by equation {(4.13)
with Cl = 111.3 and C2 = 1.0, A graph of this function is shown in figure 4.3.
The relationships between plume properties and o and Y are so little changed by
exclusion of the Fannelop and Sjoen data that it is likely these data were not
materially influenced by plume wandering. .

The evidence councerning the influence of plume wandering on the data of
¥obus (1968) is mixed. Although these data were not used in determining
functional relationships between plume properties and o and Yy, values of
o and Y calculated from them are shown in figures 4.2 and 4.3. The values of
o shown in figure 4.2 for the Kobus data are definitely larger than the other
data and the functional relationship would predict. This indicates a possible
influence by plume wandering. However, the values of ¥ shown in figure 4.3 for
the Xobus data are not, for the most part, higher than other data would predict.
Since this indicates a lack of influence by wandering the evidence is mixed and
ne clear conclusioms of the influence of warndering on the Rcbus data can be
drawr.

The analysis of the Bugg Spring daca included determination of the location
of the plume center for each of the 80 sets of data points used in the determin-
ation of each radial prefile of vertical velocity. These 80 values of center
location were used for experimental determination of o, the variance of the
radial loeation of the plume center. For each height at sach gas flow rate the
quantity (1+¢2/b%) (see equations 5.7 and 5.8) was determined. This quantity
ranged from 1.004 to 1.092 with an average value of 1.040. This indicates that
only a modest zmount of plume wandering occurred in the Bugg Spring experiments
although even it was taken into account by reckoning the data with respect to

the instantanecus location of the plume centerlins.
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5. APPLICATICN

By combining tﬁe semi-empirically determined functional relations between
lecal plume properties and the entrainment coerfficient, a, and the momentum
amplification factor, Y, with the plume equatiocns (2.15), (2.18} and (2.17);
numerical solutions can be obtained without the need for a priori specification
of @ and Y. '

Previous experiments for determining the speed of single air bubbles in
water indicate a bubble slip speed of about 0.35 m/s. Since the surface temsicn
of natural gas against water is similar to that of air against water unless the
pressure is very large, gas bubble sizes in subsea well blowouts are expected to
be similar to air bubble sizes unless the depth is very great. Bishnoi and
Maini (1979) determined the downward flow speed of water to keep natural gas
bubbles stationary in a vertical tube. These data suggest a bubble slip speed
of about 0.26 m/s, but after they are correscted for tube blockage by the bubble
the indicated slip speed is about 0.28 m/s. The difference in numerical results

b
for the applications here.

between cases with u_ = 0.35 and-ub = (.28 is slight and 0.35 m/s will be used

The gas/velocity radius ratio, A, 1s expected to increase with increasing
values of the ratio of plume velocity to slip wvelecity U/ub; For relatively
small plumes with 0.9<U/ub§2.9 previous measursments show A=0.8. The solution
to the plume equations éhénges only slightly when A changes from 0.8 to 0.9.
Since A is not expected to exceed 1,0 use of 0.85220.9 is appropriata except for
very small and slow plumes (U/ub< 0,.5). A value of 0.3 will be used here.

The numericzl solution to the plume equations with the formulations
described above for the experiment of Milgram and Van Houten (1982) at an airflow
rate of 0.00050 N m®/s is shown in figure 5.1. The measurad values of U, b and
centerline gas fraction are also shown in the figure. The agreement is quite
sood, but not as good as occurs when specific values of o and ¥ are cheosen to
give the best agreement between theory and experiment.

Figure 6.2 shows the numerical solution for conditions of a subsea well
blowout of 10 N m’/s of gas at a depth of 100 m through an 0.03 m? opening.
Although there is no quantitative data for the flow above blowouts, the

rasults are in qualitative agreement with what is obsarved.
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7. CONCLUDING DISCUSSION

The integral mean flow plume equations (2.15), (2.18) and (2.17) using
saussian radisl profiles are applicable teo bubble plumes over a wide range of
scales, There are four parameters in the theory. B A, o and 7. Two of
them; the bubble slip speed Uy and the gas/velocity radius ratio, A, can be
estimated from known information o be approximately 0.35 m/s and 0.8 respectively.
Since modest changes in values of W, or A result in only a small change in the
soluticn to the plume equations, these estimates can be quite approximate.
Nonetheless, it would be of interest to confirm in a large scale experiment
the expectation that A approaches 1.0 for large values of U/ub wnereas it has
teen found to be approximately 0.8 at small scale.

Semi-empirical functional relationships between loczl plume proparties and
the entrainment coefficient, =, and for the momentum amplification factor, Y,
have been determined. When thesé rélationships for @ and Y and the afore-
mentioned approximations for A and Uy s are combined with the plume equations
{2.15), (2.16) and (2.17), the thecry takes a closed form that can be applied
to any round bubble plume. '

It is of interest to speculate on tﬁe possible physical bases for the
relationships between plume properties and o and Y. Since there is no conclusive
evidence which supports these speculations and eliminates all others, they must
be considered as tentative. ¢ is small for small bubble Froude numbers which
oceurs when the bubbles ares widely spaced in comparison to the characteristic
mixing distance of the bubbles in the £luid. For this condition, the bubbles
must act more or less individually. When the bubbles are closely spaced in
comparison to the bubble mixing distance the bubble wakes are merged and the
plume is more of a unified moving water plume so the entrainment is similar to
that of 2 single phase plume. : '

LV is the characteristic distance the mean flow must move in order for the
buoyancy to make a significant change in plume properties. When this distance

is large in comparison to the characteristic distance between bubbles, which
are the sources of buoyancy, the buoyancy and its resulting momentum flux axe
well diffused through the plume. This is the case of a large phase distribution
factor with nearly all of the momentum flux carried in the mesn flow. When LV
is not large in comparison £o the characteristic distance between bubbles, the
buoyancy sources and their resulting momentum £luxes zre more separated and
distinct which leads to a higher fraction of the momentum flux carried by the

flucruating variatvions of velocity.
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The smallest scale laboratory experiments which have taken place have had

small enough phase distribution factors, N_ for the momentum flux amplification

P
factor to be significantly greater than 1.0. However, the largest scale

laboratery experiments have had large enough phase distribution factors for ¥

to be nearly equzl to 1.0. The available data shows that Y is cldse to 1.0

when NP exceeds 800 which would nearly aiways be the case for subsea well blowouts.
Small scale laboratory tests have had considerably smaller entrainment

coefficients than are expected for blowouts of gas-containing subsea wells

which result in much larger bubble Froude numbers. Available data suggests

that the entrainment coefficient is relatively constant for bubble Froude numbers

in axcess of 30. However, very large scale experiments are needed to confirm this.
Plume wandering was severe enocugh with a gas outlet depth of 3.56 m in

the 1.65 m diameter tank used by Milgram and Van Houten {1982) to necessitate

special steps to measure data with respect to the instantaneous locatien of the

moving centerline. With the exception of the mixed evidence concerning the

influence of wandering on the data of Kobus (1968), wandering did not significantly

influence the results of other experiments. It seems most likely that large

amplitude wandering is due to the effects of the tank walls when the horizontal

extent of the facility is not very large in comparison to the plume diameter.

These effects may be due to direct interaction betwsen the plume and the sidewalls

or to interactions invelwving the return flow in the tank. Because of the mixed

evidence concerning the effects of wandering cn the Kobus data, complete con-

£irmationithat large amplitude wandering requires the influence of close sidewalls

requires an experiment on small scale plumes in a tank of large horizontal extent.
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The Entrainment Coefficients and Plume Properties at Heights

TABLE 2.

Midway Between Measurement Heights.
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Conditions are as listed below except for notations on individual curves.
4=10 m 7.0.1 m q=9.81 m%/s 4=0.01 N m/s S(25)=500 Kg/m’

1925 /s or=1.3 Kg/m> <1000 kg/m’ 0.8 yel.5  as0.08
ub=0.35 m/s  Mean gas speed belew ZE taken as uO/Z
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The conditions of the axample correspond te an airflow rate of 0.118 N m3/s in the
Bugg Spring Exgeriments. The numerical integration was done with A=0.8, Z_=0.5 m and
${z.)=300 kg/m>. The best fit to the data was with v=1.1 and «=0.087 =

- wnich is the case that is shown.
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FIGURE 4.2 The ESntrainment Ccefficient, a, Ys The Bubble Froude Number, FB

K -~Caleculated from primary data set
- Calculatad from subsonic orifice Kobus data

Q - Average of Calculated values from Topham data. The points shown,
from Teft to right are for gas outlet deoths of 60, &80 and 33 meters
and gas flow rates of 0.367, 0.443 and 0.680 N m3/S respectively

Squation (4.9) with K =0.165 and A=7.598
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FIGURE 4.3 Entrainment Coefficent Ys Bubble Froude Number for Height-Averaged Data

- Calculated from primary datz set
- Calculatad frem subsonic orifice Xobus data
- Calculated frcm Topham Data

Equation {4.9) with K = 0.165 and A as shown

O O X
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FIGURE 4.4 The Momentum Amplification Factor, v, Vs the Phase Oistribution Number, N,

X - Calculated Trom primary data set
$ - Calculated from subsonic arifice Xobus data

Fquation (4.13) with €,=377.7 and C,=1.2S, and Equation (4.14) with
D1=977 and Dz=1.5 “

————— — Equation (4.13) with Gy =111.3 and C, = 1.0

2
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FIGURE 6.1 Application of the Thecry fo the Exgerimental Conditions of
Milgram and Van Houten at a Gas Fliow Rate of 0.0003C N mY/s

Numerical solufticn from tne Tneory

Q Experimental Value
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FIGURE 6.2 Resuits of Numerical Integration of the Plume Equations for a

Gas Flow Rate of 10 N m3/s in Water that is 100 Meters Deen



