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Same of 

c onduc t i v i t  y 

t h i s  theory, 

t he  consequences of a general izat ion of the  theory of super- 

which y i e lds  a f i n i t e  Knight shif t ' l )  a re  presented. I n  

by introducing an eleckron-electron in te rac t ion  which i s  

not s p a t i a l l y  invariant ,  the  pair ing of e lec t rons  with varying t o t a l  

mcanentm is  made possible.(2) An expression f o r  x s  (the spin suscepti-  

b i 9 t t y  i n  the  superconducting s t a t e )  is derived. 

10r than  % 

will vary from sample t o  sample and w i l l  depend on the  non-uniformity of 

the  samples. 

I n  general  x s  i s  smal- 

bu t  i s  not necessar i ly  zero. The precise  magnitude of y s  n 

There should be no marked s i z e  dependence and no marked de- 

pendence on the  s t rength of the  magnetic f i e l d ;  t h i s  i s  i n  accord with 

observation. (3)  

thepe are modifications i n  the  various electromagnetic and thermal prop- 

er t ies  since t he  e lec t rons  paired a r e  not time r eve r sa l  conjugates of 

one another . 

The bas ic  superconducting propert ies  a re  re ta ined,  bu t  

I n  pa r t i cu la r  the consequences of t h i s  generalized theory 

oil flux quantization arguments a r e  presented. 
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f i n i t e  
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general izat ion of the  theory of superconductivity which y i e lds  a 

Knight s h i f t  has recent ly  been proposed. I n  t h i s  the assump- 

t i o n  usual ly  made t h a t  the electron-electron in te rac t ion  is s p a t i a l l y  

invariant  has been relaxed; it thus  becomes possible by a coherent m i x -  

ing of e lec t ron  p a i r  s t a t e s  of d i f f e ren t  t o t a l  momentum t o  construct a 

superconducting s t a t e  wi th  a f i n i t e  spin suscep t ib i l i t y .  

t o  be no reason t o  doubt t h a t  the var ia t ion  of the electron-electron 

There seems 

in te rac t ion  required t o  explain the Knight s h i f t  would be present i n  the 

samples on which experiments have been done. In  f a c t ,  s imi la r  var ia t ions  

a re  possible i n  bulk materials.  

of the consequences on the theory of superconductivity of s p a t i a l l y  non- 

invariant  electron-electron in te rac t ions  would be necessary even i n  the  

Under these circumstances an exploration 

absence of the  Knight-shift experiments. 

r e s u l t s  obtained i n  such an investigation. 

I n  t h i s  note we present some 

The idea underlying t h i s  theory could be put t o  a d i r e c t  tes t  by an 

experiment which compares the  Knight sh i f t s  f o r  severa l  samples of simi- 

l a r  s i ze  and construction but of varying composition. The r a t i o  of the 

sp in  s u s c e p t i b i l i t i e s  i n  t h e  superconducting and normal s t a t e s  a s  given 

by Eq. (16) of reference 1 can be wr i t t en  

where €;=- , rn* is  the e lec t ron  e f f ec t ive  mass a t  the  Fermi sur.- 
2 2  

face,  and 

(2) 
2 v(x) = v o  4. $P x * ... 

i s  the expansion of the  sca t te r ing  matrix element i n  powers of the  



average t o t a l  momentum t r a n s f e r  i n  electron-electron scat ter ing:  

If, f o r  example, the Knight s h i f t  could be measured f o r  a sample of metal 

A ,  f o r  a similar  sample of metal B and again fo r  a mixture of A and B 

Lpreferab3y a eu tec t i c  mixture-not a homogeneous a l lay]  then, beyond 

any var ia t ion  due t o  metal l ic  parameters, one would expect t h a t  the Knight 

s h i f t  would be c loser  t o  t h a t  of the normal metal f o r  the mlxture AB than 

for e i t h e r  A or B alone, since in t h a t  case the var ia t ion  of the electron- 

e lec t ron  Interact ion should be greater ,  o r  171 shoald be s m a l b r ,  and 

* iWn should be closer  t o  unity. 

Thermodynamic and Coherence Properties 

The rssystem described above displays the usual properties of a super- 

conductor with some modifications. 

bk A = 

9 bk = 
Y 

The pair  operatme 

(4) 

are  associated wi th  the pa i r  occupation amplitudes an and B where, f o r  

the ground s t a t e  yo, 
tE 

Y -VI 

and 

8, = -B,. 
)L 6k ”/\ -+ 

Now, however, E means (k + T, 1 ) and -k means -(k &L I ) . The vectors 
*. c1 .)L 2-’V 



and 

-3 - 

6k give the deviat ion from the  usual pair ing of time reversed s t a t e s  

and w i l l  be determined by the  s p a t i a l  var ia t ion  of the  electron-electron 

-+ - 
in te rac t ion  and by the l o c a l  magnetic f i e l d .  A quasi-particle exc i ta t ion  

spectrum can be defined i n  the  usual way by 

except t h a t  5 has the  a l t e r e d  s ignif icance given above. 

t he  usual Fermi commutation re la t ions ,  and s ingle  pa r t i c l e  exc i ta t ions  

a re  separated from the ground s t a t e  by the  generalized energy gap, A, 

given by (9) of reference 1. 

The 5 ' s  s a t i s f y  

Using t h i s  the  thermodynamic propert ies  of the superconductor can 

be calculated.  

The s h i f t  of eo, f o r  example, i n  the  parabolic approximation used i n  (2 )  

is 

One f inds ,  f o r  example, small s h i f t s  i n  Tc and i n  eo. 

There w i l l  a l s o  be f ie ld  dependent var ia t ions  of the penetrat ion depth 

which may be observable. A11 of these e f f e c t s  increase with magnetic 

f i e l d  both because PH increases and e0(H) decreases and therefore  would 

be e a s i e s t  t o  observe i n  small  specimens where the c r i t i c a l  f ie lds  a re  

large,  It unfortunately is necessary t o  separate the  pH effects from t h e  

w u a 1  magnetic e f f e c t s  (which we may c a l l  o r b i t a l  effects) . We therefore  

need a theory accurate f o r  strong magnetic f i e l d s  and a re  pursuing t h i s  

quest ion. 

Calculation of the various superconductor coherence propert ies  
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proceeds i n  a straightforward way. The dominant terms a re  those usually 

obtained, but correct ions due t o  the new pair ing do occur. 

the kernel f o r  the electromagnetic response i n  the q--)O l i m i t  (Meissner 

e f f e c t  ) bec omes : 

I n  pa r t i cu la r  

Flux Quant izat ion 

The usual f lux  quantization arguments (455) , r e l y  on the assignment 

of a common t o t a l  (angular) momentum t o  a l l  the  paired electrons i n  order 

t o  e s t ab l i sh  the  uni t  of quantization a s  ch 

above allows pa i r s  of d i f f e ren t  t o t a l  (angular) momentum if  the  electron-  

Since the  theory described 

e lec t ron  in te rac t ion  i s  not invariant  under t rans la t ions  (rotat ions) ,  the  

bas i s  of the arguments f o r  f lux  quantization i n  un i t s  of 2 must be re- 

examined. 

We f i n d  t h a t  a s  a consequence of the generalized pairing: 

1) The f lux  quantization s t eps  should be smoothed out somewhat a t  

the edges of the jumps under experimental conditions which m a x i -  

mize 

f i e l d )  . 
the  magnetic energy (i.eo, performed near the c r i t i c a l  

2 )  The s teps  themselves a re  not necessar i ly  periodic i n  ch though 

This i s  i n  accord with the  theorem i n  
2e’ 

ch they are  periodic i n  -. e 

reference 4 and is  i l l u s t r a t e d  i n  the  f igure .  

3 )  The ground s t a t e  of a superconductor w i t h  a hole i n  some cases 

may be a s t a t e  wi th  non-zero current  and non-zero flux i n  zero 



e%ternal f i e l d .  This does not v io la te  any general theorems since 

the s t a t e  is degenerate wlth the time revereed s t a t e  of opposite 

current  and flux. 

lib w i l l  sketch m e  of the s a l i e n t  points of the argument leading t o  the 

l a s t  t w o  conclusions. Detailed calculat ions and a f u l l  discussion of 

a l l  three statements above are  l e f t  t o  a future  publication. 

A t  the absolute zero the energy of a superconductor with a hole ( 6 )  

consists of the Fermi kinet ic  energy, TF, and the cor re la t ion  energy as- 

sociated w i t h  the  superconducting t r ans i t i on ,  Wco Presumably Wc has i t s  

rn-a when the flux enclosed i n  the hole 

ch 
e $ =-a ( 9 )  
+ d- - 9 ,  - 1 ie a unit multiple of Ch/2e (a = O, since i n  t h i s  case 

there  wed be no angular maglenturn t r ans fe r  i n  e lectron pair scat ter ings.  

However, 8s is indicated i n  the figure, t h i s  energy i s  continuous i n  the 

enclosed flux and has i ts  maxima a t  a = a. The height of the maxima a re  

reZWed to the Knight s h u t  far the sample and depend on the degree of 

rataOiona1 symmetry of Che electron-electron interact ion.  Thus these 

maxfma can be lowered by making a sample of a mixture of two metals. 

The var ia t ion  of the Fermi energy with a can be obtained from an 

examinat ion of the expre ssion 

where A i8 8 constant giving the contribution due t o  the r a d i a l  and z mo- 

menta, a& "j indicates a summation over all occupied quantum numbers, 

#dial, 8,  and &. In the interim of the apeciaen, due t o  the  Heissner 
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e f f e c t ,  the  current  i s  zero and we have 

while t h e  normalization implied above y ie lds  : 

= n o  

Using these we obtain 

Since (11) is a supplementary condition x!2 i s  impl i c i t l y  a funct ion 
*h 

of u.  A s  has been observed previously by-Byers and there  i s  a 

fundamental difference i n  the behavior of t h i s  term depending on whether 

the  number of e lec t rons  i n  the  l i n e  determined by a given kZ and kr i s  

even o r  odd, If it i s  odd, a s h i f t  of an e lec t ron  from - t o  J? + 1 

gives a s h i f t  i n  the  El2 term of 2 

0 

+ 1. If it i s  even, however, a 
0 

s h i f t  of an e lec t ron  from - 4 - 1 t o  + ,& + 1 gives no s h i f t  i n  t h i s  
0 _ .  

&ewtte;lrcf, 
term. Thus if a f r a c t i o n  of the dcc%w(f,) are  A TF i s  degenerate 

with 

t ion 

a t  a 

2 (1 

respect t o  the placement of the  extra  e lec t ronso  (7) I n  t h i s  s i t ua -  

TF(a) takes  i t s  minimum not a t  a = 0 but r a the r  a t  la I = 2- fE . 
The t o t a l  energy then  i s  the  sum of two terms one, Wc, with minima 

= + + 
0, - %, - 1 ... and the  other TF(a) with minima a t  a = - 

I 
. . . Two s i tua t ions  then  become possible: 

The s i tua t ion ,  by now, expected: f l u x  s teps  of chLe , ground 

s t a t e  $ = 0. This w i l l  be the case if W, changes more rapidly 

than TF. 
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2, w i t h  an over-all  pe- fn ch 2 )  Unequal nux steps *$ --, (1 - 
r i o d i c i t y  i n  ch/e. 
r e n t  and encloses a f l u x  3fuT 

s i b i l i t y  more l ike ly ,  the experimental sample should be non- 

uniform s o  t h a t  Wc w i l l  change l e s s  rap id ly  than  TF. 

In  t h i s  case t h e  ground s t a t e  c a r r i e s  cur- 

fE ch To make t h i s  second pos- 

Although the e f f e c t s  discussed above may already have been observed, (8) 

it i s  more l ikely t h a t  the avai lable  evidence does not bear decis ively on 

these points.  

quant izat ion experiments (especial ly  on non-unif o m  samples) wi th  spec ia l  

a t t e n t i o n  given t o  the s i z e  of the s teps  and t o  t h e i r  placement about 

Hext e r  na 1 

It would c l e a r l y  be of g rea t  i n t e r e s t  t o  perform flux 

= 0. 
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Figure Caption 

Fig. 1. These graphs i l l u s t r a t e  the s i t ua t ion  (2) mentioned i n  the 

text: Unequal f l u x  s teps  %T fE 8, ch (1 - T) fE e, ch with o v e r a l l  

per iodic i ty  i n  ch/eo The upper graph p lo ts  the cor re la t ion  

energy 'dC, kinet ic  energy TF and t h e i r  sum, the t o t a l  energy, a s  

a funct ion of enclosed flux The cor re la t ion  energy 

+ 1  is a synrmetric even function with energy minima a t  a = 0, - z,... 

and maxima a t  a = - $, - 3/L. .. . 

ch 
= e a, 

+ + The kinet ic  energy is dependent 

on the  f r ac t ion  of e l e c t r m s  i n  even l i nes  i n  the semple. 

an even function with minima a t  a = - T, - (1 - T) ..., and 

maxima, parabolic i n  shape, which occur a t  a = 0, - $... . 
the  case t h a t  the cor re la t ion  energy var ia t ion  is small r e l a t i v e  

It is 
f +fE + *. E 

+ 
I n  

t o  t h a t  of the kinet ic  energy, the t o t a l  energy exh ib i t s  the 

behavior shown above. I n  the lower graph the so l id  l i n e  gives 

the f lux  quantization which r e s u l t s  i n  t h i s  case; the dotted 

line shows the usua l  f l u x  quant izat ion (case 1) f o r  comparison. 
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