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c 
ABSTRACT 

- 
The arguments leading t o  t h e  formulation of  the  Abtion f r i n c i p l e  

f o r  a general  f i e l d  a r e  presented. 

of a l l  numerical matrices i n t o  symmetrical and anti-symmetrical p a r t s ,  t he  

general  f i e l d  i s  decomposed i n t o  two sets, which a r e  iden t i f i ed  with Bose- 

In assoc ia t ion  with the  conplete reduction 

Eins te in  and Fermi-Dirac f i e l d s .  

f i e l d s  i s  infer red  from the time r e f l ec t ion  inmr iance  requirement. 

s i s tency  of the theory is v e r i f i e d  i n  terms of  a c r i t e r i o n  involving t h e  

various generators of i n f in i t e s ima l  transformations. 

of charged f i e l d s ,  the electromagnetic f i e l d  i s  introduced t o  s a t i s f y  the  

pos tu la te  of general  gauge invarjance.  As an aspect of t h e  l a t t e r ,  it is 

recognized t h a t  the  electromagnetic f i e l d  and charged f i e l d s  a r e  not  kine- 

mat ica l ly  independent. 

r e l a t ions ,  the independent dynamical var iables  o f  t h e  electromagnetic field 

a r e  exhibited i n  terms of a special  gapge. 

The spin r e s t r i c t i o n  on the  two kinds of 

The con- 

Following a discussion 

Af ter  a discussion o f  the  f i d d - s t r e n g t h  commutation 

i 



1 
The general program of t h i s  series( ') is  t he  construction of a 

- 
(1) P a r t  I, Phys. Rev. 82, 914 (1951) 

theory of quantized f i e l d s  i n  terms of a single fundamental dynamicnl pr inciple .  

----- -7 ---- 

We s h a l l  f i rs t  present  a revised Recount of the  developments contained i n  the  

i n i t i a l  paper. 

T h e  Dvnamicak Pr inc in le  e 

1 The transformation functions connecting various r e p r e s e n t ~ t i o n s  

have the  two fundamental propert ies .  

where T d a '  
spectrum. If ~ - f i 4 ' / @ ' )  i s  any i n f i n i t e s i m l  a l t e r a t i o n  of  the t ransfor-  

symbolizes both in tegra t ion  m d  summation over t he  eigonvalue 

mation function, w e  may write 
\ 

which serves 2.s the  de f in i t i on  of '_the inf ini tes imal  operator 

The requirement t h a t  any i n f i n i t e s i m d  a l t a r a t i o n  maintain the  mul t ip l ica t ive  

composition law of trfinsformstion functions implies an R d d i t i w  composition 

law f o r  the inf in i tes imal  operators ,  

If t h e  dr and g r s p r a s e n t ~ t i o n s  a r e ,  i d e n t i c s l ,  we i n f a r  t h a t  
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o r  

The second property of transformstion funct ions implies t h a t  
J. ' - --- ~ ( 8 1  $k& 14')  - (4'1 9') - 

L, ,(@'Id-@ lq ' ) ,  

t h e  in f in i t e s ima l  opgrators d ^ k / d e  a r a  Hermitian'. 

The &Md@ possess another a d d i t i v i t y  property r e fe r r ing  t o  

Thus, i f  I and I1 tha  composition of  two dynsmicnlly independent systems. 

designate  such systems, 

* 
and if sbd$p and &&&3 are the  operetors  chsrsc ts r iz ing  in f in i -  

tes imal  changes of  the  separs te  t r m s f o m a t i o n  funct ions,  t h g t  of t he  composite 

system i s  

I n f i n i t e s i m l  a l t e r a t i o n s  of eigenvectors t h s t  p r e s e r w  tho  ortho- 

normslity propar t ies  hsve the  form 
rL 

where the generetor G4 
an a d d i t i v i t y  property f o r  t h s  compositionrof dyn~.mically independent systems. 

I f  the two eigsnvectors of 9 transformPtio v9riE-d indapendently 9 

the  r e su l t i ng  c h n g e  o f . t h e  t r s n s f o  

i s  an i n f i n i t e s i m l  Hermitian op3rator which posesses 

fl-lnction 

t i o n  funct ion h-s t h e  general  s t ruc tu re  (1) 
, 

- <  
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can be character ized a s  Pn eigenvsctor of t he  apemtor  set 

with the eigenvalues 4' . Hero 

& = G , J .  
. This  in f in i t e s ima l  un i ta ry  t rmsformntion of t h e  eigenvector y(4 ') induces , 

or ,  i n  v i r t u e  o f  the  inf in i tes imal  nsture of t h e  transformation, 

whore the l e f t  s ide  r e ' fo r s - to  t h s  change i n  the  eigenvsctors f o r  a f ixed  F, 

while the  r i g h t  s ide  provides an equivnlent va r i e t ion  o f  the  op3rator F, given 

? If the  chmge cons is t s  i n  the  a l t s r a t i o n  of  sone paramatar 

upon which th3 dynemicsl.variables depend, and which rmy occur oxplicitly in 

F, we have 

I '  

where JT i s  the t o t a l  a l t o r p t i o n  i n  F, from whi/ch i s  subtracted 
J 2- f , t he  changQ i n  F associated i t h  t$o e x p l i c i t  appaarance of / , 

1 ' ,  
s ince  tho l a t t a r  cannot be produced by an op3rator'transformation. 

1 

We theraby 
d 

obtain the  "equation of motion" wlth respect  t o  t he  parameter 9 

-3 - 



p l e t e  de 
c 
r 

For dynamicrll systems obeying the  pos tu la te  of l o c s l  ac t ion ,  com- 

P 
j ,  c r ip t ions  a r e  provided by sets of physical  quan t j t i s s ,  

associnted with space-lika surfaces, 6 An in f in i tes imal  a l t s m t i o n  of 

t h e  general t m n s f o r m t i o n  function c f ' t  1 5 ,"G~ i s  charscter ized by 

J-( p; L7 1 9;+- ) = i C P h  /6M= I p:'.a; 1 )  I (41 
Hore tho  ind ices  1 qnd 2 refsr 60th t o  the  choico of e conplote set  of com- 

muting operators 2nd t o  thi-, spaco-like surface 6 e WQ can, i n  

pa r t i cu la r ,  consider trqnsforni? t i ons  betwmn the  s R m e  s e t  of opsrators  on 

d i f fo ren t  SurfPCas, o r  betwean d i f f e n n t  s o t s  of cormuting opar?.tors on t h s  

One typs of changa of tho g e n e r d  t rpns fo rmt ion  funct ion cons is t s  

i n  the introduct ion,  indepmdont3y on d; and on as, of inf in i t ss i rna l  un i t a ry  

trrnsformations of %ha operators,  including displscemdnts o f  t h e w  surfaces.  

The trsnsformrltions w i l l  be gen2rcted by opsr r tors  6 I and Gl, constructsd 

from dymmic-il vmiStles o r  G; and S-;L , respect ively,  and 

6~4:J = 6, - G, (6) 
When t h a  t ransfornmt ion  func t ion  connscts  two d i f f e r s n t  s3ts of oporators  on 

Since physical phonommn a t  d i s t i n c t  po in ts  

cnl ly  independent, 2 gmarator  amu'st hav 
6 1 '  

where dr i s  tke  numerical mo~sura  of 

on 71 spacc.-like surfaco 91-3 dynami- 

the qddi t iva form 



& ( x )  i s  t o  be regctrded a s  t h s  time-like component of  R vector  i n  a 

l o c ~ l  coordinate system b9sed on 

an invar ian t  form. I If ons c m  i n t e r p r e t  GA@)on 0"; 

t h e  values of a vector  dofined s t  911 poin ts ,  the  d i f fe rencs  of surface in t e -  

@- i n  o r d w  t o  give t h e  surface i n t e g r d  

, and on TL , as  

A second type of transformation function a1  t e r a t i o n  i s  obtained 
I 

on considering t h p t  the trensfo&ation connecting J b , , 6 , and f2 ,c, 
can be constructed through t h s  intermediary of an i n f i n i t s  succession of tmns -  

formations r e k t i n g  op3ra t o r s  on in f in i t e s ima l ly  neighboring surfaces .  Accord- 

ing t o  tha general a d d i t i v i t y  - property (2)., 

charac te r izss  a modification o f  t h e  transformation 

funct ion connacting in f in i t e s ima l ly  d i f f e r i n g  complet3 s.3ts of opwa to r s  on 

t h s  in f in i t e s ima l ly  separsted sur fsces  6- and (T+-dO-. If the  choica o f  

intermediate operetors  dapsnds continuously upon the surface,  WQ s h a l l  have 

nnd, rd fa r r ing  Figain t o  the  dynamicrl independence of ph2nomena a t  po in ts  

soparats.d by a spaca-like i n t e r v a l ,  w i t h  t ho  conssquent a d d i t i v i t y  property,  

Ths combination of - thesa two t&es of modifications i s  dsscribed 

by > 
I 

which involves dynamics1 ver iables  on t h e  surfaces  6; , 07; , snd i n  t h e  

-5- 



i n t e r i o r  o f  the volume bounded by these surfaces.‘  On the  o ther  hand, we can 

which ind ica tes ,  convarsely, t ha t ’  any p w t  of ~ $%(E’ , possessing the  form 

of a divsrgence, contr ibutes  on ly  to the ggneyRtion of uni ta ry  transformations 

on anti cr 

t h a t  thare  

The fundamental dynamicd pr inc ip le  i s  contained i n  t h e  pos tu l s t e  

exists a clrtss of transformation funct ion s l t s r a t i o n s  f o r  which 

the  c h a m c a d z i n g  operators  6 are obtained by appropriate  v m i a t i o n  

of a s ing le  operator , 
sw,, =‘SWd * 

O f  course, t h i s  p r inc ip l a  must be implohented by t h e  e x p l i c i t  spec i f i ca t ion  of 

t h a t  c l a s s .  

Tho operator  i n t e g r d  operator,  evident ly  pos- 

sess the  form 

. 
The Hermitian requirement on 6 \rd i s  s a t i s f i e d  i f  ~Q<L i s  Hermitian, 

which implies the  s A m e  property f o r  XCX) ). the  Lagmnge funct ion operqto?. 

I n  order thnt relations between s t a t e s  on GI and 0% be i nva r i an t ly  

characteri’zed, the  Lagrange function must be EI s c a l a r  with respect  t o  the 

trnnaformations of the  orthochrcnous(,*)Lorentz group, which pres  3rve the  temporal 

order of ’ I 

(2) This nama was suggested by R. J; Bhabha, Rev. Mod Phys. 21, 451 (1949) 

and c= A dypamicnl system is  specif ied by exhibi t ing t h e  Lsgrmge 

funct ion i n  terms of a s e t  o f  fundam t f l l  dynRmicR1 m r i ~ b l 3 s  i n  t h j  i n f in i -  

tos imal  neighborhood of t he  point,  

b 

‘ b  

. 
I 

I 
-_I_ 

1 
- 1  

Contained i n  t h i s  Lagrange funct ion 



j 

' i  
I 

w i l l  be ce r t a in  numerical parameters, which may ba h n c t i o n s  o f  X . Any 

change of these  parametsrs modifies the  s t ruc tura  o f  t h e  Lagrange funct ion and 

i s  thus an a l t e r a t i o n  of the  dynamic81 system. Accordingly, i n f in i t e s ima l  

chnnges of t he  dynamical system a m  described by 

whsre & & * ~ = ~ ( 8 l r l )  , and the  numerical paremetors Rre t h e  objac t  of var i -  

a t ion .  This form i s  i n  agreement with ( 8 ) .  For a f ixed dynamical system, 

w2 can be a l t e r ed  by displacing the surfaces  a7 , and 

by varying the dynamicnl m r i s b l e s  contnined i n  the  Lagrange function. 

t rmsformat ion  funct ion 

o f  the given system so tht aschange i n  t h e  t r a n s f o r m t i o n  funct ion can only 

a r i s e  from a l t e r a t i o n s  o f  t he  s t a t e s  on and cz . Hence, 

f o r  a f ixed dynamical system we must have 

The 
I Q ' I  

?,Cr, J qc) descr ibes  t h e  r e l a t i o n  between two s t a t e s  

where 

and the  dynamical va r i ab l s s  of which ZC i s  a function. 

Jbd~ = K(g2) and the  objocts  of v a r h t i o n  hsre  a r e  , 0; 

The l a t t e r  statement is  th3 oparator pr inc ip le  of s tg t ionary  

act ion.  It a s s e r t s  t h a t  //dlL must be s ta t ionary  with raspect  t o  var i -  

a t i o n s  of the dynamicel variflbles i n  the i n t e r i o r  o f  the rsgion defined by 

vnr i sb les  associated with the boundaries of the  region. 

equations of motion f o r  the  dynmnicd var iab les ,  thp t  i s  t o  SRY, f i e l d  oquatione, 

This p r inc ip l e  implies 

. ,  

requirement t h a t  t h i s  i n f o m t i o n  concsrning f i e l d  equations and i n f i n i t e s i m l  

un i t a ry  t r a n s f o m t i o n s  be self-consist 'ent. ' 
t 

-7- 
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There e x i s t s  much freedom within t h i s  c l a s s ,  a s  may be inferred 

from the  remark t h a t  two Lagrshge functions,  d i f f e r i n g  by the divergence of a 

vector ,  descr ibe the same dynRmical system. Thus, 
-2- 

where, on each surface,  

W =J . I  1 d G f p =  J r d d  (0) __ . 

Accordingly, tha  s tn t ionary  ac t lon  pr inc ip lg  f o r  

i s  obeyed by w, a since 

f is s a t i s f i e d  i f  it '+  

d L& = G:-G. 
Here, 

- 
def ine  and $ , which a r e  new genarators of in f in i tes imal  

un i t a ry  transformations on 7 and 5 , respect ively.  The l a t t e r  

equations possess t he  form (7) , and thus chmRcterize trsnsformRtion funct ions 

connecting two d i f f e r e n t  repressn ts t ions  on a common surface.  Indsed, with a 

suitably elaborate  notat ion,  w& recognize i 

a c t  ion opera t o r s ,  

snd 

To be cons is ten t  with the postu 
/ 

-8- 0 

(9) the  a d d i t i v i t y  property of 
0 .  . .  

I 

, t e  of l o c e l  ac t ion ,  the f i a l d  



equations'must be d i f f a r e n t i a l  equations of  f f n i t e  order. ' One c m  always 

convert such equations i n t o  systems of f i r s t  order eqmt ions  by su i t ab le  Edjunc- 

t i o n  of var iables .  

obey first order f i e l d  equntions by 

ponents of the general f i e l d  operator r)c ( x )  . With no l o s s  i n  genar- 

a l i t y ,  WQ t ake  

We s h a l l  designate  the  fundsmental dynamical ver iab les  t h a t  
e x, ( A )  

, wnich form the  com- 

( x )  t o  bs  a Hermitian operator,  

If the Lagrange funct jon i s  t o  y i e ld  f i e l d  equations o f  t he  desired s t ruc tu re ,  

i t  must be l i n e a r  i n  t h e  first d a r i m t i v a s  of  t h e  f i e l d  opsrators  with raspact  

t o  the  spaca-time coordinates.  

- 

Furthermore, i f  those f i e l d  equations ere t o  

emerge a s  e x p l i c i t  eqmt ions  of motion f o r  f i e l d  components, t h a t  p a r t  of the 

Lsgrangs funct ion contsining f i r s t  coordinnte d e r i m t i v e s  must be b i - l inear  i n  

the  f i e l d  components. 

gensral  expression f o r  the Lagrmge funct ion,  

With thzse preliminary remarks, w3 wr i te  t he  following 

\ x, 7 'j 

+ . r  
x I- ,L,-- (, 4 ),. i j L  x 

P-!( ,/ 
The der iva t ive  terms have been symmetrized with respect  t o  the  oparation of 

i n t eg ra t ion  by p a r t s ,  B process which adds a divergence t o  tha  Lagrange funct ion,  

and i s  thus without e f f e c t  on the s t ruc tu re  of t h 3  dynamical system. 

t h a t  J 

I n  order  

; i must possess 
J-r bo a Hermitian operator,  t he  general function P 

-* 

-9- 
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J 

Although we a r e  in t e re s t ed  i n  complete dynanical systems, it i s  

advantageous mathematically t o  employ dQvices based upon the proper t ies  of 

ex terna l  sources. 

the  goneration o f  the  f i e l d  ( x )  by an extarnal  scurce ( A )  which 

AccordingLy, we add t o  (10) a term designed t o  descr ibe 

is t o  

This 

be regarded a s  a f i e l d  quant i ty  o f  t he  same general natura a s  2: (A,) , 
f *  f, c. 

(0; 0 . l r  C (-J - -I (:) J 

-- -(- /, ?- d f . )  $. 

s a Hsrmitian operator i f  l3  i s  a Yarmitian matrix, 

For t h e  source concept t o  b3 meaningful, a l l  components of  -x, must occur 

coupled with the  source components i n  (11) , which r equ i r e s  . t ha t  (3 
non-singular numerical matrix. 

An orthochronous Lorsntz transformation 

induces a l i n e a r  t r m s f o n m t i o n  on the f i e ld  components, 

where L must be a r a d .  matrix, 

be a 

s a t i s f i s d  i f  *H i s  a sca l e r ,  

-10 - 



W3 s h a l l  suppcse t h a t  t he  source possesses t he  sane trnnsformstion proper t ies  

R S  the  f i d d ,  

be a s ca l a r  i s  then given by 

The condition f o r  the scurcs t w m  of t h a  Lagrange function to 

t h a t  theso equations c m  be combinsd i n t o  

i n  view of  tha non-singular chsrectcr  of 12 . 
I J  

For an inf in i tes imal  Lorentz t r q n s f o m t i o n  
/ 

P _- 
_- et'? J 

x z , y  - .  ,a /cc k/* Y 

thz matrix j; can be k i t t e n  

whore 

Tho in f in i t e s ima l  v & s i m  of (13) i s  

or 

i n  which the  complex conjugats statemants r e f e r  t o  t h s  components indicated 

' i. i 

r 



and 

If one views 'x=fi- i - c ~  
and thus subject  t o  the same depsndence upon that coordin9te systen a s  

C)as a f i d d  i n  the  or ig ins1  coordincte syshem 
d P?/ l 

, 
it i s  infor red  thn t  

For in f in i t e s ima l  t r a n s f o r m t i o n s ,  t h i s  reeds 

I n  performing t h e  m r i a t i o n  of  the ac t ion  i n t e g r a l ,  wa s h a l l  t r e a t  

the  two typos o f  quan t i t i e s ,  coordinatas ar,d f i e l d  var iab lss ,  on somewhat the  

sRme foot ing,  Elthough the  former a r e  numbers and the  l a t t s r  operators.  

introduce an a r b i t r a r y  va r i a t ion  of tha coordinates,  cf , throughout 

the  i n t e r i o r  of t h e  region, but  subjsc t  t o  tho conditicn t h s t  the boundaries 

We 

,P 

remain plane surfaces ,  
(/ 7) 

on 6'- and 0; . Tha f i e l d  ccmponents x r ( x )  a r e  dependant both 

upon tha coordinate system and the  " i n t r i n s i c  f i e l d " ,  Under a r o t R t i o n  of 

t he  coordinate system, tho f i e l d  components a m  a l t e red  i n  th3 manner described 

by (14). 

of an i n t r i n s i c  f i s l d .  var ia t ion ,  and of t h e  ivar ia t ion  induced by tho l o c a l  

Accordingly, we wri te  the  gensra l  va r i a t ion  of the  fisld as t h 3  sum I 
i 

whore the  a n t i - s h - e t r y  of ..'+ 2r ensures t h a t  o n l y  t h s  r o t a t i o n  p a r t  o f  the 

coordinate displacement i s  I'effoctive. 

funct ion of the  coordinates,  we have 

For th.3 source f i s l d ,  a prescribed 

-12- 



I /  

We a l s o  remark t h a t  

and 

whence 

The Lorentz inveriance of  z. produces a s ign i f i can t  simplifica- 

(2) from the  coordinnte inducsd 
t- 

t i o n ,  i n  computing the  contr ibut ion t o  

va r i a t ion  of  %: &fY were anti-symmetrical and constant,  

i t s  coe f f i c i en t  i n  tho ve r i a t ion  of the  Lagrange funct ion wculd vanish iden- 

f . ’Thus, i f  

t i c a l l y ,  save f o r  t he  source term since the ro tn t ion  induced change of F i s  

no t  presant  i n  (18). Accordingly, f o r  th3 g e n c r d  coordinnte m r i a t i o n  of 

(lo), there  remains only. thosa terms i n  which 23- d;Kv 
o r  occurs i n  the  d i l n t i o n  combination, <!- dX,, $- Jv c:jr/cc, 

types a r e  contained e n t i r e l y  i n  (19), which l eads  t o  

c 

i s  d i f fe ront ia ted , ‘  
\ r . Both 

Xn v i r t u e  of  the symmetry of the  second de, 

-13 - 

Ja t ive  , \ 



where tho l a s t  s t e p  exprmsos the  result of  En integrn.ticn by p a r t s ,  f o r  

which the integrated t o m  vanishes, since the d i k t i o n  tensor  i s  z3ro on 

th3  boundaries (Eq. ,  (17)). 'Col l sc t ing  t h e  cos f f i c i en t s  cf 0 1 g,yv /L' - 
i n t o  t h e  tensor  w0 have: 

whsre 

, 
2-J and we have employed a notat ion f o r  t h e  symmatrical p a r t  of  R tensor,  

Th3 exprassior, foi- Jc€ i s  

a t o r  



The operator 3 .is an a rb i t r a ry ,  invar ian t  functicn of  the 

f i e l d  

appearing on tho l e f t  and on tha r i g h t ,  the l a t t e r  must pcsaass e l e m n t a r y  

operator propar t ias ,  chnractsr iz ing t h 3  c l a s s  of  vmifit ions t o  which th3 

. If i t s  vpr i s t ion  i s  t o  possoss t h e  f c r m  (21), with 

, 

ac t ion  p r inc ip l e  refers.  Thus, WB should be able  t c  displaca d E e n t i r e l y  

t c  t h s  l e f t ,  or  t o  the  r i g h t ,  i n  the s t ruc tu re  of c(-w , 

I n  viaw of tho ccmpleta symmetry bztwaen l e f t  end r i g h t  i n  t h3  procsss of  

mul t ip l ica t ion ,  we icfer  t h a t  t h e  exprsssions with 

and on the  r i g h t  a r e ,  i n  f a c t ,  i den t i ca l .  

Jz on th3 left 

The f i e l d  equations, th3reforo,  

pcsssss tha two oquimlent  fo rms  

and can 3e cqcivnlently wri t ten 

I n  keeping with the  r e s t r i c t i o n  cf tha  s tpt ionary ac t ion  prin- 

c i p l e  t o  f ixsd  dynamical systems, t he  ex terna l  source. hns not  been a l t e r ed .  

If we now introduce an inf in i tes imal  va r i a t ion  of f , snd extend the 

argument of the previous paragraph t o  d 7 , we obtain the  two 
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The corresponding modification i n  the r e l a t i o n  betwean ststes on 

on 5 
and 

can be ascr ibed t o  the  individual  stntes only i f  one introduces 

a convention, of the  nature  of R boundary condition. 

t h a t  the s t a t e  on 5 
t he  region between d 7  and 5 In t h i s  "retardedf1 descr ipt ion,  

Thus, we may suppose 

i s  unaffected by varying the  e x t e r n d  source i n  

Jf generates the in f in i tes imal  transformation o f  t h3  s t a t a  on 

. An a l t e r n a t i v e ,  tfadmncedtf descr ip t ion  corresponds t o  - 4 ui~ 
, with a f ixed s t a t e  on ~7 . 5. generating the  change i n  t h e  s t a t e  on 

These a r e  jus t  the simplest  of possibla bcundary conditions.  

The s u i t a b i l i t y  of t he  designations,  r s ta rded  and advanced, can 

be seen by considering the  matrix of an operator,  constructed from dynamical 

var iab les  on some surface CT , intermediate between 

An in f in i t e s ima l  change o f  the source produces the ' fol lowing change i n  
.I 

t he  matrix element, 

in which we havs allowed for the possibility that 

p l i c i t l y  dependent upon the source, and introduced a notat ion f o r  temporally 

F(0-j may be ex- 

ordered products. 

the  operator F b )  , and the eigenvectors on and 5 . One 

thereby ge t s  various expressions f o r  

'The matrix element depends upon the  external  source through 

dr f ( r )  , depending upon the bcundary 
\ 5 '  I 

I 
conditions t h a t  a r e  Rdopted. Thus, i f  t h e i s t a t e  on 5 i s  prescr ibsd,  

& 

i we f ind  
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which only involves changes i n  the seurce p r i o r  t o ,  o r  on T . The 

opposite convention y i e lds  the  analogous result 

Not3 t h a t  

The operator G of Eq, (22) oons is t s  of two p a r t s ,  
i 

where 

The l a t t e r  form o f  G 
space-lika surfaces ,  l imi t ing  displacements t o  in f in i tes imal  t r a n s l a t i o n s  a d  

i s  a ccnsoquence of  t h e  r e s t r i c t i o n  t o  plane Jx 

ro t a t ions ,  
I 

with the  associated cpers tors ,  the energy-momentum vector 

Rnd angular momentum tsnsor  

evident ly  genarates the inf in i tes imal  6- x The operator 

transformation of an eigenveotor, produced by t he  displacement of  the  surface 
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t o  which it r e f e r s .  With the  notat ion 

we have 

and 

If F(k) i s  an arbi . t rary function of dynamical var iab les  on T , and 

possibly of non-dynamical parameters dependent on 0- , we us0 t h e  notat ion 

.I 

t o  d i s t inguish  between the t o t a l  change on displacement, and t h a t  occasioned 

by the e x p l i c i t  appearance o f  non-dymmicd parameters. 

we see t h a t  

On r e fe r r ing  t o  Eq ( 3 ) ,  

The proper in t e rp re t a t ion  of the ganernting cperator can 
/ 

be obtained by noting i t s  equivalencs with an appropr ia te ly  chosen i n f i n i t e s i -  

mal va r i a t ion  of t h e  sx te rna l  source. 

surface d i s t r i b u t i o n  on th3  negative s i d e  o f ,  

ConsFdar t h e  following inf in i tes imal  

, 
I ,  (24) 

which i s  not incompatible with tha oparator ;propert ios  of these  var ia t ions .  

-18- 
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. I  

We have assumed, f o r  s implici ty ,  tbt the  aquation of t he  surface (7- 

x(o! = 0. With t h i s  choice, 

is 

The change t h a t  i s  produced i n  

the f i e l d  equations, 

2 can be deduced from the  var ia t ion  of 

Evidently t h e m  i s  a d iscont inui ty  i n  

d i s t r i b u t i o n  

, on crossing t h e  surface 

, which i s  given by + I 

a A(*., df E ]  = --.4$*) 6- P * 

I n  the retarded descr ip t ion ,  say, 6- p 
bearing surface,  so  thRt the  d iscont inui ty  i n  

i s  zero p r i o r  t o  the  source 

df & i s  the  change induced i n  
F. 

on ( t h e  pos i t i ve  s ide  of) ~7- . Thus, the surface var ia t ion  o f  

the oxternal  source simulates the transformation generated by 6J2 , i n  

which (7- i s  replaced by )Y On 

d<o) 2 = A b )  -F. + %o 4 (a 5) 

The matr ix  d(o; has been retarned i n  t h i s  statsment s ince  it i s  

R s ingular  matrix, i n  general. 

independently i n  (25) equals tha  m n k ' o f  the; matrix ;df0, , and t h i s  is' the  

number of independent component f i a l d  equations t h q t  ere equstions of motion, 

i n  t h a t  they contain time+ike der iva t ives .  ',Th.j expression o f  (25) i n  terms 

Ths number of components of t h a t  appear 

I 

o f  the  generator G J y  is 
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The f a c t o r  of 1/2 t h a t  appears i n  t h i s  r e s u l t  stems from the  treatment of 

a l l  components of d(o) on the same footing; we ha've not  divided them 

i n t o  two s e t s  of  which one i s  f ixed and the other  varied.  If i s  an 

a r b i t r a r y  funct ion of  4 T , we w r i t e ,  
(0 )  ;E: 

When the f i e l d  equations t h a t  a r e  equations cf cons t ra in t  prove s u f f i c i e n t  t o  

express a l l  components of -2 i n  terms of d(oj , we can extond (26) 

i n t o  

1 Of course, ona must d i s t inguish  between these  var ia t ions ,  i n  which o n l y  t h e  

.d/o, a r e  independent, and t h e  independent va r i a t ions  of  a l l  

components of 

ac t ion  pr inc ip le .  

which produce the  equglticns o f  cons t ra in t  from tho 

In order t o  f a c i l i t a t e  t he  e x p l i c i t  ccnstruct ion o f  tho f i o l d  

ccnmutation r e l a t i o n s ,  we s h a l l  introduce a m d u c i b i l i t y  hypothesis, which i s  

associated with the Lorentz invar ian t  process of  separat ing tha matrices 

'65 i n t c  symmetricti1 and anti-symmetrical pa r t s .  We ?!+ 
r squi re  t h a t  t he  f i e l d  and the source decompose i n t c  two sets, of  t he  f i rs t  

a s  a conccmitant o f  the decomposition 



The matrices cf the  f i r s t  kind a r e  r e a l  ( p = o , , , ,  3 
second kind a r e  imaginary, 

no confusion i s  possible .  

.), a d  those of the 

We s h a l l  not writs the  d is t inguish ing  index when 

According t o  t h i s  r educ ib i l i t y  hy-pothesis, the f i e l d  equations i n  

t h e  two equivalent forms 

sep i r a t e  i n t o  the  two s e t s  

and 

Furthermore, t h e  generator 

and 

- - fdr$+ff  (0) &-y= f d d - A ~ * ) J V . Y  P? ( a  7) 
Gsv - 

Thase r e s u l t s  r e f l e c t  t he  form assumed by the Lagrsnge function, 
I .  

The equivalence between l i f t  and r i g h t  d s r iva t ives  of tho arbi-  

t r n r y  func t icn  

and Qf t he  two expressions fo r  Gdq) , shows thnt  dp comutos 

, with r sspec t  t d  f i e l d  ccrnponents of  the  f i r s t  kind, 

I 
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with a l l  f i e l d s  a t  t h e  same p i n t .  It is  compa i b l e  with the f ie ld 'equEt ions  

t o  extend t h i s  statement t o  f i e l d s  4 t  d r b i t r a r y  poin ts ,  

provided tho source components me included, 

It  follows from (27) thAt the  r e l a t i o n  between and d )v is  one 

of anti-commutativity, The opposite s igns o f  the l e f t  r i g h t  d e r i m t i v e s  

of with respect  t o  y/ is then accounted f o r  by 

\ 

provided only t h a t  

second kind. 

is an even funct ion o f  t h e  var iab les  of  t h e  

The inclusion of the s o u h e  components 

- 

\ 

ensures compatibi l i ty  with the  f i e l d  eqmtions.  

e x p l i c i t  charac te r iza t ion  of the  c l a s s  of v m i a t i o n s  t o  which our  fundalrsntal 

pos tu l a t e  r e fe r s .  

Ffe have now obtained the 

Let us a l s o  not ice  that  

ue decompo sa s _ _  

proper t ies  as  
, 

and 

f i e l d  var ia t ions ,  a s  alreedy exploited i n  Eq ( 2 4 ) .  
s r  

The operator proper t ies  of on a given Cr can 
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now be deduced from (26)., with the r e s u l t s  

i n  which Jr ( x - 4 ' )  

t o  t h e  surface Q- . The numerical forms of these commutators a& a n t i -  

i s  the  three-dimention81 d e l t a  funct ion appropriate  

commutators ensures theirzconsis tency with the operator proper t ies  of 

d A(ol 4 an2 Jd(oJ 
second kind thus descr ibe Bose-Einstein a d  Fermi-Dirac f islds,  respect ively,  

i . The dynamical var iab les  o f  the  f i r s t  and 

is  
(4 

which are uni f ied  i n  the general  f i e l d  . 
Since the rank of- t h e  e n t i s p u t r i c a l  matrix ,$oj 

necessar i ly  even, t he re  a r e  an even number of  independent f i e l d  components 

of ths first  kin6, say 

so t h a t  a l l  dements  a r e  zero beyond t h e  f i r s t  2 

We s h a l l  denote t h i s  non-singular sub-matrix of d imens ioml i ty  2 /v( 

f0 (4 
&/n One cnn always arrqnge the  matrix /4 ( 0  i 

''' rows and columns. 

bY4:; 
( I  I 

nc\ , and the  sssociated independent components of  (p by ($ . - 
The first commutation r e l a t ion  of (2 8)  can then be wr i t ten  

and non-singular. 

kind i s  even. 

and arrange the  rows and columns so J t h R t  t h s  non-singular sub-matrix A 
i - 

is associated with the  indepsn?ent components 

Hence, t he  t o t a l  :nunbe 

If we allow f o r  the possib 

of f i e l d  components of t h e  s€Eond 
( 2 )  I 

t )c'looJ may be* s ingular ,  

(2) 

(6) 

)v , 
, we obtain 

L 



i 

-1 

which requi res  thr,t the roal, symmetric81 matrix & A,,, 
def in i t e .  

be p c s i t i v e  
/LA.- 

Th'e s h a l l  srgua thq t  t he  number of indepondent f i d d  components 
I? ) 

cf the  seconi! Itinc' the  dirnenkonitlity of  

L s t  us imagine t h a t ,  by su i tcb le  r e a l  trmsformat90ny tq::)' i s  brought 

i n t o  e i a g o n d  form. If tho nimbsr of cc;rr>on2rits in y i s  oed,  tho 

prcduct of a l l  these mmponents a t  a given point  commutes with 

point.  

t h i s  proeuct i s  a multiple of t he  u n i t  upsrator ( the necssszry ccmimtativity 

with a t  o ths r  po in ts  on U- can d m y s  bs achiaved), which 

cont rad ic t s  the a s s m p t i c n  t h a t  a l l  components of y/ R r e  in6epondont. 

k ( 0 7  , nus t be even, ,& 7')'": 

AAb 

9 a t  t h a t  
w 

Thus, as fa r  as  tha.qlg9bra of operators a t  a given poin t  i s  concerned, 

m 

- ,  

The r e l a t ion  between invariance uridsr tin3 re f l ec t ion ,  and the 

connection between spin anc? s t a t i s t i c s ,  hay bs noted. herd. 

transfcrmaticn 

Th3 time r e f l e c t i o n  

induces a transformntion of the  f i e l d  

such thlst 

However, t h i s  preservfition of  thb form cf the  Lagrmge 
' L J  

i s  only apparent,  f o r  f i e l d s  of the  secon2 kind. Since c- 1 hfc1 
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non-negative matrix, one can only s a t i s f y  the f i rs t  equation of (29) with an 

imaginary t: Lrl) . 
But the invariance of the  Lagrpnge funct ion i s  not  t he  co r rec t  c r i t e r i o n  f o r  

which produces skew-Hermitian f i e l d  components 

invariance under time r e f l ec t ion .  

t h e  order of CC and S& , and thus introduces a minus s ign  i n  the 

ac t ion  integral , ,which can o n l y  be compensated by changing the  s ign  of 

The r evs r sa l  of t h e  time senm i n v e r t s  

i n  (4) , 

operators z t o  the  complex conjugate algebra of opsrators  it 

Since the  l i n e a r  transformation designed t o  maintRin the form of 

We s h a l l  descr ibe t h i s  as  a transformation from the  algebra of the 

ip) a v )  
(4, &'#' ; u/&Y/)has e f fec t ive ly  replaced dz with (s", 4 b  ; ? 

t he  c r i t e r i o n  f o r  invariance reads 

The der iva t ive  term i n  

and A, 
saying t h e t  t he  theory i s  kinematically invar ian t  under time re f l ec t ion ,  

order t h a t  it be dynamically invmian t ,  

A i s  indeed invar ian t  s ince the  matrices hi' 
a r e  r e a l  and imaginary, respect ively.  We describe t h i s  by 

I n  

must be such t h a t  

Since 

l a t t e r  a r e  t o  be paired with the a id  of imaginary mntrices, c h a r a c t e r i s t i c  

of the,  var iab les  of the. second kind. :'The sdurce term i s  invs r i an t  if source 

is an evan funct ion of t he  components of  , the  

and f i e l d  transform i n  the same way. I 

I I 
The corre la t ion  between spin and, s t a t i s t i c s  en te r s  on observing 

i s  charac erist-/c of ha l f - in tegmi  spin f i e l d s  

I .  

t h a t  an ihaginary L 
We can prove t h i s  by remarking t h a t  d 1  tho /trensformation propertie's of L, 
a r e  s a t i s f i e d  by I 

1; I 

li 
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where , L, 
axis. The l a t t e r  form is a consequence of 

i s  the' matrix descr ibing the  r e f l e c t i o n  of t h e  f i r s t  space 
/ 

The e s s e n t i a l  point  with regard t o  the r e n l i t y . o f  

i s  a r e a l  matrix, whence 

L,  i s  thRt s,, = 

Now s,, must possess t h e  same eigenvalues as  511 say, which implies 

t h a t  ' L,  i s  real  f o r  an integrdd spin f i e l d ,  and imaginary f o r  a half-  

i n t e g r a l  spin f i e l d .  The requirement of time r e f l e c t i o n  invariance thus  

restricts f i e l d s  of the f irst  (B.E.) and second (F.D.) kind t o  i n t e g r a l  and 

ha l f - in tegra l  spins ,  respect ively.  This co r re l a t ion  i s  a l s o  s a t i s f a c t o r y  i n  

t h a t  it i d e n t i f i e s  t he  double-valued, half- integral  spin f i e l d s  wi th  f ie lds  

of the  second kind, of which i s  an even function. 

We have introduced several  kinds of  gensrators  o f  i n f in i t e s ima l  

A c r i t e r i o n  f o r  consistency i s  obtainad from t h e  a l te rna-  transformations. 

t i v e  evaluat ions of t he  commutator of t w o  such generators,  

namely 

As a f irst  examplo, we consider the two generators  

and 

-26- 
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i n  t h e  retarded descr ipt ion.  I n  preparat ion f o r  t h e  tes t ,  we r emrk ' t t i a t  
1 

I n  the  absence of an external scurce, 

d i v ~ r g e n c e h s s ,  and e ,&.v a r e  conserved. For, s a p l i c i t y ,  we shall confine 

our v e r i f i c a t i o n  t o  the s i t ua t ion  of no source, 

i s  symmetrical snd 

i n  which the i n f i n i -  

tesimal d-f i s  d i s t r ibu ted  i n  the  region between IT; and 

b; Hence 
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Y 
which i s  indeed t r u e  i n  v i r tue  cf the equivalenco betwsen 

induced by the  displscement dnXF , md LcK) - X l g ) ,  induced by the coordinate ’ 

trsmsformation ’xfi = xp + ~ x ,  b 

(6x1 
/ 

Alternat ive forms cf P,, and 4 g  a r e  convenient f o r  test- 

and G . The following rela- 

’ f  
Gbr 6ic 

ing th@ consistency of 

t i o n s  derived from (16), 

X A , , J k X  - X A f i J v X  = 

enable us t o  write T-,r a s  

I n  virtue of the  antisymmetry of 4~11 L’ i n  t he  f i r s t  two indices ,  

i s  automFitically ’divergenceless and does not  contr ibute  to t h e  

energy-momentum vedtor PV , 
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is c lose ly  r e l a t e 2  t o  the inf in i tos in la l  ffl The qusn t i ty  

expression of  the  s c a l a r  charactor  o f  )-/ 9 

i f  H i s  no mcro than quadrat ic  i n  t he  coniponents cf vwious  indepen6ent 

f i e l d s .  We shall also prove t h i s  withcut t he  l a t t e r  r e s t r i c t i o n ,  but ,  f e r  

s impl ic i ty ,  with the  l i m i t a t i c n  t h a t  there  are no equations of ccns t r s in t .  

The commutation r e h t i c n s  equivalent t o  (30) , 
L 

, ?v = j I )  Jp K , 



d o  no t  invclva tha unknown' 

t i o n  o f  no cons t ra in t  squations,  t h e  comuta to r s  (anti-commutators) of  all 
to  c i  . According t o  cur simplifying assump- 

f i e l d  ccmponants a t  A and A '  contain the the  thrsa-dimensicnd d e l t a  

funct ion j; ( I - x , and th3refore  vanish when multiplied by 

- x ,I4 Furthermore, XI p , 
!A. / ) cl;. ( x - d '! I /J x = L p  j ~ ,  l j ~ )  - 7 A,,:, 2 

and - J H  '7 

)+J,-J = f ( I , ' '  / s k  j d- ( r  . /qiJ! ii I I 

[jf ' jdY, ,,., ] = 2 A  f O , ( k !  ' 0 .  

e, ,L' 
j3$;( 

I 

from which we obtain 

With t h i s  information, the  proof i s  e a s i l y  axtended t o  a l l  componants of 

G, and . The %cnsi stency of the  generators 

requi ras  t h a t  /- 

- I " J ) = - (d r  (dh]  J..i/, 
&L I !FY  t i  p v  It 

I 

I 

. .  
j 
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r 
cG,,ic,=o which can now be ver5fied f rbm the  expressions (31) and (32), with 

c 

Wo now writ3 the general  va r i a t ion  a s  I 

Charged F ie lds  

O u r  ccnsidorations thus far  s p e c i f i c a l l y  exclude the  d e c t r o -  
4' I 

magnetic f i e l d  (and t h e  g r e v i t a t i o n d  f i e l d )  We intrcduca the  ccncept o f  

charga by requir ing t h a t  t h e  L a g r a g e  f u n c t i m  be i n m r i a n t  under constant  

phase ( spec ia l  gauge) transformations,  tho inf in i tos imal .  version cf which is 

Here $ h  i s  a ccnstant ,  and (f' i s  an imaginary matrix which can 

be viewed R S  R ro t a t ion  m t r i r  r e fe r r ing  t o  a s p ~ c a  other  than t h e  four- 

dimensions1 world * Ths invariance rsquirorn~ent i n p l i e s  t h a t  

&(L) =.JX - f &  dJJ - i  &/A€ / y ,  

where d ' A  , character iz ing a l o  se t r ans fo rmt ion ,  i s  an a r b i t r a r y  

func t icn  of  i( , cons is ten t  with constalat values  on 0; and on Cr, 

The addi t iona l  m n t r i b u t i c n  t o  dq(g) thereby producei is 
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i s  the charge-current vsc tpr ;  The s t a t i ana ry  ac t ion  p r inc ip l e  requi res  t h a t  

i t l y  Hermitian, 

* and y i e l d s  B S  the  phase transformation gemra tc r  

= $ , d A  = 0 &, /- 

where Q i s  thg charge operator. 

The in t eg ra l  s ta temmt  d3rive6 >ram (33) 

becomes the ccnservation of chargs In thrj-sbsencs of  9.n e x k r n a l  S O U ~ C B .  If 

an in f in i t e s ima l  source i s  ilitroduced i n  t n 3  rogion bc?un<ed by CC an3 

, we then h w e ,  i n  the  retardei! dt2scription, 

whence 
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Such an antisymmetrical, h g i n a r y  matrix possesses r e n l  eigenvalues which 

a r e  symmetrically d i s t r ibu ted  about zero; non-vanishing aidenvalues occur i n  

oppositely signed pa i r s .  Since ( commutes with d.1 members of  the  , 

above-mentioned algebra,  t he  charge-bearing character  of a given f i e l d  depends 

upon the  r educ ib i l i t y  o f  t h i s  algebra, 

kind of f i e l d  i s  i r reducib le ,  the only mRtrix commuting wi th  a l l  members of 

Thus, i f  the  algebra f o r  a c e r t a i n  

the  alg8bra i s  the symmetricd u n i t  matrix. 

is e l e c t r i c a l l y  neutral .  

s imi la r  a lgebras ,  a s  i n  

Hence , and the f i e l d  

If, however, the matrix algebra i s  reducible  t o  two 

I 

the matrix f e x i s t e  and Has the form (with t h e  sRme par t i t ion ing)  
0 - A  f =  e (; 0 ) .  

+ e  This descr ibes  a charged f i e l d ,  composed of p a r t i c l e s  with charges - 9 

the  eigenvalues of 

f i e l d  contains p a r t i c l e s  with charges 0 ,  e . 
. If three s b l a r  algebras  a r e  involved, the 

To present  6 a s  a diagonal matrix, we must forego the choice 

o f  Hermitian f i e l d  components. 

where t h e  f i e l d  components decompose in to  ) % L I  , corresponding t o  the 

s t ruc tu res  (34) and (35), the mutually Hermitifin conjugate operators 

Thus, f o r  t he  example of a charged F. D, f i e ld ,  
/ 

a r e  associated with eigenvalues t e m d  - e , , respect ively.  On 

introducing these f i e l d  components, t h e  d e r i m t i v e  term i n  the Lrigrmge func- 

t i on ,  the e l e c t r i c  cur ren t  vector,  and the  commutaticn r e l a t ions ,  respea t ive ly  
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Thsre i s  evident symmetry with respsc t  t c  t he  subs t i t u t ion  yi*, 
Since y+j and a r e  Hermitian conjugate q e r a t c r s ,  

we csn a r b i t r a r i l y  se l ec t  one "LS the primary non-Hermitinn f i e l d .  

wri te  

We shall 

This  y i e lds  the following forms f o r  ( 3 6 ) ,  (37) , and (38) , 

I 

Tc expross the  now s l j g h t l y  obscurod symmetry between pos i t i ve  and negctive 

charge, wa cs l l  
! 

t h e  charge conjugate f i e l d  

,, I ! r r a  
I .  

t .  
'= ( -  fj-') 3, 

L 
and s t a t e  t h i s  symmetry 8 s  invariance ':under the  subs t i t u t ion  Y/H y ,  e e ' e ,  

'~ 

, ' -3.4- 
. "  



and 

since they are purely imaginwy matrices. One should a l s o  r e c d l  

i s  an antisymmetrical, i m q i n a r y  matrix. If we were t o  depa.rt f r  

t h s t  6 
m theso 

spec ia l  s t ruc tu res  by subjecting a l l  matrices t o  s n  a r b i t r a r y  uni ta ry  t rans-  , 

formation, we should f ind t h a t  the  only formal changes occur i n  (41) and (421, 

where the  matrix !8 appears modified by an  orthogonal, r a the r  than 

8 uni ta ry  transformation. Hence, i n  a general  representat inn these oquntions 

- . read 

where c s t i l l  exhib i t s  t he  symmetry of 6, appropris ta  t o  the example of a 

hs l f - in tegra l  f i e l d  , /v c = - c .  
L 

The commutation r e l a t i m s  (40) a r e  i n  the  canonical fcrm which 

corresponds t o  the d iv is ion  of bhe independent f i e l d  ccmponsnts i n t o  two sets, 

such t h a t  one has vanishing an t icmmuta tcrs  (commutators, f o r  an  i n t e g r a l  spin 

V' 
I f i e l d )  among mombers of the  same set. The >generator o f  changes i n  - 

Eq. (27) i n  the notat ion o f  thb charged half- intogral  sp in  Y and 

f i e l d  example, i s  
\ 

which can be deducted d i r e c t l y  from the  Lagrange function der iva t ive  tern (39). 

Associated with the  freadom of a l t s r i n g  the  Lsgrange funct ion by t h e  ad6i t ion  

o f  R divorgonce, are  various expressions f o r  gensrating oparntcrs of cb.nges 

-3 5- 



i n  t he  f i e l d  components. Thus, we have the following two simpls p o s s i b i l i t i e s  

, f o r  t he  der iva t iva  term and the associated gemrat ing '  cpers tor ,  

and 

, f o r  example, i s  the generator of a l t e r -  

a t i o n s  i n  the  components ~ , , J I  , with nc chnngs i n  K c )  . The 

nssociRtad comuta t ion  r e l a t i c n s ,  

a r 3  s a t i s f i e d  i n  v i r t u e  of  (40 ) ,  and, conversely, i n  conjunction with the  

analogous statamants f o r  - f , imply these operator proper t ies  o f  
d d l 2  

t h e  f i o l d  components. 

treatment of a l l  f i e l d  components i.s given by 

The connecticn with the  penerntor i n  t h e  symmotrical 

which ind ica t e s  the o r ig in -o f  the  factcbr (i!/2) i n  t h e  general  Eq. (26) 

The Electromagnetic F ie ld  
I , 

The pos tu la te  cf ganarnl* gauge , : inv?rimce mctivstas t h e  introduc- 

t i o n  cf the alectromagnetic f i e l d .  If sll ' f i e l d s  an3 sources a r a  subjacted 

-36- 



6- t o  the  general  gauge transformation, 

IX 
c4(x1t x =  t e A A ( x ’ ’ -  

The Lagrange funct ion we have bsen considering a l t e r s  i n  the fo l lowing  marner, 

p rmidos  a cornpamating quant i ty  through the  associated gauge t r a n s f c r m t i c n  

- 
The term involving t h e  external  cur ran t  JP i s  e f f ec t ive ly  g a u p  invar- 

i a n t  i f  

s ince the modification i s  i n  the  f o m  of  R divergence. In t h e  same sense, 

there  i s  no objact ion t o  empl.oying a f o r n  of tho Lagrange funct ion i n  d i c h  

tho saconc! term cf ( 4 3 )  i s  replacad by ! 4 $, /-< Q ) /jl, ) . 

We wri te  the  peneral. vari3.ti.m n f  A,&.’ i n  the  fol, 

which a sc r ibes  t o  

a s c a l w ,  thus preserving the p o s s i b i l i t y  o,f gauge t rmsformations under a rb i -  

t r a r y  coorclinate deformt ions .  

A j  the same trnnsfcrmation proper t ies  a s  the  grad isn t  of 
l 

t 

I n  a simila,r  way, 

Fiith regard t o  the .derivation of t he  :electr$mspnetlc f i e 1 3  equetions from tho 

ac t ion  p r i m i p l e ,  it should be noted 1 ‘thnt pbneral gauge invnriance requi ros  

t h a t  the  scurces of  charged f i a l d s  depend iaplicitly upon tbe vsctor  po ten t i a l  

J 

1 
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I 

Q 
.f J/L( . We express t h i s  dependance by 

is the cont r ibu t icn  t o  t h e  t o t h i  cur ren t  vector  associeted with charged f i e l d  

sources. We derive from (45) t h a t  

But the t o t a l  current vector  i s  divergenceless i n  consequence of  t he  e lec t ro-  

magnetic f i e l d  equations. Therefore 

which i s  i n  agraement with ( 3 3 ) .  
I- 

After  remcving t h e  terms i n  O(cfgmJjthet contr ibute  t$ the f i e l d  

equations,  wg a r e  l e f t  with 



i n  which 

This term alters the f i e ld  equations o f  charged fields, 

commute with . We have an t ic ipa ted  t h a t  not I a l l  components of  Gfi 
The tensor  T /c”2, i s  now obt,ained as 

7 -  
P W  - 

where . , . stands f o r  ( Z O ) ,  but with -f the  complete Lagrange 
,& 

function. The a c t i c n  p r inc ip l e  suppl ies  the  d i f f e r e n t i a l  equation 

The divergence term i n  (48)  y i e l d s  the in f in i tes imal  generator 

while the Lagrange function with t h e  de r iva t ive  terms (44) would give 
- 

6-21 
The change.in the ac t ion  in t eg ra l  prcduced by a variakion of t he  

ex terna l  cur ren t  - 

nc$less form 
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which makes it unnacessary t o  introduce an ex terns l  sGurce t h a t  is d i r e c t l y  

couplad t o  the  f ie16  s t rength tu nn s c r  
t: - 
P- 7' 8 

The s p c i d  nature o f  tl-2 e1ectrcmaEn;tic f i e l d ( 3 ) i s  apparent i n  

PaF9rs deal in5 with t h e  s i t u s t i o n  pacu l i s r  t o  t he  electromagnetic f i e l d  

Of tha olc'er l i t e r a t u r e ,  t he  c l c s a s t  i n  s p i r i t  t o  o u r  procedure 

- ---.-- --_.I--, I- 

(3)  
m e  legion. 

i s  t h z t  o f  W. Paul i ,  Hend, der  Phys., Vol. 24 (Edwards Brothers,  1943). 

t h e  fcrm of the  operator (53) gonersting chmges i n  the  l o c a l  e l e c t r i c  f i e l d  

conponents. 

-* --- - 

Since cns of the f i e l d  squatinns is  the equaticn o f  c m s t r p i n t  

t h s  th re3  v r l r i s t i o n s j p -  

magnetic f i e l d  m d  charged f i e l d s  a re  nFt k i n m a t i c a l l y  independent. This 

i s  evident ly  an aspec t  o f  t h e  gauge inmr iance  t h a t  l i n k s  tha two typos of 

f i e lds .  Alternat ively,  we s e i  from (51) th.t A,, 
var iab le  subjec t  t o  indeTendent va r i a t i cns .  

t h a t  expresses e ~ ~ o l  i n  t a m s  of independent dynamical var iables ,  

cannot bo a r b i t r a r i l y  assigned; t h e  e l sc t ro -  
(0) i &) 

i s  n o t  a dynamical 

But there  i s  nc. f i e l d  equqtion 

i n  v i r tue  4 t he  n r b i t r 2 r i n s s s  Pssrciated with t h e  exis tence r f  geuge t rans-  
r . ) p  f o f m  o f  u gru&,wf ,  tho.? /S,L 

formation. y i e l d s  a pnora t in , -  oparator which, i n  cclnscqusnca of (54) , no; Y C L U ~ P  

longar contains elcctromzpnetic f i e l d  dynamical w r i p b l e s .  Thus, i n  eitherrto71)1- 

fcrm, (51) cr (52), there  a r e  only two kinamatically independent variaticns 

of  the  electromagnetic fielc? quan t i t i e s .  

- 
G r t h e r m o r e ,  a var lu t ,on  SF ,4 4) 

t ; trGn7j- 

- , CL tr on, -- 
- 

i 

We now apFly these generators t o  deduce cmmutation proper t ies  
L' 

f o r  t h e  gaugs invnrinnt  f i e l d  s t rength ccmponents. According t o  the  e f f e c t  
I! 

cf a var in t ion  dL-3 upon the  l o c a l  compcnents cf E. _ _  "2 ) 
we have :I 

I 
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whance 

(5-5 
and 

, we must r a s t r i c t  the  e l e c t r i c  f i o l d  va r i a t ion  according I n  using GJ /L- 
= O  

1 
7 JF-- "tee) (omi4.) 

t o  

which i s  i d e n t i c a l l y  s a t i s f i e d  on wri t ing 

An a l t e r n a t i v e  d e r i v a t i  n empinys an i n f i n i t e s i m d  change i n  the 
1 

externe l  scurce, d i s t r ibu ted  on ( t h  negative s ide  of) r-' 



. . . . . . _. -. . . -.. . . . . . . . . . . . . .. . . 

, 
f o r  which the  associated generntcjr i s  

F d m  g., 0 1  (4  ) f B )  
The a l t e r n a t i o n  p roducd  i n  the f i e l d  componsnts fo l lows  from the f i e l d  equatl.cn 

Thus, 

(47) and the  form c f  (46) given by 

which y i e l d s  the  follcwing d i scon t inu i t i e s  i n  cf,F- on crcssing the surface 
/'" = 

I n  the retarded descr ipt ion,  thase d i s c c n t i n u i t i e s  w e  t h e  a c t u r l  changes i n  

t h e ' f i e l d  components on 0- . On r e f s r r i n g  t c  t he  general  fnrmuls (23) we 

f i e l d  s t rength  ' comuta t icn  ro la t icns , '  which a r e  i d e n t i c a l  with (55) snd (57) . 
I 

G I  

We give a r e l a t ed  prccedure which also i l l u s t r a t e s  the p o s s i b i l i t y  - 
I I 
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of evaluRting colmutators of f i e l d  qm.nt i t ics  a t  points  i n  time-like r e l a t ion .  

The two f i e l d  equ;itions (47) and (58) c m  bs combined i n t c  (we incorporste  

A change i n  the sx t e rna l  current ,  of t h e  form (53) , y i e l d s  

where, i n  t h e  retarded descr ip t icn ,  
r- 

and 7 i s  the  discontinuous function 
+ 

3 ( x  --)+I , X n  7x3 

I+ I 

- 0  ) N o  L L -  
I 

We have a s imi la r  expression f o r  

s f f i c i e n t s  of J/y ( X ' )  i n  (59) (our t w c  tqeatments employing extornal 

sources are thus dist inguished by surface and volume d i s t r i b u t i o n s  of  617, Y, 

4 #v  w On comparing the  co- 

hK 

t h e  an t ic ipa ted  r e s u l t .  

4 3 -  
i I 



I n  the  apprcximation t h s t  neglects  the  dynmica l  r e l a t i o n  between 

cur ren ts  and f i d d s  a t  po in ts  i n  time-like r e l a t ion ,  t he  d i f f e r e n t i a l  eqmt ion  

Had we employed t h e  advanced descr ip t ion ,  T+ would ba replaced by 

where - 7-  
- 0 ,  X O  7 x :  7- ( X - K ' j  - 
= / , x o c x : ,  ) 

and the  advmced so lu t ion  cf (61) would appear. Subtract ing these  two results, 

i n  which Bo(-X') i s  the  hcmogenecus so lu t ion  cf (61) provided by 

The kinematical r e l a t i o n  between the  electromagnetic f i e l d  and 

charped f i e l d s ,  c,n n given - , is mest c l ea r ly  indicated i n  a spec ia l  

choice of gRuge, the so-called r ad ia t ion  gauge, 

With t h i s  chcico, t he , cons t r s in t  equetion f o r  the  e l e c t r i c  f i e l d  reads 

so  t h a t  the s c a l a r  po ten t i a l  i s  completely determined by the charge densi ty ,  



Evi+.ently, 

I n  t h i s  gauge, thon, t h s  dependence o f  t h e  e l e c t r i c  f i e l d  upon the  charged 

f i o l d s  i s  made e x p l i c i t  through tho  dmcnposi t ion of t h o  e l e c t r i c  f i e l d  i n t o  

iq,,, 60ss nct  commrts with the ccmponents cf charged f io lds .  

rl 
t ransvarse and longi tudina l  pa r t s ,  

The inference t h a t  the t ransverse f i e l d s  a r e  the  independent 

i n  view of  t h e  t ransverse nqtur9 of 

der ive the  comuts t inn  y - o p r t i e s  o f  these  t'ynomical vnriables  from 

fi(h,) , Eq. (62). We csn now 

cn taking i n t o  acccunt the r e s t r i c t i o n s  
( T )  , 

R fi- - A  

produced by the t ransverse nature  of  these  

F l i e r  device permits us t o  deduce t h e t  

uar l t i t ibs .  The Lagrsnge m u l t i -  
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The divergenceless chgrscter  cf the t r m s v s r s e  e l e c t r i c  f i e l d  sup r l i e s  t he  

infcmnation 

whence 

- 
A (,?e - - 3%) L;- ( x  - x ‘ L  

Th3 re su l t i ng  ccmmutator 

I 

i s  a l s o  ccns i s t en t  with the t ransverse nRture of 

commutation r e l a t i o n s  a r e  

. The remaining 

We s h a l l  use tho device o f  t h e  external  cu r ren t  t c ?  d2r ive the 

commutation r e l a t i o n s  between the electromsgnstic f i e l d  tensor  m d  the  d is -  
\ 

We consider an in f in i t e s ims l  chnnge i n  the  l a t t e r  possassing t h s  form (53). 
=. 

In the  retarded doscr ipt ion,  the r e su l t i ng  chmges of 7, and (, 7- ,1 2/ 
, 

on 7- are / 



t h s  followin0 commtators a r e  encwrt3rs2 ,  

I n  a r r iv ing  a t  the exp.rassicn f c r  R [ o ,  , the nos-cornratativity 

with must ha taken i n t o  crnsidernt ion,  but  ?rc.‘fuc3s no 3ctua1 

which confirms the consistency cf th.3 t r -nsl  qticli g a n e r s t c r  wj th thc  v r r i cus  

f i e l d  va r i a t i cn  g3nsra t n r s .  
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