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ON ANGULAR MOMENTUM

" 1. Introduction

One of thefmethods of tréating a general:anghlar mo-
mentum in'quantum mechanics is to_regard 1t as the super- .
posifion of a number of elementary ﬁSpins",‘or angular |
morenta with jvé 1/2. Such a spin aésembly, considered as
a Bose-Einstein system, can he usefully discussed by the
method of second quantization. We shall see that this pro-
cedure unites the compact symbolism of the group theoretical
approach with the explicit operator techniques of quantum
mechanics. | |

We 1ntrbduce Fpin creation/and-annihilation-Operatora

associated with a given spatial reference system,
+

vgz = (a+,a ) and a, = (a+,a_){ which sat#sfy

Bre o) =00 1P

'[“Z’ aﬂ =%y o | |  <1.1)

The number of spins and the resultant anguiar momentum are

then given by

n:% a;az=n++n_,_

+ 1 ’ : ‘ ' ' R

1=Y o t|3eltne, . (1.2)
Lr3/ -

With the conventional matrix representation for o, the com-

ponents of J appear as

I, = Jl + 175 = afa_, J. = J) - 135 = ata,

JS'= (a+a* - a’a ) ='% (n, =n_) L (1.3)
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Of course, this.realizﬁtion of the angular momentum‘commu-‘

 tation properties in terms of those of harmonic osciliators -7¢
can bQ introduced without explicit reference to the compos- |
ition of spins. | |

To evaluate the square of the total angular mbmentum .

52 =Zaz+az,a;af(2|-1§g Zf)-;z”l%gJZ"’), - (1.4)

we employ the matrix eleﬁents of the spin permutatioh oper-

ator ‘ |

P(lz) = %(1 + é(l)?g(z))e ' (1;5)

Tﬁus  | |

(Z Iglzl).(z”iglzm) = 2611;,/6170- 6”6!0;1(/, | (106)

and ) | . . : ! =%

2 _1 . + 1.2 ‘ | ‘ . . :

-J;. = § Z 3;971‘70 a:‘- zn "o o : - (107) .
" According to the commutation relations (1.1), K

E a;afa;baz = E ’a;(ﬁ+2)a1 = n(h+1), ' (1.8)

w0 T T |

Whence

P =%n(%n +1); | - (1.8)

¢ : -

a given number of spins, n = O;_l, 2,.405 pOSSesses a

definite angular momentum . quantum number,
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J ='%‘n =0, %’ l) eee .' . e (1.10)

~ We further note thap; according tc'(lys), a state with
a fixed number of positive. and negative spins also has a

definite magnetic quantum number,

% n - n_) ) - =.%(n’ + n_)o ' » (loll)

m = z(n,

. Therefore, from the eigenvector of a state with prescribed

occupation numbers,

O '(a*)n‘
- +

a:@o =0 ?

we obtain the angular momentum eigenvector%

. _ (a+),]-tm (a,-)_J-"m ‘ . :
Y(jm) ) [(j+m)! (j-m)ljm.i/o . | (1.13)

' Familiar as a symbolic expression of the transformation pro-

\

perties of angular momentum eigenvedtors**, this form is
here a precise 0perator construction of the eigenvector.
On multiplying (1.13) with an analogous monom1a1 con=

structed from the components of the arbitrary spinor

i; = (x+, X_)
| jm j-m ",__ | A

_tpj (x) = S

| [(j+m)l(j-m) z] L (1a4)
* — —

A direct proof is given in Appendix A

See, for example, H. Weyl, The Theory of Groups and
Quantum Mechanics (E. P. Dutton and Company, Inc.,
New York, 1931), p. 189.
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we.obtain,-afﬁer summation with respect to m, and then with

respect to 3,

| 3:—.3 FPme)‘I’um e, aas

and

: +
O ¢ putm Yism = o )\I‘/o ’ (1.16)
m | |
dn winch’we have written

(xa") =) xy 8} S aan
| S -

To_illustraté the utility of (1.18), concieved of as an eigen-
vector generating function, we. shall verify the orthogonality

and normalization of the eigenvectors (1.13). Consider, then,

| (e(xa )wl} (va )q/)

it

- (".o , e(x a) (ya)\I/

(1.18)

. _
According to the commutation relations (1.1), and a;1%3'= o,

we have

et of 2208t | (1.1
ek - D

Z‘ﬂjm(x )(\P (jm), '\‘? (3'mt)) (pj'm‘(”.

3
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(1.24)
Similarly o
> Gal oMl ) Py (x) = VNCIPR S RN (1.25)
ym o

NY0-3071 o
whence

(*9'/ , e(x "a) (Ya )\I/ ) = (x y)(e(y a)\P \I,) _ e(x 7)
::V.VZLij(x*)(_ij(y_) B 7 .
Jym

(1.20)
We have thus proved that

-(\-I/(jm)’\y(d'm')) = FL ot

(1.21)

As & second elementary example, we shall obtain the

matrix elements of powers of J by considering the effect
of the operators M2 on (l 16)

We have

+ <.

' A + : )QC 'l“ .
Z_’(‘ij(x) _GXJ*'\Y(Ajm) = e 8 8 e(xa+')%.= o ”’.a+ »e(xa )\I/o

+ |
e(x. + \x_)a, + X_ &a_ _% (1.22)
| = Z(?jm.(x* + A\x_, x_)'?‘ (jm)
and therefore | .' »
ZA(jm'e 'j'm')LPj'm'(x) ijm(x +7\.x,x) s~ (1e23)
Jm’

which, on expans.on, yields the non-van.’ishingv matrix element

NE%
(JmlJmml jm'). —[H—E;-,L)!—I {-E%TLX:) ; -m')>0 \
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and | . | o ' S
m rnl . +m! i m) § -1/2 . 0. (1. f
(Jm l jm) ﬂ-r_m))_i {‘}%ﬁ | » mw'-m>0. (1.26)
'A.p‘ai-tj.cula.r consequence of (1.24) and (1. 26)- is
T 1/2
Y‘Jnl’, = [r?m ﬁ:a}'] I S C R
- 1/2 L
J-m - (1.27)
[ ] =T

'hich,_details ‘the construction of an arbitrary elgenvector

, rr'om those posé'es‘sing the maximum values of |ml compatible
vith a given Je |

It 18 also.possible to exhibit an Operator which pemits
the construction of an arbitrary eigenvector from that pos-
sessing the minimum velue of J compatible with a given m.
‘Iﬁdepd;f(l,lsl,,writtén‘in'tne form

("' "')J lml

NJ?XJHQ [(J+lml)8(5 lml)l]

oz .l(a:)lml,+@'(#:)lml -m To , (1.28)

states that

Y(JM) = [ . *lﬁ? m -l-'m, ']'.1/2 Kg-'m?(,m' sm)' s | " (loég-) :

where K , and two assoclated operators are defined by -

»w
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X := of , E=aa , | (1430)
_1 R
Ky —rg(n* + n_ §,1) .

t is easily seen'that¥

[Js’ E ] =[J3aK.’s] g.o"' | e

‘and that . , '

'[_K;s’. _KJ = K, -[_K:s.’ x]=-x,

(1.32)

™
Plok
-
"

i

§
&

The latter are analdsous.to’the commutation prbpefties of J, -

save for the algebraic sign of the commutator [K;, K_:]. In
keeping with this qualified analogy'we‘aiso have

1

3

' JQ - i = KS(K3 -1) i K#-ﬁ;‘= Ks(K3'+'1) - K;vK4 (1.33)

as compared with

3% = I5(3, -1)+J J-=J5(J +1)+JJ .  (Le34)

Noting that the elgenvalue of K5 is j + 53 We See that the
roles of.j and m areAessentially interchanged in K._ The

'.hyperbolic nature of the'Space in‘which the latter operates

is thus related to the restriction m| < Jo

If (1l.20) is multiplied by a similar numsrical quantity,

and then summed with respect to j, one obtains

oo - L
| emir o Y2 sami e o e
2 [‘-(';l +$ml?!(% =Tmi )‘1] BSh (FE Fam(mﬂ‘l'('mbm)"

(1.35)

2
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where
: r . o0
. -3 12_2 rl n L
F.(z) =rlz I.(2z2 / ) = Tlr+n)T 2 (1.36)
| = .

and_Ir '1s the cyllnder function of imaginary argument. A&
simpler generating function is givén by

| Y o I
Z [ 12'3&, ’1 . :'ll;l' ‘] Kj -'m'Y(jm) = am’ Y('ml,m)o (1037)
. 2. Rotatjions

A significant interpretation is obtained for (1.15)

by 1ntroducing the operators

e, = (xa") , &)= (xa) | (2.1) -
ot =[], o =[xa] ,

where | )
[xy] = x, y ~x v, ; | | | . (2.2). .

With the restriction ‘ ‘ . _ _

(xx) = 1, | | o _ \ (2.3)
these 0pératdfs alsO'obey:the commutation relations (1l.l),
and must therefdre constitute spin creation end annihila-
tion operators assoclated with an altered spatial refereﬁce
' system. ,Accordinély, (1.15) can be viewed .as the expression
of the staﬁe m=3, in a rétated-cooﬁdinate sysfem, as a lin-

ear combination of the eigéhvectors in a fixed coordinate
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System; .
I + )2j I

| .\P(JJ W— ~((2.‘l)l)1/2Z (ij(X)?(JmJ ’ (2 4)

=
The unitary nature of this transfonnation 1s here easily

verified,
(e01) P Pr@ =01 (2.5)
. m ) *

In general

‘P(jm' (yjmt( )Yj Z Y(Jm) m,(n?),' 5

wheré the coefficients are to be inferred from.

(248)

TPl = P sy o a2 2 2D o

Tt 1s useful to introduce the unitary operator that
: /7 .
generates '\I/(jm_') from ?(‘Jm’),

.'?,(jml) :U?(jmu) , . | | (208)

which pemits an alternative construction of the cdefficients

in (2.8),

(j) (jmlUIjm‘) . | . (2.9)

mm“

In te;ins ‘of the successive :éo't_ations chafact_erized by Eulerian

angles ¢ ) _4_19,’\}') U is given explicitly by

)
Ls -
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ARSIAN N K
-iydy -197, -lpJ,

U=oe e o | , . | | (2.10):A
yhere | |
» = ﬁ-:w?..:;5 s ei fas ’
J;\ = 6-1'8 T2 ‘J‘eiﬁJé ,(‘:2'11)

are the operators apprOpriate to the coordinate systems

- produced by the preir

sion for U(PIY) is

-1¥3, -197
U=oe 3¢ 2

ious rotations. The resulting expres'-'

;11:.15. L iyag 193, e_ifFJ

, Ut =6 ® S, (2.12)

‘The angular momentum operators vassociat'ed.wi‘bh the

new codrdi_nat e systen,

g =vIUt,

‘can be conStructed r

ation operators,

/

of which the former

+. a ,= .'e-%(\k""n

(2.13)

rom the trénsformedlcreation and mﬁihil-

i
+ _ ¥ ,\_9 S "'é'(“/"' '70) 9 +
| € =Uau | cosFa +e sin Fa (2.14)
v oad i luae) o
: d: =0 at 71z e © sin :3? a: + 60 4 cos "-2'-99.:" .
Iﬂ evaluating (2.14), we have uiade use of the relations
- ' ' I |
WIs . W5 3BV s
-] a, © = e a ’
X X
197, . 197 e L '
LI 2 a; e 2= cos gggi sin‘ga; s _(2_.15)

follows immediately from the significance

o

n
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of a'¥ as a positive (-negatiﬁ'e) spin creation ‘operator, whi_g.e[

a, .

‘the latter may be verified by differentiation with respect to

S s 1‘n conjunction with the commutation relations

[,J2]=+ : Co . | (2.15)‘

The form of (2 14) is in . agreement with (2.1) and (2. ,3), where

Aoy 9 -5(’}0 fr, o9 - (2.17)

cosm, X_ =6 1n§_.

To construct the matrix of U, we consider

> ?Jmu ) T P ()

(e(xa*){ro: U e(ya-})i‘o),.

= (‘y (x &) (Ya")y ) . (2.18)
in wnhiicn ti;e .a.'."' are the 'opérators (2.14). On writing
(var*) = (auy) | (2.10)
where u 1is the hatrix _ |
L(feP A9
cos§, -8 sin = s A
w=| , 1,0 , ’ - (2.20)
‘ -= (f - # :
e “© f ’)0_)'8111'3 , o2 ( \+.W)cos'9_
z Zz
we mediately}obtain-
(2.21)

E bpjm U(J) bojm'(y) = e(x"z-uy)
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Since (2,12) implies that

e MY mew
wa (#9¥) = e 0 (9) 6 =Y . (2.22) -
: ﬁére | , | | - |
.Uégg (4?) =,kjm|e';4932|-3m§);A o  _ - <2.23)

we may si.mpiify (2.21) by placing LP= '\/’}'—,‘ 0, thereby obtain-
ing | |

- cos (x y) - sin [x*y] -
1 iy E A

The matrix u is unitary and unimodular, that is possesses
a ﬁnit determinant. Its: fepresentgtion In terms of spin ma,t-

rices has, as 1t must, the form of (2.12),
6 Qdo, -=Vo
1;1:9‘_%““)"""9“g 293\”3 « ' ’- _ - (2425)

Any such unitary matrix can be presented as

-1 (2.26)

u=e
'where)-( is a Hermitian matrix. Since
| aetuzeit“” (a2

M must be a traceless Hermitian matrix and, accordingly,

is a iinear combination of the spin matrices, with real




LD

) "

LY
L

Wt

A

o

il

tg»—

Wl

O

u=e° - - SR ' (2.28)

The fact that (2 28) 1s the matrix describing a rotation through
the angle y about the axis n affirms the well-knOWn equival-

. quantum number J « If we remark that U must also have the

NYO-3071 ) .~ p. 13

coefficients. Hence u can be written as

1
-5 YR.g

where n 1s a unit vector, specified by two angles, a and Be

ence between an arbitrary rotetion end a simple rotation about
a suitably chosen axis. The rotation angle v is easily obtain-

ed by comparing the trace of u, in its two versions,

L

%— tr u = co’s.-:!‘z- y = cos -'\9cos = ('P+‘¢) . | (2.20)

More generally, the trace of U for a glven j depends only
upon the rotation angle Y- We define”

in which P is the projection operator for the states with

form of (2.28),
U = -lrmed | o | (2.31)‘

we immedlately obtain

[

Zji; | 1 .( By - |
‘Xv(j)= : -e"'im"fzs’n'j;‘:g‘f ‘. : (2 ' ) s
me=- ' . Sin'é‘ ’f ; . 2.32

.‘\
l

However, we can also derive thiq directly from the generat-,

1ng function (2. 21).

* Phis trace is the character of group theory.

/
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For eimpl‘ieity ve ehall e.esume the referenoe system to

 be 80 chosen that u 1s a diagonal matrix, with eigenvalues

Y

‘e = . We replace x} with ta/ay7 e.nd eveluate the deriv-

atives at y? '= 0, According to

cgm(a/ay)%m' (y)]y =0 = aniam' » ’ ‘.
i'e' then have
n \
. v L
, thj ')’,(J) = exp(te —g-i; y+)_.gxp(t32 %f.-.y )|

J

in vhich the notation refliects the n}ec_e's,sity of'placing the

derivativee to the left of the powers of

"exp(l ﬁ.y) Z:—I (3-) yn Z___

N=o B ' MNM=0

How

y}.

II
-

and thererere

'ii:jjtzjaéj)-=_ 1 L 1
— 7 1-teexp(-zr) 1-t.exp(zr)

1 —
l-2t.cos %T +t e

#hich is a generating function for the 'X“) .’ On writing

N

1 1 1 g

1

pP. 14

(2.33)

(2.35)

(2.36)

1"5-’&30("%7) 1-teexp(3y) 21t.sin 3y 1-t-exp(Zy) 1-t-exp(-ivy)

(2.37)

’

«{

»
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and expanding in vpow'ers of t, one obtains -

sii( +1) o
nliv 2y (2.33)

sin %\r‘

Symmetry properties of U(J)(¢99+) are easily 1nrerred

~ from .('2,21); Acco'rdi‘ng tothe 1nvar1ance of (x uy) under.

the substitutiohsf,o V. T &y, and @ =3¢ -n,9 D wu-F,
+—+-1I'»y+—>1y,wehave o

_Uglz'((p,g,p) = U(j )(qlﬂr,-ﬂ lf-tr) = 1230(‘1) (‘?4'»1‘-‘9:"1’) j_-(2.°.39)

Anong the additional eQuivalent f’orms produced by aucqeasive '

: appl—ication of these transformations are

121“«3&" ‘Iu-«aw)-vm (=@, = w=p) | s o T
,-Ufi?.m( w8-9)  (2.0)

We also note that .

Ugn‘l)*(lﬁa‘}‘) = U(J)(-""o’ IP) U(J.)_ms (e, 9?'") | . (2.?1)

On removing the a.nglesb'f and '3 ﬁith the a.id of (2.22), we

find that the content of (2, 39) and (2 40) is

i) = -1)5"“0“’ (w-5) = (-1)3‘m uld), (x-8)

m-m?
si‘ i

= (aE=utd) ) = (‘%1)""‘“‘17‘“(«9) = ;v‘“ («9) . (2042)

m'm
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In view of these relations 1t is sufficient to exhilibit

U‘j) () for non-negative values of m wid m'
On expanding the generating function (2.24) in terms
of LP Jm(xw)g or of Lyjm?(y)_9 we obtain the equivalent ex-

pressions

Y. U(j) (,.9) (ijﬂ(y) 4{7 (cos . sin gy °sin‘gy +cos2y ),

i Z (_ij *) “ () = L)DJ tl(cos “fo + sin ”-gxi, -sin gxi-l—cos 19:: ")
(2.43)
of which the latter is the counterpart or (2 '7) As a con-

venient means of constructing U(j) (@), we place

3 : , : .
x, = sin 32? cos '12?’ xi_ =% - cosz_g,.sq that (2.43 b) reads

(sin’g cos é)'1 m
[( 3+m) 1( §-m) ,]TT

(.t. - cos® %)J-ﬁ‘m stni% (19) ” |
| (2.44)

’ 9 jem Q J-m?® ' '
= (-1)3"“1' [(Sin )7 (oos ) g0 (1g)d
| |_[(j+m )!(j-m')!] 7 | o
Thus .
‘ -m! (J«lm)l 1 - )1/z .
U(j) («9) = (-l)j m [ (j-m)! (j*m')l(j-m“)ﬂ]
-[(sin .g)-m+m (cos «_g)-m-m"} o (2.45)

o[(g-t-»)i‘m tme” .(1-t)3’m7’] ¢ = Qoszg

The structure of:the »rightz side will be recognized as that

" of the Jacobi polynomial,



Bid

) functions,

99y = o mPuld) (@) Y = (| v gm)

#
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Fateovit)= Fon, eon, b5ty = (sl 1-b (1 t)b'a

.(%E) tb+n-l (l-t)a-b"n ) (2.46)

_whe ne e#

o) 09 = LT [ ] e 20 oy § e,

i

B \)(J__m(zm+1, mémi+l; cos®

Other forms can be obtained from (2,43), corresponding to
the variety of transformations permissible to hypergeometric

Thus the known relation

Fla, b, 6; x) = (1-x)"% F(a, c-b, ¢; = E§E)’ (2.48)

applied to (2.47), gives

[{'JTE;H’ '%‘1;2_:‘;'[] l/z(sin )BJ(COt 322 ymm?,

- cotz'-‘g )

_.;L)J"I‘“I
em?) §
s F(m=j, m'=3, m+mi+l; (Re49)

Another aspect, of reference system tranéfomation is

'best discussed in termu‘of'

(2.50)

This is equlvalent to the result obtained by P, Guttlnger,
Zelt, f Phys., 73, 169(1931).
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This quantity is the transformation function
(¥ (g, Ym) = (w,imtl gm),

in which we have usecd W to designate collectively the
angles 0«9«}' , 'r‘ellati.ng the new reference system to the.
fixed one. We shall be interested in the differential
characterization of this transformation furicti;m, in its

dependence upon the Eulerian angles. Now

i

oL

S

vl =g

]

. -1 =. =1 )]
g U =0T

3 » ‘(2.52)'

1

12 vloylotPig, P Bavty

where

I5 = I3

coé«g +-é- sin9 (.Tl'+ e-i"P +J_ eup ), | (2.53)
=5, - *? ),

~ and, therefore

%-g-;‘(w-l ) = (] J,) )

|

9;1(,'.{(3.9' ‘*.‘51313" (-}f %‘; - cosd %—_ -g—‘)- )] (9' ) = (w J"'"I. ) (2.54).

| 1 (13 _ .eegld Y e (el
| 6-dc?[_—%:;+ =15 (I%:i:_' 008‘91 -a'\—?-)] (w] ) = (_(D\J_l ).
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This 1s a differential operator representation of an
arbitrary angular momentiii‘zi":<vec"gor..' Tho'-'féﬁilj.u‘_‘diftor-_
ential operators essociated with an orbital angular mo-

mentum emerge if the transformation function 1s independ-

~ent of 4 . Since this corresponds to m' = 0, the guantum

number j must then be an '1-nteger*, |

The different:‘!.al_‘ operators (2.54) .are wen..kno“ 1n
connectiori with ‘sngular momentum }'ro:t @ rig‘id body, and,
accordingly, the eigen_valué‘ equation fqg.ﬁ-:ila in bhilraprov
sentetion will be identical With the symmetrical top wave

equation. To construct this equatlion directly, we remark

. that
S Nt EACEA RS E R I ol (']z""+ ot? LLa oY )
2 B
Jl = J,.cos8 ‘ | |
= Jg +L S.___ 3 ] + J’.% (2.55)
- sin A

9 , ‘o TR '
J° = 23T, T3, cosd 47 P
—2 + 33 + oot & 4}.“78« .

since

51, 3] =eing 2, o

“3> Yz TV IO . -

On referring to (2.52), we immediately obtain.

2 _ o a2 ¢

= U"'l J39 " _ . ' (9057)

® Tne fact that the general differential operators (2.54) admit
balf-integral values of j has been noticed by F. Bopp and
R, Haag, Zeit f, Naturforch. 5a, 644(1950).
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and the anaiog'ous differential equation for (w |

including the eigenvelue equation -

39 2

1 a2 | o pBiom 2 o
[9-—— + éqtte —’-';-' + j(3+1) - 2 '2mmtf°°s'9 o’ ](w,jm“l Jm)

sin”®A9

(2.58)

An integral theorem concerning the angular depend=-

-1

ence, of U, or U ™, 1s stated by

Jvaw =p_, o (20

(o]

where Po 1s the projection operator for the state j = O,

and
dw :5 sin,9 a9 - ch 4" df\b N __ (2.60)
de' =1 ,

The integration domain is here understood to be

e

O<¢ <4my, O<q <4w, 0<9 <m , _ (2.61)

To prove this theorem we subject _(2.57) to the'angular-
integrations contained indw . In virtue of the period-
icity possessed by U~ -1 over 4w intervals of t.P and 'P ’

we obtain
o] 2 1 3 ""1
JU dw J7 = -3 [sinG Ty j 4" 4,“ ]

This ‘result asserts the vanishing of jU’l_'du), , and the

)

=70

= 0, (2,62
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Hermitian conjnéate ,fU.dcu N except}for‘the state with
j = 0. The fact that the rotation operator U reduces to
nnity for this spherically symmefrical state comnletes
the proof of (2.59).  We shall defer épnlication of this
theorem to the next section. |

3. Addition of Two Angular Momenta

Two kinematically independent angular momenta, Jl

and J o Can be expressed by

! =z (¥ | %;9' ¥ ) &y

?)*_ A S | . _ (5.1') |

I, Z vty | 3elY
kS

)
where the a and b operators individually obey (1.1), but

2ol

are mutually commutative. In studylng the eigenvectors

of the total angular momentum,
=5 +3 » , (3.2)

the:following scalar operatore‘play an important role:

:l = (a'v) | ‘,J_
73:%[“29’(Vﬁq

and

Ko-[20] K.

7(3 = % [(a*,a) + (b"',b)] + 1 =% n+1l . (3e4)

'(b*a) 3
' (3.3)

1,y
3ny - np)y

"
—
[\s]
o
d

[ |
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As one can‘easily verify by direct 'calculation, the opebrat‘c-rs
U and :K commute with each other (as well as with J), and

obey

(59 =2Te - [T0T] T
(KoK o] =2Ke o (KoK ] =Ko

It ,will be noted that the commutation’properties of the :7
operators ara those of a conventional angular momentum, while
the K operators are analogous to the hyperbolic angular nmo-
mentum K, which was_discus_sed in the first section., We shall
denote the eigenvalues of .’:73 and K 5 bY u‘a.m‘i Y , respec-
tively. These quantities have the following significance,

p= jl -’-Jz_ ;. B Y, =.Jl * i vl | (3.6)°

In evaluating the sqiare of the r'esultant. angular momen-

tum, we encounter

en o 5=3) aramindyl g Y 0-(¥] 2 1Y)

- PEEY o \ (3.7)
. . . R ‘ﬂlA ‘ N
L MRS L

This can be eipfess ed either in terms.of thej operatofs", or

of the 7( 0perators since

U tj Z ; | b}zv-n2'+'IZ a""'a:’b"}b s (3.8)

~

and_. ,

S
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c-“‘ K k : 9. bf(a;b'f, - a}lb} ) = nlnz- ; a:; a},b;, ‘b}uzo(s g)

Indeed,

US(Ua +1)+ '7‘- "U+ = ‘:73(,\\73 -1) + ’\74- ’7_

and

«(K3+1)-7(7‘(+'

(5 11)

2= KyK,-0e X, X.

~ From the first, conventiqnal, representation of _{2 in terms

of the angular momentum 'U , We infer that

Jz |el o | | | (3.12)

or | |
Iz ,‘11 = 32 , ’ _ - _ (3.;1.3)

while the hyperbolic representation implies that

y-1z2131 o | - (3.14)
or
Btz e Eas)

We have thus arrived at
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the f_am__iliar restriction én.ihe composition of two angular
momenta. . - | '

) An eigenvector of J2 is conveniently labelled by the
veig'envalues of I, 32, and7< In virtue of (5 8),

the resulting eigenvector \I’(jmpv) is equivalently desig-
'nated as. \P(jl :]2 jm) In particular, the .state with

| V=3j+1 correSponds to jl + 32‘_ 'j, and 2j = 1 + u, |
.'2j2 =J - p. The Special state of this type with m =

- can be r"ea'l‘iz-ed in only -on;e, way,‘ s:Lr;ce m = Jl + 32 requires

,tha? @1._ jl, m, = jz - Thus

" (eI )j'" g |
(Jiui+1) = — . (3am)
Vs ((J+u)l)1/§ (G- ) 07E T}? |

With 'an'arbitrary referdnoe 'system, thils re‘sult becomes
J

| | A LA TERN AN A
((2 | (;pjm x \:I/(Jmuj* ) = [Cim)t (m)d 172 o .

according to (.204). We multip'ly this U analogue of (1.13)
with (Pj“(g ), and sum with respect to j, |

| | | (& (xa*) » E-(x0*))2 ],
((2j)x)1/2§ (ij<x)tyw(§)Y(JmuJ+1)- 7 Z ‘Ié
T -

(2J)1

(3.19)

Further summation with respect to j then yields
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Z (202 Q0P (3 )T}f(JmuJ+1)

mu

§+(xa ) + ? (xb )\I/

To. complete the determination of the eigenvector
'\]/( Jmuv ), we need the analogue of (1.29), specifyjng
the elgenvector with-arbitrarya)-in terms of that with
the minimum 6;1ue, J#l. For thils purpose, we examine
the Operator*

V = t2‘1<.3 -1 7
which has the following significant properties,

=K, -1V, t3Fv= (K, 1%y

and

VK v Koy
In conjunction with

43241 = (2‘1(3--1)2.-4')(‘}(

}we obtaln _

2 L, 12 R

3 l1 9 4 7%+ 1y ‘ - =
(— *+% 'a-g-—_-;'g—)_vy—fl«,V'K_-

an ordered operatbr‘form deBgséelfs equation. The

solution is

V= ‘t(“z*,l) - Flage + 1)1/2 (EK P5‘j{ s

b.

25

(3.20)

(3.21)

(3.23)

(3.24:)

(3.25)

(3.26)

)
of Appendix A.

N

Our prbcedure:here isibased upon the general method
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whereiP is en integrstion oonstant,:and“the notation

1s intended tovindioate that P 1s inserted between the

| powers‘of 9<* and'7<;_in the ordered operator expansion
of the function F defined in (1.36). The second solution
~of the Bessel equation has been rejected in order to con-

2K3 -

in view of the non-nega+ive character of f}( - 1.\-The'

form with the fact that t must vanish as t—O0,

operator (5 26) can also be written as

} 2541 2
v= 620 F2j+1 (v 7<¢9 Py K2

J oo \ S (3.27)

: 2y -1
=/ . t P
T e,
J v=dal .
where PJV is the projection Operator for the state with

the indioated eigenvalues. According to the well—known

Bessel function power series we then have H

Py =W Ky Wy, K oo e

where

w (A) =.| (21*'1) ! 1/2 -,101 o | . ( o9
Yiy W+t —j-l) ' ° 3.2 )

v This yields the desired eigenvector relation,

\I/(jm;w) (K )’\I/ (JmuJ+l) _’ | (3.30)

It will be noted. that with reSpeot to Jand p ,
Eq. (350) is converted into 1. 29) by the substitutions

7 1

-

o~




-
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PR —>J+% s - (3.31)

wi-

j——)lm| -

which are in'accord’with;pq§;Significance of K. Cor-
responding, then,to the generating functions (1.35) and

(1.37), we have

Wy, WY gmew) - 1‘?23+1(x.5(';)"{/ (Jmp 3+, (3.52)

| V=Jd+1
and : T '
, a0 | g ‘ ,
((23+1) 3)" /2 ) :Yw WY (gmuv) = e*Kle__umu. 3+1), (5,38)
| Zi;;: vl | |
in which ‘ .

Y

The epplication of the operator ot r<+ to (3.20) thus

produces

, -1/2 (| N 2 AL '
Z;T_v(%*l) G?jm(x)L?w(? ) (Xh) (X)\{/(JMV)
_ Ma™') + Baxa’) + 5_(;;‘0*)\{/0‘ . - (3.38)

' The eigenvectors are exhibited so@eWhatimore
explicitly in the result obtained by applying W 1 x,)
to (3.18), s ’ ‘j "

; I
: P 12 W3y 3pm) =
Ma- T )

ol
Y h*lerd (xa* jPhle e ietih ,\I,
: . \ ]T72 -

. (3.36)

00,70 M -02) i3m0 0

\’* The normelization constant does . not éutomatically:appear“in".

the corresponding group theory formula. B. L. van der Waerden,
Die Gruppentheoretische Methode in der Quantenmechanik (Berlin,1932)}

{
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in which we have employed J;1 and J,, rather than y andy .

For the purpose of converting (3.36) into a convenient

expression for the transformation function
(3pdgimd 3ymadomg) = (¥ (Gpigim), ¥ (3ymydgmy)),

we make the replacement X, —a»zf, x__—ﬁ»—z:, and take-

the scalar product with the generating function of the -
{/(51‘?‘15.2“‘2)’ - - o
: - ' 4 *
E- . . . _ {xa’) + (yb )g?
The ensuing formula can be written

| §: | .'Aﬁimi(mﬂ zmém ijms(z)X(jlj-zjs;mlm-gmz)
mMell, .

Pe 28

(3.37)

(3.38)

= [(j1+32+53+1)x]

in virtue of the definitiOn#
.. .. Caeianl/g, L d1Tigtm i |
(Jldzjm.Jlmngmz) = (2j+1) /_(—1) 4 : X(j132j;m1m2—m).

Multiplication with

- Jo¥] Jq#3
/2, E 93331E]5 132&]1 2™J3

[(Jz+35-31)t (3g+iq=ip) (J1+32-15)l]1/2

# This X coefficient is related to the V coeff;icient of

G, Racah, Phys. Rev. 62, 438(1942), by X = (-1)Y2*J"J1y
We have introduced the X coefficlent by virtue of its

greater symmetry: compare Egs. (3.44),(3.45) with Eq. (19a)

of Racah's paper (henceforth referred to as R).

e

(3.59)

(3.40)
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J- ?32 J 233

[(J+l)]l/2 o g 75
RERTETY (J—2J2)!(J-2j5)t /

<. 'u .
|
Ce
e
o~
[=]
.y
S
ll

(3.41)
T = 34ty

and sumnmation with respect to Jl’ j2, end 35, then yields

the generating function
S fj n "‘)jpdzm (y)yﬁj%m@j 1215 (apr)%(3yS ol 55m m2m5>

a[yz] + (szx] + ery] : . (3.42)

Symmetry‘properties of the X coefficients can be
easily inferred from the invariance of the generating
functionlto particular substitutioni,- Thus, the null 3
| g¥ 14

effect of multiplying X, 1Tg02, by’ e , and X_sY_s&_Dby e s

indicates that X vanishes»unless

my + m2> * m, =0 . (3.43)

The 1nvariance of the generating function for simultan-
~eous cyclic permutations of X, Y z and a,B,T 1mplies the

corresponding property for Xzf

X(31dgdzimmoms) = X(J,] 5J15m2ﬁ‘n!3m1‘)}' = x'(jsjijz;msmlmg) . (3.44)

The interchange of x and y,-combinea with the substitu- -
tions o ¢ -B, y — -y, discloses the behavior of the X
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coefficients with respQthto non-cyclic permutatiOns,-A

'

Xpiydgs mgmms) = X(313332;’hlmsmz)'=‘X(jstjlgzmSQle)

(3.45)
= (-1)7 X(3y3055 mmpmy)
- M Jqdgdzs Migliz/ s
whiie the'exchange.of x+,y*,z+,with x;,j_,gd,‘in-qbnf.
junétion'with’sigp reversals for a,f,y, leads to
e o Tovis s 5 o o -
x(JlJzJS: "ml"mz"ms) "("1) x(JlJstﬁmlmst)o \ _ » (5.46)

Among the implied prOpertiés of the transformation

function (3.37) ar?‘

(gl dm ] dgmpdymy) = (51323'm, Jl'ml 3pm e)
(-1) e (jljgjml‘Jlmijgmz) . (3.47)

The‘expréssiOn’for X(jljzjs;mlmggs); dbtained,.
by expandlng(s 59),_.

- (3,%my) 13, my) HT-23,) 1] /2
X(j m) = [(J+1)x 1/2 E (- -1)" } i ji+mi (3ymy) HI-20, ] —
‘ (T - 2j; - m )1nil o

(f.so 48)

‘in which
n = nl o¥hz 5 _ (3,&9?

and-the summation is to be extended over all ng subject to

J-2lyzn20 , . (5.50)
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end

n2~n5_=~mlsz+j5, n55p11=‘m2-35+31"nl-n2,é QSéJlfJQ o (3.51)

The lattervconditionsvcan'alsQ_be”written as

L

Je-= 2j) = my = Jp tmy =ng = Jy ~mg =D

J=2], ~ny= 35+ @3 =n =j, -m -n, (3.52)

I3
J = 8]z =0y Ty +m) =np = jo = =Dy e
) |

- It follows from the noﬂénegative character of these

quantities.thaﬁ~the ni-are'uniquely determined if one

of the nine integers J 6'231, ji_+ m, s ji - my is equal

to zero. In general, the nnmber.of_terms'in'the sum (3.48)
exceeds by unity tﬁe SmelleSt of these nine integers. . It
is a matter of~ganeﬁieqce which ef the ng is chosen as
the summation parametef, | |
The X eeefficieht cen also be exhibited in closed .
form whenever the l mil ‘.he.ve. the r_xﬁnimu.m -Velue’,_s ‘cvompa_tible

with the given ;. 'Tho.simplostﬁillustration of this is

prov1ded by X(JlngS;OOO) corresponding to integral values

of’ jl,jz-and j3> Note that this quantlty vanlshes ‘accord~

Mh4

ing to (3. 46) if 3 is not an 1nteger, Our procedure here

is to place x_ = a/ax+, Wlth analogous substitutions for y

and z_, and to evaluate the derlvatlves at X, =¥, = * =0.
Siﬁce"
- T /g dpemy o Jpemgf |
| ﬁ31+m1);(31~m1)!] / +(3/3x,) N =0y 0 (3.53)
LT T . N _ | x,=0 o L
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this effectively isolates_the:m =0 terms in (3.42),

The reduction of the generating functioh can be per-
fonned with the aid of the follow1ng theorem concern=

ing ordered operators which will be proved in Appendix B.
ir a and’ a¥ are two operators satisfying [e, eﬂ = 1, and
f(a ) 1s an arbitrery function, we have - ’

_z_ .+
a a

LY f(a*_) = o= f(-f%uz-) oI % . (3.54)

The differentlal operator realization of thls. with
a = 3/3a%, 1s the form actually employed.

The result of the calculation ;s

- E PO | . | e, .2
;3000) = (1 N .
f @,jljzjs'(aw)‘ X(JIJQ‘jB‘ ) (L+a *‘.P,_* Y
j . - v . ) .
“which 1s a generating function for X(j;0). On writing

: le 2 2"1 | | %}J | 53
(L +y°+ p°+x°)"" = (-1) (a®-+ p° *'f)

J=0,a,°"

2)-L. (5.55)

1 I-2}, J-2jy JI-2),;
J 1 2 3
(~1)§ (%J)& < 8 L . (3.56)"
| (-J—Jl)x( J~32)n 3 ;,3>g

T
we obtain the'explioit'fofmula* 3

x( o-) (1)"12"J ,(’:]a"‘]*)‘g ﬂ [(J 23)]1/2‘ e 5‘7)
R (T h EC Eraos T

=1

This result is contained in R, Eq.(22').,
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We extend this argument by making the ‘substitutions
x, —> 3/ax,, y_—> 3/dy,, z, = 3/3z_, and evaluating
the derivatives for arbitrary k+,y4_9 and z2_. In view of

e
(-F (x)—> (j1+ml)3 1/2 =, my o

0 s my <0, : (3.58)-
and

" (Ja*ms) )8 |1/2 , 2|mg|

(?jsms(Z) = (g~ Tmsl TT (Bm )T ’“?‘3 =0

0 | s mgz >0 o {3.89)
" we shall thereby obtain the X coefficient for m >0,
my, 20, -my; = my+m,. The values of X when two of the

m, are negative can then be inferred from (3.46). The

generating fun'ctiori now becomes

.Z_ o
| Sy v 55 5 [(CLT"’F*)X-F"( ﬂY-G)y+J
e0(yZ) +P (2xl+y[xy) ’(1"’“2"’(32*'{2)-1 olta+ o4y -

(3.60)
and, on expanding. in powers of X, 3Ty and z_, we find ‘
that |

| ALY EVC .
i i A
. e s : X(j; A
ZCP 313233(apﬂ . [ﬁi"]mil i (§5m)
J _ 1 .
v ' Bmi ' 2m,, ‘ .
= (‘2lm5|)g (ay=-p) (By-a) o (3.61)

(l+a?+@2+Y20?fﬁ5,+l
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The result attained by further expansion of (3.61)
. ' ,
is

CTT Gt 1 |2
41 . X(3;
( +1)§..i Uyl /8 =25 1 | {4 m)

ly2my (le)x' O (=m)1 . (emph

RRRAIG SR |m | )3 (2mp-ny)ing b (2mp=np)inpl

\

(3.62)

where

Jl =J * nl .', n29 J2= J - nl + n2, JS - J + nl ‘.’nz le(3’6.3)‘

The double summation ié to be extended over such non-
negative integers that satisfy |

J -2y -~ngz2om -n 20 . N

J - 232 .. n1_>_2m2- 3 >0

| J - 233 > 2|m | - n -n, 20, | » (3.64)
and for which J+n1+n 1s an even integer. The sum con-
sists of a single term if one of the J—2ji vanishes, or

if‘mi =_m2 = 0. This simplification may also result from

theevenness requirement .on J,. Thus

) 2)(35 Lgan] ©
. | (3854 o 11 e
7?[(J>231)x Hdglsi g o- g
. |
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( 1)%.1-1 e (29)3 . |

= (= ’ o — s even
LN ET G TP .
1.1 1.1
=J+5 (59+3)1 | ‘ -

- 22 ,

= (-1) e J0dd 5 (3,65)

(53-3;) s(IJ-32 1) 8(5T-35) 8

which are the X coefficients with the minimum \|mij' cor-
responding to half-integral values for two of the Jqe
The orthogonalitj, and normalization of the elgen-
vectors \P(jmuv ) can be ve‘rifi,ed, w‘i‘th the aid of
(3.35), by an extension of.th‘e'procedure leading to
(1,21). According to Eq. (7) of Appendix C, we have

| (ei\[a b*l+ §+(xa )+ E(x* I, , MaIs %(yah)+ Liyvh,

v E* xﬁ‘:‘ . o
1___ o I-FR | B (3.66)

T (1-7K)% ’ .

and the expansion

- gE*"'(ag Iz
—2e—p e TV szq?jm(x )Lijmq?w(e )"

(l - \() |
. : c;? (‘7) ’Zj (\* )'Z;}v(“ | _(3.67) :
establishes that . "

('?(jmw) "P(J'm' 'v')) mln,: Ot .6,,,'. . (,5.68.),.-:

The un:.tary nature of the transformation ’f(j mljzmz) —)
’\I’(;]lj jm), and of its inverse, : imposes the following
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conditions upon the X coefficients,

E’ P e 1 3 : '
' X(J-dodzommm )X(j, i d smomomL) = 8, ., 6 , (3.69)
| 1293 1.2 3 1.2‘5_ 17273 235+l ,353 qsmé

™, m, ’ :

} (2j5+1)X J1325‘3”“1 2 3>x(313235’m1m2ms)~ % mt Ommy » (3:70)
o | 2 e
J3m3
As a partlcular consequence of (3.69), we have

§ [x(j;mﬂ?:l.' | R (3.71)

The Rotatlon Matrices

The results of this sectlon can be applied in
developing further the pronerties of the matrices U(Jz (L?&9WP),
Wthh were introduced in Sectlon 2° If U is the Operator '
_generatlng a reference system rotatlon for the composite
system with angular nmomentum 'J = J1+J2, whlle,Ul'and UQ
are_the'corresponding operapors_for the iﬁdiVidual sngular

momenta, we have

7 = Ul Uzﬂ ' | ' A (3.72)
according to the exponential form (2.31). In particular,

theorem (2.50) states that

Uled&) P, - B - (8.73)
where‘P isthe projection operator for the j = 0O state
of the resultant angular momentum On taking matrlx

| elemenfs of the latter equation, we £ind o
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(33) (3g) | Co .
Unmy @) Uy (@)4@ = (G gy | Bo|dymg dpm)
= (31 23505 | ]13 00“313200|31 mj Jomd)
__a l my-mp
R °31dp 6""‘1‘.“26‘”:{‘“%(-1) |
(3.74)
since
- _ -1/2 1 my ,
(313500] §3my Jgmy) = (23,41) /2 (1) 51,3, 6_m1m2 . (5.75).

In view of (2.41), it is also possible to write (3.74) as

(3.76)

(#) = © ,
JUml gt @, mgmy (9 = FIT O35, Onpmy Cngmy

which expresses the orthogonality prbpert?es of the rota=-
tion matrices, in their.dependence upon thé rdtation para-
meters., |

The orthogonality relation of the trace ), ‘77,

derived from (3.76), is

j
j%‘jl *op, U2) a0 =

This integral can be simplified, since the'}L(J) depend

3152 (3.77)

"Cnly'upon the rotation angle Yo We write. -
-oarw .
Py
2

dw = | %dy sin -]2;{{ 6(covs 2'{ - cos —3'cos ) dw, (3. 78)
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 and, after first performing the dw integration, obtain

2n ‘ )

(
X X 0 § ot Far=o

323z s (.79)

(s
which can. be verified directly.
We return to (3.72) and observe that its matrix

i

element is

(37) (j) -
mlii( ) Uy py () = z (3ym 3gmgl 39 3p3m)TL3Y (@) (313, 9m) 3ym) Jomy
mm : g '

(2J+1)x(31321,m1m2-m)( 1)’””“'11‘” WIX(3, 353 5miml =m0,

' o (3.80)
;,r
| (3.81)

With the use of the orthOgonality relation (3.76), this can

be presented in the symmetrical form

S (1) (1) _(35)

mlmi mgmé ngny dw = X(Jldgds;mlmgms)X(jljéjs;mimémé). (3.82)

Specializations of this integral are provided by ,

/e S
U(a? ‘ (2—3;1- (JP) " _ _ - ',(_5.83)

and
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‘where Y,  1s the spher’icalv.harmonic associated with

integral ¢, and P‘ (cos-2 ) is the Legendre poly'riomial.

. Thus '

» 1., g 1 ‘
Y, Y Y zsind a9 &= 4
j &lml czmg &Sms 27 on ‘P _

A 28,+41)|1/2 . -
=[:]Tx;(_?§%—i] X(¢30) X(g5m) | | . (3.85)

1

and

- | , .
P, (cosd) P, (cos?) P, (cos9) L sin9 a9 = [X(b‘O)]'2
B ¢ ¢s 2 : .
o \ : '
(3.86)
The multiplication property of the trace, as derived from

(3.80) is
J=J|hbb oo R

g A AL I AP, o (s
:IJ'-ng . ’ '
which can also be expressed in thg form

2 ' S |
f @ 20 08) 3 ara 3y d,={1 L Te21 20

o) 0 s Otherwise. (3.88)

One can regard this as a realization of the projec/:tio'n’ -

law,
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.=J‘ f‘j v

P, P, = P | | 5.890
J"\h-\'gl ' ’ ’
since (3.,87) 1s the trace of the equation obtained by multi-

plying (3. 89) with U1U2 = U.

We shall conclude this discussion by deriving the com-
pleteness relations for the functions »L (J)(w) and Ur(nig (w).
Referring to (2.36), the geh:elrz'zting function of the A (?),
we replgce t therein with tez‘r’ and obtain -

— o sk o
5 23 Dy " 27 = 1

T o - .(,1-0t§)cos i -\ztcos X - isin %—"-'(1-1:2)’

2

(3.90)

!
b

the mag_inary part of which can be written -

) 423 20 ) A

“a | | ,
- (1-1;2) : -
(:‘L-t ),?(1- ﬁ-ﬁ cos % cos f—) + 4t2(cos - cos %l)z (5.61)

We now consider' the 1imit t —>» 1, and infer from the knownv

} result

1 _E \ R .

= = 6 s | . o
L §ZeE o o | (5-62)
that _ » |
« E ’X(j)-(w_) 'X(J)(w’) = % i 6(cos % - .cos %—‘-). (3.93)

3 ‘Sin.§
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However

| | ' awm S
i g aes fotego o oo,
| | | (3.94)

so that (3 9:5) can be written

Z;x”’w)’x‘“(u!) 6(0‘-@),, - (3.95)

- which 1is the completeness relation of the 'X,('”, As a

specialization of (3 95), we place Y' 0 and find |
Z- (23+0) W (W) = s(w). | C (3.96)
- d | ‘ -

An operator expression for the composition of suc-

cessive rotations is given by

'U(w)U"l(w;') ='~U(w,-0),, o o ' (3.97)

'We take the trace of this equation for the states with
quantum number Js and, 1:_1 virtﬁe of the unitary ‘proper.t"y
‘of U, obtain" - - "

E U(J)(«J) U(J)(“{) =’x(3)(a)-w) S . (3.98)

mm
whi-ch' is :Ln the nature'of an e.ddition theorem. The com~
pleteness ;reiation.;t‘or the U&i (W) 1s reached on multi-

plying (3.98) with 2)+1 and summing with respect to j.
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In view of (3.96), we have
}-_;(23"’1) U‘-‘”(w) U(j)(w) = sw-of). D (3.99)
Im - | , | ,

On integration of (3.98) and (3.99) with respect to the

Eulerignﬁangleﬁp, there emerges the édditién theorem and
thé,compieteness re1ation of the spherical haﬁmohics._

4 Three and Four Angular Moments

-Eigenyeétors fqr the resu1tﬁnt,of thrée angular'mo-

’-menta_égn bé'built uﬁ in sevéfal wéys, as éymbdlized.by.
d= J (J +J3) = ge-t( *Jl) = I *~(£1*§2)“ . (4.1)

‘Thus, according to the first procedure, we construct.

| \I/(Jlmljzjajzz‘“es) and th"““f(hfiai\ﬂ Jpzin), while
the last method of addition yields «]’{(3 s[313 ]jlzjm)
" The notation,[jzj ] for example, 1s intended to indicate -
‘that these angular momenta are not involved explicitly in
tha cémpogiti@n df.j1.and Jaalto form j. Similarly, four

angular moménta~danvbe combined in #arious'pairs,

_g_='(gl+J )+(.T3 _4) (J2+g6)+(J +J1) = (J )+(g2+g4),_'(4.2)'

' ;1n which the first method, say yields "q?([jlj ]312[13143134Jnﬂ
through the 1ntermed1ary or‘ﬂ?(3132112m121314354 34) our

problem 1n this section is the evaluation of the transform~-

~ ation fuqction'connecting two such schemes of adding four -
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angular momenta. The analogous quéstion for three angular - .

momenta can be regarded -as a specialization of this more

,Td_ facilitate the addition of angular momenta in pairs, = -
W°.°bs°'r"° that the generating function (3.35), written as

E (2;1+1)’1 2‘}’3 (x) @J sz(alazas)\I/(:lljgjm)

= exp(a. [a bJ+a.2(xa )+a.1(xb ))’&o 3 _ " | S (43)

can be obtained from

Z‘?Jlml(tl) (‘?ngz(tz)‘y(dlmljzmz) = exp (t;a*)*(t2a+))??(,_4°.4) |

by the appliCa:tion of the differential operator .
3 3 .. (. B\ 3 | o
exP(aa[ﬁ'ﬁI -3-5;]*- ag(x 3FI)+°fl.(x fgt;)) | (4.5)

with the _understandingthat’ the deriva;tiyeé are to be -
evaluated at t = t,= 0.  Accordingly, if we apply (4.5)

and

°’}‘p("55[§'€_ '5'2“] "-’Bz(y“;a'%;)* 91(&48‘2‘)‘?) ’ T (4.e)

to the generating function of the Y(jl 152m235m3.14 4),

na.mely s

'exp((t a*')+(1: b“’)+(t c"‘)-&(t d"‘))’\I/o, o o (4.7)

Y
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we shall obtain a function generating Y(3132312m123334334 54)
The further application of the operator

\

ezp(,_rs[%;%]+r2<zg;>+rl<z?.;)> - . (4e8)

then produc es

Z[(2312+1)(2334+1)(23+1)] Cyjm(z) @1132312

@ 1334334(6)@ 3123343(7)?( [31-32]512[3534]1343‘“) ? o o (4e9)
4= “s_[a’b*3-+ tolo"a" vy e g ol T (€]
. -Tsae.ﬁé[a"c'*]ﬁzaz(za+)"Y201(Zb'_’)*‘rl52\(20")*\’1Bl(Zd*). ~ (410)

As an :meoi*tant specialization of (4.9), yield.’mg the
eigenvectors with j=0, we place le Yo= 0, and y;= Y., with
_the result |

§ (231+1)" 1/2{33 J j.(m)cﬁj ; J.(en}/(uljzn'usmj' 00)
R?O ’ - ' , v .- (4.12)

R e b“Jwa[c*d*leﬁl[b d*Jeayppv7e J+agal[a '] +a292[a "],

where J' = J15 = J34.. An analogous equation for a different-




mode of addiﬁioh is . o ‘3 kS - ‘ R
_ -1/2 o | S
E (s P sysgrmen P 12387 P 032] 30324 5# 00)
=6 s (aa2)

+

Rf = aila c+]+b£[b+df]+aipi[b+§+]&a1ﬁ%[c b.]*aégi[a d.J+a2pé[a+bf] )

The transformation function connecting the two schemes is

~ determined by’

Z Jre3t-g -34 .
(“) @J J jg(a)¢‘1 J Jg(ﬁ)@ J J j"(a') ¢

@323 g )w(31123534,3'3") = (o \I/o, R'\I/o), (¢.13)

in which we have written’# | o
| | | P RS AR

(B3]t [353800) (3135l am[3pd)am0)= ()" 7 " 7%

°[K?J“+l)(2d"+li]1/2W(31323334;J'J”)§¥ S (4.14)

. We now employ the_theerem.(Eq.(c 28))

- For simplicity we have assumed that the paremeters
a,p are real. The generating function (4. 18) is valid
without this restriction. _ - ) ..

The W coefficient thereby defined is the same as that
discussed in R

e



NYO-3071 )  p. 46

( exp{% E “v[A A ]\}O N exp{ 5 ZK..‘V[A: A: }\IIO )
| TRVEL o ’ m |
[1 - -—ZM» w * \ﬂl/2|)§|‘1./2]_'2' . - (4.15)

in Which the Aw are four sets of two component operators,
. ‘ b . .

obeying

[ b A9, u] = 5|w .0 o | - (416)
~ and |A], |X| are the determinants of the anti-symmetrical
‘matrices Apy 'and')(“y‘, For the application in question,
ANY/2IKIY2 = -agpgaey
1N, v =
z E My x_vv = a“%%*%“iﬁi + olafp * ‘33“151
| g “152°152 * “2§1°2B1 - | (4.17)

.Ori‘,'changing the signs of o, and [3:“5, we dbtaj_.n for the gen~-.
erating function of the W coefficients, |

| Zq)hi J'méi J J““”@J s J"(° )@5 Iy Jn(p )W(3112J534,3“ ")

' ,__"—[11’“3%‘3& [3301{31-0.30.262 9501(31 q’lp2°i‘32'°'26_|_°'2§1*°'5§3“353] "2
| (4 18)

The symmgt_zw pr_Operties expressed by |
W(3,3,050,5078") = WA3g000,053009") = W(Igd,d:355018")

= W(3135350,30"0") | (4.19)
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follow from the invariance of (4.18) under the respective
substitutions: | - i i_'i |

G O Gy, B <> By o © P o] 6 af B & Bh,

a € B; a © a',"vr(S‘-(-) BY

~ while the more complicated transformation (6, 0505) — (-asazal),

(afagel) € (BsByBy)» (B]RLRY) — (pip%—p&)yields

3t J"'jl

-3 _ | '
W(131J23334;JHJ“) = ("'1) 4W(jvjzjsj"331j4) -._: (4020)

Twentyefour equivalent forms for W are obtained by repeated
use of (4.19) and (4.20). |

Further characteristics of W follow from the cqmpoéi-b

_tion‘properties of the transformation fﬁnction'(4.l4),_'hich‘

we shall temporarily indicate by (12;543'1'13,243"). Thus -

2 (12,343' | 13, 243")(13 243" |12 541'") = ts.1 ;|" (4.21)

]

and
'Z (12,343" | 13,243#)(16;24j"| 14,233*&)-= (12,543'| ;4,233v")
| S | (4.22)

All of these quantities can be expressed 1n terms of W - The
interchange of 2 and 4, and of 3 and 4 in (4. 14) yields, with
the aid of (3.47),

W
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L origtigmiy e .. ql/2
(13,2437 | 14,23§m) = (-1) 2 "% "% "1[(2j"*l)(2j'“.l)] .

o W(jlj4j3jé5j“'j")y o ) ' (4,25)

and

" s
(12,343 | 14, 253"") = (-1) 4™ [(23’+1)(23W'+1)] .

° W(j15234jssju38”)9 o - | o | ] L L §4’24)

Therefore_

(23"+1)W(j1323334,3 Ju)W(jlj233j4,Jvtj ) j%+1 Gjﬂﬁ?uv (4.25)
J' I

and
' V+j"+3“"+j +j +j v -
EJ”(- 1) 1 2_ ° 4(23"+1)W(3132350 53 3 )W(31343332;j"5")

= w(jlj2:4j3;jvv'j ". e o ‘(4026-)»

These formulae can be combined by placing j2 = 3&9
3 o= 3“' in (4. 26) and, after multiplication with 23 +1,
performlng the summation with respect ‘to 3“ by means of

)

(4 25) ‘We obtain

. o - ' . (»( R ] . J"“j +j - ' ':, B -
‘E (231410W (31350035530 3") = § (1) 7F 2, (a2
J . : .','-__v i . o T .i‘ . .

jH
in which the values assumed by j" are those compatible

with the existence of W(jljzjsjz;j’j")s namely,




" z \31-35\’ 3" ﬁ‘ilfié, 252., Accordinglj:

|

R - o ' ) 1, k even ( ~j
(2] '+1)W ; Sjryv) = L : 4.28)
E | (2j1+1) (31353035 J J 0, koda | ,

when k 1s the smaller of the two integers J1+JS-‘J1'33"
2j2-‘j1-J3\. -One of the consequences of (4.28),

W(313232033230) = '53':;??1' » oy sy » (4.20)

is a particular'example of

[

Wi gdgds 50p) = [(232+1>(235+1)}‘1/2 lSg=tal = 8y 23505 (4.30)

i

which follows from (4.14)-on remarking ﬁhat,‘With-j4 : 0,
_the interchange of J, and j. simply multiplies the eigen~-
vector ﬁith (—1)32+Jaéjl‘.

The'relation bétween the W and x.coefficidnts_oan

be 1nferred from (4.14) by writing

[1112]5'[5@;]1'0) E (2J'+1)'1/2( 1) 1-me E

\1, (33353 mlgdsa,g'-mle)

(21,+1)1/2( 1)51*33"32"34

E X(Jl 21 ,mlm -mlz)(-l) 'm12
B2 "

x(35343 STy 12)\]{(31“‘132“‘233’“534"‘4”‘
(4.31)
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which, with the similar representation of V([3735]3"[ 35341300,

jields |

— j'-m12 e
Vi X(-"1323"“11 2““12“ 1)’ X(333-4j';m'3“?4m12)'

TH
x(jlj3j ’ml 3 mlS)( l) ml X(sz4j ,m2m4 15
IR L S
=y R « W(31123354,3'3")

The general expression obtained for W by expanding

' the generating function (4.18) can be cast into the form

fw(J

E _1) Pg gnyp+1)l
T;S

n=) n s p=)] Pg N
I < _ - B=r _
,ahﬁ\the'3ummation’is~bo be extended over theé non-negative

integers, nf’7ps’ for which

Jp*30-1gmpy = g igPe = Jg*14mi"pg = ™ s

i

Jg #31=3gmpy = Ip¥it=lgRp = Ip*igdt Ry

R L e MR A P PR P P e

. |

3,4 30=34mpy = 3¥I"ndgep = I1*3pmitRs S 0 o

2 3 4,:l' i*) —ﬂ[(mpﬂ-n 18] 1/27—\[111,*13 )1]1/2

 (4.38)

(4.32)

(4.33)

(4.34)

o
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The number of terms in the sum exceeds by unity the smallest
of the tWelve quantum number combinations, j2+j'-jl, etc.,
the sum reduces to a single term 1f one such comhination van- -
iehes, The choice of summation parameter is a matter of con-
venience.. |

We now return to the general problem, that of evaluating

the transformation functicn

Jyo*iggmii=ia
(lejg]J]z[Jsagj34jm l{Jlagjﬂla[jzj4]j24jm) = ("1,)--1? 24 ’1. 4

[(25712*1)(2354*1)(2313*1”2324*1)]1 2 3(31323534’312334313324’3)

(4.36)

A genereting function for the S'coefficient:1s,g1ven“by#

Z ¢Jlj2:j12 a) @ j3j4334 )@ jl j 4j @ Jlj jls(a ) o -

| ? 3234524 @ j j 4J(Y )S(j1j233j4’jlzj54 13124:3)

='[‘1%ﬁsagﬁgwsﬁd},ngegf%61>.-irs.(ge @é+@3«i o)

AP S Bi+ay Bga{.ﬁg)w Y “-2‘“%* ‘335 “1“i) “fﬁi( ﬁ1‘31**“3 L688)

Y175 B8 *a;PL0 a‘)+~r'ri(alﬁé*aé sczﬁi)] -2 ,-';i' SR (4.57)

. The connection With the X' coeff_ic_ients»_ is con’t’ainec’i in’

:‘W",.

'This 1s obtalned with the ald of Eq.(C 30).
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E X(J1300105mmp—my )X J 53 4S5 smgmy gy )R o5 50 d 50y gy -m) @

° X(Jlejisimlms’mls)x(j2j4J243m2m4‘m24)x(315j24j;m15m24'm)

Jaatiyz*i i gt

=.(-1) 5313235343 3123543153243 1) (4.38)

and the W coefficient appéarslas~a‘special example,
S(J10p353438" 3138375000 = [(257+1) (23" 1)] "V Bu(3,5,9,9,5913%)  (4.30)

In view of the compleXity of the S coefficient wé shall
be content to record here only those cases that can be ex~
preésed in terms of W. This occurs whenever one of.the nine
quantum numbers involved in the S cqefficient(equals_zéro, |
which is a consequence of (4.39) and the fact that the sym-
metry of S is such that any of the other quantum numbers can
appear in the'position of js Thus, it folloWs from either
(4.37) or (4.38) that |
5(31303334331033431532433)

- (_l)jls*J24'51f32‘i3’34

S( j12j13343 3;»j‘2‘j4jj135j 24)

(4.40)

- (;1)324*j34;j12532‘34'J

s(jj12j\l3j1;j54j5j24j2;j4) 9

" which are répresentative'of the eight permutations of this

type. We obtain from (4.39) that




S
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8031353505 312354J15°‘ I13)

D PP A “i/e o
= (-1 318 (2 01) (23) 41)] VRS 81 0050 53 90 5)
and

Jg=dip=dr | ) - -
= 17 (g1 (23 1)) VN3 501 50153500

The latter result contains the solution to the problem
of three angulear momenta. -Expressedvin'terms of a transform-
étion fuﬁction,'without explicit reference to the angular mo-

méntum With zero quantum number, (4.42) stétes thaé
([3032)3100 5dm | (91 353 5d g dm)

J1otd137317d | | ,
= (-1) 1L fay) a1) (23y 1] VA1, 505 81001 5) -

A slightly simpler form# 1s obtained on permuting the indices
1 end 2, together with a change 1n sense of addition for Jl

and 323,

1/2 |

o

(Pljzl112355n?i31[3233]3233M) = [(2312*1)(2.323*1)]
| * W(J13pddzsdqplog)e

As'a partiCular'consequenCG of this result,note that,

G. Racah, Phys. Rev. 63, 367(1943)

53

(4.41)

(4.42)

(4.43)

(4.44)
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apcopding to (4.30),
‘E’lialis-lsolh [J.;qa’;-;s]';lfl-o)': L L (s

that 1s; ‘the eigenyector for the null resultant of three,
angular mbmenta is indepenaent of the mode Of addition,
provided that the-order of-the angular momenta is preserved,7

As oné’ representation of this eigenvector we have

f \_[/(3132350) = E sts )]’1/2 () st 3{/( (319 2]55-%;3 Bg),  (4.40)

gnﬁ,ﬁneréto:e ”

Caymydgmysgmg 131353500 = [(25500] /200075 (gymy 5 g [33,0 5om5)

B

.(_1)51f33’32

- he

;nﬁiirtue'df (3.40)s. Thus, the X coefficient, originaily N

defined'ini£éfm8'offthe,additionof.tWonangularfmbmenté;‘__

_:now'apbéarsvas.chargcterizing'tnree éngular mémenta wiﬁh a.
>nnll resultant | _ S

‘ This possibilitygof replacing J1+J2 = J with J +J2&J5

n#fQ, depends upon the 01rcumstance ‘that the'negative‘of an
nngniar momentnm'opnﬁator is, in a bértnin sénsegzaléo_én

angular momentum operator. The commitation relations

IxJ =17 - . (4.48)

inply' that

NOTE: The operators J and J“_(_a.re, vectors. - L

X(313 50 gimmom,), (4.47)

L1l

»)
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(1) % (-3) = (1), | o (4.49)
which regssume-the.form (4;&5) on changing fﬁé S1gn'of

i (complex, not‘Hermit1an éénjuggtion),. Theréfprev

Jros Tt | | | | | (4;50) |
13 an angular momentum opefator.n To find the eigenvecfdrs

of J', Wwe notice that a rotation operator U is g function

of 1J and.real angles. Therefore
U o= T ' | | (4.51)
1s the same function of J! ‘that U 1s of J. On taking the

oomplex conjugste of the equation

U'\}—_’(Jm' E’\I’(amw‘i} I (2.52)
we obtain o - .i |

- TP e

with the g1d of (2.41). Hence

v

¥

-’}f?(dm) ENEEE R T N

are the eigenvectors associated with J' S .lw ’ o

‘Now observe that the following dyadic, fovmed from o

\the,eigenvectors of a §ing1egangu1ar mpmantum,;,”

(2941)~1/2 Y VY tam, . (4.56)

NOTE: The operators J and J' are vectors.
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i3 unchanged by a rotation of the reference System, since:

Z V) Gut 01 5m) (G 1073 g ) P (gm)
=z | "I/(Jm'),'i’*(jm)o | | | -  (4.56)
Théreforp, on emplbyihg‘(4@54)'ﬁe»1nfef;that the Vector :
e/ O : _ slm T o | _
(232 > Ay (-1 W gem) (4.57)
deScfibes the Spherically-symmetricél state of two angular

momeénta, which is in agreement with (3.75). This is the

basic example of the relationship involved in (4.47).

LS

5. Tensor Operators ' -
An irreducible tensor operator of rank j(= O, 1/2, 1 ooe)
is a set of 2j+1 operators, T(jm); which transforms in the

following manner under & change in coordinate system,

UT( jmt) U2 S | | {5.1)

Oﬂ'taking the Hermitién’conjugate of this equation and em-
ploying-(2,4l);'we‘fihd that izmT(quf transforms in the
same manner as T(jm)o We therefore detine the Hermitian
conjugate tensor ot according tc

R _Tf(jm.) = 12mT(j-m5r | - - . : | (5.2)>

‘The fensor that is conjugate to ‘I'-r 1s then described by
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2 Gy = 12t gy = 1BR(1mp(gn) T = (-1)"2(jm), - (5.3)

or
T :(,,1)2\]!1\0 ‘ T‘./ . ) (5°4:)
This shows that Hermitien tensors, T = T; exist only for

integral j#, and satlsfy
T(m) = (-DTT(em) S  (5.5)

The product of two tensor operators transforms under

- coordinate system rotations according to

. el
UTy (§3m]) 25 (3 gmd) U

’_Z i) (1,)
- T,(Jym l)T (Jhm ) mmeQE mé (5.6)

'mma

(VT Ly l)U 1)(UT (sz'm 1

It follows from (3.80) thdt

' E T (Jlm )T (ngo)(.]l"?lJo*lglJlJnJ—‘) = T(JlJoJm) R _(5°7)
s N
Obeys
UT(" . s ').U"l_‘ T('..'. )U(j) ' 4 : - ,' h (5 8) .
iy dedit = SN Igd R By e - 8

" and is therefore an irreduciblé'ténsor of ‘Tank .-

For a tensor operator applled to an angular momentum

' elgenvector we have, analogously,

# It 1s similarly impossible to identify tne‘\j,’r'(jm) of
{4.54) with ~ (jm), for all m, if j is half-integral.
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(UT(3ym] ) T (OY (3mp))

(r(3ym)) Y (5mp)) =
- NERNERN o
=§ T(§ym 1>\P(jzm2 i, m,;g o (5.9)

m,m,

éolfh§t~»l

| E T(j1 1)’{’(32m2)(j1m132m2|;11:12jm) = @ (313gdm)  (5.10)

'm.'ma ' :

obays

7§ (sy3,00') = 2 C Quymdd) (5.11)

and is:tharéfore an,gngular momentum eigénveétor with

. quantum numbers j aﬁd ﬁ. | -

| The megnetic quantum number dependence of tensor
-operatbr‘mafrixgelemeﬁts is contained in the last stabte-.
‘mgnﬁb“'Oh introducing explicitly the additional quantum
hﬁﬁbérspnecessary to form a QOmpletefSeE, ﬁe;are 1éd'to

write

§ T(kq)‘I/(r J'm')(kqj'm'lka Jm)
qm . PR

§ | o y=l/2 s pm (K | .
= “I’(TQ#?)(_ZJ_*l) L/ [YJ'T( )l-r'J'] s . (5.12)
~whefe we-have employéd'différent leﬁte:s for the tensor

operator indices in order to simpliry the notation. It

I
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' ' Y
follows from (5.12) that#

Cetmlz el e gm) = (2350 20y ey 5] g gml kag )

1
. \

= (-1)k’j'+m‘[Yj|T(k)l Y'..‘J"]X(jkj‘;-mqm").

As an alternative derivative of the 1atter result## we

remark that

(ygmlT (k)| gt ) = <U‘§?<v3m);Um(kq)vTIU"ﬂf(fﬁjfm&)>

ST v j‘m"|)(-l)m-m U(é) mUékéU(énzm? ;

1

An_igtegration with respect to W then yield39 aecording to

(3.82),

m % mlll

(ijlT(kQ)|Y”j‘m') = § (-1)B X(jkg"—mqm')x(Jka- ~mtqim ) e

(ij"JT(kqi)[YJjgmnn) .,

which 1is (5. 15), W1th :f'

'(e;‘l-z)

(5414)

(ssls)

YJ,T(k)ly'j‘] Z (-1)3 'k’mx(jk;j' -mqm')('fjm|T(kq)|T'j‘m') (5 16)..

mqm

The relation between the rectangular bracket symbol and
the analogous quantity defined 1n R is :

[Y‘JIT |‘Y‘ J'] = (*-l)kﬂ J! (YJ"T “Y'j'

This is the: method‘employed by E. Wigner, Gruppentheorie o
und ihre Anwendung auf die Quantemmechanik der Atomspektrem

(Braunschvvelgg 1931), D. 265.
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According to the definition of the Hermitian con- "

jugate tensor, we have

(vjm|T (kd)lr’j’m“)' =1 zq(*r'J'm'lT(k q" YJm)

2q( l)k Jem! ['r J',T( )'TJ]. *X( k313 -mam'),

(5.17)
or . . o _ - .

Lm0t 25129 s [mlK ¥ " . .18)
Lral= (’le'] =17 .2%‘[v'1',l¢.‘ et B8
1n which use has been made of the X coefficient properties
contained in (3.45) " and (5 46).- For a Hermitian tensor9 ‘this
result reads . |
EYJ'|T(k)lY'J'] = (-1)4™ [Y'J.'IT(k)lrJ]’ - (5.19)

If the- tensor. operators T, and T2 of” (5 7) refer to the.
same dynamioal variables, we may write '
(ij|T(k K kQ),‘t‘ jimt) = (-1)1"J *m[;il'l‘(k)(k )I‘Y J__[
° Xv(‘j_kj';—mqm'), | S (5.20)

Where in view of (5 16)

GERTTy T e
qm

(ijlT (qul)lYnamm")(TninmyITz(k2q2)|1gJnma) : - - » .(5,212-
X‘J'm | o |
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The resulting magnetic qﬁanipmvnumber summation,_involving

four X coefficients, can'be identifiéd]with a W'coefficient,

R gl ] = <2k+,1>1/2§;w<k1k2u"'skfa.".>-
2 ' . ' o Y " '

[ﬂ\’l‘ ‘)lY“J‘“] E"s"‘l':rékz)l '] ] (5.22)

When T1 -and T2 are tensor operators associated with different

~ dynamical variables, 80 that

El’%}f@z’_i‘ =0 - (5.23)

~ . We have v _
LA : 1 Kk ' "" tmt) = (= k-j'{m. | (k) 141 '
2 (e dgim| Tk k) [yt g dgd ) = (1) 31323120 ey, hesg 343
‘ | e X(jk3';-mqm') . (5.24)
’ " Here

Eji:ijlT(k)(klkz).]Y'jijéj] =Z'1)jt'-k_mx(ikj';-mqm') o
° (qulkng“ki kQ)(jl-ngm'jl l.]zmg)(.]ijgj'm"jimijzmz °

(le |7 (g ag)| ¢ Jimi)(7"32m2|T2(k2q2)[r jgmg) (5.25)

|
This magnetic quantum number summation, involving six X

- ' coefficients, can be identlified with an S coefficient, i
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[-rjl‘jéjl 2 (k) (kl'kg)»lxi S|

dgei{-d g
1/2("1) el »1 S(JljgjistﬂJ‘kle,k)

§ (k) | | | |
[:TJ]_IT IT J]:IET ngT 'Y‘ j':l . . o .(5,25)

Yy : | L

' Special.examples which require,only the W cbefficient

= [(2341) (23 t+1) (2k+1]

are

' ErJ;LJzJIT (lel)IY Jlj':]] 2k1+;11‘

; I:YJ]_IT(kl Iv"JL‘:’r le (g )I»fvj;l : o (5.27)

Jork-gmi

1/2, .19 2*’5‘1"J iy
] (-1) mlazdl;r 33k, )

]

[filizilTik’ [esitr] = feznrcesea] 22
wyaspnssgalen|aflvay] o e

and

| I k- j'-j

. W(szaga ,Jlk) 'rale |Y'j~§___],. . '(5,29')4

- Purther. relations connecting the S and W coefficients
can be deduced from these results. We shall illustrate this
for the simpler situation ih wnith only W is involved. We
# |

nrultipiy the twd scalar operators

- Here Tl and Tz'are funétions of differen_t dynamical variables.
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!

,‘T(O)(klkz) ) 3 (2l +1) 1/2T1<k1q1)_('1) * Tralemg), (5.30)
’ 1] ‘ . . ,
and | |
, o "_ | K-q, o
k) = Eq» (2ky+1) l/le(kzqz)(-l).z r(g-a,), (5.31)
: : . 2 . . .

T_(é)(k1k1)¢(°)( 2) = E [21‘1*1)(21‘ "1J -1/2T (qul)T (k2q2)

() 1*k2"q; %2,

O writing

' Tl(qul)Tl(kqu) = E T (klk kq)(klk kq]quikzqg)‘ ' ~(5753}

kq

and

' S ' k +k,_ -k | | ‘
- E 172"
Tolky =g )T (kymq,) = , Tz(klkgk-q)(-l) | (klkgkql qlkzq,a), ,

!

(5.34)

' jthis:beComes“

T(°)(klk1—)1'(.°)(‘k’2k;2’) § E2k1+1)(2k +1] 1/2'1' (klkqu)(-l)k T,
| N . T e k-q) |

§  em /2 (o), r v
[21: +1)z2k 1 ;] | 'I-f(“’) (_h[klk‘,;] k[kllg-g] k):

(5.35)

A matrix element of this equation, when evaluated with the

T(ky -, )T g(kgggz_) . (5.32)
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aid of (5.22) and (5.27), ylelds the information that

[LERL

-W(JngJ{JQ;Jk )W(3132313 3 3k5)
| _jf+j"-ji.v‘ | k 4k -k - |
= (-1) 1Ue (2ks1) (1) 1 7 W(Jlgzjljz,Jk)

. W(k kzglgl,kj{)W(klkéjzjé;kjg .. (5.36)
- SR o o
- Tensor opsrators can be _construc_ted from the spin
c':reé;tion and -anniliiliétiori_ operatorss Thus, consider the

) ope rator -

'.?+'<zé.*>-+? ) W
e ' | , kq

formed from the commuting quantltles (za’) and [za] on

(z )cyka(>)t(kqa), o  . ’ (5.57)

'su-bje,ctlng- this to a unitary transformatlon, we find

E ng(z)q;a(>)Ut(kqa>U o | (5.28)

where» the vtrgnsfomed creation and annihilation operators -

*‘&’(z_a )4-} [za']
e

are described by (2.14). Now,; according to (2.19), we have
(zat™) = (z'a ), [ze =[z'a] , 2 =uz (5.39)

iu Wthh the second statement stems from the fact that a_

+ +
and a+ transform in the same way as a_ and -a_. Therefore,




]

‘\n
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(za'*)+} [zai] — |
h rL =) Piglu8) PP tkaw)

E Uégkyk’q,,(z)cpka(;)t(kqa),

pnvemploying (2.21);” We'haVeothereby shown that

Tt(kq!a)U™T = E -c(kqa)Uégf'

On teking the'Hermitian conjugate of (5.37) and
making the substitution z -—9 Z_, z —> “Z ;* ——‘}+,

}f'_e -}_ , which restores this generating operator to

its original form, we find that

t(kaa) = (--1)"l"“‘t(k—q-afr “

Accordingly, the adjoint tensor is given by

tT(kqa) = 1%%%(ka-a) -

The significance of-o can.be appreciated from

(zaﬂ”“&dka ‘Z::":; } .
((eea) 1 (-a) TG »(qu(z)t(.ltqa) ,

- nemely, 2a is the excess of creation with respect to an-

nihilation operators. Therefore, if t(kqa) is applied to

an angular momentum elgenvector with quantum number A

it will produce an eigenvector with quantum number. j, such

.

© that

a=]J-Jj'" .

65

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)
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To evaluate .the matrix elements of t(kqa), we examine ..

g, 7+(Za+)*7-[zeﬂ. % )

E ES ) (3ml 6 (kga)] a'm*)%,m.(w@kq(zﬂi’ka(?)
| (x y)+}+(x Z)+7 Cz3]

= (5.46)
The substitution x, —» x_, X. —» -x, places this in the .
form ' '
2 («-l)']'m § m(X)(ijt(kqa)l J'm')(? ,m,(sf)C}’]ﬂ[q(Z)kaCI
zy +[yx xz] ' . o
3 [(zy] +[yx] 7+E 2] o S L (suam)

- ’

and comparison with (3,42) shows that

.'}S[Z]-I»[yx]-—} fxzj | S : | | -
e 2. +-{ = E q?jvm(x)‘(fkq(z).(yj.,‘m.!(y)'(yk.’j_j'(;)..

1/2

k+J jt (3+J'+k+l) X(JkJ 5 -mqm!)

(J+J'-k)'

(5.48)

Therefore

PO | V7S |
(Jmlt(kqaﬂa‘m) ( l)k'J""m[(l”'*k*l“] X(3kj';-mqm),

a j=Jjt (j+#jrek) !}

(5~%9)

k Geitekr1)d |32 .
[ut‘ ’<a>|a] S %Jg;_;“] L s
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Of particular: interest are the operators with

a =0 (k integral),

((za*) za )¥ N ( S L
= Prqfzletke . (s.51)

Indeed

-(za’),[za.] =Q-J , | | - " | (5.52)

where 4 1s a null veqt_ér,
aa=0, o | | (5.53)
vkith the compon‘e,rit_sv |

+2.

41 = -zf + z_2. , 0,2 = -1-(2“;2 + zf),' ds = vaz‘zA - (5.54)

- - It is well known that if r is a positi"on‘v‘ector‘, '(@_.E)k.is
a spherical harmonlc of order k,
@n) [ an /2 M (7%, (o) (5.55)
= |- A4 r i °
2%t (2l T Pigle g2 o |

|

where,Yk-q(g_), ‘which usually deSi.gnates a surface spherical

k

harmonic, here includes the factor r-. ‘Accordingly, we

write 7
. (Q-.?.‘I)k" 1. 4nm 1/2 - L | ' | ; D
el Llﬁl] Z*‘fkq(z)qu(i)' ¢ - - (5.56)

in which Y, (J) differs'from the analogous ¥ o(2) only in

b . ) . i - . ) o
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that the order of factors is sign;fidant.1 With this nota~

tion, we have

r 1/2
t{kqo) =_[-2—%2:-J (—2)k qu‘(g_),

,[j ly(k)(J ) :] [2k+1]1(2. (' %)_k. [ Sggjﬁl)‘!_‘ll/z.

H(5.57)

(5.58)

Notice also that the tensor t(kqo) is Hermitlan, according :

to (5 43), SO that the operator harmonlcs satisfy

’r _
qu( (~1) Yk q .

The matrix elements of the tensor operator .

q,qa
are desgribed by

1l/2
| [|Y(k)(klk )l_-] (2k+1) / W(kl QJJ:kJ)D,Y 1 ':”:lY
"in-view‘of‘(s.za).' With reSpect'td.their effect on an
eigenvector_with.Quanﬁum number j,’bne“ban’ASSert that

[jlY‘k)(k K )Ii]
¥k ko) = kq@ [JlY(kj,llJa

which becomes a‘generallyTValid_operator equation: on re-

placing j(j+1) with J°. Hence

-

(5.59)

- (5.60)

l:] (5.61)

(5.62)
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> T g ) Y L_‘“-(J)(klé'lknglk kaka)
| (1;) (k)
=Y, (_q)(zk+1)l/?‘-ﬂ(kl 3 kJ) [-l , ][ ’1—-’ . (5.63)
4 - JIY _] |

The example ‘of,this x\esult for k = O can be written

2 : (k) ] 2k+1, 1 (2 +k+1)1
kq(J) (J) J+ [JIY IJ an -E (2317123 k)l’(5 64)
in which we have employed -

W(kkjj;oj) = (-1»)k[(2j‘+»1)(2k+1)] v-1/2 (5.65)

One can easily exhibit thé right side of (5.6.4_) as a function

of j(j+1), and thus obtéin the operator equation

Z kq(J)qu(J) 2k+1 ( ) | |
{Ezj EZ—T[_._;_‘?_ (—+1)_] . | ~ '(5.66)
m=o : _

o k- ’
The structure of the ope_rator {_._I_} can also be inferred
from the two requirements ‘that it annihilate any eigenvector

with j < %k, and that it simplify to the k'O ' 2

power of J a's'.

We return to (5;65), udi'splaye‘d 1;1 the form

(2K +1)(2k -»1) 1/2

N — 1 ?

(kK kqlqul 28) 5 - - (5.67)
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‘where v
{E?}k, L M | 2 /e |
A = £ 1 (35 = (2541) ?W(klkzj'j;kj) )
21%1f 22 1%2 |
R e il A -
The analogous equation for ¥y o (J)¥ Y, (J) differs from
22 1%~ ke e, =l
(5.67) only by the inclusion of the factor (-1) , as

follows'from (5 47). The addition and subtraction of these

‘two equations ‘then yields
1/2

- - - (2k,+1) (2k+1)
Y o (D)%, o = 2 .
| { " ‘}‘ ‘ 1

4n

_;_ Y, (JI)f (3°) (kykoka kya ksa,) - (5069)
s KA = Tk kK 1 .2 191%2% R

“and

| e
Efki’qlcg);vk (J)] l:zkl"'l)(zkd»l—l

2q2

Z Y (25, (32 (kpk ka|kjak,a,),  (5.70)
sag k= Tk koK - 152 %y 172% ’__ .

where the'parity referred td is that of kl+ko—k.'-ln the;
latter equatien we haﬁe_the commutation properties of these
operator funetions‘of J.

As an elementary application of (5.70), we take its'
trace for the states W1th quantum number 3. In view of -~
the null trace possessed by a commutator, we infer that

the trace of'qu(i) vanishes for every k that can occur

in (5.70), Since these k values are |k;-k,| +1, Ikl-k2|* 3, -
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,,.jki+k2-l,.weiobta1n#_

or-

| tr‘”r oD = (5.72)
m ako ° . . .

With bheyaid of'this-result, the trace of (5.687) is evaluated

1 (1) t | |
BT W Y q, (2 Ykzqg( '{J(J*li} °k1k a9, * (5073

o which expresses the orthogonality of the operator harmonics.

The multiplication of (5.67) with Y
| v S »“ksqs

(J) then yields

(J) 2,41 ( ’}kiﬂ 1/2

-x(k,q)(-n 2(za+1>1/2w(k1k2u k) . | (5.74)

/A~oomparison‘wlth (3.85) shows that, in thellimit of large j,

#V_ This theorem is easily proved for en arbitrary tensor
operator by taeking the trace of .(5.1) for states with a
- given j, and integrating. with respect too) ‘

(Ydm\T(kq)\f'Jm5 =0o. ' ks>o0.

Of course, k must be integral if the individual matrix
elements are not to vanish. :
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-k | |
(1)L ®(23+2) /B0y 1ep355250) — K(akghiy3000)

Turning to tensor operators formed ffom two.angular'

momenta,'We remark that, for matfix elements'diagonal in
J»

. E qul(J )Y 2 (J )(qul 2q2|k kQ)

-3 k. +k
(J)(23+1)(2k+1)1/2( 1)31+32 j-kq+

[ (k ), l'“: lY(k)l;]_
RCRD|

Ne such restriction is vequlred for the special example

S(leleJz,ijl 2’k) e

2

:(5,75)

'(5.76)

Ekq(il (Jz) -1) 1+j2 jW(Jlagaldg,Jk)Ell Y(k)lh:”__ IY(k)l :l

in terms of the Legendre polynomial operator defined by

> kq(Jl) (Jz)=21""‘l P (I,,3,)

The 1attef equation can be written

[{;{f REN! k:l /2 3 (5,3,)

R RTR e o
= (-1)"1 "2 (2jl+1)1/2(232+1)l/2W(jljgjljg;jk)

(5.77)

(5.78)

(5.79)
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which-indioates3the limiting form of the fight side for

large 3y» j2 and j. ‘The sibble result obtained for j =0

can be expressed as
k 2l k
P2 >-<1>{}

A,multiplication theorem for the Legéndre'operator is

obtained from the observation that

2k1+1 2k2+1

ALMENER

P Jn s
L ky (_1
T
~§ (Y (J)Yk (J))Yqu(J)Ik (Ig) s
LY
namely#g

..Pk'lhhw:g)l’k;zls-sz)

E ( > ( ) )k1+k2 kr . ( 2) | ( )
2k+1l P J ,J (-1 J f Jd .
k=1 1k2k 1k2k ‘ _

On placing k, = 1, we oBtain‘a simple recurrence relation

from which the Legendre:pperatofs can be constructed succes-

. 8ively, starting with

Poldyady) =1

. ‘ ) : . \ N -
The coefficients in the recurrence relation can be computed -

from

# ' Thls is a particular example of the theorem on the product
of two W coefficients, Eq. (5.36).

(5.80)

(5.81)

‘(‘5'.82).

(5.83)
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o N N TR - B » 1/2
W(k1jjskel)) = W(k+l 1355k5) = l:—l(-l——)—(——ia(jﬁ) ] (2k+l1{‘;%2k+'3)il 7, (5.84)

and ‘ ‘
A E _(2k§-l)‘(‘2j+ir)ﬁv(kl*‘]j;kjﬂ? =1 . S (s.88)

" Thus

DN B 2 k°-1
£ klk-l(q- ) “Ez}c-l)(zkﬂz] (g"-=)

| | o 1 k(ksl) . R
b e

| L ~i/e
2y _ k+l _
Tre1iea1 (27 "E"‘i‘f‘(—‘)'zkf 2k+3] '

and therefore,

/

o k(el) yp (3 5) = B p (30,3,

' 1,8 : 2 :
k 2 k°-1,,:2 _ k' -1
e @7 - e - T Rl

(5.87)
| A;-the first few Léééndre&OPngtors; ob;ained in
 succeésion-frpm (5;87)>With k ;»0,1,2; We’héﬁei
NENERRY SHAY _ o
"Pé(il"iz.)'-:"g'iif’iz(-‘?-l‘iz‘f P - 353
SURAREIREACREAEE MRS Bl Se oy Dafs;
- 25,01 (12 “'%)(.122‘.‘ 5 _2_) C A_,"‘?ié‘.’;‘n‘_(@ee:)

LR
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A useful check'upon'these’results-1s afforded by (5.80).
A statement analogous to (5 62) can be made for an
arbitrary tensor Operator, as far as matrix elements diag-

 ongl in J are; concerned.

T(kq) = (g)

?he'coefficient in this relation can be expressed in other

ways. Thus, we have

‘ Z%mfﬂm =D ad) B0 %m:—fﬂ]-
, SR L | ‘

which leads to the‘ﬁrejeetienvrule

trm ) 4w T
T(kq) —> EE;I‘qu(J) EEETE E Yyeqr (2 T(kq! ),
.- q/
_vforfiegléting'thefpartEOf‘a tensor operator that contrib-
utes to métfix”elemeﬁtS'diagonal7in 3. Alternatively,,we

s

eonsider the particular matrix element

[-IT k)|

mrrgkonw (JJIYko(.{)lJJ)E‘}I—f(k

yals lj]‘ .

now

| 1/2
_(JJIYko(J)IJJ) = ( l)kEjlY(k),j x(m, joj) _ |:2k+]] _k_

80 that, for matrix elements diagonal in J,

;'r(kq) —[ :,] (J)zk _2-

L (55imko) 1 38) .

78

(5.89)

g5.90)

(5,91)

- (5.92)"

(2Pt
SEIERE

(5.93)

(5.94)
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-~ Appendix A

We shall describe a method which produces ‘simultaneous-
1y the eigenvalues and eigenvectors of the arigular momentum

operators, Consider for this purpos_e the u_riitary operatoi"

v = exp(i%lémicy.xs), | | o (A1)

‘which has the eigenvalues exp(ij’l-rim()w . The operator V

can be interpreted as

vV = E [exp(ij’i-l-jm_(?jf‘(jm) , - : (Az)
where P(jm), the projection operator for the state with the

indicated eigenvalues, is represented in terms of the cor-

responding eigenvector by the dyadic

p(m) = WOmWm™ . S e

“Accordingly, 1f V can be vconstruc"c_ed and displayed in the

form (A‘2), we shall have achieved our goal,

We write

V= exp(—% i (_‘m_‘p+ + ;r_n_)) ,[-., | B
v, =Xrd L= -y I  (a4)

and deduce the differential equations

3 I S
sgvuﬁié} a}v
SpleGig Wve,. @y



‘.Fo

s,"?'

P P
v av= (exp(3 1y
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with the aid of

}_? )a}-,

‘The 1atter can be verified by differentiation,

-1 1, -1, T o _ iy-l
a¥7 v a;V' 51V [F},n;] V= §Y” a}V,

or from the general theorem

% f(é;):f(nzfl)a}.". | | |

: Infvirtue,of_the operator ordering in (A5). the solution of

these equations which reduces to unity for y, = 0 is given

’,

1 1y

=iy, _ T -

where

exp(rat; a) = 2 —T (a* a)?

iS'a correspondingly ordered form of 'the exponentialg'.We
write this solution as |

1
1%+

vV = exp(f?,e ’a}“; Poiay) ,

which is intended to indicate that

P, = exp(-aj;a, - a’;a ) = exp(-(a";a))

o)

is to be inserted between the powers of af% and a} ;n‘the

7

(A6)

v:(Av)

(A9)

(A10)

(A11)4

(a12)




ordered operator expansion of V"'

Vﬁz {exp( i(n nfnv

N, N.z0

(a)

NY_o-3071

n

— — P
(n,l n;l)IZZ

We have thus obtained the form (A2), with

[
|

. and -

P(jm) = 9" (va*)Po(P‘Jm(a) ,

= (o, +n_),

I P
m = -2-(n+-n_J)

t

s

n,,

i

n,. =0 :-37: ‘2,

in which we have employed the notation

Piula’) =

(a )J*m(

)i

[(jm) 1(5-m) s J‘V2

'In terms of the elgenvector'g&, defined by -

= Yo Yo'

s
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0‘0. -

(a14)

(415)

(416)

- (417)

thé_angular momentum eigenvectors are exhibited as

Y(im) = Ppla*r¥o -

' The fundamental property offg§>=TY(oo) is deduced from

[a; , Poj = (3/38))E,

" or
a%Po =0

namely

3

(A18)

(A19)

'(Azo)

d



;’
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a_?\I/o= O E ' . | X | v , .: : (A21)

- The simple genérating:funCtion for thé,eigenveétors,'

(1.16), can alsobe obtained by noting that

_(‘""I"(.jm‘)s'a(»xﬂa )fﬂl’O) | (Y, s (pj'lﬁ(a)e(xa .),?d) |
| | - cyjm(x)v' . : - . (A22)

‘Indeed, . ‘ . ": , L
To(xeY, - E V) (m), o128 T )
o im - . o

= E ‘?Jm(éi.)ﬂlf"(jx#) R o © (a23)
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The ordered operafor
A = exp(zaa ) , [a a__J
satlsfles
. [% AJ (a/aa )A = zaA
[é ,AJ'I’m(a/aa)A =_~Aza s
or
(1-z)ah = Aa , a'A= (1-z)Aa" .
‘Therefore.
F I T TR S S N T
§E‘A = ala = I:;Aaa = lnzA,+ 1¢ZAa:a.
1 1 +
= ===A + a Aa ,
vl Z _(1+z)2 3

 De

-the solution of which implies the ordered Operatof identity,

+ | +
exp(zaza ) = T%E exp(I%E a j;a)

A particular consequence of this relation

pzaa =5V,  al=o,

is derived directly in the text (Eq.(2.35)).

The properties

80

- (B1)

(22)

(B3)

(34)

(B5)

of A contained in (B3) are also displayed in the generalizations.

K




{

; + .
| cat)er(at) = =i P(&)exp(ei—atia)
- exp(zaza’ ) f(a’) =gz f(gzp)exply=za;a)
| Ly z 4.y 1 .. &8\
w. f(a)exp(zaza™) = exp(ma ,a)"f:z:(’f::'z“) . | | (B7)
v The particular examples of these identities provided
by |
. : . +.\r ' .
. v, * : . 5 : . :
exp(zazat)(a*)” = —L8 L exp(E-d";a) (88)
. . (1_2) .
and
. e'exp(zaza’) = exp(yReTia) __ a” I (B9)
’ (l’z)r'l"l
* are operator forms of the Laguerre polynomia:_l_ generating ‘
o functions. Thus, if we place a’ = X, a = a/ax,' and let
~ : ) . :
£ both sides of (B3) operate upon e ™. we obtain
. _
. o0
n n _ r
z 3 n+r_=x _ X Z .8 "X
2 T e e T E (1-)T° T eXP(l-zx’ax)e .
n=o : .
, T g )‘-‘x |
- T e—— exp(- T—5X)6 s ) ' (BlO
(l_z)r+1‘ 1=z . .
or
\
o0 . . 2
 exp(- 2%) (2) o | -
. —E— = E 2L (x) S (B11)
‘ (Le=z? =0 v ‘ o ' : .
% .
where
2

IR A O B e S L C b s B (Bi2)

3




-
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A similar proceduréiapplied to (B9) yields

<0 (a )I’
.n Condr_n_ =X _ ~X
E 2% (2T = exn(rEy ’ax>'-—-;;:1 X

e— n! ‘ox (1~
' . : r ‘ , . . ' .
= IE£?%%:I exp( =~ ———x)e (B13)
-2, ] : -

which proves the equivalence between (Bl2) and’

n+r ‘

L) () = L ) (xnefx,,, B | (me)

Another example of an ordered 0perator 1dentity in=-

-

volves the cyllnder function (Eq.(1.36))

gy > 1/2y _rl oxp(t+3) '
FPQZ) =riz =/ Ir(gd / ) —m ﬁd’t —;m——— ® . (Bl5)
We have

-ii'

- . TN
P (oot Tl é; . e .Tr 2., %
a Fr(za,a ) ‘ dt ;??I a” exp(fa;a )

oL
‘ t-z ' '
_ri Z e ' z _t, r
»——2—-—' e édt : GXP(tTZa :a)a

(t-z)r+l |
= ezFr(za*;a)ar '., ); v ‘ ‘ | | (316)”
an@ similarly
* Fr(%a;a+)(a+)% =.e?§a+)er(Zaf5a) < | - (B17)

Fr0m thése identities we obtain the Laguerre polynomial

‘generating function -

V=0

¥

2 -(—,;,.I), Lh"/(x)zez}_.«"r(_zx) AR o (me)

o}'
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-Appendix C_

Tb is our purpose in th:l.s sectlon to evaluate a class.

of scalar proaucts, the 31mp1est illustratlon of which is
’T(2)1= (exp(x[a+bf]+ ?%(xaﬁ)+ ;;(xtﬁ))'ipb s

| expg'k[a‘*b;_‘}-a» "7+(y:'3.':*)+.’7_(yb;5)o"¥o> .
'~ﬁ£ffer§ntia310qrwith‘reépect ﬁo gié'yields
‘Y(A-a/‘a;**‘)-&.(z)’ v___,l (o°"" "Fo S a)e * W )
_ ,'];(\xs:-&)‘T(Z)_f W ( [be?. P, e’".""' Y, ),
or
) (;1;‘7\*“')(3/3;f)T(z)' i "7+'(X*y.)1'(2)~ N

"T—he’-solution of this, and analc}gous equations, is .

T(2) _ exp(ﬁ ”?)(x 7) ).T(2)

3

1-2"K
Whers
| Tg?‘-): = (exp(.x[a‘*la.f])» Yo 5 e#p(k[a+b+3 ) Vo)
= (“\]_20, exp(A"K (& ;a)) Vo) = ——1-);-)-?

~in view of the simple gene_ralization of (B6)

e#ﬁ(Z(a;-a*))fI’o = Yo .
( ‘==4)
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Therefore

(2) _ . (&’ "?)(x y) | . o
TS T e

Oné can brovea in a similar manner, that
(exp(x[a b J+(x 8 )*(x b *)) i’o,exp(l([a b J+(yla )+(y2b ))‘Fo)

1\‘ St

= (1”l%§3§ e}*p(1 e {T(X1Y1)+(xay2) K[xi g +K"[?1Yé]}.) (CB)'

The general member of thé‘olass exemplified'by (Cl) is
() - (oxp(d E»,,,,[A;'_Aﬂ* D Eulxan) Yo, oxp(3 I X [a%a ] Z”I(yA DVYo) -
{C9)
where the A, are n sebts of twofcomponent.operators, obeying -
‘ H =€ : ying
[‘A;H ’ A}’] 69“) 6;; : -(c10)

‘while iuv and)(py form anti~symmetrical matrices. Follow-

Ing the same prccedure, We evaluate

i

(a//a;;": T\ } — (eﬂmv,?oﬂ (X%QAH)G‘@O"P’O) .

At

;A% L( ‘ _—_ | ‘ .m % ° e » | | { |
7(x DT ) K, ([xade Wy, oo Fp) ,  (611)

Whence '
(/055 )2(™ E(“B st = et (e12)

\
Th_e solution of th.lS equation can be expressed in a matrix
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! notation as
K 7% = exp((x "mE 5 (=) 7). L (o)
) .
.@  where , : .
) -{ﬁ)'“ 1y +aH 1 ' R I
T, = (exp(gz Ml A4, )Y09exp(§Z: Km, A A, )"I’o)
= (Yo.aY ) N (225
and Q _ . - , .
o L
Q= ech(2§ Ny, [88,] rexp(E ) ﬁaMLA“AD ) .o (£15)
B
‘& v To evaluate T&r)_ we employ tne‘folloﬁing propertiéé
B of Q, \
s ' e - ‘
(8/ahy, 00 = [A,87]Q - - (C1e)
° and

4R - afxad = -Q) K, (x4)) .
QUxay) =(xA)Q = ) },ij[m,]q R (410

in which x is an arbltrary qonsfan+ splrﬁr5 One can ccm-

b1ne (C17 2 b) 1ﬂto ‘ . -
L . - EZi;xi+xx ) [xAé]Q = Q[?Aﬁj E (xA ., (c18)
4" .oor

F 3 + |
j Z (1 xx [xAB] Z(an )yﬁ(zAp)Q (cm




Therefore

NY0-3071

[A,,Au]cz Z(HM vB[A QA]

5L

")

1+XX

from which we-obtain.(A“q&> = 0)

| 3 (n) 1
3/ )T = -2
(3/uy, NP

X) T(n)

l+XX

-

J

(A A )Q

D«

. 86

(c20)

- (c21)

Thus, with respect to changes in the matrix'l*, we have.

5 1og T(n)_ = % E - X’;iv(a/exi,,)log T(n) = =t (

uv

1+Xx

E S P

On camparlng this W1th the theorem on dlfferntiation of a

determinant

loglAl tr(a"lea)

3

 we obtain the deSired~genera1 evaluatioh,‘

{n) _
20
° |1+Xx |

N

/

A

(c23)

A, recurrence . relation for T(n) can also- be established

“with the aid of (C13).

Thus, We have:

(céé)

(C24)

Y

-\

o
.




“

il
oLy T

%\, -2
'T(S) "[1- (7‘12"1 23)(2 1)‘51]
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1]

T(()n‘) (exp(%iiw ] i - ])’Io’ !
'?‘3"»»[“ . ] Zyn»[‘* ;]wg,,
n>Z G S s e n,,)m(n-l)

Z ﬂ:ip. %‘)“\,K n\] ' T'(vn-l‘) . b'.h

in which W' and A' designate the matrice’svqr'fai‘merisionality

' 5exp(%'-

0
s
P

b
2\

"
=1
]
=
|
|_.|
+
=
>.’.

n“'j- °

T(n) can be performed

The actual construction of the
without detailed calculations. It follows from (024) and -
(025) that T(n) has the form of the inverse square of a

power series in the components of 7\ ’and){ s whore the last

. 1 /2 =
- term of the series, (-1)2 ' % I)(l , vanishes for n

(C25).

odd. Thus, oeginning With ‘ v ‘ . S

ng) =>[1 1212‘-,..2 ['7\ l1/2 Il/QJ

‘We infer that T(s) has the same struoture, sui‘bably ax-~ -

tended for the additional dimension,

.=[ - "' bvx ] -
=)

and therefore

(c26)

(027)
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R "[- ”ZA—— oMo +lx*|l/2|)('l/]-2 L (cee)

my=i

where

/2 24
'?' = M phgrthat ety

- 8; Eyyct )‘uploc e . - (C29)
| wyvotsl B | |

and £ 1s the completely antisymmetric symbol., For the last
in.diéation of this generayl procedure we remark that, &as the

e‘xtensionfbf ‘(-028-), we héve

m<5)-[-—§ kw"u»Z (o (x)] ,  (c30)

wys) . Hy=i
in whiech . - S o B |
(A, = -]=§ ’ 6 | AguN o o .. (C3l)
‘a 8 apyor Br o<t KA : ' - v
) Kyoe=t T . '

")






