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INFINITE MULTIPLETS 

I. INTRODUCTION 

The main i n g r e d i e n t s  of t h e  method of i n f i n i t e  m J l t i p l e t s  
1 

c o n s i s t  o f :  

1) t h e  u s e  of wave f u n c t i o n s  w i t h  an i n f i n i t e  number of 

components f o r  d e s c r i b i n g  ar. i p f i n i t e  tower of d i s -  

c r e t e  s t a t e s  of an i s o l a t e d  system (such  a s  a n  atom, 

a n u c l e u s ,  o r  a h a d r o n ) ,  

2 )  t h e  use  of group t h e o r y ,  i n s t e a d  of dynamical c o n s i -  

d e r a t i o n s ,  i n  de te rmining  t h e  p r o p e r t i e s  of t h e  wave 

f u n c t i o n s .  

The group t h e o r y  i s  used i n  t h r e e  ways. It de termines  

t h e  r e l a t i v i s t i c  t r a n s f o r m a t i o n  p r o p e r t i e s  of t h e  wave f u n c t i o n  

as an i n f i n i t e - d i m e n s i o n a l  (no t  n e c e s s a r i l y  i r r e d u c i b l e )  r ep re -  

s e n t a t i o n  of t h e  Lorentz  group. It de termines  t h e  i n t e r n a l  

quantum numbers and degeneracy s t r a c t u r e  of t h e  mass l e v e l s  

as a ccnsequence of  an assumed symmetry grcup i n  t n e  r e s t  

frame of t h e  p a r t i c l e  ( i . e . ,  a l i t t l e  g r o u p ) .  It i s  a l s o  

used  t o  d e f i n e  v a r i o u s  o b s e r v a b l e s .  The s m a l l e s t  of t h e  sym- 

met ry  group i s  t h e  ro t a t . i on  g roupS0(3 ) ,  which g i v e s  r i s e  t o  

t h e  (2j+l)- f o l d  degeneracy of s t a t e s  w i t h  s p i n  j. 

w e  can have a l a r g e r  degree  of degeneracy ,  i n c l u d i n g  t h a t  due 

t o  t h e  s o - c a l l e d  i n t e r n a l  symmetry l i k e  SU(2), S U ( 3 ) ,  e t c .  

Thus w e  a r e  l ed  t o  a h i e r a r c h y  of groups 

I n  g e n e r a l ,  

I 

-1- 



so c s - L c P 

n n 

Here So = SO(?), and Go i s  t h e  degeneracy  group (dynamical  

symmetry g r o u p ) .  S ( t h e  i n t e r n a l  Lorentz  g roup)  and G a re  

t h e i r  Lorentz  c l o s u r e s  ob ta ined  by b o o s t i n g  them. U s u a l l y  

G i s  compact and semi-s imple.  G may be j u s t  a d i r e c t  p ro -  

d u c t  Go = S @ A ,  where A i s  a n  i n t e r n a l  symmetry g r o u p ,  and 

hence G = S 8 A .  T h e r e  a r e ,  hoivever, o t h e r  n o n - t r i v i a l  

0 0 

0 

examples ,  l i k e  t h e  hydrogen atom, t h e  i s o t r o p i c  harmonic 

o s c i l l a t o r ,  o r  t h e  SU(5) model of  had rons ,  i n  which G i s  n o t  

such  a d i r e c t  p r o d u c t .  We t ake  a n  ( i n f i n i t e  d i m e n s i o n a l )  

r e p r e s e n t a t i o n  of t h e  non-compact group G and c o n s i d e r  i t ,  

i n  a d d i t i o n ,  as a f u n c t i o n  of t h e  space- t ime c o o r d i n a t e s ;  

t h u s  making i t  a n  i n f i n i t e  component f i e l d  Yn(x) .  

c r e t e  i ndex  n a r i s e s  because  vie reduce Y w i t h  r e s p e c t  t o  t h e  

The d i s -  

compact subgroup  G o .  I n  g e n e r a l ,  we would l i k e  t o  choose 

G and Y i n  such a way t h a t  t h e  s e t  {yn] c o i n c i d e s  w i t h  t h e  

complete  s e t  o f  a c t u a l  p h y s i c a l  l e v e l s .  However, sometimes 

i t  may be  more conven ien t  t o  r e l a x  t h i s  cond. i t ion .  The 

energy-momentum 4 - v e c t o r  and t h e  t o t a l  a n g u l a r  momentum ( o r  

t h e  p h y s i c a l  Lorentz  group L )  can  be de f ined  on t h i s  f i e l d ,  

and {yn (x)] becomes a l s o  a r e p r e s e n t a t i o n  of t h e  Poincar6  

group (inhomogeneous Lorentz  g roup)  P. However, w e  a re  no t  

t r y i n g  t o  combine P and G i n t o  a la rger  g r o u p ,  s o  we d i s m i s s  
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herewi th  a l l  t h e  problems r e l a t e d  t o  t h e  theorems of  McGlinn, 

O ' R a f a e r t a i g h ,  e t c .  

( A s  w a s  mentioned a l r e a d y ,  t h e  group G and i t s  Lie  algebra 

s e r v e  t h e  purposes  of d e f i n i n g  t h e  s p i n  and o t h e r  quantum 

numbers, e n s u r i n g  r e l a t i v i s t i c  c o v a r i a n c e ,  and e x p r e s s i n g  

p h y s i c a l  obse rvab le s  such as t h e  mass and c u r r e n t s ,  I n  t h i s  

s ense  G i s  sometimes c a l l e d  a dynamical group2 o r  a non- 

i n v a r i a n c e  group3, and i t s  Lie  a l g e b r a  forms a spectrum gen- 

e r a t i n g  a l g e b r a  and a t r a n s i t i o n  o p e r a t o r  a l g e b r a 4  as w e l l  as 

a symmetry a l g e b r a . )  

The s u b s t i t u t i o n  of dynamics w i t h  group t h e o r y  has been 

one of t h e  r e c e n t  t r e n d s  i n  e lementary  p a r t i c l e  p h y s i c s .  I t s  

m o t i v a t i o n  comes from t h e  f a c t  t h a t ,  having seen  a g e n e r a l  

q u a l i t a t i v e  success  of t h e  quark model p i c t u r e  of had rons ,  

one wants a more q u a n t i t a t i v e ,  b u t  s imple and u n i f i e d  d e s c r i p -  

t i o n  of hadron phenomena wi thout  assuming d e t a i l e d  dynamical 

mechanisms and even t h e  e x i s t e n c e  of t h e  y e t  unknown quarks  

as rea l  p h y s i c a l  p a r t i c l e s .  I n  t h i s  kind of approach ,  t h e  

wave f u n c t i o n  $(x1,x2) f o r  a t w o - p a r t i c l e  bound s t a t e ,  e . g . ,  

a meson as a quark-ant iquark  system, can be brought  i n t o  a 

more a b s t r a c t  form ( d e p a r t i n g  from a space- t ime d e s c r i p t i o n  

of t h e  i n t e r n a l  s t r u c t u r e )  by expanding i t  w i t h  r e s p e c t  t o  an 

a p p r o p r i a t e  d i s c r e t e  basic {fn) : 



The s e t  k n + ( X i )  

f i e l d .  Thus t h e  emergence of i n f i n i t e  component f i e l d s  seems 

e n t i r e l y  n a t u r a l  from t h i s  v iewpoin t .  

k n ( X i )  t hen  d e f i n e s  an i n f i n i t e  Component 

There a r e  o t h e r  c o n s i d e r a t i o n s  t h a t  have led  some people  

t o  t u r n  t h e i r  a t t e n t i o n  t o  i n f i n i t e  component f i e l d s ,  For 

example , t h e  s c a t t e r i n g  ampl i tudes  cannot  be made w e l l  behaved 

(i.e., t o  s a t i s f y  superconvergent  r e l a t i o n s  and sum r u l e s )  

u n l e s s  one i n t r o d u c e s  an i n f i n i t e  tower of s t a t e s ;  whereas ,  

v e r t e x  f u n c t i o n s  a c q u i r e  damping form f a c t o r s  i f  t h e  f i e l d  

t r a n s f o r m s  as a u n i t a r y  (and t h e r e f o r e  i n f i n i t e - d i m e n s i o n a l )  

r e p r e s e n t a t i o n  of t h e  Lorentz  group. I would l i k e  t o  remark, 

however, t ha t  t h e  u n i t a r i t y  requirement  i n  quantum mechanics 

f o r  t h e  p r o b a b i l i t y  d e n s i t y  does n o t ,  i n  i t s e l f  , l ead  t o  t h e  

n e c e s s i t y  of having a u n i t a r i t y  r e p r e s e n t a t i o n  of G .  A s  we 

know w e l l ,  i t  i s  t h e  u n i t a r y  r e p r e s e n t a t i o n  of t h e  Po inca rg  

group P t h a t  we need ,  no t  n e c e s s a r i l y  of L o r  G .  ( I n  o r d e r  

t o  s e c u r e  t h e  u n i t a r i t y  w i t h  r e s p e c t  t o  P ,  however, i t  will 

be n e c e s s a r y  t o  invoke wave e q u a t i o n s . )  

S t a r t i n g  from more abstract p r i n c i p l e s ,  one can a l s o  

a r r i v e  a t  the  i n f i n i t e  component f i e l d s ,  Thus Takabayash i ' s  

l ong  s e r i e s  of work5 has been motivated by t h e  non- loca l  
r 

b ( b i l o c a l ,  and l a t e r ,  q u a d r i l o c a l )  t h e o r y  of Yukawa . 
p i o n e e r i n g  work of Majorana' w a s  motivated.  by t h e  non-exis-  

t e n c e  (a t  t h a t  t i m e )  of a n t i - p a r t i c l e s ;  a f a c t  which i s  no t  

v a l i d .  any l o n g e r ,  

The 
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Because of t h e  d i f f e r e n t  v i ewpo in t s  from which d i f f e r e n t  

p e o p l e  have s t a r t e d ,  t h e r e  seems t o  be no consensus  about  t h e  

p o s i t i o n  of t h e  i n f i n i t e  component f i e l d s  r e l a t i v e  t o  t h e  

c o n v e n t i o n a l  mathemat ica l  t o o l s  i n  e lementary  p a r t i c l e  p h y s i c s .  

One may u s e  them, f o r  example,  as  p a r t  of t h e  S-mat r ix  t h e o r y  

i n  d e f i n i n g  an i n f i n i t e  m u l t i p l e t  of a sympto t i c  f i e l d s ,  or 

s imply  as a basis  f o r  t h e  expansion of  an ampl i tude .  O r  one 

may regard them as a new p o s s i b i l i t y  w i t h i n  t h e  framework of 

ax iomat i c  f i e l d  t h e o r y .  One may a l s o  c o n s i d e r  them as be long-  

i n g  t o  Lagrangian f i e l d  t h e o r y ,  I n  t h e  l a s t  c i r c u m s t a n c e ,  a 

f i e l d  w i l l  be  sub. ject  t o  a wave e q u a t i o n  which w i l l  d e t e rmine  

t h e  mass spectrum of a sys tem,  as w e l l  as i t s  i n t e r a c t i o n  w i t h  

e x t e r n a l  f i e l d s ,  e t c .  The a u e s t i o n  i s  whether  one can  make a 

f o r m u l a t i o n  which i s  f r e e  of i n t e r n a l  i n c o n s i s t e n c i e s ,  and  

b e s i d e s ,  i s  u s e f u l  and r e l e v a n t  t o  t h e  a c t u a l  p h y s i c s  of  hadrons .  

However, t h e  more we demand o u t  of i t  , t h e  more problems w e  

m u s t  a l s o  f a c e .  T h i s  w i l l  be seen  i n  t h e  f o l l o w i n g .  

11. C H O I C E  OF THE DYNAMICAL GROUP G AND ITS REPRESENTATION 

The f i r s t  c o n t a c t  between mathematics and p h y s i c s  i s  made 

when one d e c i d e s  on t h e  choice of t h e  group G and i t s  r e p r e -  

s e n t a t i o n .  For  t h i s  purpose  , t h e  f o l l o w i n g  c o n s i d e r a t i o n s  are  

i n  o r d e r :  

1) The d.egeneracy s t r u c t u r e  ( e x a c t  o r  approximate)  of  

l e v e l s ,  which will depend on t h e  symmetry group Go.  

-5- 



1 i  

2 )  The n a t u r e  of low l y i n g  e x c i t a t i o n s ;  i . e . ,  whether 

t h e r e  e x i s t  r o t a t i o n a l  e x c i t a t i o n s ,  r a d - i c a l  e x c i t a -  

t i o n s ,  e t c .  

3) The behav io r  of form f a c t o r s  and. t r a n s i t i o n  ampli-  

t u d e s  between l e v e l s .  

For  example, i f  rad-ial e x c i t a t i o n s  i n  a two-b0d.y system 

a r e  f r o z e n ,  we have f o r  Go t h e  s m a l l e s t  p o s s i b l e  one Go = SO(3) 

i g n o r i n g  i n t r i n s i c  s p i n  and o t h e r  i n t e r n a l  d.egrees of t h e  con- 

s t i t u e n t s ,  and. G = SO(3,l). 

d.ucible  r e p r e s e n t a t i o n  of S O ( 3 , l )  - S L ( 2 , C ) ,  o r  a f i n i t e  sum 

of IRIS i n  ord.er t o  accommodate p a r i t y  and. o t h e r  add . i t i ona1  

We should. t hen  consid.er  an i r r e -  

o p e r a t o r s .  S ince  a n  I R  c o n t a i n s ,  when reduced w i t h  r e s p e c t  t o  

t h e  r o t a t i o n  group,  d i f f e r e n t  s p i n  v a l u e s  j ( e i t h e r  i n t e g e r  o r  

h a l f - i n t e g e r )  on ly  once f o r  each j ,  we g e t  a s i n g l e  Regge 

t r a j e c t o r y  (combining bo th  s i g n a t u r e s ) .  

When r ad ia l  e x c i t a t i o n s  a r e  inc luded  and t h e  degeneracy 

group Go i s  l a r g e r  t h a n  S O ( 3 ) ,  we run i n t o  two conspicuous 

p h y s i c a l  examples t h a t  have been e x t e n s i v e l y  s t u d i e d .  

1) Go = S O ( 4 ) ,  G = SO(4,l) o r  S0(4 ,2 )  - s u ( 2 , 2 ) ,  

(hydrogen a tom) .  

2 )  Go = S U ( 3 ) ,  G = S U ( 3 , l )  o r  U ( 3 , 1 ) ,  

(harmonic o s c i l l a t o r ) .  - - ., 
The number of  t imes  an  I R  of  t h e  subgroup Go occur s  i n  an I R  

of G depends on t h e  r e p r e s e n t a t i o n ,  so  we have t o  choose a 

p a r t i c u l a r  kind ( u s u a l l y  a degene ra t e  r e p r e s e n t a t i o n )  t h a t  

-6- 



cor re sponds  t o  t h e  a c t u a l  m u l t i p l e t  s t r u c t u r e  of  l e v e l s .  When 

reduced w i t h  r e s p e c t  t o  t h e  r o t a t i o n  g r o u p ,  i t  g i v e s  r i s e  t o  an  

i n f i n i t e  r e c u r r e n c e  of Regge t r a j e c t o r i e s ,  b u t  each  t r a j e c t o r y  

i s  n o t  s imply  r e l a t e d  t o  t h e  r e d u c t i o n  w i t h  r e s p e c t  t o  t h e  

i n t e r n a l  Lorentz  group S C G .  

111. MODELS BASED ON S L ( 2 , c )  

S i n c e  SO(3,l) - S L ( 2 , c )  i s  t h e  minimum group i n  o u r  approach ,  

we w i l l  t ake  t h i s  as a b a s i c  example t o  d i s c u s s  some c h a r a c t e r -  

i s t i c  problems.  

i s  g i v e n  i n  terms of  a symmetric t e n s o r  p roduc t  

A f i n i t e - d i m e n s i o n a l  IR D ( . j l y j 2  ) o r  s L ( 2 , c )  

c L . .  s n ;  L m = 2 . j ,  n = 2 j  s , t  = 1,2, - a , . l . .  2 ;  1 1. m 

b u i l t  o u t  of b a s i c  s p i n o r s  

w i t h  t h e  p r o p e r t y  

It decomposes i n t o  t h e  s p i n  s u b s t a t e s  as 

The g e n e r a l  IR of  S L ( 2 , c )  can be ob ta ined  from t h i s  by a n a l y t i c  

c o n t i n u a t i o n ,  f i x i n g  k j 1 - j,, and l e t t i n g  j + j, + 1 E c 

t a k e  an a r b i t r a r y  complex v a l u e .  Thus we wr i t e  an  IR as D ( k , c ) ,  
$1 

which w i l l  decompose i n  genera l  as t D ( l k l  + n ) .  It a l s o  
n=o 

t u r n s  ou t  t h a t  D ( k , c )  = D ( - k , - c ) .  
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I i  

The space  r e f l e c t i o n  ( p a r i t y )  may be d.ef ined on D ( j l , j 2 )  

as j - J,, which means D ( k , c )  - D(-k ,c )  = D ( k , - c ) .  

L e t  u s  w r i t e  t h e  s i x  i n f i n i t e s i m a l  g e n e r a t o r s  as 

‘io i L i  = e i j k  A j k 9  i K i  = 

L o p e r a t e s  w i t h i n  each subspace D ( j ) ;  K has  m a t r i x  e l emen t s  

between ne ighbor ing  D(j)’s. D i f f e r e n t  r e p r e s e n t a t i o n s  d i f f e r  

i n  t h e  m a t r i x  e lements  of  K .  

- rw 

c 

An I R  D ( k , c )  i s  u n i t a r y ;  i . e . ,  K i s  H e r m i t i a n ,  i f  and 

o n l y  i f  

a )  c = imaginary  ( p r i n c i p a l  s e r i e s )  

O r  

b )  k = 0, o < c < ~  (supplementary  s e r i e s )  

S i n c e  k i s  t h e  lowes t  s p i n  v a l u e  t h a t  o c c u r s  i n  an I R ,  i t  i s  

f i x e d  by p h y s i c a l  c o n s i d e r a t i o n s ,  Thus c i s  t h e  o n l y  v a r i a b l e  

parame t e r . 
1) Form f a c t o r s  

Def ine  a l o c a l  scalar p roduc t  c F, ( x )  f n  ( x )  where 
n 

{Fn} t r a n s f o r m s  as D ( k , c )  under  S. I n  a u n i t a r y  r e p r e s e n t a -  

t i o n ,  Y = \y *. 
{y,) - D ( k , - c ) .  Now l e t  u s  c o n s i d e r  a p l a n e  wave s t a t e  which 

i s  a t  r e s t  and has  d e f i n i t e  s p i n  v a l u e s  j a n d  jg. 

s t a t e  can be ob ta ined  from t h i s  by a p p l y i n g  t h e  Lorentz  t r a n s -  

fo rma t ion  L t o  b o t h  s p i n  and o r b i t a l  p a r t s  ( b o o s t i n g ) .  I n  

t h i s  way we can d e f i n e  s ca l a r  v e r t e x  f u n c t i o n  f o r  a t r a n s i t i o n  

I n  g e n e r a l ,  w e  have t o  use  an a d j o i n t  f i e l d  

A moving 

between two F o u r i e r  components (momenta) p and p’ having  
I-1 CL 

-8- 



s p i n  and h e l i c i t y  ( j  , h )  and J’,h’) , r e s p e c t i v e l y .  

i t  i s  g iven  by t h e  m a t r i x  element 

E s s e n t i a l l y  

between two s p i n  s u b s t a t e s  of Yn and q n ,  where t a n h  $= v i s  

t h e  r e l a t i v e  v e l o c i t y  between t h e  two s t a t e s ,  We have t h e  

s imple  r e l a t i o n  
2 (m-m ) -t 

2mm’ 
y 5 cash#= p.p’/mm’ = i + 

For t h e  f i n i t e - d i m e n s i o n a l  r e p r e s e n t a t i o n ,  t h e  t -dependence 

(form f a c t o r )  of (1) i s  e s s e n t i a l l y  l i k e  a polynomia l ,  bu t  we 

i 

o b t a i n  c o n - t r i v i a l  r e s u l t s  i n  t h e  in f in i t e -d . imens iona1  c a s e .  

For example,  w i t h  J = i ’ = O ,  

We make t h e  fo l lowing  remarks: 

a )  The maximum degree  of  growth of  (1) f o r  l a r g e  

y - -t/2m2 i s  l i k e  5 y jl +j2 = y C - l  i n  t h e  sense  t h a t  t h e r e  

e x i s t s  a t  l e a s t  one m a t r i x  element for any f ixed .  j and.  j’ 

which behaves l i k e  - y , ( T h i s  fo l lows  from e lementary  con- c - 1  

s i d . e r a t i o n s  about  t h e  behav io r  of a f in i t e -d . imens iona1  

which can be z n a l y t i c a l l y  c o n t i n u e d ,  ) Thus f o r  

u n i t a r y  r e p r e s e n t a t i o n s  t h e  m a t r i x  e lement  -0 as y- CO, b u t  i t  

does so  on ly  l i k e  - y a s y m p t o t i c a l l y .  It should. be men- 

t i oned  t h a t  t h i s  a p p l i e s  t o  t h e  o v e r a l l  m a t r i x  e l emen t ,  and 

-1 
D * 

* I n o t  t o  t h e  i n v a r i a n t  form f a c t o r s  de f ined  a f t e r  s e p a r a t i n g  o u t  

k inemat ic  f a c t o r s .  S i m i l a r  arguments can be made f o r  v e c t o r  

( c u r r e n t )  and. o t h e r  v e r t i c e s  when t h e s e  can be d.efined.. 

-9- 



_ ‘  

b )  The m a t r i x  e lements  (1) have t h e  r i g h t  t h r e s h o l d  

behav io r  9 . T h i s  can be understood from t h e  f a c t  t h a t  t h e  

Lorentz  g e n e r a t o r  K has  a s e l e c t i o n  r u l e  I j-j’l \< 1, s o  t h a t  
uc 

‘j-j” - v  t h e  m a t r i x  element m u s t  behave l i k e  -9 Ij-B’I 

c )  A n a l y t i c i t y  a n d  c r o s s i n g .  The m a t r i x  e lements  

(1) f o r  i n f i n i t e  r e p r e s e n t a t i o n s  have a branch  p o i n t  a t  

y = -1, cor re spond ing  t o  t h e  normal t h r e s h o l d  to = (m + m H 2  ) , 
and a t  y = a. 

Lorentz  t r a n s f o r m a t i o n  y = c o s h d r  = -1, which i s  a compact 

T h i s  i s  due t o  t h e  f a c t  t h a t  t h e  imaginary  

r o t a t i o n ,  a c t s  on an i n f i n i t e  bas i s .  For t h e  same r e a s o n ,  

t h e  v e r t i c e s  do n o t  have c r o s s i n g  symmetry 10 : 

element  between p o s i t i v e  (po>o) and n e g a t i v e  (po / < o )  F o u r i e r  
t h e  t r a n s i t i o n  

- 
components as c a l c u l a t e d  from Eq .  (1) i s  no t  t h e  same as t h e  

u s u a l  a n a l y t i c  c o n t i n u a t i o n  of t h e  p o s i t i v e - p o s i t i v e  m a t r i x  

e l emen t ,  I n  f a c t ,  t h e  former should be r e g u l a r  a t  t h e  

t h r e s h o l d  (y = -1), and s i n g u l a r  a t  y = 1. The two form 

f a c t o r s  can be r e l a t e d  o n l y  by a n a l y t i c  c o n t i n u a t i o n  round. W .  

These p o i n t s  can be e x p l i c i t l y  seen  from E q .  ( 3 ) .  

2 )  Wave e a u a t i o n s  

Most wave e q u a t i o n s  t h a t  have been cons idered .  a r e  

l i m i t e d  t o  q u a d r a t i c  o r  l i n e a r  (Majorana7-Gelfand.-Yaglom 11 

t y p e )  d i f f e r e n t i a l  e q u a t i o n s ,  i f  o n l y  f o r  r easons  of mathe- 

m a t i c a l  s i m p l i c i t y  and n o t h i n g  e l s e .  

be of t h e  form 

These e q u a t i o n s  w i l l  

- 10- 



l i  

o r  

1 ’  

i 

Where w 

und.er S L ( 2 , c ) ,  and a , B , x  may be f u n c t i o n s  of t h e  Casimir 

i s  t h e  Paul i -Lubgnski  v e c t o r ,  Y i s  i n  g e n e r a l  r e d u c i b l e  w 

o p e r a t o r s .  I n  f a c t ,  we cannot  t a k e  a s i n g l e  a r b i t r a r y  I R  f o r  

Y i n  g e n e r a l .  

( k , - c ) .  

To d e f i n e  p a r i t y ,  we need a p a i r  ( k , c )  and 

I n  o r d e r  t o  d e f i n e  a c u r r m t ,  we need a l s o  t h e i r  a d j o i n t s .  

F i n a l l y ,  i n  t h e  c a s e  of l i n e a r  e q u a t i o n s ,  we need a p a i r  of  

I R I S  ( k , c )  and k’,c’) = ( k  + 1 , c )  o r  ( k , c  + 1) i n  o r d e r  t o  

r e a l i z e  c u r r e n t  o p e r a t o r s  T 11s16. Thus w e  end up w i t h  up 
- - 

w 
t o  e i g h t  IRIS. The Majorana equa t ion  ( ( k , c )  = ( 0 , ~ )  1 o r  
1 (?,O) ) i s  t h e  on ly  c a s e  where a s i n g l e  I R  s u f f i c e s .  

These e q u a t i o n s ,  as they  may look s imple  and e l e g a n t ,  

s u f f e r  from well-known d e f i c i e n c i e s  from t h e  p h y s i c a l  p o i n t  

of view: 

a)  The mass spectrum m(J) - 0 as t h e  s p i n  J - 11 . 
(Except ions  t o  t h i s  are  t h e  c a s e s ,  w i th  Eq. ( % ) ,  i) a = 0 ,  

m 2 = c o n s t . ,  and. ii) B = 0 ,  J(J + 1) = a, m2 a r b i t r a r y . )  

b )  T h e r e  i s  a l s o  a con t inuous  f a m i l y  o f  l i g h t l i k e  

s o l u t i o n s ,  and. even worse ,  of unphys ica l  s p a c e l i k e  s o l u t i o n s  

as wel17’12’13. (There have been some p r o p o s a l s  14315 to 

i n t e r p r e t  t h e  s p a c e l i k e  s o l u t i o n s  i n  p h y s i c a l  t e r m s . )  
1 
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c )  I n  t h e  c a s c  of E.la:jorana r e p r e s e n t a t i o n ,  t h e  

massive and massless s ta tes  come i n  w i t h  o n l y  one s i g n  of  

energy  (or f r e q u e n c y ) .  Thus a p a r t i c l e  i s  no t  accompanied 

by an  a n t i - p a r t i c l e .  I f ,  however, a p a i r  of IRIS are  used 

i n  Eq.  ( 3 b ) ,  w e  can have b o t h  s i g n s .  

f e a t u r e  of i n f i n i t e - d i m e n s i o n a l  r e p r e s e n t a t i o n s .  

So t h i s  i s  no t  a g e n e r a l  

The  above remarks d o  n o t  n e c e s s a r i l y  a p p l y  t o  m’sre 

compl ica ted  (non-Gelfand-Yaglorn t y p e )  e q u a t i o n s ;  e . g .  , 
when x i n  E q .  ( 3b )  i s  a f u n c t i o n  of p 2 . We can  g e t  a r i s i n g  

But t h e  o t h e r  d i f f i c u l t i e s  spectrum m x J by t a k i n g  k CY p 2 . 
s t i l l  p e r s i s t .  

Another  way i s  t o  t a k e  a n  i n f i n i t e  ( o r  f i n i t e )  s e t  of  

IRIS D ( k , c ) ,  k = 0,1,2,-- (Boson) o r  1/2, 3 / 2 , - -  (Fermion)  

w i t h  f i x e d  c ,  and p o s t u l a t e  

2 [ p  - f(k)] = 0 

2 [ W  - g(k)] v = 0 

i n  such  a way t h a t  o n l y  c e r t a i n  s p i n  v a l u e s  a re  se l ec t ed  f o r  

each k .  

n e c e s s a r y  t o  accommodate p h y s i c a l  l e v e l s ,  b u t  i t  has  t h e  

advantage  of b e i n g  f r e e  of a l l  u n p h y s i c a l  s o l u t i o n s .  For 

example, we o b t a i n  a r i s i n g  l i n e a r  spectrum m2 = a j + b by 

I n  t h i s  case t h e  space  ( y )  i s  much l a r g e r  t h a n  i s  

choos ing  
4 

f ( k )  = a k + b ,  g ( k )  = - f ( k )  k (k + 
5 Eq.  ( 3 c )  can be  de r ived  from a Lagrangian by 

A 

1) 

i n t r o d u c i n g  an 

a u x i l i a r y  f i e l d .  
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3) Minimal electromagnetic interaction 

We discuss here briefly the problem of electromagnetic 

interaction, especially the magnetic moment. It is indeed. an 

interesting feature of our approach that non-trivial electro- 

magnetic properties can result even with the assumption of 

minimal electromagnetic interaction. This assumption is 

reasonable at least if we are effectively dealing with a 

composite systm in which only one of the constituents, con- 

sidered elementary, is charged. 

The current is uniquely defined as 

(x) = F[xX)V \y (x), v = 6 L / 6  p p ,  
jP CL c1 

a ,j (x) = o 
C L P -  

if the free Lagrangian density is ? L 1 .  

form factors discussed above, we will also obtain non-trivial 

static magnetic moment (and higher moments) by taking the 

matrix element of .j . The result is, however, again rather 

unphysical in the case of the already unphysical equations 

In addition to the 

CL 

(3): 
if only a pair of IRIS are used''. 

type equations, the situation can be d.ifferent, 

the g factor is = 0 for Eq.  (3a), and. < 0 for E q .  (3c) 

For non-Ge1fand.-Yaglom 

IV. MODELS BASED ON SO(4.2) - SU(2.2) 

A s  has been discovered by various authors 17-19, the group 

S0(4,2) - S U ( 2 , 2 ) ,  rather than S 0 ( 4 , 1 ) ,  provid.es a nice 

framework in which to formulate the problem of the hyd-rogen 
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atom. 

Dirac  m a t r i c e s ,  and t h e r e f o r e ,  i t  s e r v e s  as a p r o t o t y p e  of 

t h e  t h e o r i e s  l i k e  S ~ ( 6 , 6 ) .  

a c c i d e n t a l .  

It i s  a l s o  i n t e r e s t i n g  t h a t  SU(2 ,2)  i s  thegroup genera ted  by 

But t h i s  connec t ion  i s  probably  

S0(4,2) c o n t a i n s  SO(4)  B SO(2) as i t s  compact subgroup,  

s o  t ha t  t h e r e  a r e  t h r e e  d i s c r e t e  quantum numbers t o  l a b e l  a 

s t a t e .  S ince  t h e  a c t u a l  hydrogen atom has on ly  two, c o r r e s -  

ponding t o  SO(4)  degeneracy ,  we need s e l e c t  a s p e c i a l  degen- 

e r a t e  r e p r e s e n t a t i o n  i n  which t h e  t h i r d  quantum number i s  no t  

independent  of t h e  o t h e r  two. I n  f a c t ,  we f i n d  a unique 

r e p r e s e n t a t i o n  t h a t  s e r v e s  ou r  purpose .  

We l a b e l  t h e  s i x  f i c t i t i o u s  dimensions 0 ,1 ,2 , - -5 ,  w i t h  

m e t r i c  +---- +. The p h y s i c a l  space  i s  i d e n t i f i e d  w i t h  1,2,3. 

The s e c r e t  of success  i n  r e f o r m u l a t i n g  t h e  n o n - r e l a t i v i s t i c  

hydrogen atom l i e s  i n  t h e  f a c t  that.,  u s i n g  t h e  p h y s i c a l  space  

as the c a r r i e r  s p a c e ,  t h e  15 g e n e r a t o r s  M of SC(4,2) may be 

i d e n t i f i e d  as 
UP 

M45 + M50 - - r =  (z2) 1/2 

= r A  M45 - M50 
- 

M4i - M o i  - xi 
k - - x A + 2% a ai + 2ai M o i  + M4i i 

( 4 )  

= i (xis i + 1) M4i 



t 

i 

These o p e r a t o r s  a r e  Hermi t i an ,  and. hence g i v e  a u n i t a r y  

r e p r e s e n t a t i o n ,  i f  t h e  m e t r i c  i s  de f ined  by 

Now m u l t i p l y  t h e  Schr8dinger  equa t ion  

by r ,  and. use  E q .  ('4). We g e t  immed-iately 

Once t h i s  i s  ach ieved ,  we can a l s o  go t o  a d . i s c r e t e  basis  

$(;) - Y' n u s i n g  t h e  quantum numbers of t h e  compact subgroup. 

Eq. ( 7 )  can be so lved  by making a hype rbo l i c  r o t a t i o n  i n  

t h e  (04) p l a n e :  

$ = exP [ieM041 :!! / , t anh  8 = (- 1 -B)/(? 1 +B), if B>0.(8) 
2 

The transformed. e q u a t i o n  
2 1 2 1/2 ~ 5 0 - a ) J i  / = O  

{ [ ($  + B) - (- - B) 3 2 

immediately gives  t h e  f a m i l i a r  spectrum 

2 
50 M~~ = a ,  o r  B = a / 2  M 

where t h e  d . i s c r e t e  " p r i n c i p a l  quantum number" M = n t a k e s  

t h e  v a l u e s  l,2,3,--- i n  t h i s  r e p r e s e n t a t i o n .  

i o n i z e d  s t a t e s  B < 0 f o l l o w  by r o t a t i n g  i n t o  t h e  d - i r e c t i o n  4:  

50 
S i m i l a r l y ,  t h e  

B = - a 2 / 2  M54, where t h e  non-compact g e n e r a t o r  M now t a k e s  54 
cont inuous  v a l u e s .  

5 It was shown by F r o n s d a l l g  t h a t  t h e  wave f u n c t i o n  yn can 

be made i n t o  a f i e l d  '1' (x) w i t h  a G a l i l e i  i n v a r i a n t  n, 
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z 

Hamil tonian .  The  e l e c t r o m a g n e t i c  i n t e r a c t i o n  may be introd.uced 

accord. ing t o  t h e  r u l e  2-2  - e A (x). 
l i n e a r  i n  t h e  S 0 ( 4 , 2 )  g e n e r a t o r s .  T h i s  corresp0nd.s  t o  a 

The  e q u a t i o n  i s  s t i l l  
CII 

I d e s c r i p t i o n  of t h e  hydrogen atom i n  which 

M >> M e ,  = xe, = r - r P -p - e '  

The p e c u l i a r  f e a t u r e  of  t h i s  problem i s  t h e  r o t a t i o n  (8), f i r s t  

noted by B a r u t l 7 .  S i n c e  @ i s  d i f f e r e n t  f o r  d i f f e r e n t  l e v e l s ,  

t h e  e i g e n f u n c t i o n s  w are  n o t  o r t h o g o n a l ;  t h e y  are  o r t h o g o n a l  B 

o n l y  w i t h  r e s p e c t  t o  a m e t r i c  o p e r a t o r  M 

s o l v e s  t h e  o l d  d i l e m m a .  t h a . t  p h y s i c a l  t r a n s i t i o n  o p e r a t o r s  

cannot  be r ep resen ted  by genera . tors  s i n c e  t h e  l a t t e r  induce  

- M54.  T h i s  n i c e l y  50 

r t r a n s i t i o n s  o n l y  between ne ighbor ing  o r t h o g o n a l  s t a t e s  i n  a 

r e p r e s e n t a t i o n .  
P 

So much f o r  t h e  n o n - r e l a t i v i s t i c  hydrogen atom. By a s s i g n -  

i n g  t h e  subspace (0123) t o  t h e  Minkowski s p a c e ,  one can f o r m a l l y  

w r i t e  down l i n e a r  r e l a t i v i s t i c  wave e q u a t i o n s  w i t h  S O ( 4 )  de- 

gene racy .  B u t  aga in  we tend t o  run  i n t o  t h e  d i f f i c u l t i e s  

encountered  i n  t h e  S L ( 2 , c )  case. N e v e r t h e l e s s ,  some model 

e q u a t i o n s  wi thou t  s p a c e l i k e  s o l u t i o n s  have been found 

A s  an example,  w e  mention 

18,19 

T ur i s  a d i r e c t  p roduc t  of Dirac and S0(4 ,2 )  r e p r e s e n t a t i o n s .  

T h i s  e q u a t i Q n  has  a d i s c r e t e  hydrogen- l ike  mass spectrum 
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YV = + K J1 - a2/n2 , a con t inuous  spectrum i m l >  H ,  and a f a m i l y  

o f  massless s o l u t i o n s ,  b u t  i s  f r e e  of  s p a c e l i k e  s o l u t i o n s .  

- 

V. MODELS BASED ON SU ( 3 , l )  

T h i s  group i s  t h e  minimum Lorentz  e x t e n s i o n  of  SU(3) ,  t h e  

degeneracy  group of t h e  3-d imens iona l  i s o t r o p i c  harmonic 

o s c i l l a t o r .  

i d e a l i z a t i o n  of  t h e  o r b i t a l  motion i n  t h e  quark  model of  

hadrons as w e l l  as t h e  n u c l e a r  s h e l l  model. 

i t  has an  advantage  i n  t h e  s i m p l i c i t y  of ma themat i ca l  p ro-  

p e r t i e s .  

Perhaps t h e  harmonic o s c i l l a t o r  i s  an a p p e a l i n g  

A t  t h e  same t ime ,  

I n  o r d e r  t o  c o n s t r u c t  a r e p r e s e n t a t i o n ,  we i n t r o d u c e  t h e  

&-dimens iona l  o s c i l l a t o r  v a r i a b l e s  a a + ( w  = 0-3) w i t h  

"2' "3 P - u  

P - '  P - '  
[a,, + au]- = G ( m e t r i c  +- - - ) .  ( A n n i h i l a t i o n  o p e r a t o r s  a re  

P-U 

and a. + . )  Then t h e  15 combina t ions  a + a t h u s  a l ,  

form g e n e r a t o r s  of U ( 3 , l ) .  

i s  g e n e r a t e d  by t h e  an t i symmetr ic  t e n s o r  a +a 

The Lorentz  r o t a t i o n  group O ( 3 , l )  

P - u  U P -  W U  
- a+ a = i L  

c n r r e y -  whereas  t h e  symmetric t e n s o r  i ( a  + a + a" + aP) = irwu 
P w  

ponds t o  deformat ion  and d i l a t a t i o n .  

i s  gene ra t ed  by a i ,  a: (i = 1,2,3) a l o n e .  

The SU(3) subgroup ( G o )  

I n  o r d e r  t o  d e s c r i b e  t h e  harmonic o s c i l l a t o r ,  t h e n ,  w e  

have t o  s u p p r e s s  t h e  f o u r t h  d.egree o f  freedom. T h i s  can  be 

d.one by go ing  t o  S U ( 3 , l )  20-22. We impose t h e  conddt ion  

-17- 



. It can be shown t h a t  ai which r e l a t e s  a, + a. t o  N = 1 aif 

t h e  s u b s t i t u t i o n  a. -+ m, ao+ - 
t o r s  l e a v e s  t h e i r  commutation r e l a t i o n s  unchanged. except  t h a t  

now r c1 = - z A ,  We g e t  fo l lowing  I R I S  

i n  t h e  U ( 3 , l )  genera-  

c1 

i )  h \< O , . u n i t a r y .  

i i) h = i n t e g e r  > 0 ,  N < A ,  f i n i t e  non-un i t a ry .  

iii) h = i n t e g e r  2 0 ,  N > h ,  d i s c r e t e  u n i t a r y .  

The behav io r  of form f a c t o r s  acco rd ing  t o  t h e s e  r e p r e s e n t a -  

t i o n s  i s  - y h f o r  i )  and i i ) ,  and - y -1-h f o r  i i i).  They have 

an anomalous s i n g u l a r i t y  a t  y = 0 o r  t = M2 + M'2, t h e  phys i -  

c a l  meaning of which i s  u n c l e a r .  

i n g  t h a t  we do n o t  o b t a i n  t h e  gauss i an  form f a c t o r  of t h e  

(It may be a l i t t l e  s u r p r i s -  

harmonic o s c i l l a t o r ,  bu t  t h e  l a t t e r  follows as a n o n - r e l a t i v i s -  

t i c  l i m i t  i n  which l A l  -. 0)  21 . A t  any r a t e ,  by a s u i t a b l e  cho ice  

of h w e  can g e t  any asymptot ic  power b e h a v i o r . )  

The wave equa t ions  based on SU(3,l) are n e c e s s a r i l y  quad- 

r a t i c ,  s i n c e  r i s  t h e  o n l y  a v a i l a b l e  t e n s o r .  Thus a t y p i c a l  

form w i l l  be 
c1U 

1 %  

[ rClu PPPU - aPPPw + B 3 Y = 0 

I w i t h  t h e  mass spectrum 

T h i s  i s  p h y s i c a l  o n l y  if B > 0 ,  a + h - N > 0 .  There are no 

o t h e r  s o l u t i o n s  cor responding  t o  a r e a l  f o u r - v e c t o r  P . I f  we 
- 
\ 

c1 
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t a k e  a f o u r t h  ord.er e q u a t i o n ,  we can a l s o  o b t a i n  an i n f i n i t y  

of l e v e l s  w i t h  a hydrogen- l ike  accumulat ion p o i n t .  

Another form similar t o  Eq. (3c) i s  based. on U ( 3 , 1 ) ,  and. 
I e l i m i n a t e s  t h e  unphys ica l  s o l u t i o n s  by means of a supplemen- 

t a r y  c o n d i t i o n 2 2  y23. We t a k e  

= 0 1  a + q  Y = 0 
(pP Cor (PPa  P ) (Pus U+ ) Y 

The mass spectrum i s  s t r i c t l y  l i n e a r  

( 1 3 )  2 M2 = H (N + C ) ,  

whereas t h e  supplementary c o n d i t i o n  suppres ses  t h e  f o u r t h  

degree  of freedom: a. Y = 0 f o r  t i m e - l i k e  s o l u t i o n s ,  and 
+ e l i m i n a t e s  s p a c e l i k e  s o l u t i o n s  comple te ly :  a. y = 0 - y = 0. 
t. 

I n  t h i s  scheme, A =-EL + a’ = ai ai - 1 = N - 1 ,  s o  t h a t  each 

l e v e l  belongs t o  a d i f f e r e n t  I R  D ( A )  ( d i s c r e t e  s e r i e s ) o f  

SU(3,l). Eq. (12) may be der ived  from a Lagrangian.  

+ 

+ 
c1 

V I .  PROBLEMS OF QUANTIZED FIELDS 

The p e c u l i a r  unconvent iona l  p r o p e r t i e s  of i n f i n i t e  component 

f ie1d.s  w i t h  regard.  t o  t h e  g e n e r a l  cond. i t ions  of quantum f i e l d .  

t h e o r y  have been w i d . e l y  noted. 24-29. We w i l l  c o n f i n e  o u r s e l v e s  

here t o  v e r y  b r i e f  remarks. C e r t a i n l y  more work i s  necessa ry  

than  has been done s o  far t o  c l a r i f y  these  problems. 

- F i r s t  we n o t e  t ha t  t h e  r e s u l t s  w i l l ,  i n  g e n e r a l ,  depend on 
T 

whether:  a )  we regard y ( x )  simply as a f i e l d ,  o r  b )  as a l s o  Q 
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s a t i s f y i n g  a wave e q u a t i o n  e x p l i c i t l y  o r  i m p l i c i t l y  t o  d e f i n e  

s i n g l e  p a r t i c l e  s t a t e s ,  

t h e  c o n v e n t i o n a l  axioms of  f i e l d  t h e o r y  (spectrum c o n d i t i o n  

I n  t h e  c a s e  a ) ,  we may assume a l l  

on t h e  s t a t e s ,  l o c a l  commutat ivi ty  of f i e l d s ,  e t c . )  excep t  

t h a t  t h e  f i e l d s  t r ans fo rm as an i n f i n i t e  d imens iona l  r e p r e -  

s e n t a t i o n  of s L ( 2  , c ) .  
A major  d i f f e r e n c e  between f i n i t e  and i n f i n i t e  r ep resen -  

t a t i o n s  i s  t h a t  t h e  l a t t e r  cannot  be regarded as a (non- 

s i n g u l a r )  r e p r e s e n t a t i o n  of t h e  complex Lorentz  group 

- S L ( 2 , C )  @ S L ( 2 , C )  because i t  i s  i n f i n i t e - d i m e n s i o n a l  w i t h  

r e s p e c t  t o  t h e  compact imaginary Lorentz  t r a n s f o r m a t i o n .  So 

a l l  t h e  theorems l i k e  TCP and s p i n - s t a t i s t i c s ,  based on such  

a t r a n s f o r m a t i o n ,  a r e  i n  g e n e r a l  expected t o  break  down. 

(The l a c k  of c r o s s i n g  symmetry i n  v e r t e x  f u n c t i o n s  was under- 

s tood i n  t h i s  way e a r l i e r . )  

T h i s  does no t  mean, however, t h a t  t h e s e  theorems always 

have t o  b reak  down. The r e p r e s e n t a t i o n s  D ( h )  of S U ( 3 , l )  do 

have t h e  c r o s s i n g  symmetry (up t o  a s i g n )  i f  lh l  i s  an i n t e g e r ,  

Perhaps t h i s  i s  a n o t h e r  a t t r a c t i v e  f e a t u r e  of SU(3,l). 

I n  t h e  c a s e  b ) ,  a g r e a t  d e a l  depends on t h e  assumed wave 

equa t ion .  S ince  we have a Lagrangian,  it i s  p o s s i b l e  t o  d e f i n e  

t h e  energy-momentum t e n s o r ,  conserved c u r r e n t  v e c t o r ,  e t c . ,  

and f o r m a l l y  i n t r o d u c e  t h e  c a n o n i c a l  q u a n t i z a t i o n .  For a 

p h y s i c a l  t h e o r y ,  t h e  energy  d e n s i t y  should be p o s i t i v e .  Thus,  

i f  t h e  wave equa t ion  i s  s imple Klein-Gordon type  (as i n  t h e  

s o - c a l l e d  i n d e x - i n v a r i a n t  t h e o r i e s ) ,  we would need Bose 
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s t a t i s t i c s ,  whether  t h e  f i e l d  d e s c r i b e s  i n t e g e r  or h a l f - i n t e g e r  

p a r t i c l e s .  T h i s  requi rement  a l s o  t u r n s  o u t  t o  l ead  t o  c a u s a l  

commutation r e l a t i o n s .  On t h e  o t h e r  hand ,  i n  a Gelfand-Yaglom 

t y p e  e q u a t i o n ,  Fermi s t a t i s t i c s  a r e  t o  be t aken  f o r  any s p i n .  

There may remain some doubt about  t h e  v a l i d i t y  of  c a n o n i c a l  

q u a n t i z a t i o n  and l o c a l  commuta t iv i ty .  For i f  t h e  f i e l d  y ( x )  

i s  supposed t o  d e s c r i b e  a composite sys tem,  l o c a l  commuta t iv i ty  

w i t h  r e s p e c t  t o  t h e  " c e n t e r  of mass" c o o r d i n a t e s  x w i l l  n o t  

ho ld .  T h i s  i s  probably  r e l a t e d  t o  t h e  problem of unphys ica l  

s p a c e l i k e  s o l u t i o n s  s i n c e  p h y s i c a l  s o l u t i o n s  a l o n e  would no t  

form a complete  s e t  of s t a t e s ,  and t h e r e f o r e ,  would n o t  lead  t o  

t h e  l o c a l  commutation r e l a t i o n  r equ i r ed  i n  t h e  c a n o n i c a l  q u a n t i -  

z a t i o n  scheme. 

Although t h e  i n f i n i t e  component f i e l d s  seem t o  cause  

unnecessary  r e l a t i o n  of g e n e r a l  theorems,  we emphasize t h a t  

n o t  e v e r y t h i n g  goes overboard .  The c o n v e n t i o n a l  TCP and s p i n -  

s t a t i s t i c s  can be preserved  if a r i g h t  group and a r i g h t  r e p r e -  

s e n t a t i o n  a r e  chosen. Besides,  t h e y  o f f e r  a new p o s s i b i l i t y  

of d e l i b e r a t e l y  v i o l a t i n g ,  f o r  example,  t h e  TCP theorem, micro-  

c a u s a l i t y  and c r o s s i n g  r e l a t i o n .  

V I I .  SCATTERING PROCESSES 

A s  a n e x t  s t e p  i n  t h e  p h y s i c a l  a p p l i c a t i o n  of i n f i n i t e  

component wave e q u a t i o n s ,  we take up t h e  s c a t t e r i n g  w i t h  an 

e x t e r n a l  f i e l d  i n  Born approximat ion .  We a r e  i n t e r e s t e d .  i n  

t h e  i n t r i n s i c  s t r u c t u r e  e f f e c t  such as we have seen  i n  t h e  
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v e r t e x  f u n c t i o n ,  For s i m p l i c i t y ,  we t a k e  a s c a l a r  e x t e r n a l  

f i e l d  @ ( x )  coupled. t o  t h e  l o c a l  c u r r e n t  g ( * : ( x ) , y ( x ) ) ,  s o  t h a t  

t h e  wave equa t ion  read-s Loy = g @ y .  

expansion and o b t a i n  f o r  t h e  t r a n s i t i o n  p + k - p’ + k’ a 

; 

We assume p e r t u r b a t i o n  

fo rma l  expres s ion  

co r re spond ing  t o  t h e  u s u a l  second o r d e r  Feynman diagrams.  

A c t u a l l y  t h e  p ropaga to r  - 1/L w i l l  i nvo lve  a summation ove r  

a l l  t h e  i n t e r m e d i a t e  s t a t e s ,  and t h i s  i s  where i n t e r e s t i n g  
0 

p r o p e r t i e s  a r e  expected t o  emerge, 

We emphasize,  however, t h a t  Feynman p e r t u r b a t i o n  t h e o r y  

and d i s p e r s i o n  t h e o r y  a r e  no t  n e c e s s a r i l y  e q u i v a l e n t  for 

i n f i n i t e  component f i e l d s ,  s i n c e  t h e  u s u a l  a n a l y t i c i t y  assump- 

t i o n s  d o  n o t  ho ld .  Thus we have t o  compute Eq. (14 )  d i r e c t l y ,  

For t h i s  pu rpose ,  i t  i s  convenient  t o  use  t h e  t r i c k  

(assuming t h a t  t h i s  g i v e s  t h e  r i g h t  bound.ary c o n d i t i o n ) .  

c a s e  Lo i s  l i n e a r  i n  t h e  g e n e r a t o r s  of a group G ,  w i t h  t he  

c o e f f i c i e n t s  be ing  f u n c t i o n s  of t h e  momentum, t h e  i n t e g r a n d  

r e p r e s e n t s  an element of G ,  so  that  i t s  a c t i o n  on Y can be 

I n  

determined w i t h i n , t h e  framework of group theo ry .  S i m i l a r l y ,  

t h e  i n i t i a l  and f i n a l  s ta tes  can be ob ta ined  by b o o s t i n g  

a p p r o p r i a t e  r e s t  s t a t e s .  I n  t h i s  way, Eq.  (14) i s  reduced 

t o  
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co 

-g2 J’ dT(Y(2,n’) exp E-i.4 K , I  exp [ iLo(p+k)T]  

x exp [ i $ K  ] I ( o , n ) )  + * ”  

P’ P 
(16) 

0 

- P P  
where K K / a re  t h e  b o o s t  g e n e r a t o r s .  

P ’  P 
We w i l l  t r e a t  t h i s  i n  t h e  SU(3,l) t h e o r y  w i t h  a u n i t a r y  

r e p r e s e n t a t i o n  h < 0 s i n c e  mathemat ica l  man ipu la t ion  i s  p a r t i -  

c u l a r l y  e a s y  30931. For s i m p l i c i t y ,  we c o n s i d e r  t h e  ground 

j = 0 s t a t e  and e q u a l  masses p 2 = p , 2  = k 2 = k‘2 = 1, and  work 

i n  t h e  C . M .  system. The wave e q u a t i o n  i s  g e n e r a l l y  t a k e n  as 

The r e s u l t  i s ,  f o r  t h e  d i r e c t  channe l  ( s - c h a n n e l )  ampl i tude  M1, 
W 

-2iTSf ( S )  i ~ [ g ( s ) + 2 h f ( s ) ]  
= - i g 2 s  0 d’r [ cosh  2 % - c o s  8 - 4  s inh2%] e 

+ A  g ( s >  
2sf(s) a ( s )  = 

I n  t h e  l a s t  e q u a t i o n ,  t h e  c o n t o u r  i n t e g r a l  i s  t a k e n  a l o n g  a u n i t  

c i r c l e  round. z e r o  r e p e a t e d l y ,  as i s  i n d i c a t e d .  by t h e  summation 

s ign .  T h i s  can  be  summed up t o  g i v e  

(18 ) 
which e x h i b i t s  t h e  Regge-l ike resonance f a c t o r :  t h e r e  i s  a 
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resonance  whenever a ( s )  = W = 0,1,2,--- i n  accordance w i t h  t h e  

wave e q u a t i o n .  

The in tegrand .  i n  E q .  (18) i s  no t  s i n g u l a r  i n  i5 f o r  p h y s i c a l  

v a l u e s  of s and t ,  b u t  as s - a t h e  s i n g u l a r i t y  5 approaches 

t h e  p o i n t  B = 1 along t h e  c o n t o u r ,  s o  tha t  an asymptot ic  

expansion may be made. I f  we assume a s t r a i g h t  t r a j e c t o r y  

a ( s )  = s/p, we f i n d  

0 

showing a resonance f a c t o r  and an  o p t i c a l  p o t e n t i a l  t ype  angu- 

lar  d i s t r i b u t i o n .  

The c rossed  ampl i tude  M2 may be computed i n  a similar way, 

b u t  we can e a s i l y  s e e  t h e  l a c k  of c r o s s i n g  symmetry: i t  i s  no t  

t h e  a n a l y t i c  c o n t i n u a t i o n  s - n < 0 of M1(s,t). 

run i n t o  t h e  danger of resonance f a c t o r s  a r i s i n g  from t h e  

d i s c r e t e  s p a c e l i k e  s o l u t i o n s  u n l e s s  t h e  wave equa t ion  i s  s o  

chosen that  a ( s )  e 0 f o r  s < 0. 

Moreover, we 

The lack  of c r o s s i n g  symmetry a lso fails t o  make t h e  Regge 

The c o n t r i b u t i o n  from M2 i n  backward behav io r  come o u t  r i g h t .  

s c a t t e r i n g  ( H  - 0 )  looks rather u n i n t e r e s t i n g  as i t  behaves 

l i k e  - s . One may perhaps  a rgue  t ha t  Regge behav io r  should 

n o t  be expec ted  f o r  t h e  p r e s e n t  c a s e  s i n c e  i t  has t o  do w i t h  an 

e x t e r n a l  sou rce  be longing  t o  a f i n i t e  m u l t i p l e t .  However, t h e  

s i t u a t i o n  does not  seem t o  change by coup l ing  t h r e e  i n f i n i t e  

component f i e l d s  through a l o c a l  v e r t e x .  

h 
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V I I I .  APPLICATION TO HADRON PHYSICS 

Let  u s  now b r i e f l y  d i s c u s s  t h e  a p p l i c a t i o n  of o u r  i d e a s  t o  

real  hadron p h y s i c s .  It i s  obvious t h a t  t h e  model has t o  be  

more compl ica ted  t h a n  t h e  ones s o  f a r  c o n s i d e r e d ,  But a t  any 

r a t e ,  t h e  most i n t e r e s t i n g  and promising approach seems t o  be 

t h e  one based on t h e  quark model,  assuming t h e  mesons and baryons  

t o  be long  t o  d e f i n i t e  c o n f i g u r a t i o n s  qc and qqq wi thou t  adding 

h i g h e r  c m f i g u r a t i o n s .  Then t h e  hadronic  f i e l d s  become a 

p roduc t  of f i n i t e  quark s p i n o r s  and an i n f i n i t e  r e p r e s e n t a t i o n  

f o r  t he  o r b i t a l  motion of t h e  qua rks ,  

e x c i t a t i o n s  are  c o n s i d e r e d ,  t h e  c l a s s i f i c a t i o n  of s t a t e s  may be 

c a r r i e d  o u t  accord ing  t o  t h e  group Go = SU(3) x SU(2) x S 0 ( 3 ) ,  

o r  S u ( 6 )  x O(3) i n  t h e  well-known manner, and t h e  cor responding  

G w i l l  be  SU(3) x S L ( 2 , c )  x S0(3,1), or s L ( 6 , c )  x SO(3,l). 

I n f i n i t e  r e p r e s e n t a t i o n s  a r e  taken  on ly  f o r  t h e  SO(3,l) p a r t .  

I f  we i n c l u d e  a l l  t h e  i n t e r n a l  o r b i t a l  modes of t h e  q u a r k s ,  

thus making quarks full-fledged quasi-particles, Go and G could 

be made l a r g e r .  

I f  only  t h e  r o t a t i o n a l  

For example, f o r  t h e  mesons - q;, one could 

u s e  S 0 ( 4 , 2 )  o r  S U ( 3 , l ) .  However, t h e  harmonic o s c i l l a t o r  t ype  

r e p r e s e n t a t i o n  D ( A )  of SU(3,l) i s  n o t  a p p r o p r i a t e  i n  t h i s  case  

s i n c e  i t  i s  n o t  s e l f - c o n j u g a t e .  I n  o r d e r  t o  d e f i n e  s e l f -  

con juga te  sys tems,  we have t o  t a k e  D ( A )  + D ( A ) * ,  t h u s  doubl ing  

t h e  space .  

same p u r p o s e . )  

same as i n  t h e  c a s e  of S 0 ( 4 , 2 ) .  

- 
,* (Using SL(4 ,R)  i n s t e a d  of SU(3 , l )  w i l l  s e r v e  t h e  

The number of  s t a t e s  becomes e s s e n t i a l l y  t h e  
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I -  
For t h e  t r e a t m e n t  of s t r o n g  i n t e r a c t i o n  of t h e  hadrons ,  i t  

i s  n e c e s s a r y  t o  i n t r o d u c e  t h e  coup l ing  of i n f i n i t e  component 

f i e l d s  w i t h  each o t h e r ,  which we have n o t  discussed.  y e t .  I f  

on ly  a ( q u a s i - )  l o c a l  i n t e r a c t i o n  l i k e  Cnml Urn + ( x )  ym(x)  + l ( x )  

i s  considered. ,  t h e  problem reduces t o  that  of t h e  Clebsch- 

Gordon c o e f f i c i e n t  f o r  i n f i n i t e  r e p r e s e n t a t i o n s ,  It i s  known, 

f o r  example, t h a t  t h e r e  i s  a unique coup l ing  scheme f o r  SL(2 ,c )  

IRIS. 

among D ( A ) ,  D ( h  ) and D ( h  + A')". 

I n  t h e  c a s e  of S U ( 3 , l ) ,  a simple coup l ing  scheme ho lds  
1 

I b e l i e v e ,  however, t h a t  t h e r e  i s  no reason t o  i n s i s t  on 

q u a s i - l o c a l  coup l ing .  The b e s t  way t o  avoid. unphys ica l  p ro-  

p e r t i e s  may be t o  s t i c k  t o  a r e a l i s t i c  quark model. Tha t  i s  t o  

s a y ,  we s t a r t  from a qua rk -an t iqua rk  wave f u n c t i o n  $(r l , r2)  

f o r  t h e  meson, go t o  t h e  abstract basis 1 ( x )  and assume an 

e q u a t i o n  l i k e  ( 1 2 ) .  

$(rlr2) $(r2r3) $(r3r l ) .  

coup l ing  when expressed  i n  terms of t h e  y n ( x ) .  

n 
For  i n t e r a c t i o n ,  we can t a k e  a form l i k e  

T h i s  w i l l  in t rod.uce non- loca l  

F i n a l l y ,  a word about  t h e  c u r r e n t  a l g e b r a .  It has been 

suggested.  t h a t  i n f i n i t e  d imens iona l  r e p r e s e n t a t i o n s o f  a group 

may p rov ide  n o n - t r i v i a l  s o l u t i o n s  t o  t h e  a l g e b r a  of c u r r e n t s .  

All i n d i c a t i o n s  a r e ,  however, t h a t  t h i s  i s  no t  s o ,  and. i n  f a c t  

i t  may be imposs ib l e  i n  g e n e r a l .  

L e t  u s  assume a c u r r e n t  of t h e  form j (x) = F ( x ) r  v ( x ) ,  

where l? belongs  t o  t h e  L i e  a l g e b r a  of a group,  we know t h e  
CL 

5 0  
I-1 

6 

P A 
1 commutator [r ,I' 3 .  B u t  t h i s  i s  n o t  t h e  same t h i n g  as t h e  

P u  

P U 
commutator [j ( x ) ,  j (x ' ) ] .  For t h e  l a t t e r  depends on t h e  
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commutator of the y(x)'s, which must be defined as 

Thus the current commutator amounts to taking 

which in general does not  have a simple tensor transformation 

property required. by the current algebra. We can verify this 

by using IRIS of S L ( 2 , C )  f o r  example. 

sentation, the commutator vanishes, 

For the Majorana repre- 
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