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Abs t rac t  

I n  t h i s  paper we d i s c u s s  t h e  e lec t romagnet ic  f i e l d ,  a s  

per turbed  by a prescr ibed  c u r r e n t .  

c a l  i n t e r e s t  i n  va r ious  s i t u a t i o n s ,  e igenvalues ,  eigenfunc- 

t i o n s ,  and t r a n s i t i o n  p r o b a b i l i t i e s ,  a r e  de r ived  from a 

gene ra l  t r ans fo rma t ion  func t ion  which i s  expressed i n  a non- 

Hermitian r e p r e s e n t a t i o n .  The problems t r e a t e d  are:  t h e  

de te rmina t ion  of t h e  energy-momentum e igenvalues  and eigen- 

func t ions  f o r  t h e  i s o l a t e d  e lec t romagnet ic  f i e l d ,  and t h e  

energy e igenvalues  and e igen func t ions  f o r  t h e  f i e l d  per- 

tu rbed  by a time-independent c u r r e n t ;  t h e  e v a l u a t i o n  of 

t r a n s i t i o n  p r o b a b i l i t i e s  and photon number expec ta t ion  

va lues  f o r  a time-dependent c u r r e n t  t h a t  d e p a r t s  from ze ro  

only  wi th in  a f i n i t e  time i n t e r v a l ,  and f o r  a t i m e -  

dependent c u r r e n t  t h a t  assumes non-vanishing t i m e -  

independent va lues  i n i t i a l l y  and f i n a l l y .  The r e s u l t s  a r e  

app l i ed  i n  a d i scuss ion  of t h e  inf ra - red  c a t a s t r o p h e  and of 

t h e  a d i a b a t i c  theorem. I t  i s  shown how t h e  l a t t e r  can be 

exp lo i t ed  t o  g i v e  a uniform formula t ion  f o r  a l l  problems 

r e q u i r i n g  t h e  eva lua t ion  o f  t r a n s i t i o n  p r o b a b i l i t i e s  o r  

A l l  q u a n t i t i e s  of physi- 

i 
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e igenvalue  displacements .  
i 
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INTRODUCTION 

We s h a l l  approach t h e  gene ra l  problem of  coupled f i e l d s  through t h e  

s impler  s i t u a t i o n  presented  by a s i n g l e  f i e l d  which i s  e x t e r n a l l y  per turbed.  

I n  t h i s  paper we i l l u s t r a t e  t h e  t rea tment  of a Bose-Einstein system by d is -  

cuss ing  t h e  Maxwell f i e l d  wi th  a p re sc r ibed  e l e c t r i c  c u r r e n t .  

paper w i l l  be devoted t o  t h e  Dirac f i e l d .  

A succeeding 

The s o l u t i o n  t o  a l l  dynamical ques t ions  i s  obta ined  by c o n s t r u c t i n g  

t h e  t r ans fo rma t ion  func t ion  l i n k i n g  two d e s c r i p t i o n s  of t h e  system t h a t  a r e  

a s s o c i a t e d  wi th  d i f f e r e n t  space - l ike  su r faces .  

t h e  gene ra l  t r ans fo rma t ion  func t ion  can be expressed a s  

Thus, f o r  a c losed  system, 

1 
where t h e  b's a r e  a complete set  of compat ible  c o n s t a n t s  of t h e  motion, i n  

terms of  which t h e  energy-momentum vec to r  7>r can be exh ib i t ed .  I n  t h e  

P r e p r e s e n t a t i o n ,  t h e  e f f e c t  of an i n f i n i t e s i m a l  t r a n s l a t i o n  of a; i s  given 

where 

Accordingly, i f  07 i s  p a r a l l e l  t o  sr , and i s  genera ted  from t h e  l a t t e r  by 

t h e  t r a n s l a t i o n  x,, w e   have^ 

T h i s  shows how a knowledge of t h e  t r ans fo rma t ion  func t ion  t h a t  r e l a t e s  two 

convet-Gently chosen r e p r e s e n t a t i o n s  on p a r a l l e l  su r f aces  y i e l d s  a l l  t h e  

e igenvalues  and e igen func t ions  of 
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Another i l l u s t r a t i o n  of t h e  u t i l i t y  of t r ans fo rma t ion  func t ions  

r e l a t e s  t o  t h e  s i t u a t i o n  i n  which t h e  same system i s  e x t e r n a l l y  per turbed ,  

i n  t h e  i n t e r i o r  of t h e  space-time r eg ion  bounded by and Cz . The 

t r ans fo rma t ion  func t ion  (r’a / &”‘cjy ) i n f e r r e d  from t h e  knowledge of 

t hen  y i e l d s  t h e  p r o b a b i l i t y  of  a t r a n s i t i o n  from ( S k  I 5:’ d 
t h e  i n i t i a l  s t a t e  8 ” t o  t h e  f i n a l  s t a t e  

Representa t ions  of p a r t i c u l a r  convenience a r e  suggested by t h e  

c h a r a c t e r i z a t i o n  of  t h e  vacuum s t a t e  f o r  a complete system. The vacuum i s  

t h e  s t a t e  of minimum energy. If  t h i s  n a t u r a l  o r i g i n  of energy i s  ad jus t ed  

t o  zero ,  t h e  vacuum can be  descr ibed  a s  t h a t  s t a t e  p re sen t ing  i d e n t i c a l  

p r o p e r t i e s  t o  a l l  observers ,  

and i s  t h e r e f o r e  independent of t h e  s u r f a c e  CJ-. Now, i f  t h e  gene ra l  f i e l d  

component 

we have 

i s  analyzed i n t o  c o n t r i b u t i o n s  of va r ious  f r equenc ie s ,  

When t h i s  r e l a t i o n ,  involv ing  a p o s i t i v e  frequency, f i 7 0 ,  i s  app l i ed  t o  

t h e  vacuum s t a t e  vec to r ,  we o b t a i n  

Hence 

s i n c e  t h i s  s t a t e ,  of energy less than  t h a t  o f  t h e  vacuum, must be non- 

e x i s t e n t .  

A s i m i l a r  d i scuss ion  y i e l d s  
1 .  
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which i s  t h e  s t a t emen t  a d j o i n t  t o  ( 3 ) .  The v e c t o r  % i s  t h u s  c h a r a c t e r i z e d  

1 

i 

a s  t h e  r i g h t  e igenvec to r  of t h e  p o s i t i v e  frequency p a r t s  of t h e  f i e l d  com- 

ponents, x@),  wi th  z e r o  eigenvalues ,  and Et appears  a s  t h e  l e f t  eigen- 

v e c t o r ,  with ze ro  eigenvalues ,  of t h e  x i - )  , t h e  n e g a t i v e  frequency p a r t s  

of t h e  f i e l d  components. I t  should be noted t h a t  t h e  decomposition, i n t o  

p o s i t i v e  and nega t ive  frequency p a r t s  i s  i n v a r i a n t  under orthochronous 

Lorentz t r ans fo rma t ions .  The complete sets of e igenvec to r s  of  t h e s e  types  

w i l l  e v i d e n t l y  be of p a r t i c u l a r  va lue  f o r  the  c o n s t r u c t i o n  of energy 

e i g e n s t a t e s .  

THE MAXNELL FIELD 

Elementary d e s c r i p t i o n s  of t h e  electromagnet ic  f i e l d  on a given 0- 

a r e  provided by t h e  a l t e r n a t i v e  complete sets of commuting o p e r a t o r s ,  t h e  

t r a n s v e r s e  p o t e n t i a l  A,(K) , and t h e  t r a n s v e r s e  e l e c t r i c  f ie ld’  E,+ ( x )  

When no confusion i s  l i k e l y ,  w e  s h a l l  not  employ t h e  more complete n o t a t i o n  
1 

~ D ~ ( ~ ~ l  ( X )  
, which i n d i c a t e s  t h a t  t h e s e  a r e  t h e  t r a n s v e r s e  f i e l d  com- 

p o n e n t ~ ~  r e l a t i v e  t o  a l o c a l  coord ina te  system based on CT . 
Following t h e  sugges t ion  of t h e  preceding s e c t i o n ,  w e  employ, i n s t e a d ,  t h e  non- 

Hermitian o p e r a t o r s ,  Er)(X) and 6 4  (Xu) , which i n  t h e  absence of 

an e x t e r n a l  c u r r e n t ,  a r e  t h e  p o s i t i v e  and nega t ive  frequency p a r t s  of 

The t r a n s v e r s e  f i e l d  equa t ions ,  f o r  z e r o  c u r r e n t ,  a r e  

f’- I 

E&(X). 

where Ld , a s  a c o o r d i n a t e  ope ra to r ,  i s  d e f i n e d  by t h e  ma t r ix  

which i s  symmetrical and p o s i t i v e - d e f i n i t e .  On w r i t i n g  
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where e) 
To:) - + b w A h  

= N o 4  2 iw7d) 
t h e  equat ions  of  motion assume t h e  form 

which, i n  v i r t u e  of t h e  p o s i t i v e - d e f i n i t e  n a t u r e  of W 

p r e t a t i o n  of 6 4  . 
confirms t h e  i n t e r -  

(-+ ) 

The canon ica l  form of t h e  i n f i n i t e s i m a l  g e n e r a t o r s  

can be extended t o  t h e  gene ra to r s  of i n f i n i t e s i m a l  changes i n  t h e  non- 

Hermitian o p e r a t o r s  Ki", i n  t h e  sense  of t h e  t r ans fo rma t ion  equat ion  

The commutation r e l a t i o n s  on t ~ -  , implied by t h e s e  gene ra to r s ,  a r e  
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The l a t t e r  can a l s o  be w r i t t e n  

These ope ra to r  p r o p e r t i e s  can be v e r i f i e d  d i r e c t l y  from t h o s e  of 6 4  and A,+ 

I t  should be noted t h a t  t h e r e  e x i s t s  some freedom i n  choosing t h e  

gene ra to r  f o r  a given se t  of independent v a r i a b l e s .  Thus, 

f S i m i l a r l y ,  

- - f& a a& S C ’  
(- 1 

i s  an a l t e r n a t i v e  gene ra to r  of changes i n  6 4  , 

The e igenvec to r  concept can be extended t o  non-Hermitian opera- 

t o r s ,  w i th  some l i m i t a t i o n s .  We in t roduce  t h e  r i g h t  e igenvec to r  of t h e  

and t h e  l e f t  e igenvec to r  of t h e  complete set ,  5L-’(K) 

I n  v i r t u e  of t h e  r e l a t i o n  
(+) t E;- id = f x )  ~ 

t h e s e  e igenvec to r s  and eigenvalues  a r e  connected by 



9 
(- 1 

However, t h e  r i g h t  e igenvec to r  of t h e  

6;" 
and t h e  l e f t  e igenvec to r  of t h e  

Th i s  can be i n f e r r e d  from t h e  commutator (4), i n  do no t  e x i s t .  

t h e  form 

where 

When app l i ed  t o  t h e  h y p o t h e t i c a l  e igenvec to r  y[Fsyj t h i s  r e l a t i o n  y i e l d s  
J 

The c o n t r a d i c t i o n  between t h e  n e g a t i v e d e f i n i t e  n a t u r e  of t h e  o p e r a t o r  on 

t h e  l e f t ,  and t h e  p o s i t i v e - d e f i n i t e  characte:c of t h e  numerical q u a n t i t y  on 

t h e  r i g h t  e s t a b l i s h e s  t h e  non- ex i s t ence2  of and s i m i l a r l y ,  y (F [-I&) 

I t  i s  ev iden t  from t h e  d i s c u s s i o n  of t h e  f i rs t  s e c t i o n ,  t h a t  t h i s  i s  r e l a -  2 

t ed  t o  t h e  non-existence of a s t a t e  with maximum energy. 

Of 

Let u s  cons ide r  t h e  s i g n i f i c a n c e  of t h e  change induced i n  t h e  eigen- 

v e c t o r s  Y(F '+"r ) 
G,+ and G ,= w 

equat ions,  

and $ (F '-''T) by t h e  r e s p e c t i v e  g e n e r a t o r s  

, according t o  t h e  mutual ly  Hermitian con juga te  

& y ( ~ ( ~ ) ' r )  3: -i GF(+) Y(F(t)&) 
( F(%) = /c @ I F  %) G ~ - J  

Now y/( F'''&) + 8 
o p e r a t o r  se t  F 0 8 "'-JF,T' wi th  t h e  eigenvalues  &@'' . 
Since  t h e  &E4 a r e  a r b i t r a r y  i n f i n i t e s i m a l  numbers, t h i s  v e c t o r  i s  a l s o ,  

t h e  eigenvector  of t h e  f o :  

Hence t h e  a l t e r a t i o n  of t h e  eigenvector  Y(F''''&-) 

c F '*' 'r ,) i s  t h e  e igenvec to r  of t h e  

(+) 

(+, I 
wi th  t h e  eigenvalues  5 4  + &&:) . 

i s  t h a t  a s s o c i a t e d  wi th  

t h e  change of t h e  eigenvalues  by 6-L:' a A s i m i l a r  s t a t emen t  a p p l i e s  t o  (f&F($)$ 
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and 'Y(F(+'&) The r e l a t i o n  between t h e  e igenvec to r s  p(f."'b) 
which a r e  a f f e c t e d  analogously by t h e  r e s p e c t i v e  g e n e r a t o r s  

/ , can be deduced from G, l + )  

= -i GFId 
namely, 

= pwr(-+kr 
The a d j o i n t  equat ion r e a d s  

= Q+-{ h 

We s h a l l  now d i s c u s s  

( 7 )  

t h e  Maxwell f i e l d  under t h e  i n f l u e n c e  of a 
-I- 

presc r ibed  c u r r e n t  d i s t r i b u t i o n  J,&) . It  i s  convenient ,  i n i t i a l l y ,  t o  

d e s c r i b e  t h e  r e l a t i o n s  between s t a t e s  on t h e  two a r b i t r a r y  p l ane  s u r f a c e s ,  

q and CE'i by means of t h e  t r ans fo rma t ion  f u n c t i o n  

(-) t 
The dependence of t h i s  t r ans fo rma t ion  f u n c t i o n  on t h e  eigenvalues  

and Fojt&, i s  i n d i c a t e d  by 

6) (4) 
[+I  ' 

whi le  an i n f i n i t e s i m a l  change of t h e  e x t e r n a l  c u r r e n t  produces t h e  a l t e r a t i o n  
i 
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The c u r r e n t  v a r i a t i o n s  a r e  s u b j e c t  t o  t h e  r e s t r i c t i o n  

Accordingly,  if we rewrite (10) i n  t h e  n o t a t i o n  

we a r e  a t  l i b e r t y  t o  add an a r b i t r a r y  g r a d i e n t  t o  %(XI 
co inc ides  wi th  t h e  freedom of gauge t ransformat ions ,  we do n o t  i n d i c a t e  it 

S ince  t h i s  

e x p l i c i t l y .  

The advantage provided by t h e  t r ans fo rma t ion  

t h e  p o s s i b i l i t y  of combining (9) and (11) i n t o  

func t ion  (8) rests i n  

The problem i s  t h u s  reduced t o  t h e  c o n s t r u c t i o n  of t h e  t r ans fo rma t ion  func- 

t i o n  r e f e r r i n g  t o  n u l l  e igenvalues .  

We s h a l l  write3 

The dash i s  omit ted,  s i n c e  t h e r e  i s  no d i s t i n c t i o n  between t h e  e igenvec to r s  3 

y.'(F ("&) and ' y (  I="'&) , f o r  ze ro  eigenvalues .  

AND 

In t h i s  no ta t ion ,  t h e  dependence of  t h e  n u l l  e igenvalue  t ransformat ion  

I func t ion  upon t h e  e x t e r n a l  c u r r e n t  i s  desc r ibed  by 
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i n  which we have extended t h e  i n t e g r a t i o n  over t h e  e n t i r e t y  of space-time by 

supposing t h a t  t h e  c u r r e n t  vanishes  e x t e r n a l l y  t o  t h e  r e g i o n  of i n t e r e s t ,  

t h e  volume bounded by and r2. According t o  t h e  o p e r a t o r  f i e l d  equat ion 

t h e  numerical q u a n t i t y  { fiM(f)obeys t h e  d i f f e r e n t i a l  equat ion 

Now t h e  gauge ambiguity of (A,) i s  compl.etely without  e f f e c t  i n  (13), 

s i n c e  Jk vanishes  on t h e  boundary o f  t h e  extended r eg ion .  Therefore ,  

f o r  t h e  purpose of c o n s t r u c t i n g  %, we can r e p l a c e  t h e  d i f f e r e n t i a l  epua- 

t i o n  (14) with 

We a r e  concerned wi th  t h e  s o l u t i o n  of t h i s  equat ion t h a t  i s  compat- 

i b l e  with t h e  boundary 'condi t ions 

which fo l low from t h e  n a t u r e  of t h e  n u l l  e igenvalue s t a t e s  on a; and 

Since t h e  c u r r e n t  v e c t o r  i s  z e r o  i n  t h e  e x t e r n a l  r eg ion ,  we can r e p h r a s e  

these boundary c o n d i t i o n s  a s  t h e  requirement t h a t  t h e  f i e l d  s h a l l  con ta in  

. 

only p o s i t i v e  f r equenc ie s  i n  t h e  domain c o n s t i t u t i n g  t h e  f u t u r e  of , 
and on ly  nega t ive  f r e q u e n c i e s . i n  t h e  r eg ion  p r i o r  t o  r2 T h i s  excludes 

a p o s s i b l e  homogeneous s o l u t i o n  of (15) ,  whence 

i n  which D,(x-xI) i s  t h e  Green's f u n c t i o n  de f ined  by 

t o g e t h e r  with t h e  s ta tement  t h a t  it c o n t a i n s  on ly  p o s i t i v e  f r equenc ie s  f o r  

and only nega t ive  f r equenc ie s  f o r  X,C Xd e I t  t h e r e f o r e  x, x; 
s a t i s f i e s  t h e  temporal analogue of t h e  outgoing wave o r  r a d i a t i o n  c o n d i t i o n  
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f a m i l i a r  i n  t h e  s p a t i a l  d e s c r i p t i o n  of a harmonic 

4 
Green 's  f u n c t i o n s  of t h i s  t y p e  have been d i scussed  by E. C. G. Stueckelberg,  

Helv. Phys. Acta, 19,242 (1946), and by R. P. Feynman, Phys. Rev. 76,749 

(1949) e 

The expres s ion  of (16) provided by 

Accordingly, t h e  i n t e g r a l  of (13) is  -r , , ,  

a p a r t  from t h e  a d d i t i v e  c o n s t a n t  which i s  t h e  v a l u e  of )$d for t h e  i s o l a t e d  

e l ec t romagne t i c  f i e l d  (4  = o  ) 
w e  have been employing t h a t  t h i s  i n t e g r a t i o n  cons t an t  h a s  t h e  v a l u e  zero.  

Indeed, t h e  n u l l  e igenvalue s t a t e s  of t h e  complete system provided by t h e  

electromagnet ic  f i e l d  wi th  no e x t e r n a l  c u r r e n t  a r e  j u s t  t h e  T- independent 

e I t  i s  an advantage of t h e  r e p r e s e n t a t i o n  

vacuum s t a t e ,  whence 

The d i f f e r e n t i a l  ope ra to r  appearing i n  (12) h a s  t h e  e f f e c t  of induc- 

i n  yo e Here d,(X,T) r e p r e s e n t s  a one-dimensional d e l t a  func t ion ,  which 
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shows t h a t  

which i d e n t i f i e s  t h e  double  s u r f a c e  i n t e g r a l s ,  r e f e r r i n g  t o  a s i n g l e  s u r f a c e ,  

i n  (18) ,  wi th  t h e  f a c t o r s  appearing i n  (6) and (7). Our r e s u l t  i s  t h e r e f o r e  

expressed more simply a s  

APPLICATIONS 

E x p l i c i t  forms of t h e  Green 's  func t ion  a+ (%-$&re r e q u i r e d  f o r  

f u r t h e r  work. The Four i e r  i n t e g r a l  v e r s i o n  of t h e  three-dimensional d e l t a  

i s  a p o s i t i v e  frequency. The inva r i ance  of  t h i s  s t r u c t u r e  is  more ev ident  

i n  t h e  four-dimensional t r a n s c r i p t i o n  
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i n  which t h e  i n t e g r a t i o n  i s  r e s t r i c t e d  t o  p o s i t i v e  f r equenc ie s  f o r  &,>&I 

I' 
and t o  nega t ive  f r equenc ie s  f o r  x,< X o  

i n t e g r a t i o n  a r e  involved i n  t h e  a l t e r n a t i v e  four-dimensional form, 

No cond i t ions  on t h e  domain of 

(dfb) g ~ 4 i x - x ' )  E + + o ,  

We s h a l l  express  t h e  t e n s o r  Green ' s  func t ion ,  J MV D+(X-YO , 
with  t h e  a i d  of four  orthonormal v e c t o r s  a s soc ia t ed  wi th  each p lane  wave, 

vfiv Ael  
We choose t h e  f i r s t  two v e c t o r s  t o  obey t h e  cond i t ions  

i n  which %w is an a r b i t r a r y  t i m e - l i k e  u n i t  vec to r ,  

The remaining two a r e  given e x p l i c i t l y  by 

and 

Thus, employing t h e  three-dimensional form ( 2 2 ) ,  we have 
Z 4 X '  ( 2 3 )  e , , m  e - e,cw e, c 

Zk&X 

For a p p l i c a t i o n s  r e f e r r i n g  t o  p a r a l l e l  su r f aces ,  t h e r e  i s  a u s e f u l  

a l t e r n a t i v e  form of )& which corresponds to t h e  c o n s t r u c t i o n  of ( f i b )  

The d i r e c t  proof of equiva lence  wi th  (17) employs t h e  express ion  f o r  t h e  
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l o n g i t u d i n a l  cu r sen t ,  - .  

The l a t t e r ,  i n c i d e n t a l l y ,  can be expressed i n  t h e  symbolic form 

On d e f i n i n g  

Zero Curren t  

We s h a l l  u s e  t h e  appropr i a t e  form of t h e  t r ans fo rma t ion  func t ion ,  

(21) , t o  i l l u s t r a t e  t h e  c o n s t r u c t i o n  of t h e  e igenvalues  and e igen func t ions  

of f o r  a complete system. I t  i s  supposed t h a t  t h e  s u r f a c e  07 i s  ob- 

t a i n e d  from c2 by a t r a n s l a t i o n  )( , which b r i n g s  t h e  p o i n t  Xrof T i n t o  

t h e  p o i n t  XI. 

t o  t r a n s v e r s e  f i e l d s ,  one can write (21) a s  

S ince  t h e  s u r f a c e s  a r e  p a r a l l e l ,  and t h e  e igenvalues  r e f e r  
I 

With t h e  t i m e - l i k e  v e c t o r  g I ( i d e n t i f i e d  wi th  t h e  common normal t o  both sur-  

f aces ,  we see t h a t  t h e  

t h e  f o u r t h  vec to r  possesses  only  a time component. 

eA(),4) , =. /) & 3 a r e  pure space vec to r s ,  wh i l e  
J j  

Furthermore, t h e  f i r s t  

where we have a l s o  rep laced  t h e  i n t e g r a t i o n  wi th  r e s p e c t  t o  $by  a summa- 

t i o n  over  c e l l s  of volume ( d k )  

and ,J 



OF 

A comparison wi th  (1) shows t h a t  
-c 

where, i n  p a r t i c u l a r ,  

of t h e  

Note t h a t  i f  t h e  eigenvalues  a t  corresponding p o i n t s  a r e  i n  t h e  

r e l a t i o n  c=-' I =  

w e  have 

a s  r e q u i r e d  by (5).  

can c o n s t r u c t  e igen func t ions  f o r  any o t h e r  r e p r e s e n t a t i o n  of i n t e r e s t .  

can a l s o  p r e s e n t  our r e s u l t s  without  r e f e r e n c e  t o  a r e p r e s e n t a t i o n .  

With t h e  knowledge of t h e s e  simple e igen func t ions ,  one 

We 

On re- 
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marking t h a t  t h e  vacuum s t a t e  e igen func t ion  i s  

T he r  e f o r  e. 

a r e  t h e  e igenvec to r s  of t h e  s t a t e  w i th  photon occupat ion numbers, 

Time Independent Currant  

I n  t h i s  s i t u a t i o n ,  

= J )c (L) > 
t h e  energy o p e r a t o r 3  i s  s t i l l  a c o n s t a n t  of t h e  motion, and i t s  eigenvalues  

and e igen func t lons  a r e  obtained from t h e  t r ans fo rma t ion  f u n c t i o n  t h a t  charac- 

terizes t h e  time t r a n s l a t i o n  

T= t , - t t  
where &and &are t h e  time coord ina te s  t h a t  l a b e l o ;  and q 
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The t r ans fo rma t ion  func t ion  (20 )  i s  t h u s  obtained a s  

i n  which w e  have d iv ided  by t h e  t r ans fo rma t ion  f u n c t i o n  r e f e r r i n g  t o  a 

I t  i s  e v i d e n t l y  d e s i r a b l e  t o  employ a new d e s c r i p t i o n ,  charac- - 
where F (4) ' t e r i z e d  by t h e  eigenvalues  ob 

and 

I (30 (* .I LQ-2 /yL fl4 a 
The r e l a t f o n  between t h e  e igenvec to r s  p[F'$)and P ( F % )  can 
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which r e s u l t s  i n  t h e  same eigenvector  t r ans fo rma t ion  p r o p e r t i e s .  Since 

t h e s e  conversion f a c t o r s  do not r e f e r  e x p l i c i t l y  t o  t h e  s u r f a c e ,  t h e  t r ans -  

formation f u n c t i o n  r a t i o  i n  (30) p re se rves  i t s  s t r u c t u r e  on in t roduc ing  t h e  

new r e p r e s e n t a t i o n s .  Therefore ,  

(32) 

Apart from t h e  f a c t o r  [ - A  fiQ)T) t h i s  t r ans fo rma t ion  f u n c t i o n  

The expanded v e r s i o n  of (32) is, t h e r e f o r e ,  i s  i d e n t i c a l  i n  form wi th  (21) .  

and 

We see t h a t  f ( o )  i s  t o  be i n t e r p r e t e d  a s  t h e  energy of t h e  photon vacuum, 

t h e  s t a t e  of minimum energy, qAlh=0 .  With r e s p e c t  t o  t h i s  d i s p l a c e d  a r i g i n ,  

t h e  energy eigenvalues  a r e  t h e  same a s  i n  t h e  absence of a c u r r e n t o  

say t h a t  t h e  f i e l d  ’64 
One may - 

d e s c r i b e s  pure r a d i a t i o n ,  which i s  without  c o u p  

l i n g  t o  t h e  e x t e r n a l  c u r r e n t ,  Indeed, (31) ,  w r i t t e n  a s  
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r e p r e s e n t s  t h e  removal from /&lx) of t h e  t i m e -  independent p o t e n t i a l  

produced by t h e  s t a t i c  c u r r e n t ,  which i s  a l l o c a t e d  equa l ly  t o  g l a n d  t o  

Hi- )  I n  view of t h i s  uncoupling of t h e  s t a t i c  f i e l d  and t h e  r a d i a t i o n  

f i e l d ,  one can a s s i g n  momentum a s  well a s  energy e igenvalues  t o  t h e  rad ia-  

t i o n  quanta,  a s  given by (29). 

Time Dependent Cur ren t s  

We s h a l l  now d i s c u s s  t h e  c l a s s  of  problems i n  which t h e  phys ica l  

in format ion  contained i n  t h e  gene ra l  t r ans fo rma t ion  func t ion  (20) re fers  

t o  t r a n s i t i o n  p r o b a b i l i t i e s  r a t h e r  than  eigenvalues .  

t h a t  t h e  c u r r e n t  i s  z e r o  o n T L ,  v a r i e s  i n  an a r b i t r a r y  manner i n  t h e  r eg ion  

between t h e  p a r a l l e l  s u r f a c e s  and C% but  aga in  reduces  t o  zero  on C& . 

Let u s  f i r s t  suppose 

Thus, t h e  phys ica l  s t a t e s  on 0; and Tz a r e  those  of  t h e  i s o l a t e d  e l ec t ro -  

magnetic f i e l d ,  and we wish t o  compute t h e  p r o b a b i l i t i e s  of t h e  t r a n s i t i o n s  
c 

induced by t h i s  pe r tu rb ing  current,,  

where - 
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The q u a n t i t y  h/ determining t h e  t r ans fo rma t ion  func t ion  (F '-&If (+I' &z ,) , 

The t ransformat ion  func t ion  then  se rves ,  according t o  

a s  a gene ra t ing  func t ion  f o r  [no;/ 'E ) from which t h e  t r a n s i -  

t i o n  p r o b a b i l i t i e s  a r e  found i n  t h e  manner of (2), 

I t  i s  somewhat more convenient  t o  d e a l  wi th  t h e  elements  of t h e  
.c e* 11 x, 

matr ix  (+IISJQ') = Q- A p(n)x t  ( W G /  W k )  Q 
I 

2, 

s i n c e  they  a r e  independent o f q  and TL 

t h e s e  s u r f a c e s o  

provided to? c u r r e n t  vanishes  on 

The fol lowing s u b s t i t u t i o n ,  r e p r e s e n t i n g  a t r ans fo rma t ion  

I-, I 
On pick ing  o u t  t h e  c o e f f i c i e n t  of a p a r t i c u l a r  ( F  
t h e  p a r t i a l  gene ra t ing  func t ion  

/q) we o b t a i n  
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P re l imina ry  t o  a d i r e c t  v e r i f i c a t i o n  of t h e  u n i t a r y  p rope r ty  of 

t h e  ope ra to r  S, we e v a l u a t e  t h e  imaginary p a r t  of wo . According t o  (241, 

I 

A l t e r n a t i v e l y ,  t h e  i n v a r i a n t  expression (17)  y i e l d s  

wi th  

which can be w r i t t e n  

Here a 
J-JX)j = 

i n  which it must be understood t h a t  t h e  complex conjugat ion does not extend 

t o J q = d  

c a t e s  t h e  complete c a n c e l l a t i o n  of t h e  i n t e g r a l s  a s s o c i a t e d  with 

The necessary equivalence of t h e  two e v a l u a t i o n s  indi-  

31 and 4, 

Let u s  m u l t i p l y  (35) wi th  t h e  complex con juga te  equat ion,  
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whence 

A symmetry p rope r ty  of s may be noted here .  

i ng  f u n c t i o n  (34),  under t h e  s u b s t i t u t i o n  

The i n v a r i a n c e  of t h e  generat-  

which has  t h e  consequence 

As an elementary a p p l i c a t i o n  of t h e  gene ra t ing  func t ion ,  we p l a c e  

"'~4 =o i n  (361, which y i e l d s  

f o r  t h e  s i t u a t i o n  i n  which no quanta a d  p r e s e n t  i n i t i a l l y .  I f  we a r e  
1 

not  concerned wi th  t h e  p o l a r i z a t i o n  of dhe emit ted quanta ,  we can employ 
1 

t h e  binomial theorem t o  r e p l a c e  ( 3 8 )  with 1 



I where t h e  f u n c t i o n  (9 )  , which i s  symmetrical i n  ? a n d  /M , i s  

5 I n  t h e  i n d i c a t e d  r e l a t i o n  t o  t h e  Laguerre polynomials , % and 'nc repre- 

We employ t h e  d e f i n i t i o n  of W, Magnus and F. Oberhet t inger ,  S p e c i a l  Func- 
I 

t i o n s  of Mathematical Physics (Chelsea Pub l i sh ing  Company, New York, 1949) 

s e n t  t h e  g r e a t e r  and lesser of t h e  i n t e g e r s  31 and "l' The g e n e r a l  t r a n s i -  

t i o n  p r o b a b i l i t y  i s  t h u s  obtained a s  

I n  p a r t i c u l a r ,  t h e  p r o b a b i l i t y  t h a t  t h e r e  be no change i n  t h e  numbers of 

quanta is 

I 
Should t h e  quantum numbers '3 and /r, be l a r g e  i n  comparison wi th  u n i t y  and 

An? = 37-m '44 &, ,qj ' , f o r  a p a r t i c u l a r  mode of t h e  r a d i a t i o n  f i e l d ,  

we can r e p l a c e  t h e  f a c t o r  i n  t h e  t r a n s i t i o n  p r o b a b i l i t y  r e f e r r i n g  t o  t h a t  
< 

made with t h e  Bessel func t ion  asymptotic form 
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One can d e v i s e  another  gene ra t ing  func t ion  f o r  t h e  t r a n s i t i o n  

P r o b a b i l i t i e s  which h a s  t h e  f u r t h e r  advantage of y i e l d i n g  t h e  expec ta t ion  

va lues  of powers of  t h e  f i n a l  occupat ion numbers, 

s u b s t i t u t i o n  

We f i r s t  perform t h e  

i s  then  m u l t i p l i e d  by (37) and t h e  summation wi th  r e s p e c t  t o 4  performed, 

which e x h i b i t s  t h e  same s t r u c t u r e  a s  (341, On conf in ing  our  a t t e n t i o n  t o  

The r i g h t  s i d e  t h u s  se rves  a s  a gene ra t ing  func t ion  f o r  t h e  t r a n s i t i o n  

p r o b a b i l i t i e s  if developed i n  p o s i t i v e  and nega t ive  powers of t h e  A AfR  A ., 

-The expansion i n  power of t h e  b/ e x h i b i t s  it a s  t h e  gene ra to r  of expecta- 
A &  

t i o n  va lues  of a l l  powers of  t h e  q u a n t i t i e s  W A ~  - flih 

The a l t e r n a t i v e  p r e s e n t a t i o n  of t h i s  r e s u l t ,  

{ nc ( I f X>J-') ,= &&[c:, (- - 'X IT l2)V I X I  J l y ] ,  14x A4 4 
s u p p l i e s  t h e  expec ta t ion  va lues  of products  success ive ly  dec reas ing  by un i ty .  

Thus, i n  t h e  s p e c i a l  example r e f e r r i n g  t o  t h e  vacuum a s  t h e  i n i t i a l  s t a t e ,  
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d i s t r i b u t i o n ,  The f i r  

t i o n  va lues ,  der ived  from t h e  gene ra l  gene ra t ing  func t ion  a r e  

, 

t two xpecta- 

(41)  

and 

We need ha rd ly  remark on t h e  s t a t i s t i c a l  independence of d i f f e r e n t  modes. 

I f  we a r e  not  i n t e r e s t e d  i n  the p o l a r i z a t i o n s  of t h e  emit ted quanta ,  

it s u f f i c e s  t o  i d e n t i f y  t h e  parameters  d i s t i n g u i s h i n g  t h e  d i f f e r e n t  po la r i za -  

t i o n ~ ~  

To o b t a i n  s t a t emen t s  r e f e r r i n g  a l s o  t o  unpolar ized  i n c i d e n t  quanta ,  we must  

average,  wi th  equal  weight,  over t h e  v a r i o u s  po la r i zed  photon numbers t h a t  

a r e  c o n s i s t e n t  w i t h  a given number of photons i n  a c e r t a i n  propagat ion 
I 

mode, 

Th i s  can be accomplished wi th  the . a id  of t h e  a d d i t i o n  theorem f o r  t h e  

Laguerre  polynomials,  The r e s u l t i n g  gene ra t ing  func t ion ,  wi thout  r e f e r e n c e  

Some expec ta t ion  va lues  a r e  
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4 

b 
L 

For t h e  second example t h a t  i s  concerned wi th  t h e  e v a l u a t i o n  of 

t r a n s i t i o n  p r o b a b i l i t i e s ,  we suppose t h a t  t h e  c u r r e n t  i s  time-independent i n  

t h e  v i c i n i t y  of g- v a r i e s  i n  an a r b i t r a r y  manner i n  t h e  r e g i o n  between t h e  

p a r a l l e l  s u r f a c e s  and T2 , bu t  again becomes time-independent i n  t h e  

1 9  

neighborhood of U-, These Limiting forms, (b  , I ) and 4 (k , a )  
need no t  be t h e  sameo 

On each s u r f a c e ,  we u s e  t h e  d e s c r i p t i o n  a p p r o p r i a t e  t o  t h e  c u r r e n t  

where 

- (tl 
Were t h e  c u r r e n t  c o n s t a n t ,  t h i s  t r ans fo rma t ion  f u n c t i o n  would posses s  t h e  

form (32). Accordingly, it must be p o s s i b l e  t o  expres s  a l l  a d d i t i o n a l  con- 

t r i b u t i o n s  i n  terms of t h e  time d e r i v a t i v e  of t h e  c u r r e n t ,  The manner i n  
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- C-) (+) 
a 'q 

The i n t r o d u c t i o n  of t h e  v a r i a b l e s  and AB , i n  

t h e  manner of (27) and (28), b r i n g s  t h i s  t r ans fo rma t ion  func t ion  i n t o  t h e  

i s  expressed a s  an i n t e g r a l  over a l l  space-time by supposing t h a t  t h e  c u r r e n t  

i n  t h e  extended domain e x h i b i t s  t h e  t ime independen t  va lue  appropr i a t e  t o  t h e  

n e a r e s t  s u r f a c e  bounding t h e  r eg ion  of i n t e r e s t ,  I n  o rde r  t o  p r e s e n t  t h i s  

r e s u l t  a s  a genera t 'ng  func t ion  f o r  t h e  s u r f a c e  dependent u n i t a r y  mat r ix  e-* + t m , ~ ) X t  ( /Mn/ .ntn)eA P ( - 5 a J x +  

) 
( % / S I 4  = 

R-4 - - E ( o )  t A 5 f l ~ 4  40 1 
a f u r t h e r  rearrangement of  i s  r equ i r ed ,  Indeed, t h e  f i r s t  term of 
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i s  such t h a t  

a9m,M = mJ2. Irk 
The gene ra t ing  func t ion  (45) i s  i d e n t i c a l  i n  s t r u c t u r e  wi th  (34) .  

Hence t h e  t r a n s i t i o n  p r o b a b i l i t i e s  and expec ta t ion  va lues  a r e  given by (39) 

and (40), with  Jh r e p l a c i n g  && . I f  t h e  c u r r e n t  i s  ze ro  on 
c 

- 
t h e  boundaries  of  t h e  r eg ion ,  an i n t e g r a t i o n  by p a r t s  reduces  J,& to 

Notice a l s o  t h a t  i f  t h e  c u r r e n t  i s  t ime-independent,  (45) a s s e r t s  Jl;4 
t h a t  

a t t e s t i n g  t o  t h e  s t a t i o n a r y  c h a r a c t e r  of t h e  s t a t e s  l a b e l l e d  by t h e  photon 

numbers 

The Infra-Red Catas t rophe  - According t o  (41), t h e  average number of photons 

We s h a l l  nGw cons ide r  f requencies  t h a t  a r e  s u f f i c i e n t l y  low f o r  t h e  wave- 

l e n g t h  t o  be  l a r g e  i n  comparison wi th  t h e  l i n e a r  dimensions of  t h e  spa t io-  

temporal r eg ion  i n  which t h e  c u r r e n t  changes. 

of e i t h e r  p o l a r i z a t i o n ,  t h a t  emerge i n  a r ange  of such low f r equenc ie s  i k  

- 

The average number of photons,  

which becomes i n f i n i t e  a s  t h e  lower frequency l i m i t  approaches z e r o o  Any 

time v a r i a t i o n  of  t h e  c u r r e n t  t h u s  produces a l o g a r i t h m i c a l l y  i n f i n i t e  

number of  ze ro  frequency photons -- a f a c t  well-known a s  t h e  " inf ra - red  

ca tas t rophe ' lo  Accordingly,  we f i n d  a zero p r o b a b i l i t y  f o r  t h e  emission of 

a f i n i t e  number of photons,  To avoid t h i s  t ype  of  s ta tement  we recognize  

t h a t  i n  any experimental  arrangement, t h e r e  i s  a minimum d e t e c t a b l e  f re -  
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such t h a t  we have no knowledge of t h e  number of photons 

emit ted i n t o  modes wi th  f r equenc ie s  less  t h a n  ho,& I f  w e  sum t h e  

g e n e r a l  t r a n s i t i o n  p r o b a b i l i t y  (39) over a l l  f i n a l  occupat ion numbers of 

r e f e r r i n g  t o  t h e s e  unobservable modes, we a r e  l e f t  w i th  t h e  same expression 

cons t ruc t ed  only from t h e  Observable modes, The l a t t e r  w i l l  y i e l d  non- 

v a n i s h i n g  p r o b a b i l i t i e s  f o r  t h e  emission of a f i n i t e  number of photons, 

each t r a n s i t i o n  p r o b a b i l i t y  being dependent upon 40, &ut through t h e  

T h i s  q u a n t i t y  r e p r e s e n t s  t h e  p r o b a b i l i t y  t h a t  no (observable)  photon w i l l  

be em&tted, if none a r e  p re sen t  i n i t i a l l y ,  

The a d i a b a t i c  Theorem - T h i s  important s ta tement  r e f e r s  t o  t h e  s i t u a t i o n  

i n  which t h e  c u r r e n t  changes from i t s  i n i t i a l  t o  i t s  f i n a l  v a l u e  a t  a r a t e  

determined by t h e  t o t a l  e lapsed time Tzt,-t ,  We a r e  p a r t i c u l a r l y  

i n t e r e s t e d  i n  t h e  l i m i t  i n  which 7 becomes ve ry  l a r g e  compared t o  t h e  

pe r iods  of a l l  obse rvab le  modes, 

The above d e s c r i p t i o n  of t h e  c u r r e n t  time v a r i a t i o n  i s  expressed quan t i t a -  

t i v e l y  by 

Hence t h e  i n t e g r a l  occu r r ing  i n  (44) is e s s e n t i a l l y  determined by 

Now, according t o  t h e  Riemann-Lebesque lemma 6 , 

E. T. Whittaker and G, N o  Watson, Modern Analysis (The Macmillan Company, 

New York, l 927) ,  p. 172, 
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T h i s  s u f f i c e s  t o  e s t a b l i s h  t h a t  

I f  

proaches ze ro  a s '  (AoT)-' , which enab le s  u s  t o  s a t i s f y  

a:,(@) is of l i m i t e d  t o t a l  f l u c t u a t i o n ,  t h e  i n t e g r a l  i n  (47) a p  

wi thou t  e s s e n t i a l  r e s t r i c t i o n  on t h e  s p a t i a l  d i s t r i b u t i o n  of t h e  c u r r e n t  

(it  mus t  not  be a s  s i n g u l a r  a s  t h e  g r a d i e n t  of a d e l t a  f u n c t i o n ) ,  Under 

t h e s e  cond i t ions ,  we o b t a i n  t h e  p r o b a b i l i t y  zero f o r  any change i n  t h e  

photon numbers, d e s p i t e  t h e  a l t e r a t i o n  i n  t h e  c u r r e n t .  

T h i s  theorem can be e x p l o i t e d  t o  g i v e  a uniform expres s ion  €or  t h e  

resul ts  of a l l  problems involving t r a n s i t i o n  p r o b a b i l i t i e s .  Thus, i n  t h e  

i n t e g r a t i o n  Over t h e  extended r eg ion  i n  (44), it i s  supposed t h a t  t h e  cur- 

r e n t  i s  c o n s t a n t  i n  t h e  e x t e r i o r  r e g i o n ,  I f  w e  were t o  r e p l a c e  t h e s e  con- 

s t a n t  c u r r e n t s  by c u r r e n t s  dec reas ing  a d i a b a t i c a l l y  t o  zero,  a t  i n f i n i t y ,  

t h e  n u l l  c o n t r i b u t i o n  from t h e  e x t e r n a l  s e g i w  would no t  be a f f e c t e d ,  

we would have succeeded i n  s u b s t i t u t i n g  f o r  t h e  o r i g i n a l  problem one i n  

which t h e  c u r r e n t  van i shes  ~n t h e  boundaries  of t h e  extended region.  

co rd ing ly ,  we can i n t e g r a t e  by p a r t s  i n  (44) and r e g a i n  t h e  form (331, ap- 

p r o p r i a t e  t o  n u l l  c u r r e n t s  on t h e  boundar i e s , '  The most g e n e r a l  problem 

r e q u i r i n g  t h e  e v a l u a t i o n  of t r a n s i t i o n  p r o b a b i l i t i e s  between s t a t i o n a r y  

s t a t e s ,  i nvo lves  i n i t i a l  and f i n a l  c u r r e n t s  t h a t  a r e  time-independent w i th  

r e s p e c t  t o  d i f f e r e n t  r e f e r e n c e  systems, When modified wi th  t h e  a i d  of t h e  

B u t  

Ac- 
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a d i a b a t i c  device,  t h i s  s i t u a t i o n  a l s o  f a l l s  i n t o  t h e  c l a s s  of problems covered 

by (34).  

The a d i a b a t i c  dev ice  i s  a l s o  a p p l i c a b l e  t o  e igenvalue problems, Thus, 

we can u s e  t h e  t r ans fo rma t ion  f u n c t i o n  (34), a p p r o p r i a t e  t o  ze ro  c u r r e n t  on 

t h e  boundary s u r f a c e s ,  t o  c o n s t r u c t  t h e  enlergy eigenvalues  f o r  t h e  s i t u a t i o n  

of a time-independent c u r r e n t .  

t h e  s u r f a c e  

tween s u r f a c e s  T2 and CJ-, and reduces a d i a b a t i c a l l y  t o  z e r o  on Cr, 

The d e s i g n a t i o n s  

t h e  l i m i t  of  i n f i n i t e  temporal s e p a r a t i o n  between Cr, and 

We suppose t h a t  t h e  c u r r e n t ,  which i s  ze ro  on 

, grows a d i a b a t i c a l l y  and ma in ta ins  a c o n s t a n t  v a l u e  be- or_, 

re fer  t o  t h e  f a c t  t h a t  t h e  a d i a b a t i c  theorem invo lves  . - 
and 

where ( r e v e r s i n g  t h e  i n t e g r a t i o n  by p a r t s  i n  t h e  f i r s t  term of (46)), 

On r e c a l l i n g  t h e  composition 

n i z e  immediately t h a t  

p rope r ty  of t r ans fo rma t ion  f u n c t i o n s ,  w e  recog4 

which shows t h a t ,  i n  t h e  presence of a time-independent c u r r e n t ,  t h e  energy 

eigenvalues  of t h e  r a d i a t i o n  f i e l d  a r e  d i s p l a c e d  by Ell?). 
The methods d i scussed  i n  t h i s  paper and i l l u s t r a t e d  f o r  t h e  e l e c t r o -  

magnetic f i e l d  a r e  e q u a l l y  a p p l i c a b l e  t o  o t h e r  Bose-Einstein systems, such a s  

t h e  symmetrical pseudoscalar  meson f i e l d .  
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