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there are more than four external vector boson lines. 
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1 Introduction i 
The structure of weak interactions discovered so far suggests 

very stkongly the existence of charged, and possibly a lso  neutral  vector 

mesons, 
and semi-leptonic we& interactions, axid possibly a l s o  the non-lepfonic 

weak interactions; secondly there is the st ructure  of  the hadron currents, 

F i r s t  of a l l ,  there i s  the current X current form of leptonic 

I very s i m i l a r  t o  the structure of the electronagnatic currents i n  the sense 

tha t  they nay be thought of as t o  be constru t e a  with the help of some 

gauge principle. More precisely, Gell-Mann suggested current conmutation I 

rules  for vector and axial-vector currents t ha t  c m  be understood as a 

simple extension of the commutation rules  known f o r  e.m, currents; as is 
well known these conmutation rules have led t o  EL large number of  successes, 

i n  psr t icular  the so-called low-energy theor.ens, 

* 4 

These very same low nergy theorens have been derived a l s o  by 

means of some gauge princip1.e . h e  is led th2n t o  divergence equations 

f o r  the currents of  weak interactions o f  tho form 

a very natural  extension of the equation 

t 

4 

z - e ~  X ?  
C L P  

I 

* obtained 5 f  one introd ces e.m. corrections i n  a llminimall' fashion t o  the 
equation a 3 = 0 3J Again, i n  a natural  w a y  a vector boson enters 

P P  
in to  the  theory, but again merely as a matter 0% technique, since ttre 

resu l t s  do not depend on the mass of  the boson in question. 
j 

One is very much tempted t o  ask: why does nature choose currents 

i n  such a way t h a t  equation (1) holds ? Waf is so special about these 

. currents ? The outsfanding f a c t  about these cu r ren t s , i s  t h a t  they are 

related t o  some gauge invariance i n  the strong interact ion Lagrangian, 
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r and i n  f a c t  t o  lowest order i n  thv weak and e.m. coupling constants they 

are  the currents that by vir tue of that invariance are conserved. 

the s t ructure  of the r i g h t  hand side of (1) merely r e f l ec t s  the par t icular  

I 
And 

. 
4 

symmetqi Snvolved (note t h a t  Wp X 3p 5 eabc Wb ~ Jc pt where the eabc a re  

the st ructure  constants of SU(2)). 

It turns out that ,  by introducing a t r i l i n e a r  and quadrati l inear 

interact ion between the vector-bosons involving %hose same structure 

Constants one can arrange things i n  such a way tha.t the source current of 

the  W-field is exactly divergence free. 

considerations of  gauge invmiance 4 
If the If-mass is zero, one ob- 

, tains $ust the Yang-Mills theory ,  % i ch  was constructed o a t h e  b w i s  of 
- 

One is thus led  t o  the study 09 massive Pang-klills f ie lds ,  

which is the  subject of the present >paper. 

complications due t o  symmetry breaking resu l t ing  in the occurrence of 

extra  terms i n  the r igh t  hand side of (1); i n  our opinion the s i tuat ion 

Here we w i l l  not deal with 

without symmetry breaking has t o  be understood before one can at tack the 

more general problem. 

properties of the perturbation expansion, i n  par t icu lar  the question of 

Furthermore we w i l l  d i r e c t  our a t tent ion t o  the 

renormalization . . .  

In this direction very beautiful work b s  been done, for  the 

mass-less P g-Nills theory, by Feynman, De W i t t ,  Fadeev and Popov, and 

Mandelstam 'r These authors have shown that  f o r  t h i s  case a unitary, 
L renormalizable perturbation expansion of the S-matrix ex is t s  w i t h  ra ther  

contains horr ible  infrared divergencies, which €EE f a c t  prohibits the 

I peculiar Feynman rules. Here one must add t h a t  4&e zero mass theory 
, D 

study of an S-matrix w i t h  fn- and outgoing pa r t i c l e s  of zero four-  

momentum squared. 

is the bel ief  t h a t  t h i s  zero=mass theory can be obtained i n  the l i m i t  of 

eero mass from the non-zero mass S-matrix, with 5x1- and outgoing par t i c l e s  

on tho mass-shell, 

Nevertheless, the basis  of the following discussion 
l 

r' The motivetien fo r  our .investigation €s e s s e n t i d l y  the  following 

68/28 
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remark. The propagator f o r  R massive vector-boson is o f  the form 
i 

r' 

If the l imi t  M 4 0 exis ts ,  then somehow the factors M" must be 

cancelled by other factors  M2 arising from the integration over closed 
2 2 

8 loops &d application of the re lat ion p r -M f o r  in- and outgoing 

bosons. But because of dimensional reasons any f a c t o r  p1 decreases by 

one the possible degree of divergence of a particular diagram, o r  s e t s  

of diagrams. 

In +he following we w i l l  With the help of the Bell-Treiman 

transformation* bring the theory i n t o  a form which permits the d i rec t  

comparison of the massive and mass-less case. In particular,  we w i l l  be 

&ble t o  split off a s e t  of diagrams whose l i m i t  f o r  M 

mass) can easi ly  be seen t o  correspond t o  the s e t  of Feynman diagrams 

as given by Feynman et al., having also the same infrared divergencies. 

Moreover, our theory is  unitary ana causal6) for  my nonzero M and f o r  

0 (M = boson 

the lowest order ferns i n  the coupling constant the l i m i t  M -L 0 exis ts  

. 

and corresponds t o  the zero mass case. 

f a r i t y  and causality essentially determine the higher order S-matrix 

Since the requirements of uni- 

elements, and since the zero-mass S-matrix i s  unitary and cmsal  it 
appears very plausible tha t  a l s o  the higher order non zero mass S-matrix 

elements go over i n t o  the highor order zero mass S-natrix elements. If 
zed tha t  this is  plausible, but not a must; i n  the sense 

the so-called counter ferns are  j u s t  such tha t  they can 
. be added t o  the S-matrix without spoiling uni ta r i ty  and causality. 

stated differently,  the non-zero mass Lagrangim may be changed by in- 

troducing counter terns proportional t o  the W-nrtss without affecting 

the l i m i t  M 4 0. 

Or, 

Kowever, it is very d i f f i c u l t  to construct .  

96 
The author is indebted t o  Profs. Bell apd Treiman for discussions on 

this point. 
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P such counter terms in  a perfurbafion expansion simply because of 

dimensional reesons. For ins tmce ,  consider a counter term introduced 

' i n  order t o  make the process 31.1 4 3V f i n i t e  i n  6th order, 'Such a 

f e r n  must have the form: 

x 

where g is the dimensionless coqding constant, asd C must have the 
-2 dimensions of (mass) Suppose we have a cut-off mass A i n  the 

theory, everything being f i n i t e  f o r  f i n i t e  

meters on which C can depend, namely M , 
We are  not interested i n  constants 

only serious terms are those proportional t o  some power o f  A, 

* 

c A , There are two para- 

the boson mass, and A 
C t ha t  go t o  zero as A 4  Q) ; the 

i.e. 

Am c = c-- 
#+2 ' 

However, i f  we know tha t  in the l i m i t  W 4 0 no such counter term exis t s  

then obviously c must be zero, Eere we want t o  s t r e s s  t ha t  we do not 

consider t h i s  argument a proof, but ra ther  a plaus ib i l i ty  argument. 

Mainly we may learn from these arguments t ha t  one should investigate the 

.dependence on H rather than what happens f o r  large momenta; moreover 

by formulating the theory i n  a manner t h a t  exhibits c lear ly  the desired 

properties and the known infrared divergencies In the l i m i t  M 1.1 0 t h i s  

. .  

investigation might be f ac i l i t a t ed ,  

1 Our technique i s  roughly as follovs. The V-field propagator 
2 contains a term kpk,/M As is  well known t5is term is  modified i f  

one performs EL gauge transformation of the second kind. It is  a l s o  ve l1  

known t h a t  the mass-tern breaks the local  gauge invariance of the 

Lagrangian; nevertheless vre perform a transformation thereby then the 

Lagrangian changes (essent ia l ly  a power ser ies  i n  g/M is added) 

while the W-propagator takes the form 

1 
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The Feynmm rules  s teming from Yiue new Lagrangian w e  then used t o  

investigate the perturbation exprarrion of the S-aatrix. 

t ha t  the on-mass shel l  S-matrix is not  effected by those manipulations, 

described below. 

Ve emphasize 

. 
_ -  

2, Equations of motion 

* 

In the following we w i l l  l i m i t  ourselves t o  a world without 

strange par t ic les ,  and with exact conservation of isospin. 

ex is t s  a t r i p l e t  of  vector boson f ie lds ,  @ ( x i ,  P E = 1,2,3, 

t r i p l e t  of hadrons Ja(x) such tha t  

Suppose there 

coupled t o  a 

P .  

The equations of motion f o r  the &field w i l l  contain the hadron currents. 

By introducing interecfions of  the \fa with themselves the IT-source 

current can be made t o  be divergence free,  as we w i l l  show by writing 

down.equcltions of' motion with the desired propert5es: 

cb 

( 4 )  

Everyvbere v e  suppressed the dependence on space-time, wrifing I f o r  ins t -  
I . ,  
I 

Taking now the'divergence of ( 5 ) ,  using ( 3 ) ,  (4) and ( 5 )  one 

eas i ly  establishes 

a j a  = 0 ( 6 )  
r 

P P  
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Since for  our purposes the occurrence of hadrons and hadron currents 
I 

is a trivial complication we will drop them from now on. J; 
The equations of motfon (4),(5) may be derived from the 

Lagrangian density 

w i t h  

_ _  

In a e t a i l  the Lagrangian is i  , 

b c 3 d  e w w w w .  e 'abc ade p V P V 
1 2  

Note that g i s  a dimensionless coupling constant. 

j u s t  the  theory introduced by Yang and Mills. We write: 
For 14 = 0 t h i s  is 

. .  

The Feynmas rules  corresponding t o  t h i s  Lagrangian involve a vector meson 

propagator of the  form 

6 + k k  /M2 . (11) 
" V U  CL v 

2 2  h C I4 - iC 
Furthermore there is a vertex w i t h  three bosons and a vertex with four 

bosons. 

number of subtraction terms has t o  be added t o  d i n  order t o  make the 

S-matrix f i n i t e .  This would not be so i f  the B k /k? ierm i n  the 11- 
p v  " 

propagator were not present, The f a c t  now t h a t  &he divergence of V- 
source current is zero implies t ha t  probably a p o d  many of the k P V  k 

Simple power counting of the diagrams h d i c a t e s  t ha t  as i n f in i t e  

* terms may be dropped, or at  l ea s t  behave e f f e c t h o l y  m c h  l e s s  than 

quadratic i n  the l i m i t  o f  large momenta. In oriF.er t o  investigate t h i s  

68/28 
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point we perform the Bell-Treiman transfornetion wbich leads to a new 

set of Feynman rules where the k P V  k /M2 tern in the'V-propsgator has 
been replaced by -k k /k2 at the possible expense of having to intro- 
duce new'vertices. The Bell-Treiman transformatian may be described in 
various ways ; we will give two identicsl prescriptions. 

CLV 

- i Consider the f Ollowing Lqrangim 

It differs from (10) by the addition of a scalar triplet of fields cpa . 
The replacement ITe yl by Well 4- aPcp implicates that cp interacts with 
the W and the pfields themselves. The unspecified extra term R(Xq,W) 
must be chosen in such a vay that Cp" satisfies the free field equation 

a x  s 

of motion 

Of couree, there is always the trivial End uninteresting solution where 
R is such that all terms containing rp in the rest of the interaction 

Lagrangian are explicitly cancelled; but if the Lagrangian obeys some 
symmetry or partial symmetry one can often find, by using the equation of 

motion of the I! (end eventual other fields if present), another non- 
trivial R . In this case after some work one cavinces oneself that ' 

I 

there exists as R of the form 

* I  
vbere ft and f2 are power series in g X / M .  Of interest is the first 
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It may be verified tha t  with the inclusion 2 

sa t i s f i e s  (13) up t o  terms of order g Hero one must use the V- 
equation of notion, i n  order t o  obtain some exprcssion-for a \Ia . 

of t h i s  torn alone the p f i e l d  P 

, P P  
-.I 

the equations determining R are i n  t h i s  case rather  complicated. Any- 

way? i f  now (pa s a t i s f i e s  (13) we can be sure that the Lagrangian (12) 

gives r i s e  t o  the same S-matrix f o r  vector-boson processes as the o r i -  

ginal Lagrangian (I 0 )  
_ _  

- ii Alternatively to determine R in closed form one may proceed 
as follows. The PM part  of the Lcgrangian (10) is i n v a r i k t  under the' 

infinitesimal transformation 

a where c: (x) 5s an arbi t rary t r i p l e t  o f  infinitesimal functions of x 

One derives t o  f i rs t  order i n  e(x) : 

. .  

This is an infinitesimal rotation in 1-spin space; because of the anti- 

is invariant up t o  f i r s t  order the product G& G~ symmetry of Cabc 
in ec(x) 

w PV 

. 
Here we ere not interested i n  infinitesimal gauge transformations, I 

but in f i n i t e  

Pasg and H i l l s  
ansformations obtained by integration'of the rbove one. 

give ss resu l t  for  a f i n i t e  trmsformation: 
I 

I 
where f 

general form of  the 3 x 3 matrix f is: 
(x) i s  a rotation i n  I-spin space depending on x The ab 

Paga(x)  (17) 

J- 
f(x) = e 

68/28 
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r' 

, 

a vhere . 0 is a t r i p l e t  of 3 X 3 msfricss: 
i 

and f(xj x . 
(16) in to  the formula, ( 8 )  for G;v , one finds, using 

is a t r i p l e t  of a rb i t ra ry  functions of Indeed, inser t ing 

'ab = fba and -1 

and GEL Ga is  invariant. However, 
VV PV 

Suppose now we f ind ftn f such t h a t  
. .  

Rd sha l l  be spme power ser ies  in g . There is  a large c lass  of f such 

t h a t  t h i s  holds, but we have not been able t o  exploi t  t h i s  freedon t o  our 

advantage. With such an f we have: 

Note t h a t  t h i s  i s  d i f fe ren t  t o  zeroth order i n  g f To restore  a t  l e a s t  

68/28 
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the zeroth order par t  of R t o  i t s  oriGinel forn?ve  replace everywhere 

One ver i f i e s  t h a t  t o  zeroth order i n  g the V-gart of t h i s  & i s  the 

same as in- ( lo) ,  implying the propagator (11) f o r  the W-field. 

X =.l, an indefini te  metric and mass Eii = 0 f o r  the p - f i e l d  one,has 

however the  propagetor 

Choosing 
2 

k k  & - k k  /kL 
v v  c1 v L P V  I_. P V  CL v 

6 + k k  /M' 
Ir. + & I  - is * -. 2 2 2 2  M2(k2 - ie) - k +E l  - i c  

1 f o r  the combination = W + a cp %bat enters  i n  the  interaction. P C b G P  
It is  worthwhile t o  note again tha t  

This we know for  sure, because w i t 0  the replecement ' a 9 followed by a gauge transformation we can eliminate the 

cp obeys the f r ee  f i e l d  

equation (13). 

w - t l  

<p-field from the interaction. 
v: P - c  P 

Let us now evaluate Rd t o  lowest order. In a l l  generality 

we take 
f(x) E e Pa$& 

where 

quantify cp/W. One has: 
$ is some as yet  unspecified function of the dimensionless 

$* 
1 - cos c q C +  s in  $ 

t2 fab 'ab -k $ abc 
, - 

with = . &rther 

68/28 
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(27) 
-- 

Series expansion gives 
* 

b Choosing $ = --$ $ one obtains the desired resul t  (20), with 

asJ. the lowest order exfre term i n  is: 

RS given before. 
- 

3. The F e w a n  rules 

Our starting p o h t  i s  the Lagrangian (22). From th is  we 

68/28 
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infer the folloving Peya!axl rules: 

Propagat or s : 

_ -  

Vert ic as z 

/ 

'i 

(33) 

Further vertices involving one 

involving four or more tp-lines, These vertices have'factoss g @y n ;en& 3 or more 9 - l ines ,  md vertices r 
68/28 
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Finally there are vertices result ing from a contraction of a 

cp-line ppitb the a cp part in 0 v i n  the ver t ices  (34) and (35). This 

type of vertices w i l l  be denoted by a c i rc le ,  and. they are  obtained from 
VJ 

the vertices (34), (35) by plultiplication w i t h  tke approsriate four 

momentum 
. 

k + p + q = O  

In view of the form of the 0 -propagator (32) one may i n  f ac t  

/ where n + 2 is the number of q-l ines:  I f- 

drop the terms containing kcu o r  Par 

k + p + q = O  

Here the ke term nay be dropped. ]Further there are vertices 
i 
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r The first one is obtained from (35) by multiplication with Simi- 
larly f o r  the others. Care nust be taken tha t  symmetry o r  antisymmetry 

properties under exchange of two l ines  are as inilicated i n  the interaction 

Lagrangian. 

Four inportant remrks nust be mader 

No tp-line connects two circled vertices; 
II i 

- 25 The rules given by Peynman e t  a l .  are: (32)-(36) w i t h  M -3 0 and a 
factor -1' f o r  every closed loop of an even nr, of tp-propagators; 

-1 'iii - If one counts every oc,currence of r; factor M-' as a (four-momentum) . 

one may convince oneself that the theory is renormalizable. Every 

primitive diagrem containing f ive  o r  more external 0 - l i n e s  is con- 

vergent. Conversely, i f  we can shov t ha t  f o r  a cer tain s e t  of dia- - 
grams the l i m i t  M 4 0 exis t s  then those &i.agrtlms behave for  large 

momentum es in a renormalizable theory; 

L iv In the eero-mass Pang-Mills theory one has a number of ident i f ies  

connecting W-wave f'unction renornalization, 3-vertex and 4-vertex - 

renormalization. Essentially one counter term, o f  the form 

should make the S-matrix f i n i t e  (apaxt from infrared troubles). 

4 ,  Some special cases 

The cp-particle i s  a free par t ic le ,  and any S-matrix element 

It must be stressed that  t h i s  holds only provided the in- asd 

containing one o r  more outgoing rQ-particles (on o r  o f f  the mass shel l )  

is zero. 

Y, 
outgoing W are on the mass shel l  (and t he i r  polarizcLtion vectors e 

s a t i s fy  k e = 0 ) .  This f ac t  may be used t o  es tabl ish a large 'mount 

of relations between diagrams. 
P P  c. 
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In order g I 

* 

. 16 

2 
III order g t 

i 

i 

+ 

of these diagrm-s I. by virtue of the results in order g . 
* 

1 

. .  

Consider now i n  second order the so-called tree diagrams (no 
' 

closed loops) having two outgoing cq - particles: 
I 
1 I 

I 

+ % 
I 
I we 
I * 
1 
b 

i 

? 

I 

0 .. 

68/28 
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r- We note a very important fact:  the collecfion ! of diagrams 
containing an internal cp-line and a circled vertex are equal t o  EL multiple 

of the collection of diagrams With an internal y - l i n e  but no circled 

vertex, on account of the resu l t s  in order g . Therefore a l s o  the col- 

lection of diagrams containing internal boson lines and circled vertices 

equals a, multiple of the diagrams vit;4lout internal boson l ines  and without 

circled vertices. 

. 

d 

This property remains true also fo r  t r ees  of a r b i t r e y  length . with two outgoing <p=lines ( a l l  11 .being on the mass shell) .  This may 

be proved by induction. Lef.a c i r c l e  w i t h  a T Benote a general t ree ,  

having i n  addition t o  the l ines  drawn an arbi t rary number of external W- 
lines. One bas: 

We did not expl ic i t ly  inaicate vertices 

On account of resu l t s  i n  lower orders one has 
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f) 

* 

m 

i 
Similarly T 7 o( T4. i 
Therefore T o( T4. 5 

L 

fn this way ve see, by induction, t ha t  ssy collection of t r ee  
x diagrams having two cp-lines and an arbi t rary number of or,-mass-shell 

bosons equals a collection of t r ee  diagrams having no circled vertices. 

From ths we infer  the following result: consider i n  a given 
order of perturbation theory a l l  diagrams having at most one closed loop, 
asd no external rp-lines. 
having factors llpfi, 
diagrams containing no circled vertices (but containing internal  n and 

Q-lines  !). 

That excludes occurrence of vertices (w), 
Then the collection of these diagrams behaves as 

Since such diagrams contain no factors l/Pf we conclude 
that diagrams w i t h  

external boson 
closed loop are f i n i t e  if there are more than four 

5. Conclusions 

From the foregoing it is clear tha t  many diagrams of the mass- 
. .  

€ve Pang=l”Iills theory are  convergent in the sense of  a‘renormdizable 

f ie ld  theory, 

with more t h m  2 cp-particles and factors 

perturbation expansion of expressions l i ke  

Ve have not been able t o  t r e a t  diagrams that involve vertices 

l/rJr. These result from the 

and one may suspect t ha t  these vertices are  sunmable i n  some sense, because 

the l i m i t  M 4 0 seems t o  exisf; 

understand the de t a i l s  of the theory involved. 
However, we have not found any way to 

Findly  we wish t o  note tha t  the above methods should, if they 

r* work i n  this case, a l s o  be applicable f a  the case where one takes the 

68/28 
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f i e l d  t o  be zero end considers t ha t  f i e l d  lirnlt of the mass of the 

as the photon fieldlo). In  t h i s  way perhaps a l s o  s;nmnetry breaking may 
w3 

be introduced. 
* 
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* It appears t o  us that in the further stcdy of the nassive 

'Yeng44ills f ie lds  expressions of  the form 

I 

r 

w i l l  play an important role, Evaluatiw this  expression amounts t o  

counting coa'iuations . One finds, with e 

the result 
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in the aeighbourhood of y , where the A-functions become singulm. 

Again, the supposealy decent behadour for N -  0 inspires confidence 

concernihg t h e  ultraviolet problem. 
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S. Mandelstam, Berkeley p r e p r i d ,  July 1968, 

of motion etc. are pro?ertS.es t he t  c m  he udcrs tpod  very easi!-y 5n 
terns  of' diagrms of a psr%vrb&ion expansion if. cne rW%hS i n  

configzlrafion space raf'ber +ban in  mcmentim space. See W e  V~l-tnan, 

Physica 29, 186 (1963). 

7 ) '  N. Bogo'b'.ubov, D e  Shirkov, Introduction t o  the t3eary of quan+Birad 

8 )  PPX% of the work i n  t h i s  sectfon bss  been d.iscussed i n  great det,ai.l 

6) Unitarity, caxisalit.y, relaf5.on befveon Pa3%xen 6-i.agrams find eqt:.ations 

See alto Feymm, refr 5 .  

.fields, Intccscience Rblishors (I 573) ' .  . .  

i n  tho lecture notes for the Copenhogen Summer Ins t i tu te ,  * k l y  ?9.38, 

9 )  Feynman, refQs 51 seems t o  have obfc,ined his results by coos.hderi.ng 
, 

b 

r)l 
I 

expl ic i t ly  diagnms and taking the l i m i t  M 0. .me recder w i l l  

mfiersfanil why ho could only give the proof f n r  Ciagrms u.'t;h one 

closed loopr i n  these dj.ap;rans no l'di.fPicultlt ver+lices stemming from 

i 

? 

the ser ies  expwxdon of 

10) This case has bean investigated by T,D. Lee and C.N. Tang, Phys. Rev. 
128 885 (1962), and T-D, Lee, P h p C  Rev, "oca  628, 899, (1362). Ecwever -J 

these authors allowed for (t general rnagnetj-c nomenf for  the If, and 

s ln  (gcp//M) efc .  appecur. 

r 'did not include a vertex invoI.ving 4 charged boc. eons L 
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