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FOREWORD

The analysis of data collected by the National Center for Health Statistics
presents difficult problems because the classical tests of statistical hypotheses
are often based on assumptions that are not satisfied when applied to data based
on complex sample surveys. Consequently the Center sponsored a contract with
the Statistics Department, Hebrew University in Israel, to develop tests of hypoth-
eses suitable for the analysis of data collected in the Center’s sample surveys.
The contract produced several interesting and useful reports, including this one
by Dr. Gad Nathan of the Hebrew University and the Israel Central Bureau of
Statistics. The report was completed by Dr. Nathan while on leave of absence
at the Department of Biostatistics, University of North Carolina at Chapel Hill.

Dr. Bernard Greenberg, Dean, School of Public Health, University of North
Carolina, served as project officer, and Dr. Reuben Gabriel, Chairman, Depart-
ment of Statistics, Hebrew University, was the project director for this contract.
Dr. Gary Koch, Department of Biostatistics, University of North Carolina, and Dr.
Paul Levy, Office of Statistical Methods, National Center for Health Statistics,
reviewed drafts of Dr. Nathan’s manuscript and made helpful suggestions. Dr.
Levy also assumed responsibility for working with the editorial staff in preparing
this report for publication.

MONROE G. SIRKEN

i



CONTENTS

Page
Foreword ......ocooeviiiiiiiiiiiiiiiii i ettt et ettt raen e rans iii
1. Introduction and SUMMAry .......cciiiiniiiiiiiiiiiiiii e raereenees 1
2. The Model and Notation .....cccevviviiiiiiciiiiiiiiiciici e, 1
3. Approximations of the Covariances .........cocceiveiiiiiieiiinieiiiiieneneinenns 2
4. Tests of the Hypothesis .cccovvvniiivivniiiiiiiiiiiiieeiiee e enenss 4
5. Numerical EXamples .....ccceiuiiiiiiiriiiiiiiiriniiiereiieirereeeeeaneseieeeneenns 6
6. The Case of a2 X 2 Table......ccvvvvueeriiereerunieaernnnennns eeetueeeaeraaneaas 9
R O OIICES s e v univuniiierteein ettt et et etneaseeresetsenestans cassnsseasssnssnsernsen 10

Appendix I. Proofs of (3.1) and (3.5) ceceevvveeeireereiiereecreeeesiieeenns 11



APPROXIMATE TESTS OF INDEPENDENCE IN
CONTINGENCY TABLES FROM COMPLEX
STRATIFIED CLUSTER SAMPLES

Gad Nathan, Hebrew University and Central Bureau of Statistics, Jerusalem

1. Introduction and Summary

For simple random sampling within strata,
approximate methods for testing overall inde-
pendence in a contingency table have been proposed
by Bhapkar! and by Garza-Hernandez.? In this case,
the maximum likelihood ratio can be approximated
as closely as required, as shown by Nathan.® This
is not so when the contingency table is obtained
from a complex stratified cluster sample. Chapman*
and McCarthy® have proposed using statistics
based on the replicated balanced half-sample
method of McCarthy ¢ published in Vital and Health
Statistics, Series 2, No. 14. These statistics are the
differences between cell estimates obtained from
one half sample and the product of the relevant
marginal estimates obtained from the comple-
mentary half sample. Chapman’s test procedure,
based on the signs of these statistics, relies on
assumptions of (1) zero expectations of the sta-
tistics under the null hypothesis, (2) independence
between statistics from different sets of half
samples, and (3) fixed covariances between sta-
tistics from the same pair of half samples. As will
be shown, an exact evaluation of the relevant ex-
pectations and covariances of Chapman’s statistics
indicates that these assumptions are not always
tenable. _

Instead we propose here to use half-sample
estimates to obtain some modified statistics, which
have exactly expectation zero under the null
hypothesis and for which the relevant covariances
can be evaluated approximately. Test procedures—
some based on the large sample statistics and others
on Hotelling’s T2 —are then obtained on the basis

of sample estimates of the covariance approxima-
tions,

For a numerical- example it is shown that the
effect of the various assumptions and approxima-
tions made on the values of the statistics is very
small.

2. The Model and Notation

In each of L strata two primary sampling units
(PSU’s) are selected with equal probabilities and
without replacement. Second-stage sampling (within

PSU’s) can be by any method which ensures the
following two conditions:

(@) If Py is the probability of being classi-
fied in cell (i, j) of the contingency table
(i=1, ..., r; j=1, ..., ¢), conditional on
being in stratum h (=1, . . ., L), then an
unbiased estimate, Pjjhe, of Py is available from
each of the selected PSU’s (a=1, 2).

(b) Pijn1 and Py are independent within
stratum h.

Weights W, (h=1,..., L)—the probabiliiy
of inclusion in stratum h—are assumed as known;

L
and it follows that Py= Y WiPy is the overall
A=
unconditional probability ofl being in cell (i, j).
Let Pi= iP,-j and P.;= é'Pij be the mar-
j=1

i=1
ginal unconditional probabilities. Then the null
hypothesis to be tested is that of overall inde-
pendence, i.e.,

Ho: Pij=Pi.P.j (L=1, . .

Lnj=1,...,0)

(2.0)



In order to obtain statistics for which variances
and covariances can be estimated to test this hy-
pothesis, a set of K-balanced half samples is defined
by McCarthy’s technique.® Each of these half sam-
ples consists of a selection of one of the PSU’s orig-
inally selected in each stratum. Therefore each half
sample and its complement are simple stratified
samples with one PSU per stratum. In addition, the
estimates based on any half sample and its comple-
ment are independent. The half-sample selection
defines indicator functions as follows:

1 if PSU 1 is selected in the kth stratum for
ot = ] the kth half sample
h

0 otherwise
(=1, ..., L; k=1, .. .,K). 2.2
The two unbiased estimates of the probability Py
based on the k£th half sample and its complement are

then defined, respectively, by

A L A A
PP =" WilafPym+ (1—af) Pyre]
h=1

and
- L R N
PP="3 Wil (1—of?)Pyn+ afPy]
=1
@=1,...,rj=1, e k=1,.. ., L).

2.3)

Let P(") P(“ and P‘“ P(kj) be the corresponding un-
bxased estimates of the marginal probabilities from
the £th half sample and'its complement, respectively.
Then P(") P(") and P(") are independent of P(k)
P(") amf P(")

Thus the random variables

(i=1,...,r=1;j=1,...,c=1; k=1,...,K)
(2.4)

have expectation zero under the null hypothesis
2.1).

Alternative statistics based on differences
between cross products (rather than on differences
between cell probability estimates and products
of marginal probabilities) can be used, as proposed,
e.g., by Bhapkar and Koch.” If we set

) = PP — PUropn
U= PpP® — Popw

G=1,...,r—L;j=1,...,c—1; k=1,...K)

(2.5)

then the random variables Ug.}’.‘" also have expecta-

tion zero under the null hypothesis.
The multivariate random vectors

XW=(X®, ..., U8, ). (2.6)

and

U= (U®, . SUR ). (2.7)

are each distributed asymptotically normal, with
mean vector 0 under H, for each k=1, . . ., K.
Neither the vectors X®) nor the vectors U®) are,
however, independent, so their covariances must
be evaluated in order to use them in test statistics.

3. Approximations of the Covariances
In the appendix it is shown that

L
cov (Xi(jk)’ Xf(;)) =2{,,2 W:[S(ij)(fg)h
=1

= Pi.Scirgom — P Sasom
—Pr.Sa, iyeon— P.oSwpiram

+ Pi.Pr.S5)con+ Pi.P.gSihy(an
+ P Pr.Saycon+ Py PgSuypm]

+( 3 thzs(i-)(ﬁ)h)( > W,;‘S(.j)(.,,)h)
heMy hedy
+( > W,?S(i-)(‘gm)( > Ws(num)
heMy, heMy
+( 2 WhZS(i.)(f.)h)< 2 W};ZS(.))(O)’I)
heMy g heM
+< > W,?&i-)(-y)h)( > WS(J)(I)’:)} @.1)

rMy
where the parameters

Stron= cov (Pina. Prona)

A A c
Sargon= cov (Pina, Prgra) =Y Strsom
j=




and similarly,

Seargmns Saperans Sapcom
N N « ¢
S(i-)(f-)h= cov (pi.lm, Pf-lm) = 2 2 S(ij)(fg)"
j=1 gy=1
and similarly,
Stiscons Seprieans Scireon (3.2)

are the covariances between the esfimates of cell
probabilities and marginal probabilities from the
same PSU within the A" stratum and the set My ;
is defined by

Mk,l={h:a(,’:)= 0((,:)} c{1,.. e L}, 3.3)
i.e., the set of strata in which the same PSU’s are

selected for the k™" and the [t half sample. Similarly,
it is easy to see that

cov (UR), UY) = cov (PUWPE), POPY)
—cov (PPP®, POPW)
—cov (PWPW, POPWY)
+cov (PWPW, POPW) (3.4)

where, as is shown in the appendix,

N
cov (BB, P}QP;Q,)—( 3 W;s(mx,,,),,)

heMg 1
( > W%,S(ru')(rv')h>+< > Wﬁs(iu)(rv')h)
heM e 1 heM 1

( E WﬁS(ru')U‘v')h)"‘Piquv 2 W?,S(ru')(rv')h
h

tME, 1 hMpe 1

+Pru'Prv' 2 Wis(iu)(fv)h“l‘PiuPrv' 2

heMp 1 heMp 1

F:Sauygomt PrwPp Y, W2 Sduyron

heMpe, 1

for (u,u’) = (j,¢), (¢.)); (v,v") = (g,¢), (c,8)-
3.5)
In order to obtain simpler approximate expres-

sions for the covariances, the following assumptions
are made:

@0N).

(a) For each stratum, k, a value, np, which
depends only on the number of final units per
PSU in stratum k, can be determined so that the
first two moments of the variables (nnPjne) are
approximately those of the multinomial distribu-
tion with parameters (np, {Pyn}). This holds, for
instance, when the same number of final units
are selected in both PSU’s of the same stratum
(if sampling within PSU’s is simple random) or
when the same effective sample sizes are attained
within both PSU’s of the same stratum (if
sampling within PSU’s is clustered and intraclass
correlations within strata are independent of

Under this assumption we obtain
] -
St gon = n—n [8/8¢Pyn— PynPrn]  (3.6)

where 8 is a Kronecker delta (equals 1 if i=f
and O otherwise). The values of Si)(ryrs St.j).g)ns

Stiyc.ons Scigyns Sipcrans Sipeons Stiyson, and
S.j)sor are obtained by summing (3.6) over the
relevant indexes.

(b)
nw =W/ fo(h=1,...,L) 3.7)

where f; is some constant. This implies that the
number of final sample units per PSU in a stratum
(for the case of simple random sampling within
PSU’s) or the effective sample size (for the case of
clustered sampling) is proportional to the weight
of the stratum.

(c)
> WiPiinPsgn = we, 1PiiPry (3.8)

flEMk’ l

where

Wr, 1= z Wh.

heMk’ 1
This holds exactly if the cell probabilities are inde-
pendent of the stratum. In particular, (3.6) implies
L
2 WhPithfgh = Piija (3.9)
h=1

since wi, x=1.



Substituting the approximations (3.6), 3.7), and
(3.8) and the hypothesis (2.1) in (3.1), we obtain
under H,:

cov (X, XD) ~ 2fo{ 8{89P;; — 8PyP
— 8¢PyPy. + PyPyq
+ folwi ;+ (1 — w,1)?]
(8{P;.— P;.P;.)
(8P; —P.;P.g)}
=2fo{l+folw},,+ (1 —we,1)?]}
(8/Pi. —P;.P;)

(82P; —P.;P.,). (3.10)

Thus, for the X statistic, the ratio of the covariance

- between cell estimates from different half samples
to that of estimates from the same half sample is
independent of the specific cells. This ratio is
defined by

px(k, 1)
_ cov(Xg-‘), X}"}) _ 1+£ [Wi,l + (1 — wk,1)?]

 cov(X{P, Xy 1+ fo

3.11)
The selection of balanced half samples ensures
that the number of strata with PSU’s common to
two different half samples is approximately constant
over all possible pairs of different half samples.
Thus the number of terms in the set My, for
k# 1 is approximately independent of £ and L
The further assumption will be made that the sum
of the weights of the strata with PSU’s common to
two half samples is approximately constant, ie.,

- 1 .
w—K(K_l) kz#lwk’l, k #l
2 Wh=wk,l= (38.12)
heMy | L k=1

It follows from (3.11) and (3.12) that the covariances
for different half samples relate to those for the
same half sample in a fixed ratio of approximately

cov (X{P, X{D)
cov (XIP, X§0)

_1+fwr+ (1-
=pX= 1+,

wl] 1 2 D).
(3.13)

Substituting the approximations (3.6), (3.7), and
(3.8) and the hypothesis (2.1) in (3.4) and (3.5), we
obtain for the covariances between the U statistics

f 2f;)2w26{8jgpijprc +ﬂw(1 _f;w)Prc

(81Prj+ Pgy) (8fPic+ Pyy); k # 1
cov (U,(J-k), U}?)'—' ,
2_)% S{SfPijPrc +ﬁ1(1 _fo)Prc

(8115 + Pg;) (8/Pic+Pi); k = L.
(3.14)

Thus the ratio of the covariance for different
subsamples to that for the same subsamples is
fixed for (i, j) # (f, 8)

_cov (UL, U _ w(l — fw)
cov (UP, U®) — (1—f)

for & #1; (5 §) #+ (/, g):

pu

(3.15)

H f, is small, (3.15) will also hold approximately for
@ N = 8.

4. Tests of the Hypothesis

Chapman? has derived a test of the null
hypothesis (2.1) based on the statistics

Z{p =P — Pwpe, (4.1)

The test relies on the following assumptions
under H,:

(a) E(Z ) =0 4.2)

()  cov(Z¥), Z%) =cov(ZIK), ZK))  (4.3)

i1jrs L gy

for alliaéf,j#g, i'#g,j#e k=1, .. - K;

’

and

(c) cov(Z ‘i’J‘I’, VA (f’;) =0 4.4)

for all £# [ and all i, j, f, &.

While (c) holds approximately for large L, it
can easily be shown, on the basis of computations
similar to those in the appendix, that (a) and (b) do
not hold in general, even approximately. _

The statistics X*? defined by (2.6) do, however,
have expectation zero, and approximate tests of



the hypothesis can be derived on the basis of the
covariance approximations of the previous section.

Set
Y,:= (Ykls .« . .,Ykp)
=(XPp, . e o XB . X

X® .0, (k=1,...,K) 45)

where p=(r—1) (c—1). Then asymptotically,

Yi~N(p, ¥) (k=1, . . ., K) (4.6)

with
p=0, ... Bp) @.7

and
i=((0‘uv))=((cov Yku, Yiv))) (w, v=1, . . ., pP),
4.8)

is defined by the appropriate value of cov (Xg"),
Xf(";)) independently of & according to (3.1) since
Mk,k={1, e ey L}.

Next, according to the approximation (3.13),
we have

pY= ((pow)
= ((cov (Yu, Ylv)))(u,v=1, .. P @9
for any k7! where p=pX is defined by (3.13).

Morrison 8 has shown that, under the conditions
(4.6)—(4.9), if we define

Y=k1—é Ye, (4.10)
then
@) Y~N (u, [I—Jr——(%l)ﬁ] Zf) @11

K - -
(b) A= ):2 (Ye—Y) (Y —Y)’
=1

~ W(p, K-1,(1—p) 2(') @.12)

ie.,

A is distributed p-Wishart with K—1 degrees of
freedom and variance matrix (1—p)¥; and

(¢) Y and A are independent.

Two different test procedures can be suggested

based on the above results.
(a) From (4.11), under Ho

Y~N (0, [l—i%—ﬁ] ﬁ) 4.13)

Let i be the estimate of ¥ obtained by substitut-
ing the sample estimates of Py, in (3.1) or the sam-
ple estimates of P in (3.10) for A=/. Set

C= .]iLKE__l).B i 4.14)
Then
G=Y'CY (4.15)

is the approximate large sample test statistic, dis-
tributed asymptotically x2 with p degrees of free-
dom ? under H,.

(b) Define
p=1+r(K—1)p +1(Ii; 1p 4. 4.16)
Then

B~W(p,K—1,[1+ (K—1)pl¥). &17)

Thus _ _
=K(K—-1)YBY (4.18)

is distributed under Hy as Hotelling’s p-dimensional
T? with K-1 degrees of freedom so that Hy can
be tested by comparing

K—p K(K —p) ym-1¥
F= 2= YB'Y (4.19
®—1)p P @19
with the critical value of the F' distribution with p
and K—p degrees of freedom.
The same tests can be performed with the U
statistics (2.7). If we set

Yllc=(Ykl, LRI Ykp)=
(Ul(fcl)’ et Ul({cc)—l’ crt Ui('-’i)l,l’ AR Ur('ﬁ)l,t‘—l)’
k=1, ...,K), (4.20)

replace pX by pU (defined by (3.15)), and replace ¥
by the substitution of the sample estimates of Py
in (3.4) and (3.5), the tests defined by (4.15) and
(4.19) are valid under the same assumptions.



An alternative test using the cross product
ratio could be based on the statistics

Vs=In [PuPrc]
PlCPT]
G=1,...,r—=1j=1,...,c—1). (421)
The covariance matrix of these statistics can be
approximated by the appropriate Taylor expansion
as

cov(Vyy,Vy)=

2 Z (_._]_ )a(u,v,u’,v’)

u=1,r u'=f,r
v=j,¢ v'=g,c ~ A
COV'(Puv,Pu’v') (4 22)
p uvP u'y'

where a(u,v,u’ v')=8,+8+ 8}, +48¢,.

The covariances, COV(puv, P wwr), can then be esti-
mated by the balanced half - sample method:

cav(ﬁup,ﬁu'v')—— 2 (Pw— P®) (P®), — PB) ).

u'v'

(4.23)

Finally, set V'=(V11, ..., Vr_1,c-1) and let C
= ((cov(Vij, V4))) be defined by (4.22) with the
covariances estimated by (4.23) and with Puy, Pury
replaced by their sample estimates Py, and Py,
respectively. Then the large sample Wald statistic
VC-'V' can be used to test the null hypothesis
with asymptotic distribution under the null hy-
pothesis of x2(p).

5. Numerical Examples

The data used for the examples are from the
noncertainty urban strata of the Israel Labour
Force Survey for the period October—December
1968. The primary sampling units are towns and the
stratification criteria are size, region, and type of
population. Two PSU’s are selected within each
stratum with probability proportional to size (num-
ber of inhabitants), but, as size varies little within
strata, the selection can be regarded for all practical
purposes as equal probability sampling, Within
PSU’s, households (25-80 per PSU) are sampled
random-systematically, so final selection probabil-
ities are equal. For the first example, the character-
istics cross-classified were labor force participation

2 classes) and age (5 classes). Simple sample esti-
mates of the values of P;jn were obtained from the two
PSU’s in each stratum and were used together with
the average sample size, na, in each stratum, to
obtain estimates of cov(X¥, X{?) as defined by (3.1).
Five different approximations of (3.1) were
compared as follows:
(a) covo(X(l’.‘),X(”) -
obtained from (3.1) by substitution of the
approximations (3.6) for the covariances
defined by (3.2)— assumption (a) of section 3.
(B) com (X9, XD) —
obtained from the previous approximation by
substitution of the approximation (3.7)—
assumption (b) of section 3.
(¢) cove(X g‘) ,X f(_f]’) -
obtained from the previous approximation by
substitution of the approximation (3.8)—
assumption (c) of section 3.
(d) cc‘)vs(Xg‘), X};’)—
obtained from the previous approximation by
substitution of the approximation (3.12).
(@ conEP, X —
obtained from the previous approximation by
substitution of the null hypothesis (2.1), i.e.,
substitution of (3.10) with the approximation
(3.12).

Table A gives the values of these approxima-
tions for k=1 (independent of the value of k) and
their average, maximal, and minimal values over
all pairs k# [ It should be noted that by defini-
tion chZ(Xng‘), X}g)=cﬁvs(X§J!‘), X1y for k=1 and
that c&v;;(Xg‘), X};’) and cov,(X{0, X}",)) are in-
dependent of the values of k and [ for all k# [ and
for all k=1.

While the differences between the last four
approximations are slight, it can be seen from
table A that the first approximation differs from
them considerably in some cases. This is due to
the fact that in this example there are some serious
departures from (3.7) (assumption (b) of section 3),
as can be seen from table B.

The difference between n, and W/f is due in

this case to large PSU size variations within strata.

It should, however, be pointed out that even the
large departures from (3.7) do not affect the co-
variance approximation very seriously. The other
assumptions made for the remaining approxima-
tions have virtually no effect.




TABLE A. Approximations of cov (X®, Xf(g) (X10°)

i

i=1 j=1
k#1
Approx-
imation| Mean | Maxi- | Mini- k=1l
mum mum

J=1 (a) 14005 14.010 14.004 | 14.021 i=1 j=2

b) 13.039  13.041  13.039 | 13.053
&=1| (o) 13.288 13.291 13.288 | 13.302 k#l

k=1

(d) 13.288 13.302 | Mean | Maxi Mini-

(e) 13.123 13.137 mum mum
f=1 (a) —2412 —2412 —2413 |—2.415 | 14.943 14.949 14.942 | 14.960 i=] j=3

(b) [—2.379 -2379 -2.379 |—2.381 13.885 13.887 13.885 { 13.900
=2 (¢} —2.341 —2.341 -—-2.342 [—2.344 | 14.017 14.020 14.017 | 14.032 k=1

3 k=1

(d) ~2.341 -2.34 14.017 14.032 | Mean | Maxi- Mini-

{e) —2.309 —2.312 14.085 14.100 mum mum
f=1 (a) |—4.356 —4.356 —4.358 |—4.363 | —3.831 —3.831 —3.833 |—3.836 | 20.703 20.712 20.701 | 20.726 i=1 j=4

(b) [~3.063 —3.063 —3.064 [—3.067 |—3.295 ~—3.205 —3.994 —3.298 | 17.245 17.249 17.244 | 17.263
=3 (¢) |—3.006 —3.006 —3.006 | —3.009 |—3.349 —3.349 —38.349 | —3.352 | 17476 17.479 17.475 | 17.495 k=1

k=1

(d) —3.006 ~3.009 —3.349 —3.352 17.475 17.495 Mean Maxi- Mini-

{e) —3.123 —3.126 —3.401 —3.405 17.849 17.868 mum mum
S=1 (@) [—3,660 —3.660 —3.662 | —3.663 |—5.182 —5.181 —5.184 [—5.188 | —7.983 —7.982 ~—7.987 |—7.992 | 24.458 24.469 24.456 | 24.488

(b) |=—4.147 —4.147 —4.148 | —4.152 | —4.953 —4.953 —4.954 —4.95 | —6.587 —6.586 —6.588 |—6.593 | 21.941 21.945 21.940 | 21.966
g=4] () |—4.392 —4.392 —4.393 [ —4.397 [ —4.993 —4.993 —4.993 |—4.998 [—6.844 —6.844 —6.845 [—6.851 | 22.475 22480 22475 22.501

{d) —4.392 —4.397 -4.993 —4.998 —6.844 —6.851 22.475 22.501

(e) —4.671 —4.676 ~—5.086 —5.092 —6.878 —6.886 23.286 23.312

TABLE B. Values of n, and W,/f

A 1 2 3 4 5 6 7 8 9 10

ny | 710 | 65.5 | 30.0 | 41.0 | 54.0 | 39.0 | 34.5 | 39.5 [ 41.0 | 40.0

Fhif | 605 | 56.8 | 19.1 | 456 | 61.8 | 59.4 | 61.4 | 44.6 29.2 | 17.3

The values of the Chapman statistics 4 obtained
for this example are

T,=45.0, based on (4.1),

and

T;=51.0, based on the dual of (4.1) with Py, P;,

and P. ; replaced by Pi;, 13,-., and P. j» respectively.
Four different values of the G statistic de-
fined by (4.15) for the X statistic were calculated:

Gy=49.2
Gl =56.2
G2=G3=>55.7
G4=53.3

where G, (¢=0, 1, 2, 3, 4) is based on the approxi-
mation cov, (Xg‘), X}g)

It can be seen that the differences between the
G statistics, due to the various simplifying assump-
tions, are small. ’

The G, value (4.15) for the U statistic (2.7)
was 39.0 in this example. While this is considerably
lower than the value obtained for the X statistic, it
together with the remaining values obtained,
still far exceeds the critical chi-square value at any
practical level of significance.

A further comparison of values of G, for the X
and U statistics was made on three 3 x 2 contingency
tables from the same survey which indicated much
smaller departures from the null hypothesis.
The values obtained were as follows:

Data set: I II II1
G, for X statistic: 953 393 12.93
G, for U statistic: 928 3.90 12.16

These values are close enough for all practical
purposes. The other statistics, however, performed
poorly for these examples, showing large di-
vergences.



Simulations of 350 sets of sample frequencies
for the same 10 strata 3 x 2 table were obtained from
three sets of cell probabilities, one of which satis-
fied the null hypothesis while the other two repre-
sented increasing departures from the null
hypothesis (see details in Nathan’s paper).!® From
each set of sample frequencies, the Chapman
statistics (Ti, T:), three approximations of Wilks’
statistics (G, G2, G3), and Hotelling’s F were com-
puted for the X statistic. The relative frequencies
of the number of times each of the statistics ex-
ceeded the critical chi-square values for nominal
levels of significance of .01, .05, and .10 are given
in table C. These relative frequencies estimate the
powers of the statistic and again indicate small
differences between the two variants of Chapman’s
statistic and between the various approximations of
Wilks® statistics. In general, higher estimated
powers are achieved for statistics with higher esti-
mated levels of significance, but Hotelling’s sta-
tistic indicates smaller power than Wilks even

though it has a higher actual level of significance.

TaBLE C. Relative frequencies of times nominal
significance level exceeded using nonproportional
sampling (350 simulations)

Hypoth- Signifi- Chapman Wilks Hotelling
esis | €3nCe

level T] T2 G] Gz Gs F
.01 | .011 | .017 |.029 | .026 | .026 | .083
Hy......... .05 { .046 | .037 |[.103 { .097 | .091 | .180
.10 | 071 | .169 | .166 | .166 | .160 | .286
01 | .060 | .063 | .151 | .149 | .149 | .191
Hi........] .05 | .160 | .146 | .326 | .309 | .306 | .337
0 | 226 | 209 | .437 | .420 | .417 | .437
.01 | .337 | .311 | .577 | .563 | .563 | .420
H......... .05 1 497 | 506 | .760 | .754 | .754 | .654
J10 | 591 | .594 | .837 | .834 | .831 | .754

In order to eliminate the effect of the different
actual levels of significance, unbiased estimates of
the Expected Significance Level (ESL) proposed
by Dempster and Schatzoff ! were computed for
each alternative. The estimated ESL is the Mann-
Whitney statistic, which is based on comparisons
of the values of statistics obtained under the null
hypothesis with those obtained under the alterna-
tive hypotheses and measures the relative effi-
ciencies of the statistics independently of the actual
significance levels attained.

The estimated ESL values based on 250 simula-
tions for each alternative are given in table D. As
before, the results indicate that the differences
between variations of the statistics within groups
are small as compared with the differences between
groups and are, in fact, not significant, while
differences between groups are significant (at the
1-percent level). The results thus indicate that for
the given parameters of the two alternatives,
Wilks® statistic, with any of the three approxima-
tions, is more efficient than Chapman’s (either
variation), while Hotelling’s statistic is less efficient
than Chapman’s.

TaBLE D. Estimates and rank of Expected Signifi-

cance Level (ESL) using nonproportional
sampling (250 simulations)
H, H,
Statistic
ESL Rank ESL Rank

Chapman—Ti....... .6301 4 8734 4
Chapman—Tx....... 6249 5 8735 5
Wilks—G; ........... 6554 1 .9080 1
Wilks = G2 veeenenenn] .6547 3 9078 3
Wilks—Gj ........... .6549 2 9075 2
Hotelling—F ........ .5999 6 .8005 6

A further 250 simulations were carried out for
each hypothesis, with sample sizes proportional to
strata weights (i.e., nx=nW;). In this case, taking
into account the previous results, only one statistic
from each group was computed—Chapman’s Ty,
Wilks’ Gi, and Hotelling’s F. In addition, the log-
likelihood ratio statistic based on the overall mur-
ginal table was computed as follows:

=—2 [n(ln n)— ni.(ln ni) = ny(ln ny)
i J

+i2j (In nu)]

and compared with the critical values of x%(p).

Both from the relative frequencies of times the
critical values were exceeded, given in table E, and
from the estimated ESL’s given in table F, it is seen
that the naive test has greater power than the test
based on Wilks’ statistic although the difference in
ESL is not significant. Thus this computationally
simple test can be used in the case of proportional
sampling without any loss of efficiency.



TABLE E. Relative frequencies of times nominal
significance level exceeded using proportional
sampling (250 simulations)

Hy- Signifi- Log-
poth- cance | Chapman | Wilks | Hotelling]likelihood—
esis level T Gy F H
.01 .004 .016 .064 .016
Houionns .05 .016 .052 .156 .048
.10 .040 .092 .196 .092
.01 052 116 .160 .100
Hi...... .05 .140 272 .336 .256
.10 .204 .360 .456 .356
.01 404 .604 .448 .592
Hy...... .05 .584 792 .684 776
.10 .660 .864 .780 .864

TABLE F. Estimates and rank of Expected Signifi-
cance Level (ESL) using proportional sampling
(250 simulations)

o e H, H,
Statistic ESL | Rank | ESL | Rank
Chapman—Ti....... 7041 3 .9232 3
Wilksa =Gy ceovvreneen 7336 2 .9463 2
Hotelling—F ........ .6848 4 .8703 4
Log-likelihood—H.| .7351 1 9466 1

It should be noted that the ranking of the ESL’s
of the statistics used in the nonproportional sampling
case remains the same in the proportional case, thus
strengthening the previous results.

6. The Case of a 2x2 Table

For the special case of a 2x2 table (r=c=2),
some simplifications of the tests are possible. Thus
the statistics (2.4) and (2.5) become
X = P(A)+ p(x)_ (A)P(A)_ p(l_\-)pgf)
=[PPy~ PRPUI+ PRPH-POPE) 61
and

po=PePy PRy 62

so that
X)) = &) 4 [J'k) 6.3)
where
Uo=Pphp-PRhY. 64

U® and U'™ can be shown to be independent and,
from (3.10) and (3.14) under the null hypothesis,

Var (X®) =2f£,(1+ f,) P11 Pea =2 Var (U®).  (6.5)
The variates (4.5) are univariate, so that if

1 :
3 U=~ 2 U, (6.6)

1 k=1

X=

N
M::

k

the test statistics to be used instead of (4.15) are

N ~—
1+ (K—1)pX V2fo(1+ o) Py, P
and €D
R £

1+ (K—1)pU \/fo(l +/fo)PuPy’
(6.8)

both distributed asymptotically standard normal
under Hy. Similarly, (4.18) and (4.19) can be replaced
by

\/ 1—pX X
1+ (K— l)pX\/ Z(X(k)_X)Z/K
(6.9)
and
1—pU U
1+ (K- I)PU\/ 2 (U®— 72K
(6.10)

and compared with the critical Student’s ¢ values
(with k—1 degrees of freedom).
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APPENDIX |

PROOFS OF (3.1) AND (3.5)

Denote for fixed values of £, {

M(].) =Mk,[
and

M(2)={h:h €My, }, (A.1)

and define

Pb""(u) =3 Wi [Py + (1~ afP) Pype],

heM(u)

13.(,-")(U)= S Wal(1—of9) P+ Pyao]

heM(u)

(v=1,2;i=1,...,r;j=1,...,¢c; k=1,...,K).

(A2)

Then
Pp=PP () +Pp(2),
Pp=Ppp(1) +ﬁgc>(2).
(A.3)
Also,

E[PP ()1 =E[P®(u)1=Py(u), (A4)

where

Pij(ll.) = E Wh [a}l")P,-jm-I- (1 —a,(,"))P,-jhz].

heM(u)

(A5)

Thus

P Py - popw
cov (POPE,, POPQ) )

J'? " g

=cov [

S AWkl W= 3

1 (g, 22, U3, Uy)

P® (u)PH (),

2

2
u,r=1

u

cov [P ()P (1), PO (us) PO

fy rv (ud) (A.6)

where the summation is over all the 16 possible
combinations. .

It can easily be seen that P® (u) is inde-
pendent of P (v), PP (v), and P, (v) for
u # v (and similarly for all other pairs of estimates
from mutually exclusive subsets of strata). Also,
the following are pairs of independent variables:

(PP (1), P9, (1)), BB (1), B2 (1)),

» £ fig

(B (2), P (2)), (B8 (2), BY, 2)),
as each of the two estimates in any pair is derived
from different PSU’s in each stratum.

Each of the covariance terms in the summation
(A.6) is of the form cov (xy, x'y'), where the pair
of random variables (x, x’) is independent of the

pair of random variables (y, ¥'). Under these
conditions it is easily verified that

cov (xy, x'y')=cov (x, x") cov (¥, ')

+E (x) E(x') cov(y,y')+E (y) E(¥') cov (x,x').

11



In particular, if, in addition, ¥ and ¥’ are inde-
pendent, then
cov (xy, 'y’ )=E (y) E (¥') cov (x, x'). (A.7)

The evaluation of the components of (A.6) is then
obtained by noting that

cov [P)(1), PO(1)] =E[{ 3 Wh(ﬁgs,)—Pijn)}
heM(1)

{ Wi (PY) —Pfg,.)}]
heM (u)

=h§' e%l) Wil E [ (})ﬁ)

—Pin) (Ph—Pra)]. (A8)
But
E[(P%—Pin) (P, — Prn)]

{S @uon; h=h' and a®=aP

0; otherwise, (A.9)
where S(ij(sy) is defined by (3.2). Thus

cov [PP(1), PR(1)]1= cov (PP(1), PP(1))

=3 WiSapuon (A.10)
heM (1)
Similarly,
cov [PP(2), PY(2)1=cov (PP(2), P(2))
= Y WiSapumm. (A1l

heM(2)

Using the above, the covariance terms of the sum-
mation (A.6) are evaluated as follows:

cov (PP () PE(u), PY(u)PE, (1))

=( > W:fs(ij)(ry)h)(

> W ,?S(i'j')u'g')h)
heM(u)

heM(u)

+ Py (u)Prrg (w) >, WiSancsom

heM(u)

+Py(u)Pry(u) Y, WiSerygem  (A12)

heM(u)

12

for u=1, with the expression for z=2 obtained by
interchanging (fz) and (f'g’). The: other terms of
(A.6) are obtained as follows:

cov (P(,-';) (u)P(‘.{j.’,(u),P}Q (v)Pf'fg,(v)) =0 forusu.
(A.13)

cov (P (1) PEAv1), PO PLD(02))

=Py (v1)Pprg (02) D, WiSapion
heM(1)

for (1)1,1)2) # (1,1) (A.14-)

cov (P4 (01) P.1) , PV (w2) PI)(1))

=Py(v1) Py (v2) Y, WiSainggnn  for (v1,v2)

heM(1)

# (1,1).

(A.15)

Ccov (P(il;) (2)P£{"2 (171) ’ P}L) (Uz)i}(,g,(Z))

for (v1,v2)

=Pi'j'(7h)Pfg(vz) 2 W}Z,S(ij)(f'w)h
' #(2,2).

heM(2)

(A.16)

cov (P (0:) P2 (2), P (2) PED(v2))

=Py(v1)Ppg (v2) D, WiSwingom  for (vi,02)

heM(2)

# (2,2).
(A.17)



Substituting (A.12)-(A.17) in (A.6), we obtain

cov (P(k)Pi(ll;)” PWPW)

fo" f'e’
=( >

"EMI\',I

W:S(iljl)(flgl)h )

W}’,Suj)(rg)n) ( S

h‘Mk,l

+< 2 W:S(ij)(["g')h)( 2 W;fs(i’j’)(fg)h)

hEMy héMy, g

+PyPgy >, WiSainggnn

haMk,l

+PyPry > W2Sanuom

heMy, )

D {
+PyPrg Y WESuynon

hédMy,

+PiyPrg Y WiSangrgnn.-

hth 1

(A.18)
This is the result used in (3.5).

To prove (3.1), note that
cov (X, X)) = cov [(PE) + P — PUIPK)
= PP, B+ Py — PPy — PP
=4A—-—B+C,

where

A= cov (PP, PY) + cov (BY, PY)
+cov (PU, B + cov (P&, P);
B = cov (13(]1?, é{(z)p(.zy)) + cov (P, P(f{)f’(]g))
+ cov (P(Il‘}), ﬁ(f")P(.'g)) + cov (13‘:‘1'.), P(f'.)ﬁ(:;))
+ cov (ls(f’y), ﬁ‘{i’f’{;") + cov (13}9, P(g‘j)ﬁ‘f}))
+ cov (PY, 13({")13(5)) + cov (B, 13({".)13(?‘]3));
C = cov (ﬁ({"_)P(f;.), Is‘f’,)f’(,’g)) ~+ cov (P({“,)ﬁ(f}),
POPW) + cov (BUP®), POPW)

+ cov (PWPW, POPW). (A.19)

Using (A.10) and (A.11), we obtain

L
A =2 Y WiSapywn- (A.20)
h=1
A typical term of B is
cov (P, PYOPW) =
S 3 cov (PHPELPRPG).  (A2))
i'§' £'.9"
and by summing over (A.18) we obtain
-~ -~ L
cov (PW.POPDY =P, > WiSupgom.  (A22)

h=1

Evaluating the remaining terms of B similarly, we
obtain

L
B=2 2 W2[P:.Scj)rom + P.jSioy rown

h=1

+ Pr.Scinc-mn+ P .gSipcron] - (A.23)

A typical term of C is again obtained by summing
over (A.18) as follows:

cov (PEPXE), PYIPY)
= (k) D 5 (1) p(
=3 3 cov (PP, PP

iy

=( 3 Wzs(i.)u.,,,)< 3

heMk’l ’liﬁlk’l

+( > W;?S(i-)(-g)h)( D W,?S(f.)(.m)

hgdy | ReMy

W3S ('Q)h>

+ PP > WiScehcon

he My |
+ PP, 2 W2Suygan
heMy
+ PPy 2 WS¢ ein
heM 1
+ P;.P; 2 WﬁS(i.)(.g)h.
heMp,

(A.24)
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Similarly,
cov (BEP®, PPPY) = cov (PPP®, BOPWY)

=( S WiS(f-)(-j)h)( > W?’,S(i-)(-g)h)

heM p | heMy
+( > W}f&-n(-g))( > Wﬁ‘""“"")
My heMy
+ PsP; 2 W2S¢9 comn
hEMk’I
+PiPg Y WiSuyemm
hGMk,I
+P;Py 3 WESiiygom
heMye,
+PiPr. Y WiScheo (A.25)
hEMy
Thus
C =2 [( 3 W:S(i-)(f')’!)< > Wrzzs"j)("’”‘)
heM,, | heMy

+( S Wﬁsu-)(-nn)( > Wﬁ&i-)(-g)h)

heMy heM,

14

+H S W:S(i-)(f-)h)( > W,fs(-j)(-y)h)

h*‘"k,l "‘Mk,l

+( > W,‘fS(f-)(-j)h>( > W,z,S(i-)(-y)h)

hf‘"k,l ’lka’[
L
+PiPr. 3 WS¢ om
h=1
L
+P._,-P.g 2 W%S(i.)(f.)h
h=1
L
+P;.P., 2 W:S(f.)(.j)h
h=1

L
+PrP.j > W2S iy (o ]
h=1

(A.26)

Substituting (A.20), (A.23), and (A.26) in (A.19), we
obtain (3.1).
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