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ON THE VARIATION OF n WITH ENERGY IN THE 100-10000 EV REGION

E.P. Wigner

1. The present report owes its origin to an informal discussion between
H.A, Bethe, Harvey Brooks, and the writer at the General Electric Company. We
were puzzled, at that time, by the apparent increase of 7 (the number of fission
neutrons per neutron absorbed) in the aforementioned region, as appeared indicated
by preliminary experiments at the G.E. laboratory. The qualitative concept which
was put forward at that time was subject to a mathematical analysis during the
writer's stay at the Brookhaven National Laboratory (summer 1949), and the present
report records the calculations carried out there, It was thought, lately, when
Rainwater and Havens® new measurement of the absorption cross section of 25 in
the 1-100 ev region became available, that these measurements would furnish the
constants necessary for the numerical evaluation of the following formulae. How-
ever, a review of these measurements undertaken recently in collaboration with
Dr. Brooks, on the basis of his earlier work on the subject, led us to believe that
the measurements are not yet accurate enough for this purpose. What would be
necessary is, in particular, the measurement of the total and fission widths of a
few low-lying levels, perhaps the first 5 to 10 levels. The present report is being
written partly to stimulate further such measurements.

According to the usual theory, the integral of the f1551on cross section oy
over a level, when expressed in barns, is

6 r‘n 1—\f
/deE = (4.1 x 10 {/E) Fn_*—'—?:_—*—rf . (1)

In this, E is the energy of the level, I', Iy, and ['f are its neutron, radiation,
and fission widths, All these quantities will be expressed, as usual, in electron
volts; f is a factor to account for the spin, it is 1/2 for all practical purposes For
the radiative absorption cross section one has: '

fqrdE = (4‘1 X 109 f/’E) I—‘n ]'“r/(}“n + I—‘r + rf) R ’ (Z)

Assuming that there are » neutrons emitted per fission -- » béing assumed without
too much justification to be the same for every level ~- we obtain for the 7 of the
processes which take place in the neighborhood of the level in questxon

-
V/O’de vrf , r

= — = ~V/(1 + ay =
f(af'+crr)dE e + T, ( Bo* TR

I

(3)

f

Since [y and [y cannot be expected to change appreciably within the energy _
range of 1 to 10000 ev, and since v is assumed to be a constant, it would seem that
n will be independent of energy in the region in question.




There is, however, a flaw in the above argument, which makes a variation of n
with energy indeed quite possible. If ['f varies from level to level, the 71 will
have different values for different levels. Whether or not it is reasonable to assume
such a variation of [y from level to lavel will depend on the picture that one may
form of the fission process. In particular, if the final state of fission is a small
number of quantum mechanical states, i.e., if the different possible fission fragments
are components of the same wave function (a possibility which was mentioned to me
by F.J. Dyson), a considerable degree of variation of ["¢ from leveltolevel canbe expect-
ed. On the basis of the Bohr-Wheeler picture of fission, such variations are perhaps
less likely, Variations of the above kind were demonstrated for 'y, by T. Teichmann
(Princeton;,dissertation, 1949), who showed that [y shows irregular fluctuations
from level to level by as large a factor as perhaps 8 both up and down from the
average (Cf. also an earlier report by S. Dancoff, and my article Amer. Journ. of
Physics 17, 99, 1949). An indication that there are, indeed, ﬂuctuatmns in ¢ from
level to level may be seen in the fact that there is at least one level for which
I'f <<I"p, while for most level. , apparently I"'f>>["p. On the other hand, no large
fluctuations in I', can be expected because.the transition takes place, in this case,
to a wide variety of final states, so that the [ is already an average.

The question whether. 'y shows variations from level to level has been dis-
cussed above at some length, because the existence of such accidental variations
is a condition for the systematic variation of the average value of 7 with energy
by the mechanism to be considered below. Of course, if one had to average (3)
giving each level the same weight, the existence of the acc1denta1 variations would
remain irrelevant. However, (3) should be averaged giving each level, crudely
speaking, a weight proportionate to the probability that a reaction will take place
which is (og + 0,.)/(cf + or + 0s) where og is the scattering cross section:

o, + o _YdE M, + T
Jesree et o ()
Cfee ot odE T+ s Ty ‘ . o

This probab111ty is close to 1 at low energ1es at whlch Cn. is very small However,
around a few thousand volts, I, becomes of the order of ¢ + 'y, and will decrease
the importance of those levels for which g+ 'y is small. Since [, does not

‘fluctuate from level to level, these are just those levels for which 'y is small. The

decrease, with increasing energy, of the weighting factor (4) of those levels for which
"¢ is small will lead tc an increase in the weighted mean of (3)

The rest of the present. report is an attempt to formulate qué,‘ntitaﬁti’\}ely the
above qualitative consideration.

2, First, let us consider a sxmple absorptxon process i.e., the neutron ab~
sorphon of an element which does not undergo fission, Let us assume that the
probabiiity distribution of [}, is symmetric on the logarxthnuc scale, i,e,, that the
probability that 'y, be between n and n + dn is

P(n)dn = f(n/n )—-n-,, L . o - (5

where n, is an average neutron width and f(x) = £(1/x). This is a reasonable as-
sumption for a strongly fluctuating quantity.. For purposes of calculation, we shall




use a special form of £, i,e., one whichis finite only in a certain region around 1,
zero outside. It must be admitted, of course, that this is only a‘crude approximation:

0 , for n<n_/s

P(n)dn = (2nlns);', for n,/s<n<n_s (Sa)
0 , for n>n_s.

The average absorption then becomes
®
. I n .
g . =o { P(n)'_'_r—“" dn (6)
r o] g r‘r + n ‘ s .
- -

where o, = 4.1 x 106f/DE barns, D being the average spacing of the levels which
are assumed to be further from each other than thexr w1dth is. Carrying out the
integration in (6) ylelds ‘ R

- rr ; rr * ongs . (6a)
o - n. . . . a
fr ; © 21ins r +‘no/s o . ‘ o

r

One will recogmze in n,s the maximum, and in no/ s the m1n1mum neutron width of
our model,

If the average neutron width ng is much smaller than the radzatlon w1dth F
(6a) gives an increased 7., as compared to the usual formula which assumed
s = 1, On the other hand, if Iy<<n, the absorption is smaller than if all levels had
the same neutron width ng. In the limiting casé of a verylarge s, the T, becomes
independent of n, and assumes the value o ol /2. This is, of course, larger than
the usual value o Frno/(F‘ +n ) if ng <" r+ Somewhat smaller if ng>lL. Th1s
. qualitative behavior of 7, is eas11y understandable if one considers that, in the case
of n,<I"., the fluctuations of n occasionally give a wide level, and thus greatly
1ncreased absorption. The downward fluctuations of n, do not affect the absorption
enough to compensate for this. .On the other hand, if ng >, the upward fluctuations
have little effect, since the absorption is already almost as great as it would be for
infinite neutron width, In this case the 1nf1uence of the downward fluctuations of . n
is overwhelmlng. : T

3. For the actual prébiem at hand, we shall assume for the fission width a
similar distribution as (5a) but, of course, with other constants. The probablhty
that the flss1on width Ff be between f and f+ df will be assumed. to be

0 y for,f<f°/t
Pe(f)df =< (2finty ', for £ /t<f<f t Q)
0 , for f>f°t.

However, as was mentioned oefore, while there is some experimental material to
indicate that'the spread s. in the neutron width is cf the order of 10, no such in-~
formation is at present available for the spread t intle fission width, Thus, we
‘have to leave' t entirely free.




4.

Next, we have to calculate the average neutron absorption and fission cross
sections, For the former, we obtain:

Y @

"

r

1]

ql

The integration over f can be carried out easily, and gives:

n_s
° .
— I—11' . I_|r + ngs I_‘x-c'o dn . 1”'r oot gt
o - o n n .
a © 21lns ' +n /s 4insint ' +n ' +n+ f s/t
r o n /st r o
o

(8a)

Unfortunately, the last integral cannot be given a closed form, in spite of the
simplicity of our choice for P and P¢, It was assumed, therefore, that int is a
small quantity, and (8a) was evaluated under this assumption. It gave

‘ %ol Pe + £, + ngs Uorr(l“t)z Ty + 0/, (Cp + g,

In
a 2lns l”r tf 0t n,/s 12ins (Fr + f

2 .
o T ny/8) Ty + £, + nys)?| (9)
A similar calculation gave for

s ] os] '

— nf

Og = 04 f / P(n)Pf(f) :-;—f——;—{:;— dndf . (10)
o o

the approximate result

— ° 1 2 fo + Pr + n,s.
T = 1 t=(int)") in ————F——
6 f0 +rr +n°/s

2, 2 »
f, (Int) 3rr t 28, + 3ngs 3rr t 2f, + 3n /s

- 11
12ilns (Fr L P _nos)2 Fr t f, t n /s ( )
One obtains finally for o = T /T the rather complicated’expreésioﬁ
= - 1 2
a = 1 - —(lnt)
: fO . . 6 g
-1
rn(s'l) i ' I +f_ %+ sn
1 ) .

+";( }nt)z - o 2 - ' In — 2 2 ' (12)

T + 5% + a2+ n (0 +£ys + 4y I, + £, +n /s




which is correct up to ( int)2, For t=0 one obtains, naturally, the usual ex-
pression [y/f..

The energy -dependence'of (12) is caused by the energy dependence of ng,
which is proportional to the square root of the energy E. For very large E, above
a few 10000 ev, the second term of (12) can be neglected and o, which can be
accurately calculated in this case, becomes

I, 2int

fo t—1/t

a (for n°>>rr, fo). (12a)

It is the ratio of [, to the average value fPf(f)fdf of I'f, For low energies, the
second term of (12) will be positive, so that « can be expected to increase with de-
creasing energy. At a hundred volts or so, ng will be negligible as compared to ',
and f,. In this case, it can be calculated again accurately for our model, and becomes

2int ‘
a = - -1 (for ng<<l,, £,). (12b)

Fr + fo/t

The total decrease of o with increasing energy, which is caused by the increase of
the neutron width, is the difference between (12b) and (12a). It is, of course, inde~

pendent of the average neutron width itself. The corresponding increase of 7 can
be calculated from (3).

Fig. 1 illustrates the decrease of o« with energy for a typical case, Fig, 2
illustrates, ‘as a function of t, the total decrease of o from very low (below 100 ev)
to very high (above 10000 ev) energies. Two curves are given, one for f,/T", = 3.5,
the other for fO/Fr = 7. It should be remembered, of course, that the o« for thermal
energies is characteristic only for one level and has, therefore, a somewhat ac~
cidental value. Its most probable value is, in fact, f,/",. The values for « given
in (12}, (12a) and (12b) are, on the other hand, averages taken over many levels. It
would be necessary, to obtain these averages, 1;0 know [}, fo, and t. All these
quantities could be obtained, in principle, from measurements on a few near thermal
resonances, so that such measurements can be expected to give an indication of «
and its energy variation up to a few dozens of kilovolts, Beyond that energy range,
between 100 kev and 1 mev, all quantities of the theory, such as f,, ng, etc., can be
expected to undergo unpredicatble changes, and higher angular momentum phenomena
also will make their appearance, ‘
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