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EXCITONS IN THE FRACTIONAL QUANTUM HALL EFFECT' 

R .  6. LAUGHLIN 

University of California, Lawrence Livermore National Laboratory, P. 0. Box 808, Livermore. 
California 94550 

Quasiparticles of charge l/m in the Fractional Quantum Hall Effect form excitons, which are 
collective excitations physically similar to the transverse magnetoplasma oscillations of a 
Wigner crystal. I propose a variational exciton wavefunctlon which shows explicitly that the 
magnetic length is effectively longer for quasiparticles than for electons. I use this 
wavefunction t o  estimate the dispersion relation of these excitons and the matrix elements to 
generate them optically out of the ground state. 
of nonlinear conductivity which may occur in these systems when they are relatively clean. 

I then use these quantities to describe a type 

The Fractional Quantum Hall Effect is due 
t o  the condensation o f  a two-dimensional 
electron gas in a strong magnetic field Ho 
into a "new state o f  matter," described 
approximately by the ground state wavefunction 

where m i s  an odd integer. Zj is the 
location o f  t h e  jth electron expressed as a 
complex number and the magnetic length 
a0 = (fic/e%)1)2 is taken t o  be 1. 
T h e  elementary excitations of this ground 
state are quasiparticles o f  charge l/m 
represented a proximately by the 
wavefunct ionsf. 2 

and 

for a quasihole residing at z A  o r  a 
quasielectron residing at zB. In this paper 
I discuss bound states o f  two quasiparticles 
of opposite sign. Excitons play the role in 
the Fractional Quantum Hall Effect of the 

*Work performed under the auspices of the 
U.S. Department of Energy by Lawrence 
Livermore National Laboratory under contract 
I N -  7405-Eng-45. 

low-lying "transverse" phonons of a Wigner 
crystal in a strong magnetic field. An 
energy gap t o  make them is necessary for the 
electrons to conduct with n o  resistive 
1 0 ~ s . 3  

The Hamiltonian for this system may be 
written 

where j and k index the N electrons and V is 
the potential generated by a uniform 
neutralizing background. The electrons are 
cold and confined t o  the lowest Landau 
level. In symnetric gauge, when the vector 
potential is 

t i -  ; = "[).. - .;] . 

noninteracting electrons occupy degenerate 
states of the form zkexp( - lzl2/4). 
I consider the high field limit 
(lhc>e*/aO. with wc = eHo/mec), 
when mixing of other states into the 
many-body wavefunction is unimportant. 

because it is physically equivalent to the 
problem4 , 

The two-quasiparticle problem is soluble 

but for the substitution e-+e/m. In the 
high field limit the eigenstates are 



where‘L2 i s  t he  sample area, f o r  any 
t r a n s l a t i o n a l l y  i n v a r i a n t  i n t e r a c t i o n  between 
t h e  p a r t i c l e s .  For t h e  case o f  a coulomb 
a t t r a c t i o n ,  the eigenvalue i s  

where I o  i s  a mod i f i ed  Bessel f u n c t i o n  o f  
t h e  f i r s t  kind. l z o >  describes 
p a r t i c l e s  d i sp laced  zo f rom one another and 
t r a v e l i n g  w i t h  momentum Q = ~ Z O ~  ( a w l )  
perpendicu lar  t o  zo. The e x c i t o n  energy a t  
q i s  t h e  coulomb energy o f  two p a r t i c l e s  a 
d i s tance  Q apart.  

make t h e  ” v a r i a t i o n a l ’  assumption t h a t  t h e  
quasiexc i tons a re  l i n e a r  combinations o f  
s t a t e s  o f  t h e  form 

S S lm>. St S Im> descr ibes 

e l e c t r o n s  u n i f o r m l y  spread ou t  t o  a d e n s i t y  
(2nm)-1 except w i t h i n  a magnetic l e n g t h  
of zA o r  zB, where t h e  dens i t y  i s  depressed 

o r  enhanced so as t o  accumulate an 

To so lve t h e  two q u a s i p a r t i c l e  problem I. 

t 
‘B ‘A ‘B ’A 

excess charge ? l/m. S i  and S do n o t  
B ‘A 

comnute. I do n o t  use the  combination 

S St o r  h igher-order  combinations such as 
‘A ‘6 

S St S , because t h i s  e x t r a  v a r i a t i o n a l  
zc Z B  Z A  

freedom would unduely compl icate t h e  
c a l c u l a t i o n .  A h i g h l y  accurate c a l c u l a t i o n  
would need t o  i nc lude  a l l  combinations of S’s. 

The Hami l ton ian p r o j e c t e d  on to  t h e  s e t  of 
s t a t e s  o f  t h i s  f o r m  i s  d iagonal ized by t h e  
wavefunction 

where Fo and Eo a r e  r e l a t e d  t o  the 
diagonal m a t r i x  elements o f  over lap 

<mls:,S~Bs;B5~,lr> - <m(m> e 

(10 )  

and energy 

by the  smoothing operat ion 

The normal izat ion i n t e g r a l  [EQ. ( O)] i s  t h e  
p a r t i t i o n  f u n c t i o n  o f  a p lasma. ls i  1 
evaluate i t  us ing t h e  3-component hypernet ted 
c ha i n equa t i ons2 5 

q , J ( l i t )  - = = p [ + v , J ( ~ z ~ )  + h l , ( 1 z 1 )  - C , , ( I ~ I ) ]  (13a) 

The energy eigenvalue i s  g iven by 



The f u n c t i o n  U i n  Eq. (10) i s  a "coulomb" 
energy g i ven  by 

The q u a n t i t i t i e s  u t x  and uZx are t h e  
quasiho le and quas ie lec t ron  excess chemical 
p o t e n t i a l s ,  g i ven  i n  the  hypernet ted cha in  
approximat i on6  by  

@P:. - 2 n m  ' I - h 1 2 ( 1 z 1 )  + [ " [ P 1 2 ( 1 2 1 ) ]  

and 

- I evaluate t h e  energy by adding t h e  
q u a s i p a r t i c l e  charge d e n s i t i e s  and i n s e r t i n g  
t h e  sum i n t o  t h e  formulas approp r ia te  f o r  
c a l c u l a t i n g  t h e  quasiho le c r e a t i o n  energy. 
have v e r i f i e d  numer i ca l l y  t h a t  t h e  
superpos i t i on  p r i n c i p l e  is v a l i d  when t h e  
p a r t i c l e s  a re  coalesced, and i t  i s  t r i v i a l l y  
v a l i d  when they  a r e  f a r  apart.  Th i s  energy 
l i m i t s  a t  l a r g e  separat ions t o  my  
expression2 f o r  t h e  energy t o  c r e a t e  a 
p a r t i c l e - h o l e  p a i r  a t  i n f i n i t y  and a t  small  
separat ions t o  t h e  energy t o  make a composite 
p a r t i c l e ,  as c a l c u l a t e d  w i t h  t h e  f o r m a l i  I 
used f o r  t h e  quasie lect ron.  Th is  l a t t e r  
p o i n t  i s  impor tan t  because t h e  procedure i s  
ad-hoc and may be inaccurate.7 The 
q u a s i e l e c t r o n  charge d e n s i t y  i s  de f i ned  by 

I 

wi th  I z I  = 
transforms d e f i n e d  i n  t h e  manner 

x and w i t h  f o u r i e r  

- 
h ( k )  J o ( k x )  h(K) x dx , (19)  

0 

where Jo i s  an o r d i n a r y  Bessel f u n c t i o n  o f  
t h e  f i r s t  k ind .  I c a l c u l a t e  t h e  change t o  
h i 1  due t o  t h e  presence of a 

quasie lect ron-quasiho le p a i r  separated by 
xo i n  the manner 

ah, 1 - [ l t 2 h l  )I2Ll 1 

and 

The energy above the  ground s t a t e  i s  t hen  
g i ven by 

The m a t r i x  elements of the e l e c t r o n  d e n s i t y  
operator  are g iven by 

-In> B[U(mN+l)-U(mN)] -(B&+ 5 )  +- l Z o 1 2 .  
< r n l p ( z ) l z o >  = - 

G L  
e e 

where 

I thus ob ta in  f o r  t he  e x c i t o n  c o n t r i b u t i o n  t o  
t h e  densi ty-densi ty  c o r r e l a t i o n  f u n c t i o n  S(Q) 

evaluated a t  ko = 6 q q  and xo = k0/2. 
The c o n t r i b u t i o n  t o  S(q) from a l l  e x c i t a t i o n s  
w i t h i n  the  lowest Landau l e v e l  i s  g i ven  by 
t h e  sum r u l e  

Fo r  t r a n s i t i o n s  w i t h i n  the  lowest  Landau 
l e v e l ,  the t ransverse response i s  q2 t imes  
t h e  l o n g i t u d i n a l  one. 



I have numerically evaluated E, F, and G 
for m = 3  and have fit the results with the 
following analytic expressions: 

0 

- ;.a -18 
+ 0 036 c - 0.101 c 

-4 
+ 1 . 7 0 6  e 

and 

0 

Analytic fitting is necessary because 
' numerical inversion of Eq. (12) cannot be - done reliably. I calculate the chemical 

potentials f.3~:~ and f . 3 ~ ; ~  t o  
be -0.094 and 0.221, The exciton dispersion 
curve and creation strength I obtain are 
shown in Figs. 1 and 2. Note the similarity 
of the dispersion curve t o  Eq. (7): at high 
momentum the exciton energy is the energy t o  
create a particle-hole Pair at infinity 
( *  ua ielectrons + * uasiholes = -OS7 
e29a07 minus the cou$omb binding energy 
of particles of charge 1/3 separated a 

. 

q (magnetic knglhl-' 

Fig. 1. Exciton dispersion curve. Dashed 
line is the energy t o  create a 
quasielectron-quasihole pair at infinity. 

distance I Z O I  = 3q. The PO exciton 
binding energy is less than that in Eq. (7) 
because the particle and hole cannot be 
brought together without strongly overlapping 
with the ground state. This overlap 
functions as a hard core repulsion. 

0 2 4 6 8 10 

C m  q (maqmtic kngthl-' 

Fig. 2. Sum rule and single exciton 
contributions to the density-density 
correlation function. 

rules8 on 912 cause my exciton 
contribution t o  S(q) t o  vanish at small q as 
q8. The same sum rules applied t o  1 1  
lead to vanishing of Stotal(q) as Q , 
with coefficient 

The neutrality and perfect screening sum 

9 

determined from the compressibility sum 
rule. It is not clear whether the disparity 
at low momentum is due t o  multi-exciton 
creation processes or inadequate variational 
freedom in the exciton wavefunction. 

Because of the numerical uncertainties in 
evaluating E.  F, 6, pZx and 
vex, as well as the noisy nature o f  
the deconvolution step. the results presented 
here must be considered qualitative. 
substantive content of this work is that a 
simple exciton wavefunction for a 
many-electron system exists, that t h e  
quasiexciton is larger than the ordinary 
exciton4 because the quasiparticles behave 
kinematically as though they carry fractional 
charge, and that the creation of single 
excitons exhausts a significant fraction o f  

T h e  

S(q1. 
It is helpful in understanding the exciton 

physically t o  consider its similarity t o  a 
phonon in a Wigner crystal. 
may be understood by substituting for l n ~  

This connection 



i n  Eq. ( 8 )  t he  Hartree-Fock charge d e n s i t y  
wave s t a t e  IW>, given by 

where IJ i s  a permutation, sgn(o) i s  i t s  
sign, and +j i s  a gaussian o r b i t a l  
centered a t  l a t t i c e  s i t e  X j .  and g i ven  by  

. .  

One has 

( 3 2 )  

5 t Th is  s t a t e  i s  a phonon because 5 zA-z0/2 Z A + Z d 2  

e f f e c t i v e l y  d isp laces t h e  l a t t i c e  p o i n t  nearest  
zA w h i l e  l eav ing  the  o the rs  f i x e d .  

on a s i n g l e  o r b i t a l  i s  

I t s  a c t i o n  

When x .  i s  f a r  f rom zA, t h i s  o p e r a t i o n  

m u l t i p l i e s  $ j ( z )  by the  number 
1z -x.12. 
A J  

o t h e r  hand, i t  m u l t i p l e s  9 j ( Z )  by t h e  
f u n c t i o n  

J 

When x j  equals zA, on t h e  

thus d i sp lac ing  x by zo/2. C a l l i n g  D 
the operator  which d isp laces t h e  e l e c t o n  
nearest zA by z0/2. I w r i t e  

j ZA 

- e O I A I ~  . 

We have f i n a l l y  

(35) 

which i s  a phonon. One may say q u a l i t a t i v e l y  
t h a t  t he  exc i ton and phonon a re  t h e  same 
except a t  l ong  wavelengths, where t h e  e x c i t o n  
has a gap whi le  t h e  phonon does not .  I n  
l i g h t  of t h i s  analogy i t  i s  d i s t u r b i n g  t h a t  
t h e  exc i ton  and phonon d i s p e r s i o n  curves do 
no t  match near the B r i l l o u i n  zone edge. 
(They are comparable). 
l i q u i d  and s o l i d  t o  be i n d i s t i n g u i s h a b l e  on 
sho r t  l e n g t h  scales. F u r t h e r  work w i l l  be 
requ i red  t o  c l a r i f y  t h i s  p o i n t .  

I remark f i n a l l y  t h a t  spontaneous 
generat ion o f  excitons can l e a d  t o  a 
d i s t i n c t i v e  type o f  non l i nea r  c o n d u c t i v i t y  i n  
samples t h a t  do n o t  f i r s t  break down by a 
“Cere n ho v c a t  as t r o p he. ’ 9 T h i s conduct i v i t y 
mechanism i s  q u a l i t a t i v e l y  s i m i l a r  t o  
tunne l i ng  from one Landau l e v e l  t o  t h e  n e x t  
i n  s t rong e l e c t r i c  f i e l d s ,  bu t  q u a n t i t a t i v e l y  
d i f f e r e n t  i n  tha t  the gap, and thus  t h e  
th resho ld  f i e l d ,  i s  smaller. I n  t h e  presence 
o f  an e l e c t r i c  f i e l d  2, t h e  e x c i t o n  
d i spe rs ion  curve i s  mod i f i ed  by an e l e c t r i c  
d i p o l e  c o n t r i b u t i o n  t o  be 

One would expect t h e  

where “r i s  z expressed as a vector .  
Thus exg;tonsOwith c e r t a i n  momenta ?j r e q u i r e  
energy t o  create and can be e m i t t e d  
spontaneously i n  the  presence o f  a weak 
i m p u r i t y  p o t e n t i a l .  
loss  i s  

The r a t e  of momentum 

where pirnp i s  the i m p u r i t y  dens i t y .  S ( q )  
i s  t he  s t a t i c  form f a c t o r  g iven by  Eq. ( 2 5 ) .  
Yo i s  t he  f o u r i e r  t ransform o f  t h e  s i n g l e  



2 
, 

I m p u r i t y  s c a t t e r i n g  p o t e n t i a l  

Vqu i s  t he  momentum g rad ien t  o f  t h e  
d i spe rs ion  r e l a t i o n  EQ. (37), and dSQ i s  a 
volume element appropr ia te f o r  i n t e g r a t i n g  
over t h e  momentum sur face de f i ned  by u=O. 
the  e lec t rons  l ose  momentum, they d r i f t  i n  
t h e  d i r e c t i o n  o f  '€ and d i s s i p a t e  energy. 
One may ob ta in  oXx by i d e n t i f y i n g  t h i s  
power d i s s i p a t i o n  w i t h  ohmic l oss ,  i n  t h e  
manner 

As 

- 
e . . ( - )  - d P  08 = Q I x  G ' L ~  (40)  

d l  

For ease o f  i n t e r p r e t a t i o n ,  I s h a l l  assume 
t h a t  V Q  i s  constant  and express o x x  i n  
terms o f  t he  c l a s s i c a l  c o n d u c t i v i t y  

i n  the  manner 

R, ca l cu la ted  f o r  s i m p l i c i t y  us ing  t h e  sum 
r u l e  S t o t a l ( Q )  g iven by  EQ. (26). i s  
p l o t t e d  w i t h  and w i thou t  e x c i t o n  b i n d i n g  i n  

F ig .  3. 
c o n d u c t i v i t y  p ropor t i ona l  t o  

exp[- -(7)'] and a peak va lue of o rde r  1. 

The s i n g u l a r i t y  a t  0.022 i s  a r e a l  e f f e c t  
caused by the compet i t ion between t h e  e x c i t o n  
b i n d i n g  forces and d i p o l e  force.  

when /%I Q a. = 6.4. which can be seen 
f rom Fig. 1 t o  be w e l l  ou ts ide  t h e  c o r e  
repu ls ion  region. 
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