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The Boltzman®s equation ig¢ solved in the case

~of mongenargetic neutrons creaied by a plane or point .

source in an infinite medium which has sphericelly
syrue’br"lc scattering. The cﬁstomary golution of the'
diffusion eguation appears to be mu.l,tiplied by & constant

factor vhich is smaller than 1. I addition to this term

(&

the tobal neutron density contains snother term which is

important in the neighborhood of the souree. I{ goes

with 1./1‘2 in the neighborhood of & point source.
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SOLUTION OF BOLTZMAN'S EGUATION FOR MONOENERGETIC NEUTRONS

]-'

The following represents a solution of Boltzman's equation

IN AN INFINITE HOMOGENEQUS MEDIUM

E. P; Wigner

for neutrons which do not change their energy during their ditffusion in

a materizl,

The solution can be easily obtained on the basis of

Placzek's work, which is also reproduced in A-21.

first part of the followung note were also publlshed by Bothe in the

Za, f. Physikg

We flr % consider & plane source of neutrons at x = 0.

The contentg of the-

Evidently, the angular distfibuxion of neutrons will be independent of

v aud z and have st every point axial symeetry with respect to the X

axis. The number of neutrons per unit volume for which the veleocity

coﬁ@onegt in the X direction vy Jies betwsen AV and (L« + d/a)v

will be denoted by

The density of neutrons at x

cosine

(x4 d e

(1)

is oblained by integration over the direction

(1a)

vhere f is the average value of f over all directions of ihe velocity.

(

The Boltzman equation for spherically symmetrie scattering is

-

v
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T, o ond 07 ¢~ g7 are tobal, scattering and zbsorption eross
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sgetiong per w it velwer of the medivs in which the diffusion occuws; P

is tho g‘;::.*c.dm"z.im of weubprons per unil volume and unit velocity range.

For an © of the form (1) one can write justead of (2)
N L]

Pt
&)
p \)

Cper”

(.. u-»‘:’m .-rf}:‘os» s f@-’%{g{’ () =0 .

.

The production ie'assuwed In (2¢) to ba one noutron per unit

= O pleane, m.th equal probab:.lity for every direction:

é«:bea, of the x
there are éd/aneutrona produced per unxt ares. wit.h d:.reg:hion cosines

betweeﬂ p and,u + d/,u
In ord’er, to golve {2a) we write

o ’ . o

4 ak V3 ’ 1 -~ - -
Sy ner [ Eav 5 tmers e (o edar ()
fatrodueing *lslbis‘ into (2a) we;obbair.r : : «
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e try the agsumetion
o - ol gy i ¥
J e & /‘A‘l & p - (5)

angle batween the velocity of ths asutron

Hereiw, #-is the cosine of

and whe x direction.. This gives us for a ths equation
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L

- ieva(e) - g ale) » a2 +1f2v =0 (5a)

—

whaince we obbain ;
- L
1/2v + o2

alped = =3 {0 (5b)
v}he@e v
1 ' 1 - -
- , 2v0_ & L+ 2v¢ e
- ‘4{ nath v E- S as 2v v aretg & (5¢)
Iv: order that the ebove solution be self-coneigtent, we must have,
thersfore, | N
in o'+ iy
oy = wmnfrety v o - G - i 6)
<= - oy oo . E :
v g'a..rwgy]o“ 25 4r - 0_, ] e 3w
‘ ) : G"~ s
From this and (5) we obtain
e i iwx -
2v5,s 2vaer Y * 2 eeer S porarpy “Z: i S (6a)
2~V’ oy ln""*':“-{;;- - v
aud (5¢) (6) and (5) give
 dvx |
g : o : .
£, "%‘?r G v i Lo 2y o1 iV | (60)
S G R g PRS- S S
: g - 1v

This finally gives for # in the cage of a planz source bacause

of {2
! 1 . ) \/}« .
- s 1Y o Af" - l
L, ) = hav _/ i 6 dpew i.c“s in Lx v {6c)
- ® 1*"5; - 4

and for the density of neutrons we have from (62a)
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® R :
SRR~ | v ivx ' )
n's 2f = oo /dv 8 — i’mm"'*i”. {6d)
T iy |
Of course, one cen write 24 arctg v/ for 1n AT A . The analysis so f#r

. e iv
clossly followg Pleczek'e work. ~
' Th:‘,si;é Bc;:t.h'a's_ reault. In 'order to bring it into a more

suitable form which also shows the asymptotlc bshevior s the derlva.tion :
of which was r,he subject oi‘ 4~21, ve pash the ,ge.th of :mtegration path

Loward the uoo.,r part of the pos:.tivra imag‘- nary. axis. bvidentlv if the
Lra:. leary }zc!’b of wis iufinite, the im;egrand vanishes for positive x.
‘iowever, the im;egrand has two sfmgularit:es in the upper half plane,

ivx

one- where the cxerominc.tm' Unde“ e vanlshec and the ot"xer one gty = .

A5 a result of the deformation the path of integration mL becone as

indiceted in Figu;_ré 1. ﬁ‘he firet eingularity (at« ) is a pole end
corresponds to the value of v, which is 1 times the macroascopic
eheopption coefficient given in A-21. The other one is en essentisl
9i,:‘4_~;ularityo The’ contribution to the first part can be easily calculated

and empresssd in & closed form. It fe for x > O

] - 5 2 L T - 7 .
ﬂl-l*&:"‘“-'e" HIREES (n

In this ¥ is 'tr,é valw of /i for a.hlch ‘the dsnmnator vanishos. It is,.
therefore; r—ivcn b) bbb ecvanim | |
s o (e /(5 =) (72)
Lccording ﬁo L2k, 1% 1o closely ppro";m‘zwd kw the e;q;reasion
| m(1*20“/5u), o, Tamo, . ()
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Figure ]

‘i'iz_e eoznriba.ttg,oﬂ of the gacond part carmct be expressed in & clozed ferm

boceuse the e..nru:!ar tJ is eafmntial Houever, lu czn be expreswd ag
3 raal integral if c::e 'mtmdqces a, V«.riable s.long the imaginary axis.

,Itismd' J-l&‘ l+ y)

< : ~G{1 +n)x '
1, = et {iz?"’_d‘,v} i oot g D In YL
T OATYS T C2eem) ey n 5. 23 ©

-l

< }‘;._
where the path of intgngatio;;»g@;*raa’ponds to tha. soop around 16 in

Figure 1. Tk goes, for 7, frox % = ¢ arqund ¥ = 0 back o ¥ 3 ©..

On the fires part of the path, In Z“ﬁ . »ust bs replaced by

L+ 7

Ingde 210 = - In(l ¢ 2/y) - 1T,

2
on the second part by




v
o =

‘Figure 2 es & function of 1 - ¢,/ = oL/ .

E

]_nﬁ—a- + ift'_i - In) + 2/7m) ¢ 497

- We have, altogsther

=39 S e Pz ol - 10(l 4 2/n) ~ 497 - 11151 + 2/7) + 1%
B2 2%V f ¢ ?(_w(l-w%c In(1+2/9)- criﬂ‘ 20(1ey o ] W(is2/5)+ e _m*}
O
oo ‘ ‘ ‘e
. : (5
:..%fff (l+’7}e(l*}")o’}‘dﬂ | a)

i
" ;o 5
v ,
5 fzv(l 47) -~ o, ln(l.e ?.,’17)] _.,‘,,26“82
The first part of n =« By ¢y, f.e., n; s the only one thst
is Jmportant. at disé:mces from the gourge w{riich ére lafger than & mean
fres path. Ibs fuanctional dependencg on x is the sc.me es given by the
¢iffusion equatiomn. Howsver, “t.s ahsolut,e v<.1u 13 everywhere ‘sumeller

by &« fagior

26, }.2 . 2 : , :
I = ~d g -y }C‘ . . » ' ’ {Sb)
Ts o -G , .

' ma regsen for this "initial abaorp'blcm". is ;hat the den,itv m +the

. Lzeighborhoor‘ 01 the source is greater {by nz) thar. g,men by the dufuslon

eauation so that ‘:.na absorption in ihe nalghborhcgﬁ of thb source ig also
greater. As a rem.lt, iex.ef' newirons get o WY Iron Jche gource than the

diffusion équm;iaﬁ. would indicate. The initir.,al &bsorption is plotted in

-

in ordér té calct;la.te ths seconq p_art of m, i.e., ny, it ia

advizable {irst to. 90 aver f;'o hs uenq;hy dlatribution eround a plene

source n %o the density d:t.strﬂ ution § apound 2 point source. This can

be done by tha wsll-lmown .,nwtj_o*x




N(r) = ~§%;; dolr) | (9

If this transformetion is applied to n;» etc., it only glves the

o

customary solution of the diffus oa eguati on multip.ued by I, i.e.,

N(r) = Nyfr) + Holr) 3 8 () #ed s o7 (10)

The secanct part bﬂco.
w

w

(3;){})2(1)?9 (1 ’7)“1'

(10a)

- : o
\ ] =
r‘z(‘ ) W rv 2

° [” (1+v))-—:rm(1+2;’n)} +r’2<f

-

Thz.s expresgsion, as well as {8a), shows that the second part of t‘:e

A dens;t'y (ny snd 1,) is e 'sun of exponentisls, &}l of then mth pcsitive
f.\:oéfficient‘;s.‘ : However; the réimiién leagtts of gl_i. eipqngﬁtiels ‘are
equél to or shorter then t.hg mean fres path, l/cy R i 1 doea not. s«'aer'a’
fo be possible to express n, or 5 in g closed form The coefficients

of ths dilferent expon-an‘tials

Gem? o kv""“(’ + 7 r

L ry’

{nom:t ed s0 that the theﬁru. overs all space b, 8‘) are given i
Fig. 3 as lxmctn.m of 1 +m fon vaﬂous &, /T 51s 6/0" .
2. Ib anpears rec,som.ule to mpvo“d.m»e f‘z by’ a sin’,le

poneahl;.l which has ‘L‘le, xu.ﬁht &l ”lmlﬁr“ty at r =  0
. } o : . - I
Byt o= €T : {5
M!n’.frzr 5 ' ‘ :
Quc 1R approx* mabion e vﬂ&:.O'C ba ver ecursta sfmce N2 contams no’c one
bm’, m:x nﬁ.‘lnite ruﬁye of exponentials. For (~ ane cdr, choose the

© walus of {1 aﬁ)f' for vkl bhs noimelized sxpone: cbisl contritntes

‘ iy 4 g ' ' - ‘ LTI e TSR ¥4 - g A e
mozt to {0a), i.e. the votnt vhere the evrves of Mg. 3 have their
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mexima. The corr‘a'sponding 1 +» is given by the transcendental equation
2e(l+ n) = o dn(l + 2/5 ) which gives for o'
AN N

4 T

g -<

2at = (11a)

The forwal similerity hetween this equation and that de’cermj.ning M
(7a) ie remerkable. The resulting ¢*'/o" is given in Fig. & Q.s’flmctipn
of "'a/"’“ (curve &), |

An alterpative procedure is to choose ¢=' in such a way that
the integral of (11} over sll spe.ce’ have tﬁe right velue. ' Since the
Dy oduct:.on of neutrons is 1 per unit, tjme, the c.bsorpt.icm of neutrons
also is 1

""a [(Nl - Nz)h frodr = 1

From thie and (11) I+ O'/c"‘ =1 a.nd

- Ca ,
R | (12b)

follows. The o'/o corresponding to (llb} is the curve marked (b)
iﬁ'Fig,. L. For emall o /6“ the tv.o curves in Fig. 4 are close to each
other indicgting that (11) is a g'eascma.bly_ good appromsatlonvin:,this
case. For large a"a)’a' » the ' of (lll;_v) kg,epomes smaller than o which
shows that the approximation iv poor in this case.

| The - e.bave i‘orr’ula.. give a rapresent e.t:tcm of the whole nsutron
densit ty dun to & point source Th@ ﬁret part of the density N, 1i.e. Ny,
is dominant at larse' 1qt<4u:es from the source (except if o /cr is nearly
one ) Tha econo pavr‘, N a9 cxot,inates in the neighborhood of the gource.
As " /o" 4pprm.cheg 1, the most probable exponential in K, becomes the

gne with f 2z 0o o bt ’c,nf SOMG t:v'"ﬂ, the pmonemt M of i\1 aleo
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‘ veoms————
aperoaches o oo In this limiting case Ny and N? have the ¢

-
e

o

exponential. However, N, contains the factor I/rs Ny the factor l/'r2,,

Since I goes, at the same time, to zero, the total If becomes in this

limiting case (4 ﬂ'rzv)"l e~ Tal

- as evident from P hySl' cal considerations.
A third wey of Wrii..ing (lOa)
:

@

2
: -fr ¢
€ £.af
N(r)=/ 10b)
2v s 41frv( ~~a:*§ 3_11nw_.f~.£:‘,2+’f?‘20'e_2_
4 ?'...a" lg

fj = (1 +y )] can be obtained from (10b) by partial integration. This /

gives ® Qf"r . 2
No(r) = / g d f — af . (12)
2 L"frZVd?'(?_ i ?4—0’)2* W2¢§2 ?
. <a 5o in },, s 4 5

Thisb .‘::LrAxtegral , incvidentallyv, converges for all r, including r = 0 and
thus shows the behavior of Né(r) for small r. It giﬁes 162(1‘) 5s a sum of
functions e-'fr/l;wr_zv with }"?é <. The coeffiqient ig infinite (but |
integrable) for }’ = @, drops hence and goes to zero as | -3 for large ‘I’é’
It stays positive for all § if oo > 8/11’.2, otherwise it becomes
negative and approac?c'}esvo for lérge ?’ from below.. Since the second
factor has a r_elat;lvely sharp maximum in the neighborhcod of f’ = &, it
seems ;egsbnables to‘-’ replace (11e) by a single e~ 7T/ wrPv curve, the
coefficient of Whi'ch is equal to the integrsl of the second factor (i.e.

equal to 1) and the o' of which corresponds to the center of Lass

of the same fazctor, i.e. is equél to

 One obtains from this & o-! rather similar to that of (1la). 80 5
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It may be, in wany ceses, just as simple to use the ao-
curate formule {10b) then any approximate expressiona The functions
;(; =e” ?*'/"v"?’av'oﬁey. a sAimple ciifferential equation A{; = fz)qg;which_
makes it often possible to obtaih the combired effect of a distribu-
tion of sources. If the source density is p, the equation A&f% - ?24}'*
fD/v'=~c» gives {% » This integzrated qver ? with the wéight factor
appearing in (10b) gives the"second part" of the neutron density created
by sources of the demsity © « Similarly, the "first pert" of fhe
neutron density is in most cases most easily obtained by solving the
equation A‘F'—}é"{*(IM'Z/% v‘)/’ #0. On the whole, one can say thet
the assumption of a single energy value mekes it aimost as sasy to
obtain the neutron density in an infinite homogeﬁeous medium as it is
to obtein the electric potentisl if the charges are given. It is
much more Gifficult, however, to take into sccount the variation of
erergy as 1s elso to ooncider & problem with two media.

3. The apbroximate expressions given‘above for the neutron
density tempt one to try,the following procedure: Take the path
before the fir;t collision into account rigorously and take the place
where the first collision occure to be the source of neutrons which
are to be treated by a diffusion equation. Such & provedure dsals
with two kindé of neutrons, those which have not yet suffered any
collision and those which have alresdy suffered & collision. Tﬁé'édﬁfﬁééﬂ
of the latter are more extonded than the original sources and it eppears
moro justifieble to treat them by mesns of the diffusion equatio?.

The procedure can be further generalized by %reating not only the first



|2~

«11-
but the first two collisiagns rigorously etc. Evidently the above
rethed will give more mccurats results in the neighborhood of the
source than the siraipht spplicetion of the diffusion theory. It
will be seen, however, that no matter how many collisions one takes
into account rigorously, the ssymptotic behavior remains thé same 65
in the streight diffuaiog theory, i.e. does not contain the fsctor I
of (10). or coursé, one can §btain &8 very good axpression for the
dersity at eny point by tekiprg into aocount‘sufficiently nany collisions
rigorously, but no matter how many collisions one treats this weay,

there is always a distance where the result becomes inaccurate. Let us

consider the cese of a point source of unit strength. The density

btefore the first collision is, evidently

o ,
- / - ___/ P e
) /Vl/ T draiy * ol Amrr 'OL? (18)

The density, efter the first collision qu will be essumed to obey

the equatlion

S aNa, T GNe, ¥ F M, 70 (14)

One may be tempted to introduce a factor I into the last term of (14)
{which would give the correct asymptctic behavior to Nu,) but this is
not justifisble since, evidently, the irtegral offczlhfql nust be equal

~

to the integral of the production (Q;/o")Néq. One can solve {(14) most

- easily by usirg for Ngq the last expression in_(ls) end writing for N,,

Yy
- , - fr 2
N, »[c»(;)‘{fr&i_‘ d.‘g’ + Q. o ° (14e)
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-12~
Ous obtains in this way
: - i _ /
N g..fb’[xz ! 2" o wh g Hw (14b)
ay E > _Fz‘>‘z' 4 a1 ¥’* BT 4Grens A

The coefficient of (l4a) is determined so thet the Laplecien of

Ng, shell contain no d-function at~= 0. Hence, Nq' hag only a
logarithmic singularity atas O . |

The solution of the problem in the present approximation is

the sua of (13) and (14b). Had we used the diffusion equetion right
from the stert, the solution would have been only the last term of
(14b). One sees that the pre;ent procedure gives a much more nearly
correct result at small distances. In particuler, the density is
n41/kﬂmﬁwxmar the origin, ms it is in the accurste selution. However,
at large distances the behavior of the sum of (13) and {14b) is thé
veme e5 that of the solution of the diffusion equation. Comparison
with (10) shows that it is too lerge by the fector 1/T. Neither will
this behevior change if one takes further collisions rigorously into
sucount before going over to the diffusion egquation: the neutrons
which suffered their first collision 2t a point P will, even if snothsr
¢ollision is tsken into account rigorously, give the samevdensity at
large distances as in the fereguing treatment in which they were treated,
from P on, by the diffusion equation. This holds for all points P and
thus for the whole distribution. T%The reason for this surprising ﬁe-
hevior is that the diffusion equeting assumes a bias in the velocity
distribution of ths neutrons in the direction of decreasing densify
right from the start. In reality, this biess develops only after a

distance of about one msan free path,



L

]
=13~

It may be worthwhile to remark thet the calculation of the
first two ssctions could be carried out also in case of & not spheri-
cally symme%ric scattering. The exponent in Wy, i.e.¥, has already
teen calculated in A-21 for the case thet the differentiel oross seotion
contains, in addition to a constant‘term? a term proportionai to the
cosine of the scattering angle.

Ve ﬁad ccoasion to derive end use the above results for the

caloulstion of the multiplication constant of a water cooled pile.

In this cese; some of the neutrons are maede thermal in the water and e

certain loss by initial absorption was to be expected. @,/0 is in
this case sbout .0l, and thus much greater then it is in graphite.
However, figure 2 shows that the initial absorption remains quite small
end smounts té only .8% causing & loss in the total multiplication

constant of less than 02%.

1E
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