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ABSTRACT 

The spectrum of e l e c t r o n s  a r i s i n g  from t h e  decay of t h e  nega- 

t i v e  mu meson h a s  been determined.  The muons are a r r e s t e d  i n  t h e  

gas of a high pressure hydrogen f i l l e d  d i f f u s i o n  cloud chamber. 

The momenta of t h e  decay e l e c t r o n s  are determined from t h e i r  curva-  

t u r e  i n  a magnet ic  f i e l d  of 7750 gauss .  The spectrum of 415 elec- 

t r o n s  has been ana lyzed  acco rd ing  t o  t h e  theo ry  of Michel. The 

shape  parameter ,  p ,  is found. t o  be 0.64 f .lo. The s i g n i f i c a n c e  

of t h i s  r e s u l t  i n  t e r m s  of t h e  b e t a  i n t e r a c t i o n  is d i s c u s s e d .  
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I 

A .  INTRODUCTION 

I 

The d e t e r m i n a t i o n  of t h e  spec t rum of e l e c t r o n s  which a r e  pro- 

duced by  t h e  decay of t h e  muon is one of t h e  most honored problems 

Some of t h e  d i f f i c u l t i e s  i n  a r r i v i n g  a t  1-10 i n  p a r t i c l e  p h y s i c s .  

R .  Thompson, Phys.  Rev.  - 74, 450 (1918) 

J. S t e i n b e r g e r ,  Phys. Rev. - 75, 1136 (1948) 
I - Leigh ton ,  Anderson and S e r i f f ,  Phys.  Rev. 75, 1432 (1949) 

A .  L a g a r r i q u e  and C .  Reyrou, Compt. Rend. 2 3 3 ,  4'78 (1951) 

Davies, Lock and Muirhead, P h i l :  Mag. - 40, 1250 (1949) 

Sagane,  Gardner and Hubbnrd, B h y s .  Rev. 8.2, 557 (1951) 

H .  Bramson and W. Havens, P h y s .  R e v .  - 8 8 ,  304 (1952) 

R .  L e v i s e t t i  and G .  Tomasini ,  N .  C i m . ,  El, 1 2  (1951) 

J. V l l a i n  and R. W i l l i a m s ,  Phys.  Rev. - 94, 1011 (1954) 

Sagane,  Dudzialr and  Vedder,  Phys.  Rev. - 95, 863 (1954) 

- 
4 - 

6 - 

8 - 

10 

9 
d e f i n i t e  c o n c l u s i o n s  from t h e  m a s s  of d a t a  are d i s c u s s e d  by Y i l l i a m s .  

One of t h e  p r i n c i p a l  d i f f i c u l t i e s  is  t h e  g e n e r a l l y  poor r e s o l u t i o n  

t h a t  h a s  been used .  The ea r l i e r  d a t a  were n o t  accompanied b y  de- 

t a i l e d  d i s c u s s i o n s  of t h e  r e s o l u t i o n  of t h e  r e s p e c t i v e  t e c h n i q u e s .  

The I n c l r  of r e s o l u t i o n  w a s  p r i n c i p a l l y  due t o  r a d i a t i o n  l o s s e s  of 

t h e  decay e l e c t r o n s  i n  t h e  material used t o  a r res t  t h e  muons. 

The p r e s e n t  exper iment  employs t h e  gas  of a hydrogen f i l l e d  

d i f f u s i o n  c l o u d  chamber working a t  a p r e s s u r e  of 19  atmospheres ,  

t o  s t o p  n e g a t i v e  muons and t o  obse rve  t h e  nionientum of t h e  decay 

e l e c t r o n s .  The expe r imen ta l  arrangement  h a s  a l r e a d y  been r e p o r -  

page  two 
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t e d .  I n  a d d i t i o n  t o  t h e  n e g l i g i b l e  r a d i a t i o n  and i o n i z a t i o n  10s- 

S a r g e n t ,  C o r n e l i u s ,  R i n e h a r t ,  Lederman and Rogers .  I n  P r e s s .  

R e f e r r e d  t o  as I .  

ses, t h e  l a c k  of dead mass allows an  examinat ion  of t h e  e n t i r e  

spec t rum.  T h i s  v i r t u e  e l i m i n a t e s  t h e  n e c e s s i t y  oZ a r b i t r a r i l y  

n o r m a l i z i n g  the data.  

B. EXPERIMENTAL CONSIDERATIONS 

Nega t ive  mesons from t h e  60 Mev p ion  beam of t h e  Nevis Cyclo- 

t r o n  are moderated and a l lowed t o  enter  t h e  d i f f u s i o n  chamber, where 

a s m a l l  f r a c t i o n  of p i o n s  and muons s p i r a l  t o  rest i n  t h e  gas .  (See 

F i g .  1 )  Muon e n d i n g s  are scanned for a s s o c i a t e d  d e c a y - e l e c t r o n s .  

Momenta of t h e  e l e c t r o n s  are de termined  from c u r v a t u r e  and a n g l e  

measurements and from t h e  v a l u e  of t h e  magnet B ie ld  (3 = 7750 g a u s s )  

a t  t h e  t i m e  of t h e  e v e n t .  

C e c a u s e  of t h e  f i n i t e  dep th  of t h e  s e n s i t i v e  l a y e r  the v i s i b l e  

p a t h  l e n g t h  of rough ly  h a l f  of t h e  decay e l e c t r b n s  is so  s h o r t  t h a t  

t h e i r  i n c l u s i o n  i n  t h e  d a t a  would s e r i o u s l y  impa i r  rnornen-kum r e s o l u -  

t i o n .  The mesons decay from Biohr o r b i t s ,  hence any c r i t e r i o n  vrliich 

r e q u i r e s  t h a t  t h e  e l e c t r o n s  be e m i t t e d  w i t h i n  some s p e c i f i e d  s o l i d  

a n g l e  w i t h  r e s p e c t  t o  any d i r e c t i o n  i n  s p a c e  w i l l  n o t  b i a s  t h e  mo- 

mentum spec t rum.  A d i p  a n g l e  v e r s u s  h e i g h t  r e l a t i o n  c o n s t i t u t e d  

t h e  c r i t e r i o n  f o r  accep tance  of decay e v e n t s  for measurement. For  

example,  an e l e c t r o n  s t a r t i n g  a t  t h e  t o p  of the s e n s i t i v e  l a y e r  was 

r e q u i r e d  t o  be moving down w i t h  a d i p  a n g l e  of less than  4S0: .O<tana< l . l ,  

page three 
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Few of t h e  accep ted  t r a c k s  w e r e  s h o r t e r  than  8 c m .  The average  

e l e c t r o n  t rack w a s  1 2  c m  i n  l e n g t h .  I n  t h e  15-50 Mev/c momentum 

r a n g e ,  t h e  8 c m  t r a c k  in- 7750 gauss  was measurable  t o  about 5 pe r -  

c e n t .  The error v a r i e s  i n v e r s e l y  as t h e  s q u a r e  of t h e  p r o j e c t e d  

t r a c k  l e n g t h .  

A monochromatic e l e c t r o n  beam of a p p r o p r i a t e  momentum f o r  i n -  

v e s t i g a t i n g  r e s o l u t i o n  w a s  n o t  a v a i l a b l e .  However, one may a s s i g n  

a r easonab ly  good estimate of t h e  momentum u n c e r t a i n t y  t o  each  mo- 

mentum measurement. The d i s t r i b u t i o n  of such  u n c e r t a i n t i e s  d e t e r -  1 .  

mines a momentum r e s o l u t i o n  f u n c t i o n .  Appendix I d e s c r i b e s  t h e  mo-  

m e n t u m  measurement procedure,  t h e  u n c e r t a i n t i e s  involved  i n  t h e  

measurements and t h e  d e t e r m i n a t i o n  of t h e  r e s o l u t i o n  f u n c t i o n s .  

C. EXPERIMENTAL RESULTS 

Fig. 2 r e p r e s e n t s  t h e  d i s t r i b u t i o n  of 415 decay e l e c t r o n s .  The 

number of e v e n t s  p e r  u n i t  momentum i n t e r v a l  is p l o t t e d  a g a i n s t  elec- 

t r o n  momentum. The h o r i z o n t a l  bar a t t a c h e d  t o  each p o i n t  i n d i c a t e s  

t h e  momentum i n t e r v a l  A p t  used t o  de te rmine  t h e  p o i n t .  The i n t e r -  

v a l s  are chosen s u f f i c i e n t l y  s m a l l  t h a t  no s i g n i f i c a n t  error is made 

i n  @ l a c i n g  t h e  p o i n t  a t  t h e  c e n t e r  of t h e  i n t e r v a l ,  if one assumes 

t h e  spec t rum t o  be a smoothly va ry ing  f u n c t i o n  of momentum. The 

v e r t i c a l  bar a t t a c h e d  t o  each p o i n t  is a measure of t h e  s t a t i s t i c a l  

r e l i a b i l i t y  of t h e  p o i n t .  

where AN is t h e  number of e v e n t s  i n  t h e  e l e c t r o n  momentum i n t e r v a l  

I t  e x t e n d s  f&N + l)/Ap from t h e  p o i n t ,  

AP 

The c u r v e s  above t h e  momentum scale i n  F ig .  2 are r e s o l u t i o n  

functions a t  20 and 50 Mev/c. The r e s o l u t i o n  f u n c t i o n  a t  momentum p 

11390 005. page f o u r  t 
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r e p r e s e n t s  t h e  d i s t r i b u t i o n  of momenta which would be observed from 

a monochromatic s o u r c e ' o f  e l e c t r o n s  wi th  momentum p.  These are de- 

. I  termined by t h e  method of Appendix I .  The r e s o l u t i o n  f u n c t i o n  a t  

momentum p t u r n s  o u t  t o  have a width a t  h a l f  maximum given by 

R = ( , 0 6 6  f .020) p .  F i g .  3 i l l u s t r a t e s  t h e  r e s u l t s  of improving 

t h e  r e s o l u t i o n  by  a more s t r i n g e n t  set of c r i t e r i a .  These f u r t h e r  

l i m i t  t h e  s o l i d  ang le  f o r  accep tab le  t r a c k s .  The r e s u l t i n g  t r a c k s  

are less s t e e p l y  i n c l i n e d  t o  t h e  h o r i z o n t a l  and are longe r .  T h i s  

d i v i s i o n  of t h e  data is u s e f u l  i n  s tudy ing  t h e  propagat ion  of r e s o -  

l u t i o n  e r r o r s .  

D. ANALYSIS OF DECAY SPECTRUBB 

j 
t h e  scheme: 

? 

' T h e  theo ry  of t h i s  

and Rau12 and by M 

The r e a c t i o n  being observed has  been i n t e r p r e t e d  as fo l lowing  

I 

. -  

r e a c t i o n  has  been developed by Tiomno, Wheeler 

c h e l  . l3 The r e a c t i o n  (1)  is a weak i n t e r a c t i o n  

l2 Tiomno, Wheeler and Rau, Revs. Mod. Phys. -' 21 144 (1949) 

l3 L.  Miche1,Nature - 163,  959 (1949);  T h e s i s ,  Par is  (1950),  

Proc .  Phys. SOC. (London) -' A63 514 (1950) 
5 

of f o u r  s p i n  1/2 p a r t i c l e s  and is treated i n  t h e  same way as t h e  

n u c l e a r  beta decay i n t e r a c t i o n .  Michel's r e s u l t s  are g iven  t o  

e x c e l l e n t  approximation by t h e  s p e c t r a l  d i s t r i b u t i o n :  

P(x)  p 4x2 { 3 ( 1 - ~ )  + 2/3 p ( 4 ~ - 3 ) ]  (2) 

where P(x)dx is t h e  p r o b a b i l i t y  per  u n i t  t i m e  f o r  t h e  decay a t  rest 

page f i v e  
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of a muon producing an e l e c t r o n  wi th  momentum between p and p + dp, 

x = p/W, and W i ne h a l f  t h e  muon rest mass. The parameter p is 

' ,  ' j  a f u n c t i o n  of t h e  i n t e r a c t i o n  coupl ing  c o n s t a n t s  and, i n  

Michel ' s  t heo ry ,  may have va lues  between 0 and 1. Experimental , 

examiqat ion of t h e  e l e c t r o n  spectrum can  then  determine but t h e  

s i n g l e  parameter p .  

The r i g h t  s i d e  of Eq. 2 must be modified be fo re  i t  is compared 

wi th  experiment .  The n e g a t i v e  mesons are n o t  a t  res t  when they de- 

c a y .  From a s t u d y  of stars made by s topped  p ions  and muons, w e  14  

- 
l4 C. P.  Sa rgen t ,  T h e s i s ,  Columbia Un ive r s i ty  (1953) 

have established t h a t  35 f 15 p e r c e n t  of t h e  muons decay from t h e  
I 

K she l l  of mesic oxygen, n i t r o g e n  o r  carbon which c o n s t i t u t e  a 

0 . 4  p e r c e n t  impur i ty  i n  t h e  gas .  The remainder decay from t h e  

K s h e l l  of mesic hydrogen. The large f r a c t i o n  decaying from t h e  

impur i ty  arises from t h e  long  l i f e t i m e  of mesic hydrogen and t h e  

l a r g e  cross s e c t i o n  f o r  c o l l i s i o n s  i n  which t h e  muon is t r a n s f e r r e d  

t o  t h e  impur i ty .  P o r t e r  and P r i ~ n a k o f f ~ ~  have c a l c u l a t e d  t h e  expected 

l5 P o r t e r  and Pr imakoff ,  Phys Rev , _I 83, 849 (1951) 

spectrum shape f o r  a meson decaying from a Is o r b i t  about a nucleus 

of charge Z .  

The i r  r e s u l t ,  P 1 ( x )  f o r  2 < 10 ,  is e s s e n t i a l l y  r ep resen ted  by I 
smearing P(x)  wi th  a bel l -shaped r e s o l u t i o n  functxion Rl(o,x) which 

has  a width a t  h a l f  maximum a = a(Z/2) x,  ct = 1/137. Thus 
03 

P'(X> = .f R1(O, X-Y> P(Y> dy 
0 

page s i x  
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A c t u a l l y ,  t h e  e q u a t i o n s  of r e f e r e n c e  15 were used t o  compute P ' ( x ) .  

The second m o d i f i c a t i o n  is t h e  expe r imen ta l  r e s o l u t i o n  f u n c t i o n  

R2(x) (Appendix I ) .  Thus 

Th i s  is much more impor t an t  t h a n  R1. 

f o r  p = 0 ,  1/4, 1 /2 ,  3/4 and 1 a long  w i t h  t h e  expe r imen ta l  p o i n t s .  

P"(x)  is p l o t t e d  i n  F i g .  4 

I t  is necessa ry  t o  see whether t h e  data is adequate ly  r e p r e s e n -  

t e d  by a c u r v e  w i t h  s o m e  v a l u e  of p and,  i f  such  is the  case, t o  de- 

f i n e  a measure of t h e  r e l i a b i l i t y  of t h e  e m p i r i c a l l y  determined p .  

Assuming t h e  data t o  r e p r e s e n t  an unbiased sampling of t h e  p - e l e c t r o n  

decay spec t rum,  t h e r e  remain f i v e  s o u r c e s  of error t o  c o n s i d e r  i n  

comparing t h e o r y  w i t h  exper iment .  

i )  The u n c e r t a i n t y  i n  t h e  v e r t i c a l  p o s i t i o n  of t h e  

p o i n t s  i n  F i g .  2 which r e s u l t  from t h e  f i n i t e  number of e v e n t s  ob- 

s e r v e d  i n  a g iven  momentum i n t e r v a l .  

ii) The u n c e r t a i n t y  i n  t h e  h o r i z o n t a l  p o s i t i o n  of t h e  

p o i n t s  w h i c h  resu l t s  f r o m  conve r s ion  of r a d i u s  of c u r v a t u r e  measured 

i n  r e p r o j e c t i o n  t o  e l e c t r o n  momentum. The conve r s ion  goes v i a  a 

'momentum scale f a c t o r '  denoted  by H .  The u n c e r t a i n t y  AH i n  H arises 

from a l a c k  of p r e c i s e  knowledge of t h e  magnet ic  f i e l d  and from i m -  

p e r f e c t  r e p r o j e c t i o n .  S i n c e  t h e  f i e l d  is known t o  1 . 0  p e r c e n t  and 

t h e  f i d u c i a r y  mark s p a c i n g  is reproduced i n  r e p r o j e c t i o n  t o  0 . 5  pe r -  

c e n t ,  AH/H = .011. 

i i i )  The u n c e r t a i n t y ,  bo th  v e r t i c a l  and h o r i z o n t a l  i n  

t h e  ' p o s i t i o n  of t h e  p o i n t s  which r e s u l t  from a lack of knowledge of 

page  seven  
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W = p/2. 

assumes t h a t  two zero rest mass n e u t r i n o s  are e m i t t e d  i n  t h e  decay. 

W e  t a k e  p = 207.0 f 1 . 0  and AW/W = 0 ,005 .  The a n a l y s i s  

i v )  The u n c e r t a i n t y  i n  t h e  p o s i t i o n  of the  c u r v e s  

which r e s u l t  from l a c k  of p r e c i s e  knowledge of t h e  ha l f -wid th  R 

and t h e  shape  S of t h e  momentum r e s o l u t i o n  f u n c t i o n .  We f i n d  

AR/R 0 . 3 5  f o r  t h e  d a t a  of F i g ,  2 .  I n  order t o  minimize t h i s  e f -  

f ec t ,  w e  have a l s o  computed p from t h e  better r e s o l u t i o n  d a t a  of 

F i g .  3. I n  t h i s  way, s t a t i s t i c s  are t r a d e d  f o r  r e s o l u t i o n  i n  o r d e r  

t o  uncover any p o s s i b l e  l a r g e  s y s t e m a t i c  e f f e c t s  which cou ld  arise 

from f i n i t e  r e s o l u t i o n .  

The s i m p l e s t  method of o b t a i n i n g  t h e  shape  parameter ,  p,  from 

t h e  d a t a  is by t h e  method of moments. l6 T h i s  method, a l though  

t h  l6 The i- moment is xi = x P(x) dx , 

s t a t i s t i c a l l y  n o t  e f f i c i e n t ,  g ives  t h e  p ropaga t ion  of v a r i o u s  errors 

0 

q u i t e  s imply .  

Table  I summarizes t h e  r e s u l t s  of v a r i o u s  estimates based on 

I moments. Only t h e  major  u n c e r t a i n t i e s  are d i s p l a y e d  h e r e .  

I n  Tab le  T ApH is t h e  c o n t r i b u t i o n  t o  t h e  u n c e r t a i n t y  A p  due 

t o  t h e  h o r i z o n t a l  scale error AH. 

d e v i a t i o n .  The s p l i t  moment is des igned  t o  uncover a s y s t e m a t i c  

A p s  is t h e  s t a t i s t i c a l  s t a n d a r d  

’e r ror  i n  t h e  scale H.  

To u s e  t h e  data  more e f f i c i e n t l y ,  a least  s q u a r e s  a n a l y s i s  

h a s  been performed i n  o r d e r  t o  de te rmine  p and t o  tes t  t h e  theoret-  

ica.1 shape  w i t h  t h e  b e s t  v a l u e  of p determined.  To do t h i s ,  t h e  sum 
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has  been e v a l u a t e d  f o r  each  of t h e  f i v e  c u r v e s  of F i g .  4 .  The re- 

s u l t s  are p l o t t e d  f o r  t h e  poor r e s o l u t i o n  d a t a  i n  F i g .  5 .  The  c u r v e  

is f i t t e d  by a p a r a b o l a  and t h e  minimum t h u s  de te rmined .  The r e s u l t  

is : 

p = 0.64 'f .09 (S tandard  d e v i a t i o n )  

The v a r i o u s  conf idence  l e v e l s  are i n d i c a t e d  on t h e  graph .  

is 18 f o r  18 i n t e r v a l s  The minimum v a l u e  of [-M(p - . 6 4 ) ]  2 

and one parameter .  Th i s  a g r e e s  w e l l  w i t h  the  s t a t i s t i c a l l y  expec- 

t e d  ave rage  c h i  s q u a r e  which is 1 6 .  

F i n a l l y  i t  is n e c e s s a r y  t o  i n v e s t i g a t e  t h e  s e n s i t i v i t y  of p t o  

t h e  u n c e r t a i n t i e s  A H ,  AW, AR,  A S ,  and AF. This  is  accomplished by 

v a r y i n g  t h e  i n d i c a t e d  pa rame te r s  By g iven  amounts, which changes 

t h e  p o s i t i o n  of e i t h e r  t h e  p o i n t s  o r  t h e  cu rves  of F i g .  4 ,  and 

t h e n  r e c a l c u l a t i n g  p .  

The r e s u l t s  are:  

ApH 

Ap, 

= I  + 3.5 A H / H f  = 3.5 x .011 = .039 

= I - 2.8 AW/W 1 = 2 . 8  x .005 = .014 

= 4 .4  x AR/R = .044 x .35 = .015 

I f  S is Gaussian p is changed by  less than  0 .005;  i f  F = 1 ( a l l  
Aht 

mesons decay from oxygen) p is changed by less  than  0.01. 

t i v i t y  of p t o  improvement of t h e  r e s o l u t i o n  is i n d i c a t e d  i n  Table  I 

and i n  a comparison of F i g .  2 and 3. The r e s u l t s  show t h a t  t h e  reso- 

The s e n s i -  

l u t i o n  cu rve  of F i g .  I c o n t a i n s  an unde tec t ed  ' t a i l '  which probably  

accoun t s  for t h e  e v e n t s  between 65 and 80 M ~ v ! ~  The o r i g i n  of this 

~ 

- "I. The p o s s i b i l i t y  of competing e v e n t s  e.g. p + 0l6  + (01')* + e- 

page  n i n e  
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I 

c o n t r i b u t i n g  t o  t h i s  t a i l  has  been r u l e d  o u t  by a r e c e n t  e x p e r i -  

ment of S t e i n b e r g e r ,  Wolfe and Lokanathan, p r i v a t e  communication. 

t a i l  probably arises from track d i s t o r t i o n s ,  n o t  observed i n  z e r o  

f i e l d  s t u d i e s  which are carried o u t  on f l a t  t r a c k s .  The r e s u l t s  of 

Table 1 i n d i c a t e  t h a t  no l a r g e  error is in t roduced  by t h e  unknown 

and p o s s i b l y  asymmetric t a i l  i n  t h e  r e s o l u t i o n  f u n c t i o n .  

Combining a l l  u n c e r t a i n t i e s ,  w e  f i n d  

p = 0.64  k .10 (Standard d e v i a t i o n )  

D. DISCUSSION 

These has  been disagreement  between v a l u e s  of p ob ta ined  by 

d i f f e r e n t  experiments .  V i l a i n  and W i l l i a m s  have’examined t h e  de- 

cay s p e c t r u m  of positive m u o n s  w i t h  an expansion cloud chamber and 

have found p = 0.50 f 0.12,  a va lue  which agrees both  w i t h  t h e  p re s -  

e n t  work on n e g a t i v e  muon decay and wi th  t h e  ear l ier  photographic  

emulsion measurements of t h e  p o s i t i v e  spectrum by Bramson, Havens 

and S e i f e r t .  However Sagane o b t a i n s  t h e  r e s u l t  p = 0.23 f .03. 

The l a t t e r  r e s u l t  has  s t i m u l a t e d  an e x h a u s t i v e  s e a r c h  f o r  p o s s i b l e  

s y s t e m a t i c  errors. For example, t h e  same set  of p i c t u r e s  h a s  y i e l -  

ded a m a s s  measurement f o r  t h e  r -  meson which is about  1 p e r c e n t  

below t h e  best v a l u e .  l1 

used t o  o b t a i n  t h e  muon m a s s  by r e s i d u a l  range  i n  hydrogen v s  curva- 

I n  a d d i t i o n ,  s e v e r a l  l ong  muon t r a c k s  were 

t u r e .  These s e r v e  as an 

independent  and o v e r a l l  c a l i b r a t i o n  of t h e  h o r i z o n t a l  scale t o  be t -  

A l s o ,  T+-+ ps decays a t  rest were s t u d i e d .  

ter than  3 p e r c e n t .  No o t h e r  s o u r c e s  of error have been d iscovered .  

There is of cour se  t h e  (remote) p o s s i b i l i t y  t h a t  t h e  s p e c t r a  of 

p o s i t i v e  and n e g a t i v e  muons are d i f f e r e n t .  

l8 

18 

W. Panofsky, a t  t h e  F i f t h  Annual Rochester  Conference,  p r e s e n t e d  

0390 01% 
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r e s u l t s  of K. Crowe a t  S tan fo rd  on p o s i t i v e  muons which i n d i -  

cate a va lue  of p = .55 f .P. 

Before t h e  p r e s e n t  r e s u l t s  can be a p p l i e d  t o  a de te rmina t ion  

of t h e  b e t a  decay coup l ing  c o n s t a n t s ,  they must be c o r r e c t e d  f o r  

r a d i a t i v e  e f f e c t s .  The i n n e r  bremstrahlung c o n t r i b u t i o n  has been 

computed by Lenard.  Non r a d i a t i v e  c o r r e c t i o n s  of the  same order 

A .  Lenard, Phys. Rev. 90, 968 (1953) 1 9  
- 

have r e c e n t l y  been examined. 20 

20 

We have estimated t h a t  these e€- 

R .  F i n k e l s t e i n  and R .  Behrends, Phys.  Rev. - 97, 568 (11955) 

f e c t s  would i n c r e a s e  p by approximately .04. Thus the  va lue  of p 

o b t a i n e d  from t h i s  experiment is 0.68k .11, where t h e  error has 

been i n c r e a s e d  t o  allow for the  u n c e r t a i n t y  i n  t h e  r a d i a t i v e  cor- 

r e c t i o n s .  Michel and Wightman” have d i s c u s s e d  t h e  i m p l i c a t i o n s  

21 L .  Michel and A .  Wightman, Phys. Rev. 53, 354 (1954) - 
__--- 

of t h e  knowledge of p on t h e  beta decay  coup l ing  c o n s t a n t s ,  assum- 

i n g  t h e  usua l  connec t ions  between Fermi i n t e r a c t i o n s .  The muon de- 

cay  spectrum shape may be used t o  g i v e  some in fo rma t ion  as t o  t h e  

importance of t h e  pseudosca lar  component and as t o  the  r e l a t i v e  

s i g n  of t h e  scalar  and t e n s o r  i n t e r a c t i o n s .  This  i n fo rma t ion  is‘ 

beset by a m b i g u i t i e s  of (1)  t h e  d i s t i n g u i s h a b i l i t y  or i n d i s t i n g u i s h -  

a b i l i t y  of t h e  n e u t r i n o s  i n  equa t ion  (1 )  and, (2) t h e  correspondence 

of t h e  f o u r  Fermi p a r t i c l e s  i n  n u c l e a r  beta decay (pnev) t o  those i n  

t .  

muon decay  (vpev, pvev e t c . ) .  The a c c e p t a b l e  s o l u t i o n s  are l i s t e d  i n  

Table 2 .  The i n p u t  d a t a  are:  I gss/gtl = 0 . 8 5  k .13, CT = 2$B 

P5T log 2 
= 

1 . 2 2  f . 0 5 ,  p = O . G $  f .11. 22 P 

p a p  e l even  
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22 J .  B .  Gerhart, Phys. Rev. - 95 ,  288 ( 1 9 5 4 ) ;  0 .  Kofoed-Hnnsen 

and A .  Winther, Phys. Rev. - 86,  428 (1952) and 0 .  Kofoed-Han- 

sen, p r i v a t e  communication. 

i The authors wish to thank D r .  L .  Michel,  0. Kofoed-Hnnsen 

and J.  Ste inberger  for h e l p f u l  conversa t ions  on t h i s  problem. 
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APPENDIX 

A .  Angle Measurements -- 

The bottom of t h e  d i f f u s i o n  chamber c o n t a i n s  a b l ack  g l a s s  

disc  upon which is s c r i b e d  a g r i d  of f i d u c i a r y  l i n e s .  In measure- 

ment  the  image of t h e  g r i d  is p r o j e c t e d  o n t o  a rear s u r f a c e  

s c r e e n  a t  u n i t y  magn i f i ca t ion .  I t  is g e n e r a l l y  p o s s i b l e  t o  r ep ro -  

duce a l l  f i d u c i a r y  dimensions t o  one p a r t  i n  t w o  hundred. 

The camera l e n s  axes  are 10 inches  a p a r t  and i n t e r s e c t  t h e  

The l e n s e s  are 133.5 c m  above t h e  glass .  black g l a s s  normally.  

The three-dimensional  in format ion  r e q u i r e d  for a n a l y t i c a l  recon-  

s t r u c t i o n  of e v e n t s  i n  space  is knowledge of t h e  h e i g h t  z of p o i n t s  

on a t r a c k  abotre t h e  b l ack  g l a s s .  L e t  V i e w  A be t h e  r e p r o j e c t i o n  

of t h e  p i c t u r e  taken  by t h e  camera whose l e n s  a x i s  i n t e r s e c t s  t h e  

b l ack  g lass  a t  A ,  w i t h  a cor responding  d e f i n i t i o n  of V i e w  B .  L e t  

t h e  d isp lacement  i n  V i e w  A of a p o i n t  on a t r a c k  from a l i n e  DE, 

pe rpend icu la r  t o  AB, be dAcm, and t h a t  i n  V i e w  B be dB. ,Then t h e  

h e i g h t  z i n  c m  above t h e  b l ack  g l a s s  of the  p o i n t  on the track is 

r e l a t e d  t o  d=dA-dB by: z=131.0 d/@5.40td).  

numerator i n s t e a d  of 133.5 as a r e s u l t  of t h e  e f f e c t  i n t roduced  

by t h e  2 . 5  inch  t h i c k  t o p  g lass  of t h e  chamber. The d i p  a n g l e  of 

a t r a c k  is t h e  ang le  between t h e  t angen t  t o  the  track and a h o r i -  

z o n t a l  p l a n e .  z1 and z2 are t h e  h e i g h t s  above the  b l ack  g lass  of 

two p o i n t s  1 and 2 on a t r a c k  and s is t h e  p r o j e c t e d  arc l e n g t h  be- 

tween l and 2 as measured i n ,  s a y ,  V i e w  A .  

m a t e l y ,  

131 . O  appears  i n  t h e  

Az-z2-z1. Then approxi-  

t a n  a=(Aa/S) [1+(z1+z2)/2x131. 0)qAzt/s) ( b A 3 1 . 0 )  ] 

page  ‘ t h i r t e e n  



R - 1 0 1  

where b cm is t h e  d i s t a n c e ,  measured i n  t h e  d i r e c t i o n  tangent  t o  

t h e  t r a c k  from A t o  t h e  p o i n t  on t h e  t r a c k  halfway between 1 and 

2.  b is p o s i t i v e  i f  t h e  t r a c k  is going up as one proceeds a long  

i t  away from A.  If one used V i e w  B, s and b would i n  g e n e r a l  be 

d i f f e r e n t ,  bu t  t h e  r e s u l t i n g  t a n  u shou ld  be t h e  same. The f i r S t  

c o r r e c t i o n  t e r m  is a magn i f i ca t ion  c o r r e c t i o n  on s ,  r e f l e c t i n g  

t h e  f a c t  t h a t  when t h e  r e p r o j e c t i o n  magn i f i ca t ion  is a d j u s t e d  t o  

be correct f o r  d i s t a n c e s  on t h e  b l ack  g l a s s  p r o j e c t e d  d i s t a n c e s  

between p o i n t s  above t h e  glass  appear  too large.  The second cor- 

r e c t i o n  t e r m  is t h e  c o n i c a l  r e p r o j e c t i o n  c o r r e c t i o n  t o  f i r s t  o r d e r  

i n  t a n  a/131.0.  The above e x p r e s s i o n  f o r  t a n  a is adequate f o r  

t h i s  experiment .  A z  may o r d i n a r i l y  be measured t o  0.15 c m .  

B .  MOMENTUM MEASUREMENTS 

A s i n g l y  charged p a r t i c l e  w i t h  momentum p and d i p  a n g l e  a 

moving i n  a uniform v e r t i c a l  magnet ic  f i e l d  of H k i l o g a u s s  t r a -  

verses a r i g h t  c i r c u l a r  h e l i x  characterized by p i t c h  ang le  a and 

p r a d i u s .  P i n  Mev/c is r e l a t e d  t o  p and a by p = 0.3 Hp/cos u ,  

where p is measured i n  cm. O r d i n a r i l y  i n  t h i s  work 5 c m  .ep< 60 c m  

and p * $  appa ren t  p ,  is s a t i s f a c t o r i l y  measured by f i t t i n g  a r u l e d  

c i r c u l a r  templa te  t o  t h e  r e p r o j e c t e d  t r a c k .  p and p '  are r e l a t e d  

' z ':y:aE '- + (3b2 + 1/2 a 2 ) tan' a / (131I2]  p = p El- 131.0 - 

The symbols have the same meaning and t h e  c o r r e c t i o n s  t h e  same 

o r i g i n  as i n  t h e  e x p r e s s i o n  f o r  t a n  a .  p '  has  r e f e r e n c e  t o  t h e  

page  f o u r t e e n  
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r a d i u s  of c u r v a t u r e  of t h e  r e p r o j e c t e d  t r a c k  a t  a s i n g l e  p o i n t  

and z is t h e  h e i g h t  of. t h a t  p o i n t  above t h e  b l ack  g l a s s .  'a' 

is t h e  d i s t a n c e  t o  t h e  a p p r o p r i a t e  f i d u c i a r y  mark measured per-  

p e n d i c u l a r  t o  t h e  t r a c k .  I n  t h e  measurement of the  p decay spec-  

trum t h e  median c o r r e c t i o n  of p corresponding  t o  t h e  l a s t  t e r m  w a s  

0 . 2  p e r c e n t .  The equa t ion  is c o r r e c t  through terms of t h e  second 

o r d e r  of c l o u d  chamber dimensions modulated by t a n  a and d i v i d e d  

by 131 c m .  The use  of  a f i n i t e  l e n g t h  of t r a c k  t o  measure p im- 

p l i e s  an a d d i t i o n a l  c o r r e c t i o n  of f i r s t  o r d e r  i n  I t a n  a , a cor- 

I 

r e c t i o n  which becomes i n c r e a s i n g l y  impor tan t  as p becomes smaller. 

For p s u f f i c i e n t l y  s m a l l  i t  makes t h e  templa te  method of measure- 

ment i n a p p r o p r i a t e .  
I 

The m u l t i p l e  s c a t t e r i n g  u n c e r t a i n t y  may be c a l c u l a t e d .  The 

p o s s i b l e  magnitude of photographic  and r e p r o j e c t i o n  d i s t o r t i o n  

effects has  been checked by photographing r u l e d  t empla t e s  and 

h a s  been found t o  be determined e s s e n t i a l l y  on ly  by t h e  f i d e l i t y  

w i t h * w h i c h  one can  reproduce  i n  r e p r o j e c t i o n  t h e  c o r r e c t  r e l a t i v e  

p o s i t i o n  of t h e  f i d u c i a r y  marks. With moderate care t h e  uncer- 

ta in t ;y  i n  momentum due t o  t h i s  e f f e c t  is a s m a l l  f r a c t i o n  of a 

p e r c e n t .  

On occas ion  t h e  magnetic f i e l d  w a s  reduced t o  120 gauss  and 

t h e  absorber  e x t e r n a l  t o  t h e  chamber was removed. Most of t h e  

p a r t i c l e s  t hen  photographed would be mesons w i t h  a most probable  

energy  of about  65 M e V ,  or momentum of about  150 Mev/c. Some 

mesons w i t h  dec ided ly  lower momentum and o c c a s i o n a l  p r o t o n s  and 

page  f i f t e e n  
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e l e c t r o n s  would a l so  be p r e s e n t .  The s m a l l  r e s i d u a l  f i e l d  s e r v e s  

t o  i d e n t i f y  l o w  momentum tracks whose m u l t i p l e  s c a t t e r i n g  would 

o t h e r w i s e  be i n t e r p r e t e d  as d i s t o r t i o n .  

The r e s u l t s  of t h i s  ser ies  of photographs lead t o  the  con- 

c l u s i o n  t h a t  f o r  l ong ,  f l a t  t r a c k s  t h e  t u r b u l e n c e  induced r a d i i  

I less t h a n  15 c m .  For such  s h o r t  t r a c k s  t h e  measurement error i n  

of c u r v a t u r e  are probably  g r e a t e r  t han  100 meters. 

C .  MOMENTUM-RESOLUTION OF THE p DECAY SPECTRUM 

The v i s i b l e  l e n g t h  of m o s t  of t h e  decay e l e c t r o n  tracks is  

t h e  r a d i u s  of c u r v a t u r e  p is l a r g e r  t h a n  1 p e r c e n t  and i t  makes 

t h e  major c o n t r i b u t i o n  t o  the  t o t a l  u n c e r t a i n t y  of the  momentum 

measurement. I n  o r d e r  t o  a s s i g n  a s t a n d a r d  error t o  each momen- 

tum measurement an  estimate of the measurement error was made for 
I 

each  e v e n t .  

The r e s o l u t i o n  f u n c t i o n  R 2 ( p , p ' )  r e p r e s e n t s  t h e  p r o b a b i l i t y  

p e r  u n i t  momentum i n t e r v a l . o f  o b s e r v i n g  e l e c t r o n s  wi th  momentum 

p '  if the  a c t u a l  momentum of a l l  e l e c t r o n s  is p .  I f  Q(u) r e p r e -  

s e n t s  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  of s t a n d a r d  momentum 

errors f o r  a l l  e v e n t s  w i t h  momenta rough ly  e q u a l  t o  p ,  then  an  

estimate of R ( p , p l )  is: 

R Z ( p , p ' )  w a s  found f o r  p = 20, and 50 Mev/c u s i n g  e v e n t s  w i t h  m o -  

menta between 15 and 25 ,  45 and 55 Mev/c r e s p e c t i v e l y  t o  f i n d  

Q(u) .  

on Fig. 2 for a l l  e v e n t s  and on F i g .  3 .for t he  more r e s t r i c t e d  d a t a .  

The r e s o l u t i o n  f u n c t i o n s  f o r  p = 20 and 50 Mev/c are shown 

page s i x t e e n  
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For the  2 values  of p the  shapes of R(p ,p ' )  are very c losely 

i d e n t i c a l  and the  half-widths are nearly  proportional  t o  p ,  The 

uncerta inty  i n  the value of  the  r e s o l u t i o n  width is q u i t e  large  

(perhaps of t h e  order of 35 percent)  because of the  arbi trary  

nature of the  assignment of standard measurement errors  t o  t h e  

ind iv idua l  e v e n t s .  

018 



FIGURE CAPTIONS 

FIGURE 

1. 

2. 

3. 

4 .  

5 .  

Q 

i 
D i f f u s i o n  Cloud Chamber photograph of t he  
decay of a n e g a t i v e  muon. 

Spectrum of e l e c t r o n s  from muon decay.  A t o t a l  
of 415 e v e n t s  were used.  The ' poor '  r e s o l u t i o n  
c u r v e s  are g iven  above t h e  spec t rum a t  20 and 
50 MeV. 

Spectrum of e l e c t r o n s  u s i n g  'good'  r e s o l u t i n n .  
T h i s  spec t rum i n c l u d e s  282 e v e n t s  which s u r v i v e  
t h e  m o r e  r e s t r i c t ive  criteria des igned  t o  y i e l d  
l o n g e r ,  f l a t t e r  t racks.  

T h e o r e t i c a l  s p e c t r a  f o r  muon decay.  The Michel 
c u r v e s  f o r  p = 0,  . 25 ,  . 50 ,  .75 and 1 . O O  are 
f o l d e d  w i t h  t h e  expe r imen ta l  r e s o l u t i o n  of F i g .  2 .  
The poor r e s o l u t i o n  expe r imen ta l  p o i n t s  are a l s o  
shown. 

Chi-square. minimum method of e s t ima ted  p from t h e  
d a t a  of F i g .  2 .  The p r o b a b i l i t y  t h a t  Chi-square 
exceeds  t h e  v a l u e  g iven  by  t h e  o r d i n a t e  is a l s o  
i n d i c a t e d  (from C r a m e r ,  Mathematical Methods of 
S t a t i s t i c s ,  P r i n c e t o n ,  1951) .  Momentum i n t e r v a l s  
w i t h  s t a t i s t i c s  of fewer t h a n  10 e v e n t s  were pooled 
t o  o b t a i n  a t o t a l  of 18 i n t e r v a l s .  The number of 
d e g r e e s  of freedom for t h e  normal ized  d i s t r i b u t i o n  
w i t h  one parameter  is  1 6 .  



1st Moment 

TABLE 1 

Determination of p by Moments 

P 

Good Resolutiona .67 +.05 

60 b Pool) Resolution 

2nd Moment I 

Good Resolut ion .68  

Poor Resolut ion .64  

+ . 0 6  

S p l i t  F i r s t  Moment 

.72  -.03 .( < 
0 - x - . 75  

.75 5 x 5 00 . 6 9  + .'02 
> 

a) 282 e v e n t s ;  see F i g .  3 

b) 415 e v e n t s ;  see F i g .  2 

. l l  

.09 

. l l  

. 0 9  

. 1 9  

. 1 8  
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/ 

TABLE IIa 

Beta Interaction Coupling Constants" 

Correspondence: 

gp'gt 

gs'gt 

Identical Distinguishable 
Neutrinos Neutrinos 

p n e W p e Y  pne-VeV p n e W p e V  p n e w V e V  

+:5 f.5 + . 5  f .5  +4. bf .5 +4.5+. 5 

negative positive pos'itive negative 

a) See Ref. 19 for notation. 
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